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Decoherence and protection of entanglement of a system of three qubits driven by a
classical Gaussian distributed fluctuating field
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Laboratoire de Matiére Condensée, D’électronique et de Traitement du Signal (LAMACETS),
Departement de Physique, Faculté des Sciences, Université de Dschang, PO Box: 67 Dschang, Cameroun.
(Dated: February 23, 2018)

We consider a system of three uncoupled entangled qubits undergoing a decoherence process
(DP) induces by a classical environmental noise portrayed by a Gaussian distributed fluctuating
field with either Ornstein-Uhlenbeck (OU) or Gaussian (G) autocorrelation function. The impacts
of such a DP on the entanglement of the qubits are analyzed in detail when they are initially
prepared in the GHZ- and W-type states and coupled to the fluctuating field in three different
scenarios namely, common, independent and mixed environment(s). We found that: (i) the way
the qubits are coupled to the noise as well as their initial state play an important role towards the
protection of entanglement; (ii) there are optimal parameters which permit to delay or totally avoid
the disentanglement of the qubits; (iii) regardless of the qubit-noise coupling (QNC) scenario and
initial state of the qubits considered, the OU noise is more fatal to the survival of entanglement than
the G one. Concretely speaking, we show that, regardless of the QNC scenario and the nature of the
noise considered, the DP disentangles the qubits more quickly when they are initially prepare in the
W-type states than in the GHZ-type ones. On the other hand, we show that when the qubits are set
in the W-type states, the disentanglement occurs more rapidly in the common environment scenario
followed by the mixed environments one than in the independent environments one. However, the
situation is completely reversed when the qubits are set in the GHZ-type states.

PACS numbers: 03.67. a, 03.65.Yz, 05.40. a
Keywords: Qubits; Classical noise; Entanglement; Fluctuating field

I. INTRODUCTION

The development of quantum technologies is based on the creation and manipulation of the quantum properties
of quantum systems such as quantum correlations (entanglement or superposition of quantum states and discord).
Consequently, entanglement is nowadays recognizes as the most important and indispensable form of quantum cor-
relations for performing quantum computations |2] or other task such as, quantum teleportation 3], quantum dense
coding [4] and quantum cryptography [5]. In quantum mechanics, every system always interacts with its surrounding
environment and this is known as decoherence. Unfortunately, decoherence is the most obstacle to the reliable ex-
ploitation of the quantum properties of a quantum system. In point of, quantum entanglement and other correlations
are very brittle and might be pulled down by the action of decoherence. Hence, exploring strategies to overcome
the detrimental effects of decoherence is very important for the development of quantum technologies and this may
be possible by a deep understanding of the decoherence mechanisms in quantum systems together with suitable
environment engineering.

Decoherence may be simulated classically or quantum mechanically. The classical simulation, also known as
stochastic modeling is often used to describes environments with many degrees of freedom and/or structured noise
spectrum [6, 8], or to describes quantum systems under the action of a classical random field |7, I8]. In particular,
the stochastic modeling of the environment is often the main effective tool available in physical, biological and
social networks [9-12] to describe complex systems. On the other hand, in a more realistic situation, environment
surrounding a quantum system is constituted by a collection of many random fluctuators [6, [7]. Thus, stationary
and non-stationary Gaussian or non-Gaussian processes are often used to characterize the response of a quantum
system under the action of an external environment. On the other hand, many experimental investigations showed
that quantum systems often interact with classical forms of noise, especially Gaussian noise [13-15]. Although the
decoherence is often described quantum mechanically, it has been shown that even certain quantum decoherence
models may be in an efficient way described by their equivalent classical models [34-39]. Besides, it has been
demonstrated that modeling the environment classically allows a proper description of the dynamics in presence of
memory effects, without resorting to approximated quantum master equations and that the use of classical stochastic
elds enables the study of a larger class of processes standard quantum equations are not able to represent [1].

In recent year, the dynamics of quantum correlations in the situation where quantum systems are affected by
environments describes classically (i.e., model by means of a classical Gaussian or non-Gaussian distributed random
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field) has been an active area of research [6, [, [16-33] and many interesting results have been obtained. In particular,
it has been shown that when three qubits are coupled to an external classical noise such as random telegraph noise
[16-18], static noise [20] and colored noise [19, 21] in a common environment, quantum correlations among them
survive indefinitely. However, it is worth noting that the majority of these works deals with bipartite systems. This
is mainly because of lack of computable quantum correlations measure for multipartite systems and also because the
calculation difficulties grow up when the number of subsystem of a quantum system increases. Although the effects
of Gaussian distributed classical noises on the dynamics of quantum correlations have already been investigated for
bipartite systems [6], it extension to multipartite systems appears quite promising since here, quantum correlations
derive from a more complex scenario, and, as a consequence, more strange phenomena are expected.

In this paper, we consider a system of three non-interacting qubits coupled with an external classical environment
in three different scenarios namely: common, independent and mixed environment(s) (see figure 1 of Refs. [19, [20]).
In the first scenario, we assume that the three qubits are coupled to the same environment; in the second scenario, we
assume that each qubit is coupled to its own environment while in the third scenario two of them are coupled to the
same environment and the remaining one to its own environment. The classical external environment is models as
a Gaussian distributed stochastic fields with Ornstein-Uhlenbeck (OU) and Gaussian (G) autocorrelation function.
We consider the situation where the noise spectrum of the aforementioned stochastic fields contains frequencies that
are larger than the typical frequencies of the qubits so that the system cannot be described as a pure dephasing.
Numerical and analytic results for entanglement are presented for GHZ-type and W-type initial states by using the
tripartite negativity as entanglement measure. The influences of the qubit-environment configuration as well as some
parameters of the stochastic field that models the environment such as its central frequency and its correlation time
on the evolution of entanglement are investigated.

The purpose of this paper is to illustrate the impacts of the decoherence process induces by a classical environment
portrayed by a Gaussian distributed stochastic field with either Ornstein-Uhlenbeck or Gaussian autocorrelation
function on the evolution of entanglement of a system of three noninteracting qubit and find strategies to delay or
completely suppress such a decoherence process.

The paper is organized as follows: in section. [[I, we present the physical model, introduce the tripartite negativity
and describe the Gaussian distributed fluctuating fields that portrayed the external environment. In section. [[II]
we investigate the decoherence process of the external environment. In section. [Vl we present the evolution of
entanglement and analyze in some detail the impacts of the initial prepared state of the system and the nature of the
fluctuating field on the evolution of entanglement. In section. [V], we close the paper with some concluding remarks.

II. PHYSICAL MODEL

We consider a system of three noninteracting qubit interacting with a classical stochastic field (CSF) either in a
commont environment (CE), independent environments (IEs) or mixed environments (MEs). We assume that the
noise spectrum of the CSF contains frequencies that are larger than the natural frequency &g of the qubit. In such a
situation, the dominant process induced by the CSF is damping 8] and the single-qubit Hamiltonian may be written
as:

Hi(t) =€no 0F + g [Ir()e ™" + Du(t)e" ] o, (1)

where €, ¢ is the natural frequency of the qubit k, o, (i = x, z) are the Pauli matrices acting on the subspace of qubit
k, gi stands for the qubit-environment coupling constant, U (t) is a Gaussian distributed CSF with central frequency
wy, with a noise spectrum containing frequencies that are larger than € ¢ and whose complex conjugate is Ip(t). Tt is
worth nothing that ¢, (¢t) = ¥2(t) = J3(¢) when the qubits are coupled in a CE, meanwhile ¢ (t) # ¥2(t) # ¥3(t) when
they are coupled in IEs. However, in the case of MEs, we assume that 9 (t) = ¥2(t) # 9¥3(¢). The full Hamiltonian
of the three-qubit system is given by:

HE)=H1(t) L @I3+ 11 @ Ho(t) @Iz + [1 @ Iz @ Hs(t), (2)

where, I denotes the identity operator in the subspace of the k’s qubit, H(t), (k = 1,2, 3) stands for the single-qubit
Hamiltonian whose explicit expression is given in Eq. (Il). The model Hamiltonian in Eq. () represents the stochastic
modeling of one of the most form of noise (phase diffusion) a quantum systems are often suffer. Concretely speaking,
the model under consideration may characterizes a spin—% particle (whose motional degree of freedom is coupled to
its quantum degree of freedom e.g., its spin [8]) suffering a diffusion process in an external field having frequencies

that are larger than the natural frequency of the particle.
In this model, we assume that 9 (t) = 9% (t) +J7(t) is described by a Gaussian stochastic process with zero mean



and diagonal structure of the autocorrelation function. More specifically, we have

E[ﬁg(t)] = E[ﬁg(t)] =0
E |9 (12)95 (1) = E[9L(02)9](12)] = K(tr.12), 3)

E[VE(1)0(t2)] = E[9{(1)(t2)] = 0

Upon assuming to = 0, the single qubit evolution operator for a given realization of the CSF 94 (t) may be expressed
as:

t
Uy (t, €,0) = T exp —Z/Hk(T) dr (4)
0

where T stands for the time ordering operator. In the limit of slowly varying fluctuating field (quasi static regime),
the two-time commutator [Hk (t1), Hi (tz)} may be neglected. That is, the single qubit Hamiltonian Hy () commutes

with itself for different times. In such a situation, the quasi static evolution operator is obtained and its reads:

t

t
Uy (t, €x,0) = exp —’L/Hk(T) dr p =exp{ —t |Exo toy, + g /nk(T) dr | of (5)
0 0

where we have set 7;,(7) = U5 (7)e ™+ + 9 (7)e’*7. Knowing that

sin (\/m)

exp [—z(aaz +fyaz)} = cos (\/0424—72)]1—2 (aam +’yaz), (6)
Va?+ 2
the quasi static evolution operator in Eq. () can be written as:
- sin ( (Ero )2+ <p§(t)) , ™
Uy, (t, Ex,0) = cos ( (Ekot)?2+ ¢ (t)) I—q ( €k toy + gﬁk(t)az),
g (€k0 )% + @i(t)

where we have introduce the noise phase

or(t) = g / (7 dr. (8)

Since the noise spectrum of the CSF contains frequencies that are larger than €, we may assume that € o<
gk‘nk(t)‘,w, that is, €x0 t < @i(t). Therefore, from this assumption we can rewrite the single qubit evolution
operator in Eq. (@) as:

U (t) = cos o (t)T — 18in @ (t) o = { —CzOsSH(lpZait()t) C’;;I;S:Ect()t) . 9)
It is important to note that the same evolution operator can be obtained without any approximation but rather in
the situation were the energy levels of the qubit are degenerated as in Refs. [17,[19,22]. In other words, we show that
when a qubit is couple to a CSF having a spectrum with frequencies that are larger than its natural frequency, its
dynamics is approximately the same as the one of a qubit with degenerated energy levels coupled to the same CSF.
Hence, the question arising is: is the transition between the two states of the qubit still possible? If yes, how can we
control these transitions or the states occupation in such a system? In order to bring an answer to these questions,
we compute the survival and transition probability of the qubit and their read:

P,(t) = Kﬂuk (t)‘T>‘2: %(1+E[cos2¢(t)}¢) (10)

and

Pi(t) = ’muk 0 M’z - %(1 —E[cos2¢(t)],,) (11)
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where the symbol E[ .. ] o stands for the average over all the possible realizations of the noise phase (t). Note that

the subscript k has been dropped because the qubits are identical. It can easily be seen from Eqgs. (I0) and (I that
in the absence of noise the survival probability is equal to unit (i.e., the qubit will remains in its initial state) while
the transition probability is equal to zero that is the transition between the two degenerated state of the qubit is not
possible.

Since the qubits are non-interacting, they evolved independently to each others and the total evolution operator
of the system can be written as:

U)=Us (t) @Us (t) @ Us (t) = cos 1 (t) cos pa(t) cos ps(t)Is — 1cos p1(t) cos pa(t) sin ps(t)ly @ oy
—28in 1 (t) cos pa(t) cos p3(t)o, @ Iy — cos 1 (t) sin w2 (t) sin 3 (t)ls ® 0p @ 0,—
— sin 1 (t) cos p2(t) sin ps(t)o, @ Iz ® 0 — 1008 @1 (t) sin @a(t) cos p3(t)e @ 0 @ Io—
— sin 1 (¢) sin 2 (t) cos p3(t)o, @ oy @ Iy + 1sin s (t) sin @a(t) sin @3 (t) oy @ 04 @ 0y

(12)

where we have used the fact that the three qubits are identical to simplify the expressions. Note that I, (¢ = 2,4, 8)
stands for a ¢ x £ identity matrix. It is worth nothing that the evolution operator in Eq. (I2) is fully for the situation
where the qubit are coupled to the CSF in IEs. However, the evolution operator for the case of MEs and CE can be
easily derived from the IEs one by taking ¢1(t) = p2(t) and ¢1(t) = p2(t) = @3(t) respectively.

Upon denoting by p(0) the initial state of the three qubits, the time evolved density matrix of the system for a
given realization of the noise phase @ (t) reads:

p(t) = E[U®)pOU @) (13)
{er(t)}
were E[ ] (or (D)} stands for the average over all the possible realizations and configurations of the noise phase

wr(t). As previously mentioned, we assume that the three qubits are initially prepared in two different well know
entangled states namely the GHZ- and W-type states which cannot be transform into each other by any stochastic
local operations assisted by classical communication (SLOCC) [40]. They are defined as follows:

panz(0) = 2(]000) + [111)) ((000| + (111]) + 1;‘1}18 (14)

and

—4q
8

pw(0) = 2 (J001) +[010) + [100)) ((001| + (010] + [100)) + L—gy, (15)

where the parameter ¢ € [0, 1] stands for the purity of the initial state and Ig is 8 x 8 identity matrix.
Upon substituting the expression of U(t) given in Eq. (I2), we find that the evaluation of the density matrix p(t)
required the evaluation of the averaged terms of the form E[ cos (my(t))] o, and E[sin (mcpk(t))]%. These terms

can be easily computed if we know the characteristics function of the random noise phase ¢ (t). By definition, the
characteristic function of g (t) is given by:

E[exp (wk(t))]% = exp (zIE [ (t)] + %E[(&p“ﬂf}) 7 (16)

where §¢y,(t) = @i (t) — E[pr(t)].
After straightforward calculation, it is easy to see that

t

t
2gk/ ) cos(wiT) + 95(¢ )sin(wkT dT = 2gk/ )+ & )) T (17)
0 0

with & (1) = 97 (t) cos(wiT) and & (1) = ¥3(t) sin(wy7). Upon substituting the above equation in Eq. () we obtain
the characteristic function of the noise phase ¢ (t) as

t

E[exp (chk(t))} =exp | —=E 2gk/ (5,“5(7) +§,‘Z(T)) dr

0 (18)

—exp | —3E 462 [ [ (g5m) + €2)) (g (r) + () dra
0 0




from which we have

o (r2)] +E[€l ()€l ()] +
E[exp (1or(t))],,, = exp 29k0/0/< 5(7'2)]+E[§k(7'1)§k(7'2)] dry dr (19)

After straightforward calculations, the characteristic function of the noise phase g (¢) in its more explicit form reads:

t ot
E[GXP (Z<Pk(t))}@k = exp | —2¢7 / /K (11, T2) cos [wk( T — 7'2)] dridr | . (20)
0 0
Finally, it is easy to see that
E[exp (£ mpr(t)],, = exp (= 20mgn)*x() = Bu(t) (21)
with
t ot
= / /K T1,T2 COS wk(ﬁ —Tg)} dTl dTg (22)
0 0

Therefore, the averaged terms of the form E[cos (mwk(t))}% and E[sin (mgpk(t))]% can be easily evaluated as
follows:

E[cos (mwk(t))]wk =E[exp (+ zmgpk(t))bk = B (t) (23)
E[sin (mgﬁk(t))}wk =0 ’
As we have already mentioned in the introduction, in this work, we focus on two CSFs with zero average the first with

OU autocorrelation function the second with G autocorrelation function. The OU and G autocorrelation function
are given by:

I T — T2
Kov(m1,m) = 5. €XP <—‘T7‘> (24)

and

Kg(m,m) = Tcl:/% exp <—M> (25)

T¢

The x(¢) functions associated to these autocorrelations functions are obtained from Eq. (Z2) and they reads:
r t
Xou(t) = ——— (TC exp (——> [(1 — (wch)2) coswyt — 2w, sinwkt} +t—T.+(t+ TC)(wch)Q) (26)
[1 + (wiTe)? Te

and

4 Te 27,

I'r. tlwgT? — t) tlwgT? + 1) (wTe)? WETe
+2\/E[GXP<T + exp R — wyTeV/mexp | — 1 Ef( ) )—2

C

I c 2 2 2 2 o
XG(t) = —exp (_ (wk;' ) > [(ZWka - 2t) Erf (%) —+ (zwkq—g —+ 2t) Erf <M)

(27)

Note that the parameter 7. is the characteristic time of the environment; that is, the time after which the environment
correlations cease to be meaningful [1]. T is the damping rate.

As pointed out in the introduction, we will employ the evolution of tripartite negativity to quantify the dynamics
of entanglement of the three-qubit system. In fact, the tripartite negativity which arises from the positive partial
transpose (PPT) criterion is defined as [41]

N(3 \/Nl 23N2 13N3 12, (28)

It can be seen from this definition that the tripartite negativity is nothing else than the geometric average over all
the possible bipartition of the tripartite system. Ny_n = S|\, (p7)|—1 ( with ¢ € {1,2,3} and mn € {12,13,23})

K3
stands for negativity between the bipartition ¢ — mn with one qubit (¢ one) in one block and the remaining two
qubits (m and n) in another block. Note that p’* is the partial transpose of the total density matrix p with respect
to qubit £ and \,(pT*) are its eigenvalues.



IIT. DECOHERENCE PROCESS, TRANSITION AND SURVIVAL PROBABILITY

Here, we are going to investigate the decoherence process induces by the classical environment portrayed by a
Gaussian distributed stochastic field with OU or G distribution. To this aim, we concentrate on the decoherence
factor (DF) B, (t) and explore it environment-parameters dependences in detail. In Fig. [ we plot the time evolution
of the DF f35(t) for different values of the parameters 7. and wy = w in the case of OU and G noise. It is observe both
in the case of OU and G noise that 85(t) is an oscillating function whose amplitude decreases as the time evolves and
finally goes to zero at the end of the evolution process (i.e., S2(0c0) = 0 ). Therefore, we can conclude that at the
end of the decoherence process; both noises could be fatal to the quantum properties of any system suffering them.
On the hand, we observe that the parameters 7. and w play a significant role in affecting the DP.

A(t) Alt)
0 ()
0.8 . —_— =20
0.6 w=30
0.4
Time
0.2 4 \%

Time

Time t

20 40 60 80 100

80 100 120 140

Pa(t)
1.0 (C — 7,=10
0.8 %20
7,530
0.6
0.4
0.2
= Time
2 4 6 8 10 10

FIG. 1. Upper panel: time evolution of the decoherence factor S2(t) for different values of the parameters 7. ( with, I' = 5,
g=4and w=16) and w (with, ' =5, g = 4 and 7. = 6) in the case OU noise. Lower panel: same as in the upper panel
but rather in the case G noise.

In point of fact, we can easily see that decreasing the intensity of the correlations time or the central frequency of
the environment only strengthens the detrimental effects of decoherence. That is, the smaller the correlations time
or the central frequency of the environment is, the faster is the decoherence process. Moreover, from the explicit
expression of decoherence factor (,,(t) show in Eq. [ZI]), it is easy to see that increasing the parameter m or the
system-environment interaction strength (i.e., gr = ¢) will also only strengthens the decoherence process. It is
instructive to note that in the case of G noise, they are optimal parameters for which the DF is no longer equal to
zero at the end the evolution process (i.e., B2(00) # 0 ). These optimal parameters are given as follow: ' =g =1,
7. > 1 and w > 1. With appropriate choice of these optimal parameters, the DP can even be completely suppressed
that is, the DF factor tends to unity after a given instant of time. Therefore, theses optimal parameters can be used
to efficiently control quantum resources like entanglement in a system subjected to G noise. To show this feature,
we have plot in Fig. 2l the time evolution of the DF for different optimal values of the parameters 7. and w.

A1) A1)
(a) 1.00

0.9
0.95 (b)

0.8
0.7 0.90 — w=10

—_— w=20
0.6 0.85

— 7230 _ — w=30 .
t Time Time
10 20 30 40 50 10 15 20 25 30

FIG. 2. Evolution of the decoherence factor B2(t) for different optimal values of the parameters 7. and w obtained in the case
of G noise with the following set of optimal parameters: (a): ' =g=1,w=3and (b): ' =g¢g=1,7.=3.

We can see in both panels that the DP at the beginning of the evolution is accompanied with rapid damped



oscillations and then stabilizes at a given instant of time until the end of the evolution process. However, the time
domain after which the freezing of the DF occurs depends upon the choosing optimal value of the parameters w and
T.. Indeed, it can be seen that the time after which the DF becomes stables increases with the increasing of the
optimal values of the aforementioned parameters. It is important to note that the higher is the saturation value of
the DF, the less strong is the DP. Therefore, we can effectively suppress the detrimental effect of the G noise by
adjusting the noise parameters.

Let us recall that in the physical model under investigation the qubits have non-degenerated energy levels. However,
they can also be effectively treated as if their energy levels are degenerated by assuming that the spectrum of external
environment holds frequency that are larger than the natural frequency of each of them. This means that under
certain conditions as those assuming in this work, the two qubit models (degenerated and non-degenerated) are the
same as far as the dynamics is concerned. This leads to the computation of the survival and transition probability
in order to see if the transition between two degenerated states is possible. Once the average calculations of the
expressions of the survival and transition probability given in Eqs. (I0) and (Il are performed, we obtain:

Py(t) = (1-Ba(t)) =1—Ps(t) (29)

N =

(14 B2(t)) and Py (t) =

N =

As we have already mentioned, we can see that for isolated degenerated qubit, the transition between the two
degenerated states is not possible. In fact, in the absence of noise that is, at ¢ = 0, the DF [5(t) tends to one and
as a consequence, the survival probability takes the value 1. It can also be seen from Eq. (29)) that the maximum
probability to have a transition from the initial prepared state of the qubit to the other state due the noisy environment
is 1/2. In Fig. Bl we have plot the time evolution of these probabilities when the degenerated qubit is affected by the
OU (a) and G (b) noise.

P P
1.0} 1.0 Ps
P a (b)
o.8f ° (a) 0.8 — Prnr
— PTr
0.6} 0.6
0.4} 0.4
0.2} 0.2 {VVV\"
1 Time Time
50 100 150 200 10 20 30 40 50

FIG. 3. Time evolution of the survival and transition probability in case of OU (a) and G (b) noise, obtained with the following
optimal parameters: I' =g =1,w =2 and 7. = 10

This figure shows how the coupling of the degenerated qubit to its external environment influences the transi-
tion/survival probability. It can be observe that the noisy environment can induces transition between the two
degenerated states of the qubit. In fact, the figure shows that due to the external environment, the qubit, which was
initially localized in one of its degenerated state, evolves to split in both states. However, a complete transfer of the
qubit from its initial localized state to the other state is not achieved at the end of the evolution process. In the
case of OU noise, we find that the qubit is equally divided in both states at the end of the evolution meanwhile is it
not the case for G noise. This can be explained by noticing that, in the case of G noise, the optimal parameters can
permit to the qubit to adapt to changes imposed by the noise. Therefore, for some particular choice of the optimal
parameters, the qubit will then end the evolution in its initial localized state.

IV. ENTANGLEMENT DYNAMICS

In this section, the analytical as well numerical results for aforementioned qubit-noise coupling (QNC) config-
urations namely the IEs, MEs and CE are presented. For each QNC configuration, we investigate the situations
where the qubits are initially prepared both in the GHZ and W state and coupled to a CSF with either OU or G
autocorrelation function.



A. Independent environments (IEs)

In this QNC configuration, the evolutions of the system obtained after performing the calculations from Eq. (3]
read:

plEs () = M(yoooxm\ + [111)(000]) + %(mooxoooy + (i) -

8
qﬂQ(? (\001><001]+ 1010)(010] + [011)(011] + 100)(100] + [101)(101] + [110)(110[ )~ (30)
- %Oooﬁ(nm +1010)(101] + |011)(100| + [110)(001| 4 |101){010] + }100><o11|)
and
pire (1) %(\0@1 )(001] + ]010)(010| + | 100) 100\)+
%([[001 )+ [010) + [100)] (11| + [111)[001] + (010] + (100]] ) +
+ 9O (Toary + j101) + [110)] (000] + 000 [(011| + (101 + (110]]) +
ﬁi ([Jo11) +[101) + [110)] (000 + J000) | (O11] + (01| +- (110] ) -
1—(2 (loo1) [¢o10] -+ (100]| + [100) [010] -+ (001]| + [010) [(001] + (100[] ) +
+D—t (1011>{<010]+ 101]} +\101>[<011\+<110H + [110)[¢o11] + (1o1]]) +
\000> ooo]+ \111 <111\+ (\011> (011] + [101)(110| + ]110><110])
with

£ =q|(1+ ﬁg(t))2(1 —Ba() = 1] +1, k&) = g (1- ﬁg(t))2(1 + () 1] + 1,

(1- [32(15))2(1—1-[32(0), P(t) = 2[(1+2:0) [(1+52(t))2+2(1 —52(15))2] ~3] 41,
P = L[ (14+5:0) [ -3(1+5:0) —2(1-580) ] +5] +1, 70) = (14 5:0) (1 +5®),
D) = a(1 - 5:0) (14 50, and (1) = (1~ 52()) (1 + B2(1))

J(t)

Qo

Note that in the above expressions the time dependent function [2(t) is the decoherence factor whose explicit
expression is given in Eq.(2I]) and depends on the specific choice of the CSF via the function x(¢) (Egs. (26) and
@7)). With these density matrices in our hand, we can then investigate the dynamics of entanglement by employing
the tripartite negativity as given in Eq. (28]). However, it is important to note that because of lack of compact
analytical results, only numerical ones are presented.

In Figs. [ and [Bl we report the evolution of the tripartite negativity for different optimal values of the parameters
w (central frequency of the CSF), and 7. (characteristic time of the CSF) as a function of time both for the initial
GHZ (upper panel) and W (lower panel) state in the case of OU and G noise respectively. As first observation,
we can see that the entanglement exhibits almost the same qualitative behaviors both for GHZ and W initial states,
regardless of the central frequency and characteristic time of the noisy environment. However, one can also observe
both in Figs. [ and [l that during the evolution, the residual amount of entanglement in the GHZ state is always
larger than the one in the W state, demonstrating that the W state is more fragile under this model of decoherence
in the IEs configuration than the GHZ state. It is also observe that whatever the kind of noise considered (OU or G
noise), entanglement shows damped oscillation as the time evolves. However, the total suppression of entanglement
is unavoidable when the system is coupled to the OU noise meanwhile in the case of G noise, optimal parameters
allows the system to adapt to changes imposed by the external noise and thereby, the system is not completely
disentangled. In point of fact, we observed in both figures that entanglement decays with damped oscillations and
finally disappears asymptotically in the limit of long time (Fig. @) or abruptly freezes to a particular value at a given
instant of time (Fig. B). We can see in Fig. [4] that, the time domain after which the complete disentanglement of
the system occurs increases with the increasing of the parameters 7, and w. On the other hand, we can see in Fig.
that the time span after which the residual amount of entanglement in the system freezes increases also with both
parameters. Those results are not surprising because it is consistent with those obtained during the investigation
of the decoherence process by means of the time evolution of the DF. It is worth noting that the increases of the
survival time or freezing amount of entanglement with the parameter 7. is meaningful but not surprising because it is
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FIG. 4. Upper panel: time evolution of the tripartite negativity for different values of 7. (a), with (9 =T = ¢ = 1 and
w = 3) and w (b), with (9 =T = ¢ = 1 and 7. = 3), when the qubits initially prepared in the GHZ state are coupled to a
CSF with OU distribution in independent environments. Lower panel: same as in the upper one but when the qubits are
prepared in the w state.
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FIG. 5. Upper panel: time evolution of the tripartite negativity for different values of 7. (a), with (g =T = ¢ = 1 and
w =3) and w (b), with (¢ =T = ¢ =1 and 7. = 3), when the qubits initially prepared in the GHZ state are coupled to a CSF
with Gaussian distribution in independent environments. Lower panel: same as in the upper one but when the qubits are
prepared in the w state.

well known that the autocorrelation time 7. measures the time after which the environment correlations cease to be
meaningful or can also be interpreted as the amount of time the environment can store information for |1]. As such,
if 7. is short, the memory of the environment is also short and as a consequence, the amount of information back
and forth from the environment to the system and vice versa due to the memory effects of the environment is not
significant. Although quantitatively different, the behaviors of entanglement obtained for different optimal values
of the parameter w, is almost qualitatively similar to those obtained for different optimal values of the parameter
T, demonstrating that both parameters play the same role in affecting the evolution of entanglement. Overall, it is
observe that the decoherence induces by OU noise is more fatal to the survival of entanglement than the one induces
by G noise and that the detrimental effects of both noises can be softened under certain particular environment’s
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parameters.

B. Mixed environments (MEs)

In the previous subsection we have investigated the situation where the qubits are locally coupled the noise (IEs).
Now let’s look for the situation where they are coupled in MEs. After performing the calculations, the resulting
time-evolved density matrix for initial GHZ-type states can be written in three qubit basis as:

oz (1) = F(2)(1010)(010] + [011)(011] + [100)(100]) +
+Q()(111)(111] + 000)(000] ) + S(¢)([001)(001| + [110)(110] )+
+ (1) (1000)(111| + [111)(000] ) + 7 () (J001)(110] + [110)(001) +
(I111) + J000)) ((001| + (110]) + (Joo1) + [110)) ((000] + (1)~
+R(t) | —[010)((011]+ (100] + (101]) — [o11)((010] + (100] + (101]) -
— [100)((010] + (011] + (101]) = [101) ((010] -+ (100] + (011])

with
) = 5 (2(1+ 840 +4830)) +1), 8) = 5 (L(1+ 8a(0) ~ 4830)) +1), R = = (Ba(t) - 1),
Fty=g( = (14 6:0) +1), ) = L (34 Balt) +483(1)) and T(¢) = L (34 Ba(r) ~ 483(1))

For initial W-type states, the time-evolved density matrix takes can be written in the three qubits basis in its more
explicit form as:

p%ES: ()[000)(000] + R(#)|111)(111] 4+ T ()[001){001| + F ()|110)(110|+
£)(Jo11)(011] + [101)(101]) + #(2)(]010)(010] + [100)(100] ) +
)(|000)

[(\011 + [101)) (111] + [000) ({011] + (101]) | + D(t) (J000)(110] + [110)(000] )+
t){(yom + [100)) (001] + [001) ((010] + (100]) | + Z(1) (Joo1)(111] + [111)(001] )+ (33)
()] (010) + [100)) (111] + [111)(010] + (100] )| + S(t) (Jor1)(101] + [101)(011] )+
P(t)[(Jo11) + [101) ) (110] + [110)((011] + (101]) | + £(t) (J010)(100] + [100)(010])
with
0) = &+ g +a (-2 4 220 L 0 LOBORDY i)~ L (50) + 5a(0)+ sa(0u(0) + 1)
R() = &+ g o (-2 - 20 B 1052 ) 20 = L (B0 - 50 + ato)pate) - 1),
T() = L4 go (20 20 B0, 0RO >,.c L (5300) ~ Ba) ~ Ba(0B(0) ~ 1),
O =L+ gra( 2D - 2020 1052 A i) =~ (- 5200+ 5al0) + a(0B(0) - 1),
MO =t g (204 B0, 000 ”) D(t) = 2 (664(1) ~ 108(0) + 10808 (1) — 6
()= o + 5 +a (-2 o B0 TR Dy — (05400 + 1082(0) ~ 105(0)61(0) ).

S() = o (6ﬂ4(t) — 6Ba(t) — 1082(1)Ba(t) + 10) and £(1) = % (6[34(15) 4 602(1) + 1082(£)Ba(t) + 10).

As we have already pointed out, the analytical results of entanglement are very large. Therefore, we will resort only
to numerical results for studying the dynamics of entanglement for this QNC configuration. In Figs. [6land[7] we have
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FIG. 6. Upper panel: time evolution of the tripartite negativity for different values of 7. (a), with (g =T = ¢ = 1 and
w =3) and w (b), with (¢ =T = ¢ =1 and 7. = 3), when the qubits initially prepared in the GHZ state are coupled to a CSF
with OU distribution in mixed environments. Lower panel: same as in the upper one but when the qubits are prepared in
the w state.
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FIG. 7. Upper panel: time evolution of the tripartite negativity for different values of 7. (a), with (¢ =I' = ¢ = 1 and
w = 3) and w (b), with (g =T = ¢ = 1 and 7. = 3), when the qubits initially prepared in the GHZ state are coupled to a
CSF with Gaussian distribution in mixed environments. Lower panel: same as in the upper one but when the qubits are
prepared in the w state.

plot the time evolution of entanglement for different values of 7. and w both for the case of OU and G noise and for
GHZ and W state respectively. Although quantitatively different, we can see that the behaviors of entanglement as
shown in Figs. [0 and [ are qualitatively similar to those depicted in Figs. @ and Bl This clearly demonstrates that
the evolution the entanglement strongly depends on the way the qubits are coupled to the external environment.
Indeed, a comparison with Figs. dl and [B] shows that at a given instant of time, the residual amount of entanglement
in the system depends on whether the qubits are coupled to the external noise in MEs or in IEs. More precisely, it
is observed that whatever is the kind of noise considered, the residual amount of entanglement in the system when
it is initially prepared in the GHZ state is always higher when the qubits are coupled to the noise in MEs than in
IEs. In other words, when the qubits are initially prepared in GHZ state, the MEs configuration preserves better
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entanglement than the IEs one. However, the opposite situation occurs when the qubits are initially prepared in W
state. That is, in W state, the IEs configuration preserves better entanglement among the qubits than the MEs one.
Such results clearly demonstrate that the evolution of entanglement in a system of three qubits not only depends on
their initial prepared state but also on the way there are coupled to the noise. Another, remarkable aspect which
has already pointed out in the case of IEs is that there exist optimal values of the parameters 7. and w for which it
is possible to delay or avoid the complete disentanglement of the system. As in the case of IEs, it can be seen in this
setup that entanglement survives for a long time when the qubits are initially set in the GHZ state than in the W
state, demonstrating once more the robustness in this decoherence model of the GHZ state with respect to the W
one.

C. Common environment (CE)

In the two previous subsections, the dynamics of entanglement have been investigated in in the situation where
the qubits are coupled to the noise in IEs or MEs respectively. Now in this section, we are going to investigated the
situation where the qubits are coupled in a CE. In this situation, the density matrix describing the evolution of the
system can be written as:

In the GHZ-type states we have

pSE () = Q(t)(yooo (000] + [111)(111]) + 7(8) (J000)(111] + [111)(000] )+

(\001><001| +1010)(010] + [011)011| 4 |100)(100| + [101)(101| + \110><110|)+
— (Joot) + 010) + [011) + [100) + [101) + [110) ) ((000] + (111[)
— (J000) + [111)) ((001] + (010] + (01| + (10| + (101| + (110] )+

+7() | +]00 001| + (011] + (100] + (101| + (110] )+

1)
+|011)

(
(
)((010] + (011] + (100] + (101] + (110] ) [010) ¢
(010] + (001 + (100] + (101] + (110] ) [100) ((010] + (011] + (001] + (101| + (110])+
((010] + ¢ (¢

+ [101)((010] + (011] + (100 + (001| + (110] ) 110) ((010] + (011] + (100] + (101] + (001 )
(34)

o) =5 (2(sutn+1) +1), RO = ¢ (<2 (80 +1) +1), T(0) = L (38400 +5) and 76) = - (36() 1)
In the case of W-type states we have
P37 (t) = Q(1)[000)(000] + R(¢)[111)(111] + T (t) (\001><001| + |010)(010| + |100><100|)
a(t) (1011 (011] +101)(101| + [110)(110] )+
tK|001 + [101) + [110) ) (000] + |000) ({O11] + (101] + (110]) |+ )
£(t)[ (j010) + [100) + Joor) ) (111] + [111) ((100] + (010] +- (001]) | +
w(t)[(j010) + [100) ) (001] + [001) (010 + (100]) + [010){100] + |100)(010] |+

+P(t)[(J011) + [101) ) (110] + [110) ({011 + (101]) + [011)(101| + [101)(011]]

with
1 1 3By(t) 354 35 1 L 7B2(t) | Balt) | 3Bs(t)
Q(t)_§+q<ﬁ+ 32 ; > )=3+ <_@+ TRRRETRR >
1 L 7Bt ) 54 356 1 1 3Be(t)  3Ba(t) | 3Bs(t)
g(t)_§+q(_ﬁ_ 96 16 ) J=37 (1_6_ 32 16 32 )
Z(t) = = (6 982(0) — 684(1) = 955(1)), W(H) = o= (10+7ﬂ2<t>+6ﬁ4<t>+9ﬁ6<t>),
P(t) = o= (10 = 782(t) + 65a(t) - 956(16)) and £(t) = 2= (6= 952(t) — 68:(8) + 95c() ).
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FIG. 8. Upper panel: time evolution of the tripartite negativity for different values of 7. (a), with (¢ =I' = ¢ = 1 and
w =3) and w (b), with (¢ =T = ¢ =1 and 7. = 3), when the qubits initially prepared in the GHZ state are coupled to a CSF
with OU distribution in a common environment. Lower panel: same as in the upper one but when the qubits are prepared
in the w state.
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FIG. 9. Upper panel: time evolution of the tripartite negativity for different values of 7. (a), with (¢ = I' = ¢ = 1 and
w = 3) and w (b), with (g =T = ¢ = 1 and 7. = 3), when the qubits initially prepared in the GHZ state are coupled to a
CSF with Gaussian distribution in a common environment. Lower panel: same as in the upper one but when the qubits are
prepared in the w state.

Note that the time dependent functions S,,(t) (m=2,4,6) are the so called decoherence factors ant their explicit
expressions are given in Eq. 21l One can immediately note that the time-evolved density matrices of the system
take different forms depending on whether the qubits are coupled in IEs, MEs or in a CE. Although the analytical
expressions of the time evolution of entanglement is not very enlightening, they are not presented because of they
cannot be put into a compact forms.

In Figs.Rland[@, we have plot the time evolution of entanglement (when the qubits are coupled in a CE) for different
optimal values of the parameter 7. and w both for the case of GHZ-and W-type initial states. Fig.Rlis for the case
OU noise while Fig. @ is for the case of G noise. It can be observed that even if the entanglement in this QNC
configuration shows essentially the same qualitative behaviors as in the case of IEs and MEs configuration, the residual
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amount of entanglement in the system at a given instant of time depends on the QNC configuration considered, that
is, the disentanglement of the system is quantitatively different from one configuration to another. Unlike what has
been found in the case of IEs and MEs configuration in which entanglement is completely suppressed when the qubits
are subjected to the OU noise (regardless of their initial prepared state), we observe that entanglement is indefinitely
preserved when the qubits (initially prepared in the GHZ state) are coupled with the OU noise in a CE. This result
with those obtained in the previous sections clearly demonstrate that when the qubits are initially prepared in the
GHZ state, the CE configuration followed by the MEs configuration preserves better the entanglement or delays
the disentanglement of the qubits than the IEs configuration. Such a result is in good agreement with what has
been found in Refs. [19, 22]. However, the opposite situation occurs when the qubits are initially set in the W
state, that is, when the qubits are prepared in the W state, the CE configuration followed by MEs one hastens the
disentanglement of the qubits than the IEs setup. It is worth noting that the long time survival of entanglement as
shown in Fig. B(a) and (b), has been interpreted as a consequence of the direct interaction between the qubits due
to their coupling to the same source of noise (common environment) [17]. Another remarkable aspect is that when
the qubits are coupled with the OU noise and initially prepared in the GHZ state (Fig. B(a) and (b)), the saturation
value of entanglement does not depends on the parameter 7, and w. In fact, we can see that whatever the value of
these parameters are, entanglement abruptly decays with damped oscillations and then freezes to 0.7 for the rest of
the time. However, regardless of the kind of noise as well as the initial state considered, the time span after which
the entanglement freezes increases with the parameters 7. and w.

Overall, the results obtained in this subsection together with those of the two previous subsections clearly show
that the main conclusions of the analysis of the entanglement dynamics are almost qualitatively independent on
the QNC configuration considered. However, the entanglement dynamics strongly depends both quantitatively and
qualitatively on the nature of the CSF used to model the external environment, regardless of the QNC configuration
considered.

V. CONCLUSION

In this paper, we have investigated the decoherence process induces by a classical environmental noise portrayed by
a classical Gaussian distributed stochastic field with either Ornstein-Uhlenbeck autocorrelation function (OU noise)
or Gaussian autocorrelation function (G noise). We have also investigate in detail the dynamics of entanglement of
a system of three noninteracting qubits suffering the detrimental effects of such a decoherence process. Two initial
states of the qubits namely, the GHZ- and W-type states have been considered. The qubit-noise coupling has been
considered in three different scenarios namely, the common, independent and mixed environment(s). By performing
an ensemble average over all the possible realizations of the classical stochastic field, we eliminate the environment’s
degree of freedoms and obtain the dynamics of the system.

As far as the dynamics of the system is concerned, we found that if the noise spectrum of the classical stochastic field
contains frequencies that are larger than the natural frequencies of the qubits, the physical model under investigation
(with non-degenerated qubits energy levels) reduces to those of Refs. [17, [19, 22] where qubit energy degeneracy is
assumed. Hence, we have computed the transition and survival probability between the two degenerated states of
the qubit and found that the qubit will remains in its initial localized state in the absence of noise meanwhile the
transition may occurs in the presence of noise.

We found that the decoherence process (DP) strongly depends on the noise considered as well as on the environment
parameters namely, its central frequency (w) and autocorrelation time (7.). In fact, we found that that decreasing
the intensity of w and 7. only strengthens the DP. However, in the case G noise, we found that there are optimal
values of the parameters w and 7. for which the DP can be partially or completely suppressed, which thus permits
to the system to adapt to changes imposed by the noisy environment.

We found that the OU noise is more fatal to the survival of entanglement than the G noise and that the dis-
entanglement of the system due to the detrimental actions of both noises can be delays (OU noise) or completely
suppressed (G noise) by suitably choosing the optimal values of the parameters w and 7.. In point of fact, we found
that a high value of the parameters w or 7, shields the evolution of the system from the detrimental effects of the
external noise.

We found that the QNC configuration as well the initial prepared state of the qubits plays an important role towards
the preservation of the system’s entanglement. In fact, we found that under the physical model considered in this
paper, the GHZ state is more robust than the W state that is, it preserves more entanglement than the W state. On
the other hand, we found that when the qubits are initially set into the GHZ state the CE configuration followed by
the MEs configuration delays more the disentanglement of the system than the IEs configuration. However, we found
that the situation is completely reversed when the qubits are initially set in the W state that is, the CE configuration
followed by the MEs configuration hastens more the disentanglement of the system than the IEs configuration.
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