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Abstract—This paper is devoted to the determination of the acoustic characteristics of a porous
medium saturated by air. The analysis of sound propagation in such a medium is performed using
an homogenization technique. This theory is suitable since acoustic wavelengths are much greater
than the usual pore size. The macroscopic descriptions involve the effects of air viscosity, inertial
forces and heat transfer.

The first part of the paper deals with single porosity materials. Two cases are investigated : (i)
a medium with large pores in which thermal exchanges are negligible; (ii) a medium with smaller
pores for which thermal exchanges must be accounted for.

The second part is concerned with dual porosity media, i.e. when the grains themselves are also
porous. Neglecting heat transfer first yields a simplified macroscopic description. This simply dual
porosity model is then improved by considering thermal effects.

These results show that new porous materials could be evolved by introducing a microporosity

structure that would give enhanced absorption properties over a wide range of frequencies. © 1998
Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Dry porous media, i.e. media saturated by air, present interesting acoustic properties for
reducing the level of ambient noise. Inside buildings, such media are now very frequently
used as wall lining. On the outside, the design of anti-noise walls, for instance, takes
advantage of these properties to reduce sound intensity in the vicinity of railways or
motorways. The materials used for this purpose are often coarse, made of granular aggre-
gates and have a pore size ranging from few millimetres to few centimetres. Another
example is that of porous road surfacing used in road engineering. These materials, which
present a large intrinsic permeability (10~° m?) are known for decreasing traffic noise from
20-10 dB (Bar and Delanne, 1993).

The key point about absorption is that when an acoustic wave arrives on a previous
surface, air is pushed within the pores. Therefore, only a partial reflection of the wave
occurs, and the transmitted wave is damped. The description of these phenomena requires
the physical analysis of gas flow in the pores. The reader is referred to Allard (1993) for a
detailed presentation of these aspects.

In this paper we use the four main following hypotheses :



(i) the porous skeleton is assumed to be perfectly rigid because of the weak level of

acoustic pressure,

(i1) air is considered as a viscous fluid and its flow in the pores is governed by Navier—
Stokes equation,

(iii) air compressibility is affected by thermal exchanges with the solid, which are described
by Fourier’s equation,

(iv) since acoustic motions are very small, convection or advection effects are negligible,
so that the non-linear terms are ignored.

In order to derive the acoustic behaviour of such a medium, we use the homogenization
method developed by Sanchez-Palencia (1980). The two fundamental assumptions which
have to be satisfied for applying this method are firstly, the existence of a representative
elementary volume (REV) and secondly, the separation of scales, which imposes the
condition that the macroscopic size—here the acoustic wavelength—must be much greater
than the characteristic size of the REV.

Basically, the homogenization technique is an asymptotic method based on two space-
variables, i.e. one for each scale. The macroscopic description which corresponds to the
first significant order, is an approximation of the real behaviour. An estimation of the
accuracy of the homogenized behaviour is given by the scale ratio of the macroscopic
characteristic length to the macroscopic characteristic length.

This approach initially developed for solving two scale problems was recently extended
for solving three scale problems by Auriault and Boutin (1993-1994). In the present work,
both circumstances are considered since we focus on single porosity materials in the first
part (two scales) and on dual porosity media, i.e. when the solid matrix material is also
porous (three scales), in the second part.

In Section 2, two models for single porosity media are presented. We first consider the
case of coarse materials having large pores, so that the assumption of adiabatic per-
turbations in air is valid. The macroscopic description can be compared to Biot’s theory.
However, since the solid is rigid, the only acoustic wave is of the P, type (Biot, 1956). For
finer materials, thermal exchanges have to be taken into account. The homogenization
approach leads to the same model as that presented by Attenborough (1983). This descrip-
tion includes two dissipative effects, one due to the viscosity and the other due to thermal
non-equilibrium, and is in close agreement with the measurements performed on porous
materials, for example by Allard ez al. (1993).

In Section 3, the possibility of enhancing absorption properties by considering dual
porosity media is investigated. In this case the grains of the skeleton are also assumed to
be porous. This configuration can easily be realised for coarse materials. The following
analysis also allows to investigate the case where there is a wide range of pore-sizes.

Modelling dual porosity media has already been performed in petroleum engineering,
in order to model fractured porous reservoirs. The first work on quasi-static flow through
dual porosity reservoirs was developed by Barenblatt et al. (1960) using a phenomenological
approach. Statics and dynamics in such media were treated using an homogenization
method in Auriault and Royer (1993), Royer and Auriault (1994), Royer et al. (1996),
Royer (1994), Boutin (1994), Auriault and Boutin (1993-1994). It was proved in these
latter papers that the most interesting case is obtained when scale ratios between wavelength
and pores, and between pores and micropores are identical. The question of dual porosity
media within the context of acoustics has already been tackled in Boutin ef al. (1996). To
our knowledge, this was the first study on the subject. The models which are presented in
Section 2 (single porosity media) are no longer valid when there is a microporous system.
In effect, the physics in the micropores is different from that in the pores.

Firstly, a simple macroscopic model of dual porosity is derived by assuming adiabatic
perturbations for air in the pore space, and isothermal conditions in the micropore space.
The difference between this model and the single porosity model is the coupling of air flux
between pores and micropores, which is related to the diffusion of the pore pressure in the
micropores. This phenomenon shows memory effects that results in an additional dis-
sipation effect at high frequencies. Then, the description is improved by taking thermal



exchanges into account in both pores and micropores. At high frequencies, this provides
another dissipation term due to the thermal non-equilibrium in the micropores. Finally,
the characteristic frequencies associated with the different contributions to dissipation
(viscosity, thermal exchanges, pressure diffusion) are calculated for two distinct dual
porosity configurations. Two simple numerical results are presented.

2. SINGLE POROSITY MEDIUM

In this section we deduce the acoustic properties of a single porosity medium by using
the homogenization method. For the sake of simplicity we proceed in two steps. In the first
part we consider a medium with large pores, for which the adiabatic approximation can be
applied. In the second part, we develop the model to include the effects of thermal exchanges.
The study is conducted under harmonic regime.

These results and their derivation will be used again in Section 3 for modelling dual
porosity systems. For this purpose, the homogenization procedure is presented in detail in
the present section.

2.1. Modelling sound propagation through a rigid single porosity medium

2.1.1. Medium description. The first main assumption, which is common to all homo-
genization methods, is the existence of a representative elementary volume (REV). With
the method of homogenization for periodic structures, it is also assumed that the medium
is periodic, and therefore, that the REV is the periodic cell.

Thus, consider the medium to be Q-periodic and the period characteristic length to be
[. The solid and the pores occupy the domains Q, and Q,, respectively, and their common
boundary is I' (Fig. 1).

Q 1
¢ = ||Q"|| is the porosity. { *>o = |Q|J -dQ denotes the average over the period
Q,

The second main assumption is the separation of scales. It means that the microscopic
characteristic length / must be small compared to the macroscopic size of the volume and
to the wavelength. Let L be the macroscopic characteristic length. Therefore, L is the
smallest length between the macroscopic size of the volume and the wavelength. In acoustics,
L can be related to the wavelength by the following equality (Boutin and Auriault, 1990):

L=
2n

The separation of scales is expressed as follows :
=—«1
6= <

2.1.2. Governing equations. At the pore scale, the flow of air through Q, is governed
by the momentum balance equation, the mass balance equation, the air state equation and
the adherence condition on the boundary I'.

In this work, all non-linear effects (convection, advection) are neglected. This assump-
tion is justified by the low level of pressure which, in the context of acoustics, induces very
small perturbations.

To know the thermodynamical conditions of the system, the pore size must be com-
pared to the thickness d, of the thermal layer, in which thermal exchanges may occur. Under
harmonic regime at pulsation w, 0, is defined as follows:
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Fig. 1. Single porosity medium : description of the periodic cell at the pore scale.

where p¢is the density, c, is the specific mass capacity and « is the thermal conductivity of
the medium under consideration. Typical thermal characteristics are shown in Table 1.

Table 1. Typical thermal characteristic in air and in the grains

K (W/mK) p (kg/m’) G, (J/Kg)

Air 0.026 1.23 1000
Grains 1.4 2500 837




In the acoustic domain defined by

50Hz < f < 20kHz (f: ;’r)

the thermal layer thickness in air and in the grains are such that:

Air: 13um <, < 0.26 mm
Grains: 2.3um < ¢, < 46 um

In this section we assume the medium to be made of large pores, as it is typically the case
in porus road surfacing. For a characteristic pore size / ~ 1 mm, the condition §, </ is
checked for each constituent and thus, thermal exchanges can be neglected. As a result, air
can be considered as being in adiabatic conditions. Hence, we have the following relation-
ship between pressure and density variations :

P p
=L
P(’ pe
where y is the specific heat ratio, P° and p¢ are the pressure and the density at the equilibrium,
and P and p are pressure and density variations, respectively.
Thus the governing equations are the following:

Momentum balance (linearized Navier—Stokes equation) in Q,
ov
UAV+ (A+ 1) V(V 'V)—VPzp‘E (1)

where v is the velocity, and u and A are the shear and the volume viscosities of air,
respectively.

Mass balance (continuity equation) in €,

dp
—4+pVv=0 2
TR 2
Air state equation (adiabatic)
P=—yp 3)
Adherence condition on I
Vir=0 “4)

2.1.3. Dimensionless numbers. The objective is to express the governing equations in a
dimensionless form. For this purpose, we may estimate the dimensionless numbers intro-
duced by both balance eqns (1), (2):

v do
|VP| p ot dt
Q = N = N =
|nAv| YA |pV - v|

To evaluate these numbers, we use P and J" a characteristic values of the acoustic pressure
amplitude and of the velocity, respectively. From the physical point of view, the flow is
forced by the macroscopic pressure gradient. Then, we have:



wr-of?)

In addition, since the flow occurs in the pores, the viscous forces are such that:

V
luAv| = O Ho

Since we consider harmonic perturbations at pulsation , the order of magnitude of the
inertial term is given by :

e@_o((» V)
o= vwe

Finally, since we investigate sound propagation with a wavelength A = 2xL, the volume
variation of air is estimated by :

PV V) =0 (p;V>

Let us consider the situation of greatest interest, which is when the three forces in Navier—
Stokes equation are of the same order of magnitude. In other words, the pressure gradient
is balanced by both viscous and inertial terms.

. P V
p‘oV =0 I =0 /172

From this we deduce:

s
Lo v (P
u—

12
Let us note that this latter assumption means that the thickness of the viscous skin:

J, = </ 1/p‘w is of the order of the pore size. This is in good agreement with reality since
the kinematic air viscosity is:

Ko 15x107 mYs

p

which, in the acoustic range of frequencies (50 Hz—20 kHz), gives:
10 um <, < 2.2mm

As for S, since spatial volume variations are balanced by time density variations, we have :

PV =0 (”;) — O(ep)

Now, we choose the macroscopic characteristic length L as reference length. The values of



0O, Rt and S are then designated by Q;, Rz, and S;, respectively, and their expressions are
the following :

P
L ‘wl? w
0=, RzL=0<” ) s,=0[
p— H pV
L’ L

Therefore, considering the above physical analysis, we get :

0, =0@E"?)
Rt; = O(¢7?)
S, = o(1)

Thus, when cast in dimensionless form with L as reference length, the governing equations
for harmonic pulsations are written as follows (the term ¢’ is omitted) :

2 uAv+e*(A+wV(V *v) — VP = iwp°y (5
iwp+p°V-v=0 (6)
P=—yp (7
p
vir=0 ®)

Notice that all quantities are now dimensionless quantities, but for the sake of simplicity,
we keep the same notations.

As a result of the separation of scales, two independent dimensionless space variables
can be defined. Let X be the physical space variable of the system. We define :

e y = X// as being the microscopic dimensionless space variable
e x = X/L as being the macroscopic dimensionless space variable

Pressure, velocity and density fields are, a priori, functions of both variables.
The gradient operator V is a scaled and dimensionless quantity as well. It may now be
written as follows :

V.+e 'V,

2.1.4. Homogenization. The upscaling process may now be performed. The variations
of pressure, velocity and density amplitudes are looked for in the form of asymptotic
expansions in power of ¢:

P(x,y) =’ P(x,y)+¢' P (X, y) +&° PP (X, y) + -
v(x,y) = eV (x,y) +e' v (X y) +E VX y) 4
p(x,y) =ep"(x,y) +&'p' (X, y)+E2p7 (X, ¥) +

where P, v/ and p’ are Q-periodic, with respect to the variable y.

These expansions must now be introduced in the dimensionless set of eqns (5)—(8).
Then the boundary-value problems at the successive orders of ¢ (defined over the periodic
cell), must be resolved so as to derive the macroscopic description.



From eqn (5), we get at the first two orders O(¢~") and O(&°) :

VP’ =0 )
AN’ + A+ )V, (V, V)=V P! =V P° = jwpy’ (10)
Similarly, we get from (6) :
V,v'=0 (11)
iwp +pV, V' +pV, v =0 (12)
At the first order, eqn (7) gives:
= (13)

Finally, the adherence condition (8) gives:

Vi == =0 1

We may now proceed to solve the successive boundary-value problems.
From eqns (9) and (13) it is clear that:

P° = P°(x) (15)

P’ =p"(x) (16)

Equations (10), (11) and (14) describe the dynamic flow of an incompressible viscous fluid
in a porous cell. This specific problem involves dynamic permeability and was solved by
Levy (1979) and Auriault (1980). The velocity v’ is expressed as:

k
VW=_—"VPp° (17)
u

where & is a complex valued tensor which depends on the local variable, y, and also on the
dimensionless pulsation w/w,, where w, is the characteristic pulsation, of the order of p/p*I*.

Now, considering the Q-periodicity of v' together with the adherence condition (14)
and then integrating eqn (12) over the period yields :

Gicp” +pV, (Vo =0 (18)

where

K
VD= ——V.P° (19)
u
and

- N 1 o
K =<k>q :|Q|J kdQ
Q,

Equations (13), (18) and (19) describe acoustics of a medium made of large pores saturated



by air. K is the dynamic permeability tensor. Combining these three equations, the macro-
scopic description can be rewritten as follows :

~ I
%“’po v, - (ﬂvxp‘)) ~0 (20)
,y e

2.1.5. Properties of K. The acoustic features of the system are related to the properties
of the dynamic permeability K. These properties are described in detail for example in
Auriault et al. (1985) or in Sheng and Zhou (1988) for a medium saturated by a liquid. The
main results are summarised below for the case of an isotropic medium.

At low frequencies, viscous effects are predominant and K tends towards the real-
valued intrinsic permeability : K(0) = O(¢/?). Thus, in this case we find the classical Darcy’s
law. K(0) is related to the flow resistivity, o, that is commonly used in acoustics, by :

o = u/K(0).

At high frequencies, inertial effects dominate and then K tends towards a pure imagin-
ary value: K(o0) = ¢u/iop‘a,,. Hence, at high frequencies, the dynamic Darcy’s law tends
towards a classical dynamic equation in which air density is corrected by the tortuosity o,
which highlights the influence of the “added” mass. Low and high frequency domains are
delimited by a critical frequency value which is of the order of O(u/p“/*). A more accurate
estimate of this frequency is obtained by equalising viscous and inertial effects of the
macroscopic flow:

o
= 21
T KOy, D
The dynamic permeability may be related to the effective density—which is commonly used
in acoustics—by the following equality :

W,

o\ _ ¢u B
K

Using dimensionless quantities, this can also be expressed in the simple form:

iw*p*K* =1
where
o= 2
.
K
* =
K(0)
% _ Pert
Ol

Analytical expressions can be derived for very simple duct geometries (Biot, 1956). For any
pore geometry, Allard et al. (1993) have proposed an expression for p*, which gives the
correct asymptotic behaviour at low and high frequencies and includes the viscous layer
effects:



1 4iw*/F?
* ] S el 22
P + P (22)
where F'is a shape ratio ranging from ﬁ (for cylindrical pores) to 4, with respect to the
pore geometry (Sheng and Zhou, 1988).

2.1.6. Wave propagation. The complex valued acoustic velocity C(w) may directly be
deduced from eqn (20). In the isotropic case we get:

B o
din 0oy @,

where Ca is the sound velocity and is defined by :

yP°
p(’

Ca =

At low frequencies, we get :

io*

C(w) ~ Ca

o0

which shows that the waves are diffusive. Then, the attenuation per wavelength tends
towards one, whereas the rate of damping per metre increases with respect to /w*.
At high frequencies, the acoustic celerity can be approached by :

C~Ca111
@~ﬁi—wu4

Therefore, in this case the waves are propagative and attenuated. The tortuosity reduces
the celerity. The attenuation per wavelength decreases with respect to ./ w*, whereas the
rate of damping per metre increases with respect to /w*.

2.2. Adding thermal effects
The above adiabatic analysis is valid for large pores. For a more general description,
and in particular for smaller pores, say / < 0.5 mm, thermal effects must be accounted for.

2.2.1. Heat transfer equations. We may incorporate the equation of heat conduction
together with the air state equation:

V xVT) = iw(p°c,T—P) (24)
PzP«p+T) (25)
R

where 7" is the equilibrium temperature.

In order to express the boundary conditions at the solid—air interface, let us preliminary
estimate T, the order of magnitude of the temperature variation in the skeleton. On I', the
temperature gradient is of the order of 7,/d,, and T/d,, in the solid and in air, respectively.
Thus, the flux continuity sets that:



from which we deduce:

T, = (55“‘”)0@) _ ( W)O(T)

th.r sCpsths

The air thermal impedance is much smaller than the solid thermal impedance (Table 1). As
a result, 7, is very small compared to 7. Therefore, it will be assumed hereafter that the
skeleton remains under isothermal conditions and that thermal effects are significant only
in the pores. As a consequence, the thermal boundary conditions may be expressed as:
T/r=0 (26)

Now, eqns (24) and (25) may be scaled. The relative variations of pressure, temperature
and density are of the same order of magnitude. Therefore we have:

p T P
O|l—|=0—)=0|—
pf T(’ P(’
and, as a consequence,
O(pc,T) = O(P)
Thus, the only dimensionless number to be estimated is:

_ Niwpe, T
TV (kVT)]

Since thermal exchange are assumed to occur at the pore scale, conduction and transient

terms in eqn (24) are of the same order of magnitude, which expresses the fact that the
thickness of the thermal layer is of the order of the pore size:

. T
wp‘c, T=0 Kﬁ
As above, the reference length is the macroscopic characteristic length, L. We get :
N, = 0(572)
2.2.2. Macroscopic behaviour. As in 2.1, the set of local dimensionless equations com-
prises eqns (5), (6) and (8). The adiabatic state eqn (7) is replaced by eqn (25), and finally,
eqns (24) and (26) must be added to the set to account for thermal effects. There is an

additional unknown, 7, which, like the other unknowns is looked for in the form of an
asymptotic expansion in power of ¢:

T(x,y) =&"T°(x,y)+&' T' (X, y) +& T*(X,y) + -

From eqns (24) and (26) at the orders of O(¢7%) and O(1), respectively, the following
problem arises :



K T° T° 1\ P°
v, - v, - =—(l——)— 27)
iwp°c, ~T° T* V) P¢

Tk =0 (28)

This heat transfer problem in the periodic cell has already been solved for example in
Auriault (1983) and Boutin and Auriault (1993). The solution can be written in the following

form:
T 1
T° =<1—>gP°
Pe Y

where ¢ is a complex valued function which depends on the local variable y and on the
dimensionless pulsation w/w,, where w, is a characteristic thermal pulsation which is of the
order of O(k/I*p°c,).

Now, considering eqn (25) at the first order gives:

pO P() T() 1 P()
= = (1-(1-—)g (29)
pé’ P(’ T(‘ '}) P(‘

Equation (17), that gives the expression of v’ is still valid, but the integration of eqn (12)
over the period is altered. Instead of eqn (18), we get:

i{p" Yo +pV, {v>q =0 (30)

where

o POP(' 1
p"a=¢lr—(—D0G] , G= gdQ (31
'))Pe |Qp| Q,
and
K

(Vo= — EV,\-PO (32)

Equations (30)—(32) give the macroscopic behaviour. Eliminating the density and the
velocity, the macroscopic description can be rewritten as follows:

pior | 1— - N PO—VX- EVA\,PO =0 (33)
)" | Pe u

2.2.3. Comments. Equation (33) shows that the acoustic characteristics of the system
depend on the tensor K and on the function G. The properties of K remain the same as in
the case of large pores (see paragraph 2.1.5). The complex valued function G describes the
frequency dependence of the thermal exchanges and the term [1 — (1 —1/y)G]/P¢ gives the
macroscopic effective complex valued compressibility.

At low frequencies, transient thermal effects become negligible. Thus, considering the
isothermal condition for the solid, the temperature variation tends towards zero. G(0) = 0
and the effective compressibility tends towards the isothermal compressibility (1/P°).

At high frequencies, conduction effects are negligible except in close proximity to the
solid. The perturbations occur in an adiabatic way in air. G(c0) = 1, and the compressibility
tends towards the adiabatic value (1/yP).




At medium frequencies, i.e. for pulsations of the order of k//*p‘c,, there is a phase shift
between temperature and pressure, and hence between density and pressure. Consequently,
the effective compressibility is complex. A more accurate expression of the thermal charac-
teristic pulsation is obtained by introducing the length A,, defined as the ratio of the volume
to the surface (Champoux and Allard, 1991):

k1o
A pcce [T
P

w

For spherical or cylindrical pores, G can be expressed analytically (Attenborough, 1983;
Auriault, 1983). For other geometries, the following expression gives the correct asymptotic
behaviour at low and large frequencies (including the thermal layer effects) (Allard et al.,
1993):

G(w}) = [1+/F +io}/iof] ™ (34)

where o} is the dimensionless thermal frequency : w} = w/w, and where F, is a shape ratio
of the pore structure (F, = 2 for cylindrical pores and F, = 5/3 for spherical pores).

The velocity of harmonic waves is determined from eqn (33). For isotropic cases we
get:

5 , iK*w*

¢ -3 )
Notice that the macroscopic description includes two dissipative effects, one due to the
viscosity, the other one due to thermal exchanges. However, the thermal dissipation is
smaller than the viscous dissipation and has a more limited range of frequencies. The
thermal contribution to the rate of attenuation per wave length (i.e. to the rate of damping
per metre) is directly related to the phase (i.e. to the imaginary part) of the complex valued
compressibility.

From the preceding analysis, these effects are maximum for pulsations close to w,. It
is important to note that whereas viscous and thermal layer thicknesses are of the same
order in air, 6,/0, = \/ pic,/k = 0.877, the characteristic frequencies associated with viscous
and thermal dissipation can be very different. As a matter of fact, the permeability essentially
depends on the small ducts in the media, while thermal effects involve all the pores. In
consequence we have the inequalities :

K@) <A? and o, <o,

This approach is in agreement with the phenomenological approaches of Attenborough
(1983) and Allard et al. (1993). In the next section, the possibility of enhancing absorption
properties by considering dual porosity media is examined.

3. DUAL POROSITY MEDIUM

In this section, we consider the case where the grains of the skeleton are also porous,
with an open porosity ¢’. In other words, Q, is a porous system. Obviously, the role of this
secondary porosity depends on the size of the micropores. If the micropore size is of the
order of the pore size, there is no distinction between both porous systems. Thus, considering
the whole porosity ¢+ (1 —¢)¢’, the description above can still be applied. Now, if the
micropores are very much smaller than the pores, the grain permeability is very low. Then,
the grains seem to be impervious, and the above description is valid again, considering only
the largest pores. The case of interest, which is studied below, is obtained when the scale
ratio of the micropore size to the pore size is identical to the scale ratio of the pore size to



the wavelength (see for example Auriault and Royer, 1993; Royer and Auriault, 1994;
Auriault and Boutin, 1993-1994).

3.1. Modelling sound propagation through a rigid dual porosity medium

3.1.1. Medium description. The description of the pores remains the same as before.
However, since the grains are now porous, we have to describe their microstructure. Here
again we consider that the microporous system has a periodic distribution. We assume that
the micropores are connected to each other and to the pores. The characteristic length I of
the microporous period Q' is related to the pore size and to the macroscopic size by :

I /

At the micropore scale, the period Q’ consists of the solid and the micropores which occupy
the domains Q;, and Q;, respectively, and their common boundary is I'” (Fig. 2).

Q. . . .
¢ = || Q/|| is the microporosity
1 . . L
Do = o -dQ is the average over the micropore periodic cell
S QI’”

1
(g = |Q|J -dQ s the average over the pore periodic cell
Q,

3.1.2. Governing equations. For the sake of simplicity, thermal effects are neglected in
this part. The difference of both thermal regimes in the pores and micropores is accounted
for by assuming the porous system to be in adiabatic conditions, and the miroporous system
to be in isothermal conditions. Thus, the air state equation in the micropores is written as
follows:

P(’
Pm = 7pm

e

Since the boundary of the grains, I', is not impervious, the adherence condition (4) is no
longer valid. The actual boundary conditions must now express the continuity of pressure
and flux (Auriault and Boutin, 1993-1994).

The governing equations are the following, where k = m in the micropores and k = p
in the pores:

Momentum balance (Navier—Stokes equation)

ov
PAV,+ () V(Vv) — VP, = pea—j

Mass balance (continuity equation)

dp
dilk +pgv.v/\' =0



e

Fig. 2. Dual porosity medium (the grains are microporous) : description of both periodic cells at
the pore scale and the micropore scale.

Air state equations




Boundary conditions on I

1
vp/r = <vm>Q/ = |£~2|J ) dQ
s Q;”
P,=P,

p

Adherence condition on I'/
Vm/l"’ = 0

3.1.3. Dimensionless numbers in the pores. Considering (36), the permeability of the
microporous grains is smaller than the pore permeability. Thus, air velocity through the
grains is small in comparison with air velocity between the grains. Therefore, the physics
of a single porosity medium remains valid in the pores of a dual porosity medium. Hence,
estimations made in Section 2.1.4 are still valid at the pore scale:

QpL = 0(872) R[pL = 0(872) SpL = 0(1)

3.1.4. Dimensionless numbers in the micropores. We have now to estimate the dimen-
sionless numbers for the microporous system, Q,,,, Rt,,, and S,,,. For this purpose, let us
first describe the physics at this scale.

At its boundary, a microporous grain is submitted to a uniform harmonic pressure.
Therefore, the continuity of stress does impose that :

Pm = O(Pp)

One the one hand, as a result of air compressibility, this pressure leads to a volume variation
in all the micropores of a given grain. Thus:

PV,
wP, = O< / >

Using estimations in the pores gives the relative order of magnitude of velocities :

[P / /
o)) -0 )
Pe pe L

So, we have:

[Vin ‘
Wl O(e) @37

which expresses the fact that the air velocity is much greater in the pores than in the
micropores. On the other hand, the flux in the micropores is dominated by viscous effects
which induce a pressure gradient. The balance of these two terms gives:

uV,

1/2

= O(IVP,|) (38)

so that



|VPW|=(7<f> (39)

This means that the pressure is non-uniformly diffused in the microporous grains.
Using the previous physical analysis, we can now estimate the dimensionless numbers.
Considering L and V, as characteristic length and velocity, respectively, we deduce that:

Qi =0 =06

Since the transient Reynolds number has the same definition as at the pore scale, we have:
RtmL = 0(872)

Finally, the estimation of the Strouhal number in the micropores, is given by :

. PV
P’V v, = 0< / >= O(wp)

Hence, we deduce :

Su = 02| = 0(1)

PV,
L

3.1.5. Dimensionless equations. Therefore, the dimensionless governing equations for
harmonic pulsations are :

e pAV, + > (A+ W V(V - v) — VP, = iopv, (40)
iwp, +pVev, =0 41
P¢
P, =—yp, (42)
0
P(’
Pm = ipm (43)
pL
1
vp/F = <Vl71>Q/ = m A dQ (44)
'S Q;ﬂ
P,=P, onT (45)
Vm/F' = 0 (46)

In comparison with the single porosity case (see paragraph 2.1.3), we have to introduce a
third dimensionless space variable for the micropores.



The dimensionless gradient operator V may now be written as follows:
Vi=e¢ °V.+¢ 'V, +V,

3.1.6. Homogenization. Each variable is looked for in the form of asymptotic expan-
sions in power of ¢:

Pm(X7 y’ Z) = SOPBZ(Xﬂ y’ Z) +8I Prll‘l(x7 y’ Z) +82P31(X’ y’ Z) + T
v/?‘l(xﬂ y’ Z) = Slvlln(XS y? Z) +82v/§‘l(x’ y’ Z) + e
Pm(X,¥,2) = & pp (X, Y, 2) +&' (X, Y, 2) + &7 pr(X, ¥, 2) +- -+
Py(x,y) = &' P)(X,y)+&' P, (X,y) +&’ Py (X, )+
v, (x,y) = 30"2 (x,y)+ Slvpl (x,y) +32V5 x, )+
pp(x.¥) = &' py (X, ¥) +&' p, (X, ¥) + &7, (X, y) + -
All these quantities are Q-periodic, with respect to the variable y. The quantities related to
the micropores are also Q’-periodic, with respect to the variable z. Introducing these

expansions in the set of eqns (40)—(46), gives the following governing equations at the first
significant orders.

In the micropores

Equation (4) and O(¢7?) and O(¢™")

V.P) =0 (47)
pAN, + (A V(Y. v,) =V.P, =V P} =0 (48)

Equation (41) at O(¢~") and O(&)
V.'v, =0 (49)
i0p +pV. V2 4 pV, vl = 0 (50)

Equation (43) at O(&") and O(g")
P =" (s51)
)

P
P, =—p, (52)



On the boundary I'
Equation (46) at O(¢') and O(&?)

Ve =0 (53)
Valr =0 (54)

In the pores

Apart from the boundary conditions, we obtain the same set of equations as in the case of
single porosity. The only difference is that variables are now indexed by p. Navier—Stokes
equation (40) at O(e™") and O(£°) leads to (9) and (10), respectively. Mass balance eqn (41)
at O(e7") and O(&°) gives (11) and (12). Equation (42) at O(&°) corresponds to (13).

On the boundary I
Equation (45) at O(e) and O(g")

Py =P, (55)
P! =P} (56)
Equation (44) at O(e) and O(g")
Volr = Ve =0 (57
Vo/r = e (58)

The approach to the solution comprises three stages. The flow in micropores and pores are
successively analysed and finally the coupling flux between both scales is derived.

In the micropores

Equations (47) and (51) give:
Py, = P,(y,X)
P = Pm(¥,X)

Equations (48), (49) and (53) lead to a classical steady-state Darcy’s flow in the micropores :

k
o

This set of equations also determines P,, and then p,, is defined by eqn (52).
Integration of (50) over the micropore period yields the mass balance in this domain :

ippnya+pV, Vo =0 (60)

Now, using eqn (51) and averaging eqn (59) gives the equation governing the pressure
variation in Q,:

d'i )4
le‘nl—V‘,'( "’V.P,(;> =0 (61)
o ) Y
Pe It

where K,, = (k,,>o is the steady flow intrinsic permeability of the microporous system.



In the pores

The resolution process is exactly the same as in Section 2.1.5. We successively get :

P, = P)(x) (62)
Py = pp(X) (63)

k
V=TIV (64)

However, the macroscopic mass balance obtained by integrating eqn (12) over Q,, gives
now:

iy Pa+p VY, V00 +pV. (V) Da =0 (65)

which can also be written :

iw K
O P8, 0V (Jrv.rs)=o

In order to determine the additional term due to v,, we must go back to the micropore
scale. The actual pressure distribution in €, is defined by eqns (61), (62) and (55), which
give the following boundary-value problem:

KI:}I 0 .
V,P,|=0 in €
u

Qi

P(’

PB1_V,V : <
Py, =P)(x) on T

Using the pressure difference, this problem can be rewritten in the following equivalent
form:

P’ =Py—P!

7. K~
M’(P’JFPQ)—VJ;-( ”’V‘,P/>=() in Q
S pal

P =0 on I

It turns out that the pressure difference is governed by a diffusion equation with a forcing
term. Note that this boundary value problem looks like the heat transfer problem enco-
untered in eqns (27)—(28) for the temperature field. We deduce that the pressure fields in
the micropores and in the pores are related by :

P = —nP)

where the function 7(y) is a complex, depends on the local variable y and on the dimen-
sionless pulsation w/w,, where w, is a characteristic diffusion pulsation, which is of the
order of K,,P°/I*’u¢’. Then, equation (61) can be written as follows:



1m0, =0 (66)

Finally, the expression of <V, v, >, is derived by considering the boundary condition
(58) and integrating (66) over Q,:

N Iy — (1 0 hoeq
<Vy vp>Q_ |Q| Jr <Vm>Q’ IldS ¢(1 ¢)PE Pp(l H)

where

1
II = n(y) dQ
Q) J ®

s

Thus, the macroscopic description is given by :

K
[f+7¢(1— ) (1 —TD] - PV, - <M”V,\-P2> =0 (67)

i
yP¢

3.1.7. Comments. The difference between the dual porosity model (67) and the single
porosity model (20) consists of a modification of the porosity to a new complex valued
term. This latter corresponds to the influence of air saturating the whole micropores of the
grains. It highlights a coupling effect between pore and micropore air fluxes, which is due
to the diffusion of the pore pressure in the micropores. This phenomenon is expressed by
the complex valued function I1, which depends on the dimensionless pulsation w} = w/w,,
where the characteristic diffusion pulsation w, is of the order of K, P¢/I*u¢’. As observed
above, the pressure diffusion problem is exactly of the same kind as the heat transfer
problem. Therefore the properties established for G are also valid for II.

At “low” frequencies, the transient diffusion effects are negligible. Therefore, the
micropore pressure is uniformly equal to the pore pressure, so that I1(0) = 0 and the total
gas volume contributes to the compressibility. Note that the dynamic Darcy’s law affects
the pore volume only. As a result, this description does not reduce to a single porosity.

At “high” frequencies the diffusion affects air only in the vicinity of the pore walls.
The pressure does not vary in the micropores, which gives I1(c0) = 1. We recognise the
single porosity behaviour.

At “medium” frequencies, i.e. for pulsations of the order of w,, there is a phase shift
between pressure and velocity in the micropores, leading to a complex value for I1. As for
,, an improved expression of w, can be obtained by introducing the length A, defined as
the ratio of the grain volume to the surface:

K., P 1€

A T

W4

Obviously, A, and A, are related by :

Ai= A=A/

The physical meaning of this characteristic pulsation is that, when w = w,, the thickness of
the diffusion layer (\/ K, P¢/ou¢’) equals the grain size. Let us notice that we have:



for K. [P o (17)
0. Ao N g’ K

In air, u/</P°p° ~ 107 m, and consequently, for usual values of the micropore sizes :
Wy > O,

Therefore, at the macroscopic scale, a new dissipation effect appears at higher frequencies.
For the same reasons as for thermal dissipation, the influence of diffusion is limited in the
frequency range and its effects are maximum for pulsations close to .

Finally, like G, IT may be expressed analytically for spherical or cylindrical grains. For
other micropore geometries, the expression below gives the correct asymptotic behaviour
at low and large frequencies :

(w}) = [1+/Fi+o}lioF] ™! (68)

where F, is the shape ratio of the grain structure (F” = 2 for cylindrical grains and F, = 5/3
for spherical grains).
In isotropic cases, the expression of the complex valued acoustic velocity is:

s (iKF0* (1—¢)¢’ -
C —Ca< . )[H 5 v(l—H)J

The comparison with eqn (23)—which is valid for single porosity media under adiabatic
conditions—shows that this complex valued celerity presents the same behaviour at high
frequencies (w > w,), but is augmented by a factor \/1 +[(1—¢)¢’ /]y at low frequencies
(0 « w,). For the same reasons as for the thermal dissipation, the influence of the micro-
porosity on the attenuation is maximum for pulsations close to w,.

3.2. Adding thermal effects

The preceding description may be improved by considering thermal exchanges. As in
the case of single porosity, thermal effects do not act on the description of the flow, but
only modify mass balances. Therefore, the results obtained in the treatment of Navier—
Stokes equations in Section 3.1 are still valid here.

3.2.1. Macroscopic behaviour. In the pores and in the micropores, the governing
equations for heat transfer are the same as (24)—(25), but variables are now indexed by p
or m.

In comparison with the single porosity case, the description of thermal exchanges in
the pores is unchanged, i.e., the thermal skin is of the order of the pore size. Therefore, as
in Section 2.2., we have:

N[}L = 0(872)
Due to the separation of scale, the micropore size is smaller than the thermal skin :

I = 0(ed,)



The continuity of heat flux at the grain boundary implies that :

Tp T'm
TR
which shows that :
T, = O(STp)

Now, in the solid the level of temperature is also given by the heat flux continuity :

T s Tm

Because of the contrast in conductivities, it can be assumed, for simplicity, that the solid
remains in isothermal conditions (note that this hypothesis could be modified without
difficulties). This analysis leads to quasi-static exchanges at the microscopic scale. However,
in order to treat the largest frequency domain as possible, we keep in the transient terms at

the micropore scale. So we have:

NmL = O(NpL) Xsil = 0(873)

These estimations yield the following scaled equations, where L and T, are used as references

quantities :

83V '(KVTm) = l'CU(pECme _SPm)

&’V-(kVT,) = iw(p‘c,T,—P,)

P, = P*
p(‘ TL’

P

, T,
(e
pé’ TIZ

,Tm/l"’ =O

T,=T, onl

The temperature fields are looked for in the form of asymptotic expansions:

T,(x.y) =&"T,(x,y)+&' T,(x, ) +&* T, (x,¥) ++ -
71”1(X3 y’ Z) = 81 TVIH(X’ y’ z)+82 TI;:I(X3 y’ Z) +. o

m Tm
Py gt 2m

)

(69)

(70)

(71)

(72)

(73)

(74)

Firstly, the influence of thermal effects is derived by establishing the mass balance at both

scales, and then by determining the inter-scale coupling term.



The following problems must be solved :

kK T)\ T 1\ P,
V.- _ = —(1——
iwpc, T¢ T* V) P°

Trln/l"’ = 0

In the micropores:

In the pores:

k T\ T, 1\ P,

Vol )T e = ) e

iwpc, T T V) P
T;)/r:O

Both problems are similar to that defined by eqns (24) and (25) for the single porosity
problem.
The solutions are:

e

T =L (1= y)g, P!
m P ( ’y)gﬂ‘l m

e

0= (1 g, P!
P(’

Now, considering eqns (71) and (72) at the first order yields:

P:(1)1 Pl?l Tm 1 Pr(1)1
= - =|1-(1-- Im
[ T° Y Pe

_r T (1), ]
¢ Pt T Y P

which give for the average density variations:

1 P,
<p;(1)1>Q/ = Pe |:1_<1_y>Gm:| (75)

0 e 1 PI?
<,0/;>Q:p 1— 1_; Gp pe

1
J 9,4dQ G, = J g,dQ (76)
a, 19 Ja,

Gm =
’
|Qm|

These complex valued functions G,, and G, play exactly the same role as the function G in

the single porosity case. Each of them is associated with a characteristic pulsation given
by:

B N [ S <
Alzppecp p |1—~| tm Alzmp()cp tm |1—v|

Wy

The descriptions of the flow in the pores (59) and in the micropores (64) remain valid. But,



considering equations (75)—(76), the mass balances (60)—(65) for the micropores and pores,
respectively, become :

e

Q’io [1 — <1 — 1> Gm} P +V, Vi Da =0 a7
i P '

i0<pyYa+p <V, ¥, Do+ p VD0 =0 (78)

Let us now determine the inter-scale coupling term. Equation (77) with the boundary
condition :

constitutes a boundary value problem in Q. This problem looks like the pressure diffusion
problem encountered in the preceding section [eqns (55) and (61)]. However, due to the
thermal non-equilibrium in the micropores, the diffusion coefficient is now complex and
frequency dependent. The solution is:

P, =(1-y)P, (79)

where i/ is complex and depends on y and also on the pulsation w and on both characteristic
pulsations w,, and w,.

As for {V, -V, g, it is derived using boundary condition (58), and integrating (77)
over Q, while considering expression (59) :

PO

P
e

P

(V) g = iw [1 - (1 ~ i) Gm}(l —P)

where

Finally, the macroscopic behaviour is:

{4) [1 - (1 - 1) Gp}rqs’(l —) [1 — <1 — i) Gm}(l —lp)}ijipg ~V.* (ﬁ”vwg) =0
(80)

3.2.2. Comments. Adding thermal effects alters description (67) by modifying the inter-
scale coupling term. Both thermal and pressure diffusion effects are now involved at the
micropore scale, which is particularly highlighted through the function ¥ in which both
phenomena are mixed.

Thermal exchanges in the micropores introduce a new characteristic frequency w#,
and a function G,, whose physical meaning corresponds to those of w}and function G for
the pores, respectively. The expression given by equation (34) is valid when G is replaced
by G,, and w}by w},.

Although IT and ¥ are different, they have the same limit values, ¥(0) = 0 and
Y(o0) = 1, and the same characteristics pulsation, w, = K,,P°/A3u¢’. However, for pul-
sations higher than w,,, the behaviours of IT and W are different because of the complex
valued diffusion coefficient. An expression which gives the correct asymptotic behaviour at
low and high frequencies is given below :



Re(TT), Im(TT) Re(¥), Im(¥)

Log(wd")
-2

Fig. 3. Real and imaginary parts of the complex-valued functions II (diffusion) and ¥ (thermo-
diffusion), with respect to the dimensionless diffusion pulsation w}. Solid line : function IT. Dashed
line : function .

W(wF) = [14/F3+iQ%/iQ%] !

Q= cu:}‘/ [1 — <1 — ;}) Gm(w,”,‘,,)}

Figure 3 shows the functions IT and ¥ with respect to the pulsation w, for spherical grains.
From eqn (80) we deduce that for isotropic cases, the acoustic velocity is expressed by :

where

iK*w* (1—¢)¢’
. (=G —1)G,+ T

C*=C; O—0=G, (1]~

In comparison with the acoustic velocity for the single porosity case (35), these results show
an increased dissipation at frequencies close to w, and w,,,.

4. CONCLUSIONS

In this study, various macroscopic descriptions of sound propagation through a rigid
porous medium saturated by air are derived using homogenization theory. The results
presented are valid as long as the wavelength is large in comparison with the pore size.

The first part of the paper deals with single porosity materials. The case of large pores,
for which thermal exchanges are negligible [equations (20)—(23)] and then the case of small
pores where thermal effects must be considered [eqns (33)—(35)] have been successively
investigated. The derived descriptions are the same as those already obtained via phenom-
enological approaches (Allard, 1993; Attenborough, 1983). Air flow is governed by a
dynamic Darcy’s law where both viscous and inertial effects act, and the effective com-
pressibility is influenced by thermal exchanges.

In the second part, we focus on dual porosity media, i.e. media in which the grains of
the skeleton are microporous. Let us notice that the results could also be applied to granular
media that consist of grains of very different sizes.



Firstly, a simplified macroscopic description is obtained by neglecting heat transfer
effects (67). We demonstrate that, in the micropores, the physics of the flow is very different
to that in the pores. Due to the weak micropore permeability and to air compressibility,
the pressure is inhomogeneously diffused in the micropores. This phenomenon is associated
with a characteristic pulsation w, which is greater than the classical thermal and critical
pulsations (w,, ), that are defined for single porosity media. It is shown that the effect of
pressure diffusion implies increased acoustic attenuation for pulsations of the order of
magnitude of w,.

When thermal transfers are included (80), a second thermal characteristic pulsation
associated with the micropore appears in the model, ,,, which is greater than w,. This
increases acoustic attenuation for pulsations close to w,,,.

As a first example, let us determine the different characteristic pulsations for several
dual porosity media.

We consider a medium similar to porous road surfacing having a porosity, ¢ = 0.25,
a mean pore radius R of about 5x 107* m, an intrinsic permeability K = 10~° m?, and a
tortuosity of o, = 1.5.

The limit frequency for which waves are diffracted on the pores is reached when the
wavelength equals 2z R. In this specific case, one obtains a range of validity between 0 and
8 kHz for the description.

The numerical values lead to the following characteristic frequencies for the pores:

o, po
fe= o

- M L430H
7 2no, KO)p z

, K
fi=r—=——"—~x~1.2Hz

2n 2nAlpte,
Therefore, in the context of acoustics, the adiabatic approximation is valid for this material,
and the dissipation is mainly due to the viscosity.

Consider now the case where the grains of this material have also an open micro-
porosity, ¢’ = 0.25, and the micropores are twenty times smaller than pores so that the
mean micropore radius is about 2.5 x 10~* m. The intrinsic permeability can be estimated
as K,, =2.5x107" m® These values lead to the following microporous characteristics
frequencies :

K, P

=20 Bn L 51kHz
2 2nAjug’

foy = D ~ 480 Hz

2 2rAlp,

These frequencies belong to the acoustic domain. Therefore, one can expect two peaks of
attenuation (at these two frequencies).

Figure 4 shows the celerity with respect to the pulsation in such a medium. The influence
of the microporosity appears through the presence of a second peak. For comparison, the
celerities of two distinct single porosity media are presented: (i) the porosity is the pore
porosity only; (ii) the porosity is the global porosity. Note that these two single porosity
media and the dual porosity medium have the same static permeability and the same
tortuosity coefficient. These curves show significant differences between the models. As a
consequence, the three impedances are also different.

As a second example, consider the situation where we would like to increase the
absorption for frequencies of about 1 kHz. With the same open microporosity ¢” = 0.25,
a micropore radius of about 107* m can be chosen. The intrinsic permeability can be
estimated as K =4x10"" m? The values of microporous characteristic frequencies
become:



Re(C/ca), Im(C/ca)

Log(w ")

Fig. 4. Comparison between single porosity and dual porosity media. Real and imaginary parts of

complex-valued celerities, with respect to the dimensionless pulsation w*. Thick line: celerity of a

dual porosity medium (model given in 3.2, with numerical values considered in example 1 in the

conclusion). Thin line: celerity of a single porosity medium (pore porosity only). Dashed line:
celerity of a single porosity medium (pore plus micropore porosity).

Re(C/ca), Im(C/ca)

Log(u)*)

-2 -1 1 2 3
Fig. 5. Comparison between two distinct dual porosity media with the same pore structure but with
different permeabilities in the micropores. Real and imaginary parts of complex-valued celerities,
with respect to the dimensionless pulsation w*. Solid line : example 1 in the conclusion (k,, = k/400).
Dashed line : example 2 in the conclusion (k,, = k/2500).

f.=~ 815Hz
Jm = 3kHz

Figure 5 shows the acoustic properties of both dual porosity media defined above.



In conclusion, these results prove that the introduction of a microporosity could be
used to develop new porous materials, with improved of absorption in a given range of
frequencies.
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