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Metamodeling for the nucleonic equation of state (EOS), inspired from a Taylor expansion around the saturation
density of symmetric nuclear matter, is proposed and parameterized in terms of the empirical parameters. The
present knowledge of nuclear empirical parameters is first reviewed in order to estimate their average values
and associated uncertainties, and thus defining the parameter space of the metamodeling. They are divided into
isoscalar and isovector types, and ordered according to their power in the density expansion. The goodness of the
metamodeling is analyzed against the predictions of the original models. In addition, since no correlation among
the empirical parameters is assumed a priori, all arbitrary density dependences can be explored, which might not
be accessible in existing functionals. Spurious correlations due to the assumed functional form are also removed.
This meta-EOS allows direct relations between the uncertainties on the empirical parameters and the density
dependence of the nuclear equation of state and its derivatives, and the mapping between the two can be done
with standard Bayesian techniques. A sensitivity analysis shows that the more influential empirical parameters are
the isovector parameters Ly, and Ky, and that laboratory constraints at supersaturation densities are essential
to reduce the present uncertainties. The present metamodeling for the EOS for nuclear matter is proposed for
further applications in neutron stars and supernova matter.
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I. INTRODUCTION

Since the discovery of neutron stars (NS) in 1967 [1-3], the
accurate prediction of the nuclear equation of state (EOS) has
become of great importance, and a lot of effort, both from the
theoretical and the experimental sides, has been devoted to this
aim. The seminal work of Tolman et al. in 1939 had proved that
considering only the kinetic contribution of nucleons to nuclear
matter equation of state provides a limit in the maximum mass
of neutron stars of about 0.7Mg, [4,5]. This contradicts the
present observations for the canonical NS mass, which is of the
order of 1.44Mg, [6], as well as the recent observations proving
the existence of about 2Mg NS [7,8]. These observational data
clearly demonstrate the importance of the nuclear interaction
for understanding the global properties of neutron stars.

Several ab initio approaches have been developed for the
accurate prediction of NS equation of state; see, for instance,
Refs. [9,10] for recent reviews. More recently, new nuclear
potentials (chiral effective field theory (EFT)) have been de-
veloped, offering the possibility of performing calculations in
perturbation theory [11,12], and they have been implemented
as well in quantum Monte Carlo (QMC) methods [13-15].
These potentials have also been applied to the NS EOS; see,
for instance, Refs. [16,17]. While there is a convergence in the
prediction of these EOS at low density, such method might
fail above the saturation density of nuclear matter because an
expansion in supposedly small parameters is no longer really
valid there. In addition, there are larger deviations between the

2469-9985/2018/97(2)/025805(28)

025805-1

different predictions above saturation density, mainly because
of the different treatments of the many-body correlations and
the different nuclear interactions; see, for instance, Ref. [18]
for a detailed comparison of some of these approaches.

With the development of x-ray observations of the thermal
emission from the surface of neutron stars, it was envisioned
that the nuclear EOS may be directly determined from obser-
vational data such as NS radii [19-30]. In all these papers,
the nuclear EOS is expressed in terms of a reduced number of
parameters, such as matching densities of piecewise polytropes
first introduced in Ref. [19]. The use of polytropes, while
extremely simple and not too far from the model predictions,
does not allow a simple connection to the present nuclear
physics knowledge, such as nuclear saturation and empirical
parameters, nor can it bring information concerning matter
composition, such as the proton fraction. It is therefore inter-
esting to extend these ideas toward a more complementary
approach between astrophysical and nuclear experimental
constraints.

Other approaches for the nuclear EOS are derived from
some simple nuclear interaction, such as Skyrme-type con-
tact interactions complemented by a density-dependent term
[16,31]. While extremely useful and simple, the density-
dependent term usually brings correlations among the nuclear
empirical parameters which may be unphysical [32,33]. Non-
relativistic Skyrme-type EOS [34,35] as well as relativistic
ones [36,37] can be selected according to their ability to
reproduce ab initio calculations.

©2018 American Physical Society
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A third model of the nuclear EOS is based on a Taylor
expansion of the nuclear EOS around saturation density [22]
or a Fermi momentum expansion [38]. This kind of approach
offers a unique possibility to incorporate in the nuclear EOS
the best knowledge issued from nuclear physics, reducing
the number of free parameters. The Taylor expansion allows
the separation of the low-order derivatives, which are better
determined by nuclear experiments, from the high-order ones,
which are best determined by NS observations. Indeed, the
higher order parameters are more sensitive to the EOS at the
highest densities, which are difficult to access from nuclear
laboratory experiments.

In this paper, a metamodel, or a “model of a model” [39], for
the nucleonic EOS is proposed and analyzed. Metamodels are
a practical solution to solving complex and numerical issues
and/or facilitating optimization under uncertainty. They are
therefore often used to provide fast approximations to the
results of more complex problems, and to perform comparative
analysis of different models belonging to the class covered by
the metamodeling. Conceptually, metamodels build a hyper-
surface from a limited amount of input and output data and
approximate the output over a much wider parameter space;
see Refs. [40—42] for an overview of metamodeling techniques.
Metamodels have to be evaluated with respect to the goodness
and there is no proof of existence or of uniqueness in general.
A metamodel is always associated to a given model or class
of models. In the present application, we will consider homo-
geneous nucleonic EOS. In principle, different metamodels
can be introduced to represent different model classes, e.g.,
nucleonic EOS against high-density phase transition EOS. The
goodness of the data adjustment with respect to one of these
classes can, for instance, be analyzed by introducing Bayesian
factors [39]. We introduce the concept of a metamodel for the
nucleonic EOS since it present several interesting advantages:
(1) It provides a unique mapping of very different existing
EOS with many different input parameters, (ii) it provides a
flexible approach that can interpolate continuously between
existing EOS, (iii) as a consequence, it may orientate the
preferred input parameters toward values which are not among
the existing EOS, (iv) it allows the definition of a generic model
where the nuclear physics knowledge acquired from laboratory
experiments can be simply encoded as input parameters,
(v) it includes in its parameter space the results of complex
ab initio models, and can thus be used to extract the constraints
on the EOS imposed by them, (vi) and finally, combined with
the Bayesian framework, it facilitates the estimation of the
experimental and theoretical error bars into confidence levels
for the astrophysics observables. In this paper, we introduce
and analyze the properties of this nucleonic metamodeling,
while the connection with NS observables is performed in a
second paper [43]. Further extensions of this approach to the
description of nonhomogeneous matter and/or of dense matter
phase transitions can easily be developed in the future from the
present framework.

The present paper is organized as follows: In Sec. II,
a review of the experimental information on the nuclear
empirical parameters is performed, and their uncertainties
are estimated. To this aim, predictions from relativistic and
nonrelativistic, phenomenological and ab initio interactions

are compiled and compared, and uncertainties are obtained
from a statistical analysis. The metamodeling is formulated
in Sec. III, presenting different options for the Taylor ex-
pansion. The quality of the different strategies is estimated
by comparing the convergence of predictions with respect
to a reference EOS. Section IV explores the flexibility of
the meta-EOS. We show that this metamodeling can very
accurately reproduce a large number of existing EOS, and at
the same time it can explore density dependences which are
not accessible to usual phenomenological functionals because
of the imposed functional form. In that section, it is also shown
that the huge uncertainty in higher order empirical parameters
can only be reduced if extra empirical information is added
on a second higher density reference point, in addition to
the saturation density. One of the advantages of the present
meta-EOS is the fact that no a priori correlations are imposed
on the empirical parameters. The physical correlations can be
added a posteriori as illustrated in the second paper [43]. We
perform a sensitivity analysis of the meta-EOS to the different
empirical parameters by varying them one by one according to
their uncertainties. This is done in Sec. V, where we show
that the most influential parameters are the isovector ones,
namely Lgym, Kgym,and Q. This stresses once again the need
for experimental constraints at high density on asymmetric
matter, typically from high-energy heavy-ion collisions with
rare isotopic beams. Finally, conclusions and outlooks are
presented in Sec. VI.

II. EMPIRICAL CHARACTERIZATION OF
THE NUCLEAR EQUATION OF STATE

In the following, we analyze the properties of nuclear matter
composed of neutrons and protons with different isoscalar (is)
density ny = n, + n, andisovector (iv) density ny = n, — n,,
where n,,, is the neutron/proton density defined as
L k% ,

372 Fup

ey

n/p =

where kg, is the neutron/proton Fermi energy. Isospin asym-
metric nuclear matter (ANM) can also be defined in terms of the
asymmetry parameter § = n;/ng. The two boundaries § = 0
and 1 correspond to symmetric nuclear matter (SNM) and to
pure neutron matter (PNM). The saturation density of SNM is
defined as the density at which the symmetric matter pressure
is zero and it is denoted as 714y;.

The general properties of relativistic and nonrelativistic
nuclear interactions are often characterized in terms of the
nuclear empirical parameters, defined as the coefficients of the
following series expansion in the parameter x = (19 — Rgy)/
(Bngar) [44],

1 2 1 3 1 4
eis = Eg + EKsatx + ;Qsatx + Ezsalx +-o0h @)

1
eiy = Egym + Loymx + EI(symx2

1 o1,
+§stmx +5Zsymx +-- 3

where the isoscalar energy e;s and the isovector energy e;, enter
into the definition of the energy per nucleon in nuclear matter,
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defined as
e(ng,n1) = eis(no) + 8%ei(no). )

The isovector energy e;, is often called the symmetry energy
S(ng) = ew(np). Note that this definition implies a parabolic
approximation for the isospin dependence, while the proper
definition is given by the second derivative with respect to §
around symmetric matter; see Eq. (12) below.

The empirical parameters entering the series expansion
(2) and (3) are separated into two channels [18,45]: the
isoscalar channel which defines the saturation energy E,
the saturation density 7y, the incompressibility modulus Ky,
the isoscalar skewness Qg,, and the isoscalar kurtosis Zg,;
and the isovector channel which defines the symmetry energy
Eqym, the slope Lgyy, the isovector incompressibility Kgym,
the isovector skewness Qgym, and the isovector kurtosis Zgyy,.
There is no unique nomenclature for the empirical parameters,
but in principle, Egs. (2) and (3) make ours unambiguous. A
very clear synthesis of the various terminologies used in the
literature is discussed in the appendix of Ref. [44].

The energy per nucleon (4) can be expressed in the following
compact form [45,46],

e(ng,n;) = Z i(cs + C:;Sz)xa’ (&)
a>0

where the coefficients c5/" are the empirical parameters
introduced in Eqgs. (2) and (3) [44]. Note that the coefficient
cils = 0 is due to the choice of the saturation density ng, as
the reference density in the definition of x. Consequently,
choosing an arbitrary density as reference in the definition
of x would lead to a nonvanishing cils, and ng, would be
determined by the isoscalar empirical parameters. The total
number of free parameters is thus conserved: Considering cif
Or ngy as isoscalar empirical parameter for o = 1, it is two per
exponent «.

The empirical properties are determined from nuclear
physics experiments such as measurements of nuclear masses,
charge-density profiles, and analysis of collective modes
(ISGMR, IVGDR, etc.). More details of the experimental
determinations of the empirical parameters are presented in
Sec. ITA.

The series expansion (5) in the parameter x is in principle
infinite, and it is not guaranteed that this expansion converges.
The convergence property is analyzed in Sec. III, however,
and anticipating the results, it is shown that in a density
range going up to 4ng an order by order convergence for
the binding energy, the pressure and the sound velocity are
found. This result is tested for a large number of nuclear
interactions in Sec. I'V. In this section, we therefore concentrate
on the experimental determination of the first terms in the
expansion (5).

The expansion in the asymmetry parameter § in Eq. (5) does
notinclude terms beyond second order in §. Note, however, that
small corrections may appear, such as those induced by the
T = 0 pairing or quarteting [47,48], which have been con-
sidered in recent works; see, for instance, Refs. [38,49-51].
Ab initio approaches show that the energy per nucleon in
homogeneous asymmetric nuclear matter is mostly quadratic

in § [52,53], and residual nonquadraticities are mostly related
to the kinetic energy part of the total energy (including the
effective mass splitting) [46]. This is also confirmed by an
analysis of various finite-range nuclear forces [54]. For this
reason, in Sec. III we will replace the global expansion (4) by
an expression where the contribution of the kinetic energy is
expressed separately, and limit the parabolic approximation to
the interaction part.

In the following, we first review the “experimental” deter-
mination of the first parameters in Eq. (5), hereafter called
“low order.” In Sec. ITA, we list a large, but certainly not
extensive, amount of referenced analyses where authors have
optimized their models on specific experimental data to extract
some of the empirical parameters. We call these analyses
“experimental” in opposition to the generic determination
which is presented in Sec. IIB. In the generic approach,
the parameters are directly deduced from a set of models
known by their ability to reasonably predict a large number
of nuclear properties, such as masses and radii at least. The
generic approach is supposed to provide an upper bound
on the empirical parameters uncertainties. For the low-order
empirical parameters, a good overlap is found between the
“experimental” analysis and the generic one. The advantage of
the generic analysis is that it could also provide an estimation
of the uncertainties associated with the high-order empirical
parameters which are yet quite unknown.

A. Experimental determination of the nuclear
empirical parameters

There is a very important experimental and theoretical
program aiming at a better estimation of the nuclear empirical
parameters. For this reason, some of the empirical quantities
are rather well determined. This concerns essentially the first
terms of the series expansion (5), such as the saturation energy,
the saturation density, the incompressibility modulus, and the
symmetry energy. We have grouped them in the so-called
group A and presented them in Table 1. The other empirical
parameters are less well known, and we will show that this
second group of nuclear empirical parameters can be divided
into two subgroups: the one for which we can give a range
of variation compatible with our experimental knowledge, the
so-called group B shown in Table II, and a group of parameters
which are yet quite undetermined and not presently accessible
by nuclear experiments, the so-called group C. In the following,
we review the experimental determination of the empirical
parameters for the groups A and B. Let us, however, notice
that the following review is not exhaustive but more illustrative.
The aim of the subsection is to justify the current estimation
of these empirical parameters.

The values reported in Table I are extracted from exper-
imental analysis and can therefore be considered as closely
related to nuclear data. They are not directly determined from
experimental data since these quantities are not accessible to
experimental probes without the use of a theoretical model. For
instance, the saturation density is extrapolated from fits of finite
nuclei density profiles. An additional difficulty comes from the
fact that the isoscalar density is not directly measurable from
electron scattering in finite nuclei, and the relation between
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TABLE 1. Group A: saturation energy E,, density n,, incompressibility K, , and symmetry energy Eq,, estimated from various analyses

of experimental data. See text for more details.

Model Ref. Ei MeV) N (fm™3) K MeV) Egym MeV)
EL scatt. Wang-99 [55] 0.1607 235
+15
LDM Myers-66 [56] —15.677 0.136* 295 28.06
LDM Royer-08 [57] —15.5704 0.133* 23.45
LSD Pomorski-03 [58] —15.492 0.142* 28.82
DM Myers-77 [59] —15.96 0.145% 240 36.8
FRDM Buchinger-01 [60] 0.157
+0.004
INM Satpathy-99 [61] —16.108 0.1620 288
+20
DF-Skyrme Tondeur-86 [62] 0.158
DF-Skyrme Klupfel-09 [63] —15.91 0.1610 222 30.7
+0.06 +0.0013 +8 +1.4
DF-BSK2 Goriely-02 [64] —15.79 0.1575 234 28.0
DF-BSK24, Goriely-15 [65] —16.045 0.1575 245 30.0
28,29 +0.005 +0.0004
DF-Skyrme McDonnell-15 [66] —15.75 0.160 220 29
+0.25 +0.005 +20 +1
DF-NLRMF NL3* [67] —-16.3 0.15 258 38.7
DF-NLRMF PK [68] —16.27 0.148 283 37.7
DF-DDRMF DDMEI1,2 [69,70] —16.17 0.152 247 32.7
+0.03 +0.00 +3 +0.4
DF-DDRMF PK [68] 16.27 0.150 262 36.8
Present —15.8 0.155 230 32
Estimation +0.3 +0.005 +20 +2

2Value determined from ry.

the charge density and the total density is thus performed via
a theoretical model. The neutron density can be determined
in a relatively model-independent way by measurement of
the parity-violating electron scattering asymmetry from 2°*Pb.
This is the aim of the PREX experiment at Jefferson Labora-
tory [80].

The values for the saturation energy reported in Table I are
remarkably stable in the different analysis. From Table I, the
current value of E, is estimated to be —15.8 £ 0.3 MeV. Let
us mention a recent estimation of Eg, and its uncertainty based
on liquid drop models (LDM) and the frequency-domain boot-
strap method [81]. The obtained value is —15.56 £ 0.17 MeV,
which is slightly lower, but still compatible with our current
estimation.

The saturation density is more difficult to determine from
the analysis presented in Table I. The value estimated from
LDM is lower than the one obtained from density functional
(DF) models, which are supposed to provide the more accurate
determination of the saturation density. This is confirmed by
the fact that the values extracted from the droplet model (DM)
and the finite-range droplet model (FRDM), which are more
realistic than the original LDM [59], are closer to the ones
extracted by DF. We have selected the DF models for which
the value for the saturation density was not assumed a priori in
the fitting protocol to global properties of finite nuclei such as
binding energies and charge radii. The value obtained for the
saturation density could therefore be considered as a prediction

of these models. In summary, we consider the following current
estimation of g = 0.155 % 0.005 fm 3. Note that the error in
the determination of these quantities was larger some decades
ago; see, for instance [82].

The incompressibility modulus K¢, given in Table I varies
from 210 up to 300 MeV, revealing here also the difficulty in
estimating this quantity from experimental data as well as its
model dependence. A more systematical review of the various
theoretical predictions for K, is presented in Ref. [83]. The
determination of the incompressibility modulus from the LDM
is usually not very accurate [83,84]. A better determination can
be obtained from a method proposed by Blaizot [84,85], based
on the correlation between the isoscalar giant monopole reso-
nance (ISGMR) energy and the empirical parameter K. This
estimation remains quite model dependent, and for instance,
a lower value K, ~ 210 MeV is obtained for the BCP func-
tional [86] and Gogny interactions [84], while a higher value
K = 250-270MeV is predicted from relativistic mean field
(RMF) approaches [8§7-89]. A part of this model dependence
can be understood from the violations of self-consistency in
some early calculations [90]. This model dependence might
also reveal a more complex correlation in terms of several
empirical parameters, instead of the single one proposed by
Blaizot. It was indeed shown that the ISGMR is also sensitive to
symmetry properties, and information on K, cannot be easily
deconvoluted from information on K, [91]. For a deeper
review, see Ref. [92]. It was also recently shown that higher
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TABLEII. Group B parameters: isoscalar skewness Qsy, slope of
the symmetry energy Ly, and isovector incompressibility Kgyn,. The
parameter K is defined as K; = Kgm — 6Lgym — QaLsym/Ksar- See
text for more details.

Model Ref. Ot Lym Kgym K,
MeV) (MeV) (MeV) (MeV)

DF-Skyrme Berdichevsky-88 [71] 30 0

DF-Skyrme Farine-97 [72] —700
+500
DF-Skyrme Alam-14 [31] 344 65 23 322
+46 +14 £73 134
DF-Skyrme  McDonnell-15 [66] 40
+20
DF-NLRMF NL3* [67] 124 123 106 —690
DF-NLRMF PK [68] 25 116 55 —630
DF-DDRMF DDMEI,2 [69,70] 400 53 —94 =500
+80 +3 +7 +7
DF-DDRMF PK [68] —119 795 50 —491
Correlation Centelles-09 [73] 70 —425
+40 +175
DF-RPA Carbone-10 [74] 60
+30
Correlation  Danielewicz-14 [75] 53
+20
Correlation Newton-14 [76] 70
+40
Correlation Lattimer-14 [77] 53
420
GMR Sagawa-07 [78] —500
+50
GMR Patel-14 [79] —550
+100
Present 300 60 —100 —400
Estimation +400 15 4100 =+£100

order isoscalar parameters also play a role, and the correlation
analysis should be performed in terms of several empirical
parameters instead of only one, such as K, and Qg [32,33].
The value of Qg is yet undetermined, and most of the model
dependence in the determination of Ky can be attributed
to the uncertainties in Qg [33]. In other words, a better
estimation of Q, would refine the estimation of K, based
on the correlation with the ISGMR. From a LDM approach
separating the bulk contribution (Kg,) from the surface one
(largely influenced by Qs ), the importance of the surface
properties for the determination of Ky, was pointed out as
well [83]. An estimation of Ky = 230 4= 40 MeV was given
in Refs. [32,33] where the error bar contains the maximum and
minimum possible values for K. It is therefore larger than a
lo uncertainty, where 1o is the error bar accounting for 68%
of the models around the centroid. In summary, the current
estimation of K, can be given as 230 4= 20 MeV, where the
error bar corresponds to 1o uncertainty.

It is interesting to observe the correlations between the
empirical parameters K, and Qg represented in Fig. 1.
This correlation is shown for Skyrme models (purple line),
RMF models (light-green area), RHF models (light-blue area),

1500 T T T T
Skyrme +
RMF X
1000 RHF N
— Gogny
% chiral EFT
= 500 X i
= X
il Dt
) 0 X il
S i
(@] Il +W+‘H—+f ++-|3ﬁ—4++ + A
-500 X 7
X
_1000 1 1 1 1
200 220 240 260 280 300

Ksat (MeV)

FIG. 1. Correlation between the empirical parameters K, and
Q.. for different kind of nuclear interactions: Skyrme, Gogny, RMF,
and relativistic Hartree-Fock (RHF). Points from EFT approach are
also plotted. The points are obtained from Tables IX—XII, except for
the Gogny model, which is extracted from Ref. [33], and the colored
bands come from fits of the data including their dispersion considering
67% of the best models.

Gogny models (orange line), and chiral EFT predictions
(yellow line). The correlation bands for each models are shown
for clarity. They are obtained assuming a linear correlation
between the values of K, and Qg,, and the width of the
bands are determined from the 1 — o deviation. The strongest
correlation is found for the Skyrme and Gogny models, already
suggested in Ref. [33], and the origin of this correlation can
be found in the so-called #; density-dependent terms which
dominate in Kg and Q. It is, however, interesting to remark
that also the relativistic models (RMF and RHF) exhibit a
correlation between these empirical parameters, even if its
origin is less easy to analyze. In addition, the very different
correlations between the various kinds of models shown in
Fig. 1 indicate a strong model dependence of the correlation
that might not reflect a physical property. Since K and
Qs govern the density dependence of the equation of state
in symmetric matter (SM) and around saturation density, the
correlation shown in Fig. 1 indicates that models do not explore
all possible density dependences.

This is one of the main motivations of the present work: In
the following Sec. V, we propose a metamodeling which can
explore the full parameter space (including K, and Qgy), with
no a priori restriction. Physical correlations could be added by
imposing some constraints to the metamodeling, as illustrated
in the second paper [43].

While the binding energies Eg, are predicted in a quite
narrow interval for the various models presented in Table I, the
symmetry energy varies substantially among LDM, DM, and
DF models. This might be because the value for the symmetry
energy is very strongly related to the value of the slope of
the symmetry energy Lgy, in many models [74,75,93]. The
quantity which matters in the fit to experimental energies
seems to be more closely related to the symmetry energy at
the average density of nuclei, at around (2/3)ng [94]. In
addition, it has also been observed that RMF models prefer
large values for the symmetry energy, such as 34-36 MeV,
and it has been proposed that the symmetry energy and the
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incompressibility modulus K, are correlated in DF models
[91]. Furthermore, a recent analysis of the bulk and surface
contributions of the symmetry energy have shown that the
sign of surface contribution depends strongly on the choice for
the asymmetry parameter: the global asymmetry parameter or
the bulk asymmetry parameter, which contains a correction
from the neutron skin [95]. Considering this large model
dependence, the current estimation of Egyy, is approximately
32 £ 2 MeV and this is in agreement with other estimations;
see Refs. [96-99].

We now discuss the parameters of group B given in Table II:
Osat> Lsym, and Ky, These parameters are not yet very well
determined, but a better accuracy might be reached in the
near future. We first discuss the skewness parameter Q.
This parameter is poorly known and there are very few ex-
perimental analyses which propose an estimation. An analysis
of charge and mass radii of tin isotopes concluded that either
QOsat ~® 30MeV or Ly, ~ 0MeV [71]. Another analysis of
the incompressibility modulus concluded that Qg & —700 %+
500 MeV [72]. This very large error bar reflects once again the
model dependence of Qy,, induced by its correlation with the
incompressibility modulus, as shown in Fig. 1. It is therefore
very difficult to estimate the value of this parameter and in the
following, we shall explore a large domain.

The parameter Lgyy, is much discussed nowadays and a
large number of experiments aim at determining its value
[100]. Combining different constraints from neutron skin
thickness, heavy-ion collisions, dipole polarizability, nuclear
masses, giant-dipole resonances, and isobaric analog states,
it was recently concluded that the value of Lgyy, should be
between 33 and 72 MeV [77,101]. Note that in Ref. [77] the
symmetry energy is comprised between 31 and 36 MeV, which
is consistent with the present estimation given in Table I
Other analyses predict slightly larger values for Ly, and
integrating all analyses, we come to the following estimation:
Leym = 60 £ 15MeV.

The isospin dependence of the ISGMR is a natural observ-
able to determine the parameter K., defined as K; = Ky —
6Lgym — OsaLsym/ Ksa [44]. It represents the isoscalar curva-
ture at the saturation density in asymmetric matter, ng(§) ~
nsa(1 — 3Lga8?/ Kea). The parameter Ky, could, in principle,
be deduced from K if Ly, and Qg were well determined.
Considering the uncertainties in these parameters, we found a
very naive estimation of the error bar in K¢y, 0 ~ 600 MeV,
which s certainly overestimated. Waiting for better experimen-
tal analysis in the future, the value K¢y, = —100 4= 100 MeV
given in Table II is obtained from statistical analysis of various
model predictions; see Sec. IIB. It is mainly related to the
expected values from chiral EFT approach and is comparable
with the recent analysis from unitary gas constraint [102]. Let
us mention that this range for Ky, is compatible with the
one from Ref. [103] which is —100 = 200 MeV. In our case,
we cover the same uncertainty range considering 2o deviation
from the central value.

We now switch to the discussion of a quantity which is
usually not considered as an empirical parameter, but enters
nevertheless into the important quantities which characterize
nuclear matter properties. The effective mass is a powerful
concept used to characterize the propagation of quasiparticles

TABLE III. Landau effective mass properties in nuclear matter
at saturation density. From the estimated value of m, /m, we can
deduce k; = 0.43 4 0.1. See text for more details.

Model Ref. mi, /m Ky Ami, /m

DF-Skyrme [104]
DF-Skyrme [105]
DF-Skyrme [106]
Opt. Pot. [107,108]
Opt. Pot. [109]

Lipparini-89 0.2—0.54
Reinhard-99 0.8+0.1 0.25+0.5
Lesinski-06 0.75 & 0.05 0.6 0.17
Perey-62  0.75 £ 0.05
Dover-72  0.75 £ 0.03

BHF [110] Hassaneen-04 0.65 4+ 0.05 0.1-0.2
DBHF [111] Ma-04 0.66 0.1-0.2
DBHF [112] VanDalen-05 0.78 0.1-0.2
Present 0.75+£0.1 04+£0.2 0.1£0.1
Estimation

inside a strongly interacting medium, such as nuclei or nuclear
matter. It reflects the nonlocality in space and time of the
quasiparticle self-energy. The nonlocality in space, also called
the Landau effective mass or k-effective mass, is related to the
momentum dependence of the nuclear interaction. The Landau
effective mass depends on the isoscalar and isovector densities
and can be different for neutrons and protons, mZ (ng,n1) where
g =n, p.In SM, itis generally assumed that m; = m7,, while
in AM the neut