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Abstract Modelling of solute transport in fractured porous media is a subject of intensive research in 
many engineering disciplines, such as petroleum engineering, water resources management, 
civil engineering. Recent field and laboratory experiments show that, in presence of strong 
adsorption, the behaviour of solute penetrating into the fractured porous medium diverges 
from classical hypotheses, rendering impossible the adjustment of classical transport 
models. The aim of this paper is to develop a mathematical continuous model of solute 
transport, when strong adsorption of solute occurs on the grains of the porous matrix. 
The macroscopic model is obtained by upscaling the pore and the fracture behaviours, by 
using the multiple scale expansion method. We obtain a non-standard diffusion behaviour 
of solute which shows local non-equilibrium between transport in the fractures and in the 
porous matrix, as well as memory effects. 

Résumé

Transport de soluté en milieu poreux fracturé : diffusion avec effets
de mémoire due à l’adsorption

La modélisation du transport de soluté dans un milieu poreux fracturé est un sujet d’actualité 
qui intéresse de nombreux domaines comme le génie pétrolier, la gestion des ressources en 
eau, le génie civil. De récentes recherches in situ et en laboratoire montrent qu’en présence 
d’une forte adsorption, le transport de soluté ne satisfait pas les modèles classiques. Le 
but de cette note est de présenter un modèle mathématique décrivant le transport de soluté 
quand une forte adsorption est présente sur les grains de la matrice poreuse. Le modèle 
macroscopique est obtenu par homogénéisation des comportements aux échelles des pores 
et des fractures, en utilisant la méthode des développements asymptotiques à échelles 
multiples. Nous obtenons ainsi un modèle non standard de diffusion qui met en évidence un 
non-équilibre local ainsi que des effets de mémoire. 
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Version française abrégée

Nous recherchons un modèle mathématique décrivant le transport de soluté dans un milieu poreux 
fracturé, en présence d’une forte adsorption [1,2], sur les grains de la matrice poreuse. Le milieu présente 
trois échelles séparées l, lp et L, (2). Il est doublement périodique, de périodes �mp à l’échelle des pores 
et � à l’échelle des fractures. La période � des fractures est représentée sur la Fig. 1. L’espace poreux 
est noté �p, de surface �p , et l’espace des fractures est �f , de surface �. La matrice microporeuse 
occupe �m dans �. Les porosités n des pores et φ des fractures sont O(1). Le modèle est obtenu par 
changement d’échelles par la méthode des développements asymptotiques à échelle multiples [3–5]. La 
macroscopisation est conduite en deux étapes successives : obtention du modèle macroscopique de la 
matrice poreuse puis du modèle du milieu poreux fracturé.

Le transport de soluté dans la matrice poreuse est décrit par (3) et (4). Le temps caractéristique
d’adsortion T ads

L est pris égal au temps macroscopique caractéristique de diffusion T dif
L , (5), où l’indice

c indique des valeurs caractéristiques. Cela conduit à une longueur caractéristique d’adsorption αc = L.
Le coefficient de retard Rd = αas = O(ε−2) (où as = O(l−1

p ) est la surface spécifique du milieu poreux)
est très grand, ce qui denote une forte adsorption. En utilisant (5), on obtient la forme adimensionnelle
de (3), (4) sous la forme (6), (7), où l’exposant « ∗ » indique qu’il s’agit d’une grandeur adimensionnelle.
L’homogénéisation est conduite comme en [4] et donne le modèle (8). Le tenseur Ddif∗

m (Ddif
m = DcDdif∗

m =
O(D0)) est le tenseur effectif de diffusion de la matrice poreuse en l’absence d’adsorption. Une équation
équivalente pour C∗

m = nC∗
p , où n est la porosité, est donnée par (9). Enfin, sous forme dimensionnelle, le

modèle macroscopique de l’écoulement dans la matrice poreuse est décrit par l’équation (10). La mise sous
la forme d’un bilan de soluté (11) fait apparaître un tenseur effectif de diffusion en présence d’adsorption
Ddif–ads
m =R−1

d Ddif
m .

La description locale dans les fractures est donnée par (12) qui se met sous la forme adimensionnelle (13).
Les conditions aux limites sur � sont la continuité des concentrations (14) et la continuité des flux (15)
associée aux équations (10) et (12). Les conditions aux limites adimensionnelles sur � sont (16) et (17). Le
problème local à l’échelle des fractures est ainsi décrit par les équations (9), (13), (16), (17). Il est semblable
au problème de diffusion dans les matériaux composites à grand contraste de propriétés, [7–9]. Le modèle
macroscopique, cf. [10] pour les détails, est sous la forme (18), où φf =�m/� est la porosité des fractures,
Ddif∗

f est le tenseur effectif de diffusion dans les fractures et K(τ), défini par (22), est une fonction mémoire
déterminée par le problème aux limites (19), (20) dont la solution est (21).

1. Introduction

We develop a mathematical continuous model of solute transport in fractured porous media, when
diffusion is present in both the fractures and the porous matrix, and when strong adsorption of solute
occurs on the grains of the porous matrix. Strong adsorption coefficients are reported in many references,
e.g., [1,2]. Strong adsorption is addressed by letting the characteristic time of adsorption to be equal to
the characteristic macroscopic time of diffusion (see part 2). We assume the double porosity medium to
be doubly periodic, i.e., it is periodic at the pore scale and at the fracture scale (see Fig. 1 for the fracture
period). The porosities n of the porous matrix and φ of the fractures are O(1). We have to deal with three
different scales: the microscopic scale lp (the dimension of the porous period at the pore scale �pm), the
mesoscopic scale l (the dimension of the fractured period �), and the macroscopic scale L (the dimension
of the macroscopic domain). If there exists a scale separation between each of the three scales, lp � l � L,
then we have a double porosity structure, i.e., a fractured porous medium. In this case three non-dimensional
space variables can be defined

z = X
lp
, y = X

l
, x = X

L
(1)



Figure 1. A period of the fractured porous medium: the solute transport mechanisms are diffusion and adsorption in
the porous matrix.

Figure 1. Une période du milieux poreux fracturé : le soluté diffuse dans les fractures et les pores et est adsorbé par la
matrice poreuse.

where X is the physical space variable. Therefore, any problem can be regarded with respect to three
dimensionless spatial coordinates systems. For the sake of simplicity, we assume equal separations of scales

lp

l
= l

L
= ε � 1 (2)

The fractured porous medium is assumed to be rigid and fully saturated by an incompressible fluid
(water) at rest. The adsorption on the solid surface of the pores is assumed strong, linear, reversible and
instantaneous. The upscaling is obtained by using the method of homogenization of periodic structures by
formal asymptotic expansions [3,4]. We follow the methodology presented in [5]. The main advantage of
this homogenization method is that it makes possible to analyze the competitive and interacting phenomena
at different spatial and temporal scales and to capture the predominating macroscopic effects. We proceed
by successively determine the overall behaviours of the porous matrix and then the fractured medium.

2. Overall solute transport in the porous matrix

The transport of solute by diffusion in the pores of the porous medium is given by
∂Cp

∂t
− ∇X(D0∇XCp) = 0 in �p (3)

where Cp is the solute concentration in the pore space �p of �pm, D0 is the coefficient of molecular
diffusion of solute in water and t is time. At the interface �p between solid and liquid adsorption of solute
takes place, which is written

−N ·D0∇XCp = α
∂Cp

∂t
on �p (4)

where N is the unit outward vector to �p, normal to �p . The length α relates the flux adsorbed by the
unit surface of the solid to the time variations of the solute concentration and expresses the intensity of
adsorption [6]. In the analysis, the time of diffusion at the macroscopic scale L is taken as the characteristic
time Tc (the time of observation of solute transport). It is also assumed that the characteristic time of
adsorption T ads

L is equal to the characteristic time T dif
L of diffusion, which is written

Tc = T dif
L = L2

Dc

= T ads
L = αcL

Dc

(5)

where αc and Dc are characteristic values of α and D0, respectively. Note that as a result of (5), we have
αc = L. Therefore, the retardation coefficient Rd = αas = O(ε−2) (as = O(l−1

p ) is the specific surface of
the porous medium), is high which shows a strong adsorption. The dimensionless numbers present in (3)



and (4) are evaluated by using (5). It results in the following dimensionless forms of (3) and (4), where the 
superscript ‘∗’ denotes a dimensionless quantity

ε4 ∂C
∗
p

∂t∗
− ∇∗

z

(
D∗

0∇∗
zC

∗
p

) = 0 in �p (6)

−N ·D∗
0∇∗

zC
∗
p = ε2α∗ ∂C

∗
p

∂t∗
on �p (7)

The results of the upscaling process is a diffusion–adsorption equation for the non-dimensional concentra-
tion C∗

p (for details, see [6], where a similar problem is addressed)

R∗
d

∂C∗
p

∂t∗
− ∇∗

y

(
Ddif∗
m ∇∗

yC
∗
p

) = 0 in �pm (8)

where C∗
p is now the first order approximation of the solute concentration (mass of the solute in the unit

volume of water in the pores). Tensor Ddif
m = DcDdif∗

m = O(D0) is the effective matrix diffusion tensor
in absence of adsorption [3]. The non-dimensional retardation factor is R∗

d = α∗a∗
s = O(1). An equation

similar to (8) can be written for the non-dimensional matrix mass concentration C∗
m = nC∗

p , where n is the
matrix porosity

R∗
d

∂C∗
m

∂t∗
− ∇∗

y

(
Ddif∗
m ∇∗

yC
∗
m

) = 0 in �pm (9)

The corresponding dimensional equation is

Rd

∂Cm

∂t
− ∇X

(
Ddif
m ∇XCm

) = 0, Rd = O
(
ε−2) in �pm (10)

This latter equation can be put in the form of a balance equation for Cm

∂Cm

∂t
− ∇X

(
Ddif–ads
m ∇XCm

) = 0 in �pm (11)

where tensor Ddif–ads
m = R−1

d Ddif
m stands for the effective diffusion tensor of the porous matrix in presence

of adsorption.

3. Overall solute transport in the fractured porous medium

The problem of solute diffusion in the fractures can be formulated as follows
∂Cf

∂t
− ∇X(D0∇XCf ) = 0 in �f (12)

where Cf is the local solute concentration in the fractures domain �f of the fractured period �l . When
using y as the dimensionless space variable and estimate (5), the dimensionless form of (12) becomes

ε2
∂C∗

f

∂t∗
− ∇∗

y

(
D∗

0∇∗
yC

∗
f

) = 0 (13)

The conditions at the interface � between the homogenized porous matrix and the fractures are the
continuity condition of concentrations

Cf = Cp = Cm

n
on � (14)

and the continuity condition of fluxes associated to Eqs. (11) and (12)

N ·D0∇XCf = N · Ddif–ads
m ∇XCm on � (15)

Finally, the dimensionless forms of the interface conditions are

C∗
f = C∗

p = C∗
m

n
on � (16)

N ·D∗
0∇yC

∗
f = ε2N · Ddif–ads∗

m ∇∗
yC

∗
m on � (17)



3.1. Macrotransport behaviour

The method applied to derive the macroscopic model is again the homogenization technique for periodic 
structures by formal asymptotic expansions. It can be noticed that the local problem (9), (13), (16), (17) 
is formally similar to the diffusion problem in a composite of contrasted characteristics, presented in the 
literature (see for example [7–9]). The homogenized macroscopic model for the fractured porous medium 
is written as follows (see [10]), at the first order of approximation

�f

∂C∗
f

∂t∗
+

∫ t∗

−∞
K∗(t∗ − τ )

∂2C∗
f

∂τ 2 dτ − ∇∗
x

(
Ddif∗

f ∇∗
xC

∗
f

) = 0 (18)

where C∗
f is the first order approximation of the macroscopic mass concentration in the fractures, φf =

�f /� is a volumetric fraction of fractures in the period, Ddif∗
f is the non-dimensional effective diffusion

tensor in the fracture domain and K(τ) is a memory function that is to be determined from the solution
of the local problem for the particular porous matrix geometry in consideration (see [10] or [7–9]) for a
similar type of problem). The solute transport in the matrix domain is governed by the following equations

R∗
d

∂C∗
m

∂t∗
− ∇∗

y

(
Ddif∗

m ∇∗
yC

∗
m

) = 0 in �m (19)

where �m is the part of � occupied by the microporous matrix, and

C∗
m = nC∗

f on � (20)

The solution can be put in the form

C∗
m =

∫ t∗

−∞
k∗(t∗ − τ )C∗

f dτ (21)

The memory function K is then defined by

K∗ = 1

�

∫
�m

k∗ d� (22)

The integral form in Eq. (18) exhibites a coupling between the solute transport in the fractures and in the
matrix.

4. Conclusion

In this paper a nonstandard diffusion model is presented for solute transport in fractured porous media in
presence of strong adsorption. The model proposed is a one equation diffusion model with memory effects
due to adsorption of the solute in the porous matrix. The adsorption causes the diffusion in the matrix to
be retarded with respect to the diffusion in the fractures. This is a source of local non-equilibrium, and
consequently of long-tail behaviour.
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