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NONPARAMETRIC BAYESIAN ESTIMATION OF MULTIVARIATE HAWKES PROCESSES

SOPHIE DONNET, VINCENT RIVOIRARD, AND JUDITH ROUSSEAU

ABSTRACT. This paper studies nonparametric estimation of parameters of multivariate Hawkes processes. We consider
the Bayesian setting and derive posterior concentration rates. First rates are derived for L1-metrics for stochastic in-
tensities of the Hawkes process. We then deduce rates for the ILj-norm of interactions functions of the process. Our
results are exemplified by using priors based on piecewise constant functions, with regular or random partitions and
priors based on mixtures of Betas distributions. Numerical illustrations are then proposed with in mind applications for
inferring functional connectivity graphs of neurons.

1. INTRODUCTION

In this paper we study the properties of Bayesian nonparametric procedures in the context of multivariate
Hawkes processes. The aim of this paper is to give some general results on posterior concentration rates for
such models and to study some families of nonparametric priors.

1.1. Hawkes processes. Hawkes processes, introduced by Hawkes (1971), are specific point processes which
are extensively used to model data whose occurrences depend on previous occurrences of the same process. To
describe them, we first consider N a point process on R. We denote by B(R) the Borel o-algebra on R and for
any Borel set A € B(R), we denote by N(A) the number of occurrences of N in A. For short, for any ¢ > 0, N,
denotes the number of occurrences in [0,¢]. We assume that for any ¢ > 0, Ny < oo almost surely. If G; is the
history of IV until ¢, then, )\, the predictable intensity of IV at time ¢, which represents the probability to observe
a new occurrence at time ¢ given previous occurrences, is defined by

Aedt = P(dN; = 1|G,-),

where dt denotes an arbitrary small increment of ¢ and dN; = N([t,t + dt]). For the case of univariate Hawkes
processes, we have

-
)\t:¢/ h(t — $)N, | |

— 00

for ¢ : R— R, and h : R — R. We recall that the last integral means

/t h(t—s)dNy= > h(t—T).

- T;eEN:T;<t

The case of linear Hawkes processes corresponds to ¢(x) = v + x and h(t) > 0 for any ¢. The parameter v € R*,
is the spontaneous rate and h is the self-exciting function. We now assume that N is a marked point process,
meaning that each occurrence 7; of N is associated to a mark m; € {1,..., K}, see Daley and Vere-Jones (2003).
In this case, we can identify N with a multivariate point process and for any k € {1,..., K}, N*(A) denotes
the number of occurrences of N in A with mark k. In the sequel, we only consider linear multivariate Hawkes
processes, so we assume that \*. the intensity of [V k is

K t—
(1.1) A=+ Z/ ho i (t — u)dNZ,
f=1"7 7"

where v, > 0 and hy i, which is assumed to be non-negative and supported by R, is the interaction function of
N*on N*. Theorem 7 of Brémaud and Massoulié (1996) shows that if the K x K matrix p, with

+oo
(1.2) Dok :/ hgﬁk(t)dt, Lk=1,....K,
0

has a spectral radius strictly smaller than 1, then there exists a unique stationary distribution for the multivariate
process N = (N k)kzl,w x with the previous dynamics and finite average intensity.
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Key words and phrases. Multivariate counting process, Hawkes processes, nonparametric Bayesian estimation, posterior concentration
rates.



Hawkes processes have been extensively used in a wide range of applications. They are used to model earth-
quakes Vere-Jones and Ozaki (1982); Ogata (1988); Zhuang et al. (2002), interactions in social networks Simma
and Jordan (2010); Zhou et al. (2013); Li and Zha (2014); Bacry et al. (2015a); Crane and Sornette (2008); Mitchell
and Cates (2009); Yang and Zha (2013), financial data Embrechts et al. (2011); Bacry et al. (2015b, 2016, 2013);
Ait-Sahalia et al. (2015), violence rates Mohler et al. (2011); Porter et al. (2012), genomes Gusto et al. (2005);
Carstensen et al. (2010); Reynaud-Bouret and Schbath (2010) or neuronal activities Brillinger (1988); Chornoboy
et al. (1988); Okatan et al. (2005); Paninski et al. (2007); Pillow et al. (2008); Hansen et al. (2015); Reynaud-Bouret
et al. (2014, 2013), to name but a few.

Parametric inference for Hawkes models based on the likelihood is the most common in the literature and we
refer the reader to Ogata (1988); Carstensen et al. (2010) for instance. Non-parametric estimation has first been
considered by Reynaud-Bouret and Schbath Reynaud-Bouret and Schbath (2010) who proposed a procedure based
on minimization of an /y-criterion penalized by an fy-penalty for univariate Hawkes processes. Their results have
been extended to the multivariate setting by Hansen, Reynaud-Bouret and Rivoirard Hansen et al. (2015) where
the £y-penalty is replaced with an ¢;-penalty. The resulting Lasso-type estimate leads to an easily implementable
procedure providing sparse estimation of the structure of the underlying connectivity graph. To generalize this
procedure to the high-dimensional setting, Chen, Witten and Shojaie Chen et al. (2017) proposed a simple and
computationally inexpensive edge screening approach, whereas Bacry, Gaiffas and Muzy Bacry et al. (2015a)
combine /7 and trace norm penalizations to take into account the low rank property of their self-excitement matrix.
Other alternatives based on spectral methods Bacry et al. (2012) or estimation through the resolution of a Wiener-
Hopf system Bacry and Muzy (2016) can also been found in the literature. These are all frequentist methods;
Bayesian approaches for Hawkes models have received much less attention. To the best of our knowledge, the
only contributions for the Bayesian inference are due to Rasmussen Rasmussen (2013) and Blundell, Beck and
Heller Blundell et al. (2012) who explored parametric approaches and used MCMC to approximate the posterior
distribution of the parameters.

1.2. Our contribution. In this paper, we study nonparametric posterior concentration rates when 7' — 400, for
estimating the parameter f = ((vk)k=1,... K, (Pek)k e=1,... k) Dy using realizations of the multivariate process
(Nf)g=1,.. K for t € [0,T]. Analyzing asymptotic properties in the setting where 7' — +oo means that the
observation time becomes very large hence providing a large number of observations. Note that along the paper, K,
the number of observed processes, is assumed to be fixed and can be viewed as a constant. Considering K — 400
is a very challenging problem beyond the scope of this paper. Using the general theory of Ghosal and van der Vaart
(2007a), we express the posterior concentration rates in terms of simple and usual quantities associated to the prior
on f and under mild conditions on the true parameter. Two types of posterior concentration rates are provided:
the first one is in terms of the IL;-distance on the stochastic intensity functions ()\k) k=1,...,k and the second one
is in terms of the L;-distance on the parameter f (see precise notations below). To the best of our knowledge,
these are the first theoretical results on Bayesian nonparametric inference in Hawkes models. Moreover, these are
the first results on IL;-convergence rates for the interaction functions hy x. In the frequentist literature, theoretical
results are given in terms of either the Lo-error of the stochastic intensity, as in Bacry et al. (2015a) and Bacry
and Muzy (2016), or in terms of the LL,-error on the interaction functions themselves, the latter being much more
involved, as in Reynaud-Bouret and Schbath (2010) and Hansen et al. (2015). In Reynaud-Bouret and Schbath
(2010), the estimator is constructed using a frequentist model selection procedure with a specific family of models
based on piecewise constant functions. In the multivariate setting of Hansen et al. (2015), more generic families of
approximation models are considered (wavelets of Fourier dictionaries) and then combined with a Lasso procedure,
but under a somewhat restrictive assumption on the size of models that can be used to construct the estimators (see
Section 5.2 of Hansen et al. (2015)). Our general results do not involve such strong conditions and therefore allows
us to work with approximating families of models that are quite general. In particular, we can apply them to
two families of prior models on the interaction functions hy : priors based on piecewise constant functions, with
regular or random partitions and priors based on mixtures of Betas distributions. From the posterior concentration
rates, we also deduce a frequentist convergence rate for the posterior mean, seen as a point estimator. We finally
propose an MCMC algorithm to simulate from the posterior distribution for the priors constructed from piecewise
constant functions and a simulation study is conducted to illustrate our results.

1.3. Overview of the paper. In Section 2, Theorem 1 first states the posterior convergence rates obtained for
stochastic intensities. Theorem 2 constitues a variation of this first result. From these results, we derive L1 -rates
for the parameter f (see Theorem 3) and for the posterior mean (see Corollary 1). Examples of prior models
satisfying conditions of these theorems are given in Section 2.3. In Section ??, numerical results are provided.

""" k) the true parameter and
assume that the interaction functions h{ , are supported by a compact interval [0, A], with A assumed to be known.
Given a parameter f = ((Vk)k=1.... K, (hek)ke=1,.. k), we denote by ||p| the spectral norm of the matrix p
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associated with f and defined in (1.2). We recall that ||p|| provides an upper bound of the spectral radius of p and
we set

H = {(hé,k)k,£:1 ,,,,, K hg’k > 0, SuppOI‘t(th) C [O,A], Pox < 00, Vk,g = ]., . ,K, ||pH < 1}
and
F={f=(wk)r=1,... .5, (he)ri=1,.5K); 0 <vpy<oo,Vk=1,....K, (hei)ke=1,.,x € H}.

We assume that fo € F and denote by p° the matrix such that p% = OA hg’ & (t)dt.
For any function h : R — R, we denote by ||A||, the L,-norm of h. With a slight abuse of notations, we also
use for f = ((vk)k=1,...x, (hek)ke=1,...x) and f = ((Vk)k=1,....x, (A} 3 )k,e=1,... k) belonging to F

(1.3) If - f||1—Z|Vk—Vk|+ZZ||hék—hekH1

k=1+¢=1

Finally, we consider stochastic distances on F:

B z / () = Xe(F)Pdt and - dyr (7, f Z / N = ()

where \¥(f) and A\¥(f') denote the stochastic intensity (introduced in (1.1)) associated with f and f’ respectively.
We denote by N (u, Ho, d) the covering number of a set H by balls with respect to the metric d with radius u. We
set for any ¢, 19 the mean of \{(fo) under Py

19 = Eo[Af (fo)],

where Py denotes the stationary distribution associated with fy and Eg is the expectation associated with Py. We
also write ur < v if |up /vr| is bounded when T' — +oco and similarly up 2 vr if |vr /ur| is bounded.

2. MAIN RESULTS

This section contains main results of the paper. We first provide an expression for the posterior distribution.

2.1. Posterior distribution. Using Proposition 7.3.1II of Daley and Vere-Jones (2003), and identifying a mul-
tivariate Hawkes process as a specific marked Hawkes process, we can write the log-likelihood function of the
process observed on the interval [0, T, conditional on Gy- = & (Nt""' ,t<0,1<k<K ), as

K

2.1 Lr(f) = Z[/O log(/\f(f))de—/O Af(f)dt}

k=1

With a slight abuse of notation, we shall also denote L () instead of Lz (f).
Recall that we restrict ourselves to the setup where for all ¢, k, hy j, has support included in [0, A] for some fixed
A > 0. This hypothesis is very common in the context of Hawkes processes, see Hansen et al. (2015). Note that
in this case the conditional distribution of (N*);—;  x observed on the interval [0, 7] given Gy is equal to its
conditional distribution given g[,A,O[ =0 (Ntk, —A<t<0,1<k< K).
Hence, in the following, we assume that we observe the process (N*) k=1,...k on [—A,T], but we base our in-
ference on the log-likelihood (2.1), which is associated to the observation of (N k)kzl,m x on [0, T]. We consider a
Bayesian nonparametric approach and denote by II the prior distribution on the parameter f = ((v)k=1,... Kk, (Pe.k)k.e=1,.... KK )-
The posterior distribution is then formally equal to

S exp(Lz(f))dII(f|Go-)
S exp(Lr (f))dIL(f|Go-)

We approximate it by the following pseudo-posterior distribution, which we write II (-| V')

Jp exp(Lr (f))dII(f)
[ exp(Lr(f))dII(f)’

which thus corresponds to choosing dII( f) = dII(f|G, ).

IL(B|N,Go-) =

(2.2) II(B|N) =



2.2. Posterior convergence rates for d; 7 and L;-metrics. In this section we give two results of posterior con-
centration rates, one in terms of the stochastic distance d; 7 and another one in terms of the L, -distance, which
constitutes the main result of this paper. We define

< 5T}

K

Qr = max  sup N[t —A,t) < CulogT y N
{“{1’“'“} te[0.T] | ) ez;l

with 87 = do(log T)?/? /+/T and &y > 0 and C,, two positive constants not depending on 7'. From Lemmas 4 and

5 in Section 4.7, we have that for all o > 0 there exist C, > 0 and §y > 0 only depending on « and f; such that

2.3) Po (Q7) <T7°,

NY—A,T)

i

when T is large enough. In the sequel, we take o > 1 and C|, accordingly. Note in particular that, on 27,
K
> NY([-A,T]) < NoT,
(=1

with Ng =1+ Zﬁil 1Y, when T is large enough. We then have the following theorem.

Theorem 1. Consider the multivariate Hawkes process (N k)kzly___y k observed on [—A, T, with likelihood given
by (2.1). Let 11 be a prior distribution on F. Let e be a positive sequence such that ey = o(1) and

loglog(T) log®(T) = o(Te€%).
For B > 0, we consider
Bler, B) := {(VIm (hek)e)k : max v — vj)| < er, max 1hes — B ll2 < er, max e koo < B}
and assume following conditions are satisfied for T large enough.
(1) There exists c; > 0 and B > 0 such that
I (B(er, B)) > e @ Ter,
(ii) There exists a subset Hp C H, such that

I (M) < 67(25T+3)T€%~,
I1(B(er, B))

where kT = K log(r;l) = loglog T, with rr 2 log T defined in (4.12) and k defined in (4.10).
(iii) There exist (o > 0 and xo > 0 such that

IOgN(CO€T7 HT? ||||1) S {L'OTG%.
Then, there exist M > 0 and C > 0 such that

3
Eo [10(dy 1o, ) > M/loglog Ter | N) | < SR80 o (1)

2
Ter

+ Po(Q%) + o(1) = o(1).

Assumptions (i), (ii) and (iii) are very common in the literature about posterior convergence rates. As expressed
by Assumption (ii), some conditions are required on the prior on H but not on Fr. Except the usual concentration
property of v around ©° expressed in the definition of B(er, B), which is in particular satisfied if  has a positive
continuous density with respect to Lebesgue measure, we have no further condition on the tails of the distribution
of v.

Remark 1. As appears in the proof of Theorem 1, the term +/loglogl’ appearing in the posterior concentration
rate can be dropped if B(er, B) is replaced by

Bu(er. B) = {@k, (o= ma o — 2] < e mase s — Wl < eT},

in Assumption (i). This is used for instance in Section 2.3.1 to study random histograms priors whereas mixtures
of Beta priors are controlled using the 1Ly-norm.

Similarly to other general theorems on posterior concentration rates, we can consider some variants. Since
the metric dq 7 is stochastic, we cannot use slices in the form di 7 (fo, f) € (jer, (j + 1)er) as in Theorem 1
of Ghosal and van der Vaart (2007a), however we can consider other forms of slices, using a similar idea as in
Theorem 5 of Ghosal and van der Vaart (2007b). This is presented in the following theorem.
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Theorem 2. Consider the setting and assumptions of Theorem 1 except that assumption (iii) is replaced by the
following one: There exists a sequence of sets (Hr,;)i>1 C H with U;Hr,; = Hp and (o > 0 such that

2.4) SN (Goer, He 1) (/I (Hr e 0T = o(1),
=1

for some positive constant xo > 0. Then, there exists M > 0 such that
Eo [11 (d1.0(fo, ) > M/loglog Ter|N) | = of1).

The posterior concentration rates of Theorems 1 and 2 are in terms of the metric d; 7 on the intensity functions,
which are data dependent and therefore not completely satisfying to understand concentration around the objects
of interest namely fy. We now use Theorem 1 to provide a general result to derive a posterior concentration rate in
terms of the L, -norm.

Theorem 3. Assume that the prior 11 satisfies following assumptions.
(i) There exists ep = o(1) such that ep > dr (see the definition of Q1) and ¢1 > 0 such that

Eo [l (A, [N)] =o(1) & Py (DT < e-01TE2T) = o(1),
where Dy = [ elr(N=Lr(Fo)dTI(f) and A., = {f;di.r(fo, ) <er}.
(i) The prior on p satisfies : for all ug > 0, when T is large enough,
2.5) (||p|| > 1 — uo(log T)/6eh/?) < e=2e1Te%
Then, for any wp — 400,
(2.6) Eo [IL(|lf = follx > wrer|N)] = o(1).

Remark 2. Condition (i) of Theorem 3 is in particular verified under the assumptions of Theorem 1, with ep =
Mer+/loglogT for M a constant.

Remark 3. Compared to Theorem 1, we also assume (ii), i.e. that the prior distribution puts very little mass near
the boundary of space { f;||p|| < 1}. In particular, if under 11, ||p|| has its support included in [0, 1 — €] for a fixed
small € > 0 then (2.5) is verified.

A consequence of previous theorems is that the posterior mean f = E™[f|N] is converging to f at the rate e,
which is described by the following Corollary.

Corollary 1. Under the assumptions of Theorem 1 or Theorem 2, together with (2.5) with ep = +/loglog Ter and
if [ IfhdII(f) < +o0, then for any wp — 400
Py (||f— Jollr > wTé‘T) =o(1).
The proof of Corollary 1 is given in Section 4.6. We now illustrate these general results on specific prior models.

2.3. Examples of prior models. The advantage of Theorems 1 and 3 is that the conditions required on the priors
on the functions hy, ¢ are quite standard, in particular if the functions %y, ¢ are parameterized in the following way

A
hie = pr,ehi,e, / hie(u)du = 1
0

We thus consider priors on 6 = (v, pg ¢, Bk’[, k,¢ < K) following the scheme

i i
2.7 ve X, p=(pre)ke<i ~ 1,y hie ~ I,

We consider II,, absolutely continuous with respect to Lebesgue measure on R™ with positive and continuous
density ,, II, a probability distribution on the set of matrices with positive entries and spectral radius ||p|| < 1,
with positive density with respect to Lebesgue measures . We now concentrate on the nonparametric part, namely
the prior distribution IT;,. Then from Theorems 1 and 3 it is enough that ITj, satisfies for each &k, ¢ < K,

Oy, ([ = B3 ellz < er, Al < B) > e Ter,

for some B > 0 and such that there exists F; 7 with

A
Fir C {h: [0, 4] — R'ﬂ/ h(z)dx = 1}
0

satisfying
2 2
My (Fip) = o(e” CHHEDTo ZHT) N (Cer; Frrs || [h) < zoTe,
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for some ¢ > 0. In other words it is enough to have the bound IIj, (-7:1C,T) < e~CT<r for some C large enough and
to control the L, entropy of i 7.

These conditions have been checked for a large selection of types of priors on the set of densities. We discuss
here two cases: one based on random histograms, these priors make sense in particular in the context of modeling
neuronal interactions and the second based on mixtures of Betas, because it leads to adaptive posterior concen-
tration rates over a large collection of functional classes. To simplify the presentation we assume that A = 1 but
generalization to any A > 0 is straightforward.

2.3.1. Random histogram prior. These priors are motivated by the neuronal application, where one is interested
in characterizing time zones when neurons are or are not interracting. Random histograms have been studied quite
a lot recently for density estimation, both in semi and non parametric problems. We consider two types of random
histograms: regular partitions and random partitions histograms. The regular partition histogram prior is defined
by

J J
28) hu(@) =83 Jwily, L= (G —1/0/0), Swj=1, §~Be(p)
Jj=1 j=1

Let for all J
J ~ 11y, e—c12L1 (@) Sy J=2), O;J>z)< e—czle(gc)7
(2.9) Li(z) =1or Ly(z) = logz
(wy,...,wy)|J ~11;

We assume that the prior on (w1, - -+ ,wy) satisfies : for all M > 0, there exists ¢ > 0 such that for all wy € Sy
with wWoj < M/J

(2.10) TL, [N (wo; — u/J? woj +u/J?)] > e /1087,

Many probability distributions on S satisfy (2.10). For instance if IT ; is the Dirichlet distribution D(cv1 y, - -+ , &y,7)

with ¢1J 7% < 4,5 < co, then (2.10) holds. Also, consider the following hierarchical prior allowing some the of
w;’s to be equal to 0. Set

J
jid )
2% Be(p), j<T 5=37
j=1
and (j1,--- ,js,) the indices corresponding to Z; = 1. Then
(wj,-wj, ) ~D(ag, - ,as,), e *<aj;<e
w; =0 ifZ; =0
From Remark 1, we use the version of assumption (i) based on By, (e1, B) = {(I/k, (heg)e)k : maxy vy — V| < er, maxey ||he,

so that the posterior concentration rate in e instead of ep+/loglogT'.
Then applying Lemma 4 of the supplementary material of Castillo and Rousseau (2015), we obtain for all

ho € H(B, Lo) the set of 3 Holder functions with constant Lg, 3 < 1 and if hg is not the null function
I (7w, = holloo < €r + LoJ ~P|J) Z pe= /18T
for some ¢ > 0 and IT;(.J = Jo | (T/log T) |1/ (26+1)) > ¢=ex(T/1og TV EFFVLT) 1t by = ( then
(||, — hollee =0) =1 —p.
Moreover set Fy 7 = {hy.7, J < J1(T/log T)Y/ 26+ 11 then for all ¢ > 0
N(Cer, Frr, |l lh) S Ji(T/log T)V P 10g T
We finally obtain the following corollary
Corollary 2 (regular partition). Under the prior defined by (2.8), (2.9) and (2.10) and if
I, (lpl] > 1 —w) < emeoTVisTw”
for all u small enough, then if Vk, { h%z € H(B, L) for some 3 > 0,

EolL (|1 = folls > M(T/1og T)~#/2F+V|N) = o(1).



To extend this result to the case of random partition histogram priors we parameterize the normalized interaction

function as
J
(211) w,t,J _6Zt —t ]1] 5 Ij:(tj_l,tj), ;wj :1, 6~Be(p)
and
To=0<t1 <---<ty=1.

We consider the same prior on (J, w1, -+ ,wy) as in (2.9) and the following condition on the prior on ¢t =
(t1,--- ,tx). Writing w1 = t1, u; = t; — t;_1, we have that w = (uy,--- ,us) belongs to the J-dimensional
simplex S and we consider a Dirichlet distribution on (uq, - -- ,uy), D(af, -+ ,a’;) with 0 < ¢; < a;- < ca.

The main difference with the regular partition - random histogram prior is the control of the L; entropy. Let
J < Ji(T/log T)"/ B+ and (w,u) and (w’, u) belonging to S2. Then if § = §' = 1, [t} —t;] < ermin(|t; —
ti—1l,|t; — tj4a]) forall j and 3 |w; — wj| < er then

hw,s — P g |lt < g = gt + [hwr g — B g1

J J

< Z lwj —wj| + ZET(w; +wjy ) < 3er
j=1 j=1

We thus need to compute the covering number of {(w,u) € S%; min; u; > 7} by balls of radius € under the
pseudo norm

(w,w), (W, ) = [lw - +Z v

uj A u]+1
LetUyr = {u € Sy, min; u; > dr}, under the Dirichlet prior on u
I, US| J) S Jog = o(e™TeT)

iflogdér < —(¢/c1 + 1)T62T. The covering number is then bounded by the covering number associated with w
times N, j(Cer/2), where N,, s is the number of points u® € Uy such that for all u € U there exists a u°
satisfying [u$ — u;| < Cer/2(|uj| A [uj4]). It can be shown that

log(1/87)\”
Ny < (CO?/T)) 57" Sexp (B[Jlog T + Te))
er
for some B > 0. Hence setting F; 7 = {hyt.7, w € Sy, min; [t;_1 —t;| > p,J < J1(T/log T)"/(2F+1)} then
N(Ger, Frr [1l) S TG94 (log )0/ 26+,
We then have the following corollary

Corollary 3. Under the PriOr (2.11), ifthe prior on w satisfies (2.10), under a Dirichlet prior " (tj
tj—1,] < J), and if prior on u =
IIp (”P” >1— 'U,) <e col logTu1/3

for all w small enough, then if Vk, ¢ hg)z € H(B, L) for some 1 > 3 > 0,
EolT (1 — follx > M(T/ log T)#/#IIN) = o().

In the following section we consider another family of priors suited for smooth functions hj ¢ and based on
mixtures of Beta distributions.

2.3.2. Mixtures of Betas. The following family of prior distributions is inspired by Rousseau (2010). Consider
functions

hk7g = Pkt ([) gak’e’Ede’e(E))Jr’ gaﬁe(x) — F(I;(/OégI(‘e(g/zIE)))e))x1a6_1<1 — :1':)%—1

where M), ¢ are bounded signed measures on [0, 1] such that |M}, ;| = 1. In other words the above functions are
the positive parts of mixtures of Betas distributions with parameterization (a /¢, /(1 — €)) so that € is the mean
parameter. The mixing random measures My, , are allowed to be negative. The reason for allowing Mj, ¢ to be
negative is that hy, ¢ is then allowed to be null on sets with positive Lebesgue measure. The prior is then constructed
in the following way, writing hy ¢ = px, ghk ¢ we define a prior on hk ¢ viaa prior on M}, ¢ and on «y, ¢. In particular

id
we assume that My, o i ITpr and o e i To. As in Rousseau (2010) we consider a prior on « absolutely
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continuous with respect to Lebesgue measure and with density satisfying: there exists b1, ¢1, ¢2, c3, A, C > 0 such
that for all u large enough,

biul/?
Ta(c1u < a < cou) > Ce biu

2.12) . "
Tala < e™ ) + mo(a > cgu) < Ce™ " .

There are many ways to construct discrete signed measures on [0, 1], for instance, writing
J
(2.13) M =Y epjic,,
j=1

the prior on M is then defined by J ~ II; and conditionally on J,

iid iid
ej ~ Ra(1/2)7 €5 ~ G67 (p17"' 7pJ) ND(ala"' 7G‘J)7

where Ra denotes the Rademacher distribution taking values {—1, 1} each with probability 1/2. Assume that G.

has positive continuous density on [0, 1] and that there exists Ay > 0 such that E;}:l a; < Ap. We have the
following proposition

Proposition 1. Consider a prior as described above. Assume that for all k,{ < K h%yg = (gg’z)Jr for some
functions 92,12 € H(B, Lo) with B > 0. If

Hp (HpH >1— u) < efcoT\/logTloglogTul/3

for all w small enough, and if G has density with respect to Lebesgue measure verifying
M (1 — )M < go(x) S22 — )3, forsome A, >3,
then there exists Mo > 0 such that
EoIL(|| f — foll1 > MoT /8D (1og T)>#/ 4542 1og 1og T|N) = o(1).

Note that in the context of density estimation, T—8/(26+1) {5 the minimax rate and we expect that it is the same
for Hawkes processes.

Proof of Proposition 1. The proof is based on Rousseau (2010), where mixtures of Beta densities are studied for
density estimation, and using Theorem 2. Note that for all h1, ho

(7 ()4 = (ha(2)) 4] < [ha(2) = ha(2)|
so that Proposition 1 is proved by studying
Bler, B) = {F = e gk 0 < K): S e =1+ 3 lgee — gl ello < exilgnelloe < BY
¢ £,k<K

in the place of B(er, B) and by controling the L; entropy associated to

k
Gi1r ={ga,p; P = ij5(ej), €j € [eo, 1 — eo]; a € |aor, arr]; Z lpjl =1, k < kyr}
j=1 j
where
eg = efaoTEQT, Qo = exp (—TcerT) oy = hoQe‘}, co,a1,t0 > 0,k 7 = lel/(ZBH)(log T)(5*2)/(4ﬁ+2)

From the proof of Theorem 2.1 in Rousseau (2010), we have that for all c; > 0 we can choose ag, co, 1 > 0

such that II, (gf T) < e=2T< and G1,1 can be cut into the following slices : we group the components into

the intervals [e;,e;11] or [1 — ej41,1 — ¢;] with e¢; = e(l)/j and e, = n~', for some ¢ > 0, and the interval

[es:,1 — ej,.]. For each of these intervals we denote N (j) the number of components which fall into the said
interval, N(j) = S0 Teie(e;e;00)- Let Gro = {ga.p € Guri N(G) = kj, 700 by = k < ki) with o
denoting the configuration (k1, - - - , k2.7, +1). From Rousseau (2010) for all ¢ > 0, we have

S VTG )N (Cer, Gr o) S €108 ™ max e T/ BT Crarionn
for some constant C' > 0 so that choosing z( large enough

S G N (Cer, G o )em ™™ = o(1).

We now study the Kullback-Leibler condition (i). Again, we use Theorem 3.1 in Rousseau (2010), so that for
all fo € H(B,L) and all 5 > O there exists fi such that || fo — ga,fillec < a~B/2 where f; is either equal
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to foif 6 < 2o0r f1 = fo Z]“i Wfl w;/ al/?, with w; a polynomial function with coefficient depending on fél)
[ < j. From that we construct a finite mixture approximation of g, r,. Note that even if fy is positive, fi is not
necessarily so. Hence to use the convexity argument of Lemma A1 of Ghosal and van der Vaart (2001) we write f;
as my f1,4+ —m— f1,— with f; , fi — > 0 and probability densities. In the case where m_ = O then f; _ = 0. We
approximate g, s, , and g, _ separately. Contrarywise to what happens in Rousseau (2010), here we want to
allow fj to be null in some sub-intervals of [0, 1]. Hence we adapt the proof of Theorem 3.2 of Rousseau (2010) to
this set up. Let f be a probability density on [0, 1] we construct a discrete approximation of g, s. Let g = a0
for some Hy > 0 and define ¢; = ¢y(1 + By/loga/a)l for j = 1,---,J, with J, = O(v/aloga). We then
have, from Lemma 1 below that there exists a signed measure Py with at most N = O(y/a(log a)3/?) supporting
points on [e1,1 — €], such that

N
lgawrs = follz S @% Ngamlloo < Ifolloe +0(1), Po=3 pidie.
=1

Also, as in Rousseau (2010), we can assume that |p;| > o~ for some fixed A large enough and all P satisfying
max; |P(U;) — pi| < a4 |pil, with U; = [e;(1 — &) (1 —a™ "), e;(1 — &) (1 + a~4")] then

||g(x,Pg - ga,P||2 S 05_5/27 Hga,P”oo S HfO”oo + 0(1)

if A’ is chosen large enough. As in Rousseau (2010), if e = o7 ~5/(25+1) (log T)%8/(46+2) | then
T (B(er, | folloo + 1)) > e~ 7%

for some ¢; > 0, which terminates the proof of Proposition 1.
O

Lemma 1. Assume that f is a bounded probability density on [0, 1], then for all By > 0 there exists No > 0 and
a signed measure Py with at most N < Nyy/a(log )3/ on [e1,1 — €;] such that

90,7 = ga.Pll2 S @™ llga,plloe S lfollss + 0(1)

Proof of Lemma 1. On each of the intervals (ej_1, €;) we construct a probability P; having support on (e;_1, €;)
with cardinality smaller than N; < Nglog o and such that

_ f]l €5 —1,€5
(2.14) 1905 = g llz S @0, fj = %
€5 —1

where By can be chosen arbitrarily large by choosing Ny large enough. To prove (2.14) we use the same ideas as
in the proof of Theorem 3.2 of Rousseau (2010). For all For all j = 2,---,.J — 2 on (¢;_1, €;), there exists P;
with at most N7 log a terms such that if z € [0, 1],

Oé_H

< _

~z(l—x)

where H can be chosen as large as need be, by choosing N7 large enough. Moreover, let z < ¢y or x > 1 — €,
then forall € € (1,1 — €;), if 7 < €g then /¢ < 6, = (1 + By/loga/a)~! and

i) Vaonp (o [P — (og g) 4 EOZDIEZ ] )

’gav.fj - ngj‘ (z)

If ¢; < € < 1/4 then the function € — % —log(e/z)/a+ w is increasing and

Ga,e(2) S @ exp (o [log(8a) (14 o + 622%) + O(2®)) — 14 6,])
< o~ B%/3+Ho < ,—B%/4
by choosing B? > 12Hj. The same reasoning can be applied to x > 1 — €y, which terminates the proof. ]

3. NUMERICAL ILLUSTRATION IN THE NEUROSCIENCES CONTEXT

Hawkes processes are used in neurosciences to model action potentials trains of neurons. In a few words, neu-
rons communicate through sequences of action potentials. Contemporary models assume that the information is
conveyed by the action potentials’ times of occurrence rather than by the action potentials’ waveforms. The series
of occurrences times are assumed to be the realization of a non homogeneous point process. The multivariate
Hawkes processes allow to take into account the dependences/interactions between neurons (namely excitation or
inhibition) (Hansen et al., 2015). In this section, we conduct a simulation study, choosing the parameters so that
the simulated data mimic action potentials trains.



FIGURE 1. Scenario 2. True interaction graph between the K = 8 neurones. A directed edge
is plotted from vertex £ to vertex k if the interaction functions Ay, ¢ is non-null.

3.1. Simulation scenarios. We consider three simulation scenarios involving respectively K = 2 and K = 8
neurons. The scenarios are roughly similar to the one tested in Hansen et al. (2015). Following the notations
introduced in the previous sections, for any (k, ¢) € {1,... K}?2, hy ¢ denotes the interaction function of neuron ¢
over neuron k. We now describe the three scenarii. The upper bound of each hy, ,’s support, denoted [0, A] is set
equal to A = 0.04 seconds.

e Scenario 1: We first consider K = 2 neurons and piecewise constant interactions:
hi1=30-10.02, h21=30-Lwo01, hi2=30-Leoi002, he2=0.

e Scenario 2: In this scenario, we mimic K = 8 neurons belonging to three independent groups. The
non-null interactions are the piecewise constant functions defined as:

ho1=hg1=has2="h13=hos=hgs=hse=her="hrs=2301,002-

In Figure 1, we plot the subsequent interactions directed graph between the 8 neurons: the vertices rep-
resent the K neurons and an oriented edge is plotted from vertex ¢ to vertex k if the interaction function
h;,¢ is non-null.

e Scenario 3: Setting ' = 2, we consider non piecewise constant interactions functions defined as:

hii(t) = 100-e "% 0.04(t), hoa(t) = 30-1(0,0.02(t)
_ (t—0.02)2
hl,Z(t) = me 2%0.0042 . ]1(0,0_04] (t)7 h2_’2(t) = 0

In all the scenarios, we consider vy = 20,Vk =1... K.

For each scenario, we simulate 25 datasets on the time interval [0, 22] seconds. The Bayesian inference is per-
formed considering recordings on three possible periods of length T' = 5 seconds, 1" = 10 seconds and T = 20
seconds. For any dataset, we remove the initial period of 2 seconds —corresponding to 50 times the length of the
support of the hj, ¢— assuming that, after this period, the Hawkes processes have reached their stationary distribu-
tion.

3.2. Prior distribution on f = (v, hy ¢); keq,... k}- We use the prior distribution in f = (vg, hye)ikeqa,... Kk}
described in Section 2.3 setting a logA“prior distribution on v of parameter 11, s2. About the interaction functions
(hk,e) fote{1,. K} the prior distribution is defined on the set of piecewise constant functions, hj, ¢ being written as
follows:

k.0

X k.,
3.1) hiee(t) = 0 2; B 1 gp 0 (1)
o
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with ték’g) =0and t.(]]i’,f)() = A. Using the notations in Section 2.3, we have ﬁ;k’z) = p(kl)wyc’z). 50 is a global

parameter of nullity for hy , : for all (k,¢) € {1,..., K}?,

(3.2) 60 ~; 5.q Bern(p).
Forall (k,¢) € {1,..., K}?, the number of steps (J*:¥)) follows a translated Poisson prior distribution:
3.3) JEOUSED =1}~ 50 14+ P(N).

To minimize the influence of A\ on the posterior distribution, we consider an hyperprior distribution on the hyper-
parameter A:

(3.4) A~ F(a)\, b)\).
Given J*¥) we consider a spike and slab prior distribution on (ﬁj(-k’z))j:l_”ﬂk,a. Let Z](-M) € {0,1} denote a
sign indicator for each step, we set: Vj € {1,..., J*O}:
P (Z(.’“’Z) = 2|00 = 1) = m, Vze{0,1}
(3.5) j

k k.l
BEOs®O =1}~ 29 X log N(ug, 53)

We consider two prior distributions on (tg.k’z)) j=1...70.0). The first one (refered as the Regular histogram prior)
is a regular partition of [0, AJ:

(ko) _ _J - (k)
(3.6) b = J(H)A Vj=0,...,J"".
The second prior distribution is refered as random histogram prior and specifies:
(ul,...,UJ(k,z)) ~ D(a/l,...a.’](k‘[))
(3.7) ¢{&0 -0
k¢ j )
t; ) = A _u., Vi=1,...,J%0
In the simulations studies, we set the following hyperparameters:
1% = 3.5, 53 = 1
Ly = 3.5, Sy = 1
(k:£) _ _ k) — 1) — —
P(Z;"" =1) = 1/2, Pk =1)=p = 1/2
o = 2,V

3.3. Posterior sampling. The posterior distribution is sampled using a standard Reversible-jump Markov chain
Monte Carlo. Considering the current parameter (v, h), v(¢) is proposed using a Metropolis-adjusted Langevin
proposalFor a fixed J(*:¥) | the heights ﬂ](-k’e) are proposed using a random walk proposing null or non-null candi-
dates. Changes in the number of steps J**) are proposed by standard birth and death moves (Green, 1995). In this

simulation study, we generate chains of length 30000 removing the first 10000 burn-in iterations. The algorithm is
implemented in R on an Intel(R) Xeon(R) CPU E5-1650 v3 @ 3.50GHz.

The computation times (mean over the 25 datasets) are given in Table 1. First note that the computation time
increases roughly as a linear function of 7T'. This is due to the fact that the heavier task in the algorithm is the
integration of the conditional likelihood and the computation time of this operation is roughly a linear function
of the length of the integration (observation) time interval. Besides, because we implemented a Reversible Jumps
algorithm, the computation time is a stochastic quantity: the algorithm can explore parts of the domain where
the number of bins Jy; is large, thus increasing the computation time. This point can explain the unexpected
computation times for K = 2. Moreover, we remark that the computation time explodes as K increases (due to
the fact that K2 intensity functions have to be estimated), reaching computation times greater than a day.

K=2 K=8 K=2 with smooth hy, ,
Prioront Regular Random Regular Random
T=5 1508.44 1002.45 823.84
T=10 1383.72 1459.55 37225.19 1284.93
T=20 2529.19 2602.48 49580.18 1897.17

TABLE 1. Mean computation time (in seconds) of the MCMC algorithms as a function of the
scenario, the observation time interval and the prior distribution on s. The mean is computed
over the 25 simulated datasets
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3.4. Results. We describe here the results for each scenario. We first present the L distances on \* and hy. ¢ for
all 3 the scenarios, all three length observation time 7" and the two prior distributions. In Table 2, we show the
estimated I; distances on A* and hi.¢. More precisely, we evaluate the L' distances on the interactions functions

TR '
D=5 z;lE K2 gi:l e = il | (N )eepo,ay

and the following stocahstic distance :
T
DO = LS B[ 1|4 o)
sim=1

where O is the true set of parameters, d1 7(f, f°) has been defined in subsection 1.4 and the posterior expectations
are approximated by Monte Carlo method using the outputs of the Reversible Jumps algorithm.

As expected, the error decreases as 1" increases. As we will detail later, the random histogram prior on s gives
better results that the regular prior. Finally, we perform better when the true interaction function (hy, ¢) are step
functions (due to the form of the prior distribution).

K=2 K=8 K=2 with smooth hy,
Prior Regular random Regular random
T=5 11.59 9.59 11.75
D(1): stochastic distances T=10  7.49 6.32 5.65 9.48
T=20 540 4.11 3.17 7.9
T=5  0.1423  0.0996 0.1431
D(2): distances on hy ¢ T=10 0.0844 0.0578 0.1199 0.1131
T=20 0.0564 0.0336 0.0616 0.0945

TABLE 2. L1 distances on hy, ¢ and \*

3.4.1. Results for scenario 1 : K = 2 with step functions. When K = 2, we estimate the parameters using both
regular and random prior distributions on (t;k’z)) (equations (3.6) and (3.7)). One typical posterior distribution
of V¥ is given in Figure 2 (left), for a randomly chosen dataset, clearly showing a smaller variance when the
length of the observation interval increases. We also present the global estimation results, over the 25 simulated
datasets. The distribution of the posterior mean estimators for (1, v2) computed for the 25 simulated datasets

(I@ [l/g | (Nfim)te[o,T]D is given in Figure 2 on the right panel, showing an expected decreasing variance
sim=1...25
for the estimator as 7" increases. On the top panels the posterior is based on the regular grid prior while on the

bottom the posterior is based on the random (grid) histogram prior: the results are equivalent.

About the estimation of the interaction functions, for the same given dataset, the estimation of the Ay ¢ is plotted in
Figure 3 (upper panel) for the regular prior, with its credible interval. Its corresponding estimation with the random
prior is given in Figure 3 (bottom panel). For, both prior distributions, the functions are globally well estimated,
showing a clear concentration when 7" increases. The regions where the interaction functions are null are also well
identified. The estimation given with the random histogram prior is in general better than the one supplied by the
regular prior. This may be due to several factors. First the random histogram prior leads to a sparser estimation
than the regular one. Secondly, it is easier to design a proposal move in the Reversible Jump algorithm in the
former case than in the latter context.

Moreover, the interaction graph is perfectly inferred since the posterior probability for §(>2) to be 0 is almost
1. For the 25 dataset, we estimate the posterior probabilities I@(é(k”[) = 1|(NF"™)seqo,) for k, 0 = 1,2 and
sim = 1...25. In Table 3, we display the mean of these posterior quantities. Even for the shorter observation
time interval (T = 5) these quantities —defining completely the connexion graph— are well recovered. These results
are improved when T increases. Once again, the random histogram prior (3.7) gives better results.

Finally, we also have a look at the conditional intensities A} () = v, + 21{,{:1 / i;o he i (t — u)qu(f). On Figure 4,
we plot 50 realizations of the conditional intensity from the posterior distributions. More precisely, for one given

dataset, for 50 parameters 6(*) = ((hfj)f)kg, (u,(f)) =1 K) sampled from the posterior distribution (obtained at

the end of the MCMC chain), we compute the corresponding (/\Z(i)(t)) and plot them. For the sake of clarity,
only the conditional intensity of the first process (k = 1) is plotted and we restrict the graph to a short time
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FIGURE 2. Results for scenario 1. On the left, posterior distribution of (v, v5) with T = 5,
T = 10 and T = 20 for one dataset. On the right, distribution of the posterior mean of (11, v5)

<E [W|(N tSim)te[O,T]]) } over the 25 simulated datasets. Top : regular histogram; bot-
tom random histogram el
{over k loverl lover2 2overl 2over?2
True value of 60 1 1 1 0
Prior
T—5 Regular  1.0000 0.8970  1.0000  0.0071
Continous ~ 1.0000  0.9812  1.0000  0.0196
T =10 Regular  1.0000 0.9954 1.0000  0.0047
Continous  1.0000  1.0000  1.0000  0.0102
T =920 Regular  1.0000 1.0000 1.0000  0.0099

random  1.0000 1.0000  1.0000 0.0102
TABLE 3. Scenario 1, K=2. Mean of the posterior estimations: 5= > 20 _ P(5(0)

sim=1
L|(N$"™)¢elo,17)- for the three observation time intervals and the two prior distributions.

interval [3.2,3.6]. As noticed before, the conditional intensity is well reconstructed, with a clear improvement of
the precision as the length of the observation time 7 increases.

3.4.2. Results for scenario 2: K = 8. In this scenario, we perform the Bayesian inference using only the regular
prior distribution on (t(k’g))(k,g)e{17.“7[(}2 and two lengths of observation interval (7' = 10 and T = 20). Here we
setay = 3 and by = 1.

The posterior distribution of the (v )r=1.. x for a randomly chosen dataset is plotted in Figure 5. The prior
distribution is in dotted line and is flat. The posterior distribution concentrates around the true value (here 20) with
a smaller variance when 7" increases.

In the context of neurosciences, we are especially interested in recovering the interaction graph of the K = 8§
neurons. In Figure 6, we consider the same dataset as the one used in Figure 5 and plot the posterior estimation of
the interaction graph, for respectively 7' = 10 on the left and 7" = 20 on the right. The width and the gray level
of the edges are proportional to the estimated posterior probability ]IA"(é (k:6) — 1|(Nt)teqo,17)- The global structure
of the graph is recovered (to be compared to the true graph plotted in Figure 1). We observe that the false positive
edges appearing when T' = 10 disappear when T' = 20. In Figure 7, we consider the mean of the estimates of the
graph over the 25 datasets. The resulting graph for 7' = 10 is on the left and for 7' = 20 on the right.

Note that, in this example, for any (%, ) such that the true §**) = 1, the estimated posterior probability @(6 (ko) =
1[(Nf"™),e10,7)) is equal to 1, for any dataset and any length of observation interval. In other words, the non-null
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FIGURE 3. Scenario 1, K=2. Estimation of the (hx¢)x ¢=1,2 using the regular prior (upper
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hi.¢(t) (delimited by the 5% and 95% percentiles of the posterior distribution). The true hy, ¢ is
in plain line, the posterior expectation and posterior median for hy, ¢(t) are in dotted and dashed
lines respectively.

interactions are perfectly recovered. In a simulation scenario with other interaction functions, the results could
have been different.

In Figure 8, we plot the posterior means (with credible regions) of the non-null interaction functions for the same
simulated dataset as in Figure 6. The time intervals where the interaction functions are null are again perfectly
recovered. The posterior incertainty around the non-null functions hy,  decreases when 7' increases.

3.4.3. Results for scenario 3 : K = 2 with smooth functions. In this context, we perform the inference using the
random histogram prior distribution (3.7). In this case, we set ay = 10 and by = 1. thus encouraging a greater
number of step in the interactions functions. The behavior of the posterior distribution of v/* is the same as in the
other examples. In Figure 9, we plot the distribution of (IE [I/k | (Nfim)te[ojﬂ )simzl...25 forT' = 5,10, 20 seconds
and clearly observe a decrease of the biais and the variance as the length of the observation period increases. Some
estimation of the interaction functions are given in Figure 11. Due to the choice of the prior distribution of these
quantities, we get a sparse posterior inference.

3.5. Discussion. Note that, in order to stick to the theoretical results, we restrict this simulation study to null or
positive interaction functions, setting 2 ,gnz) € {0,1} in (3.5). In practice, the methodology presented below could
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FIGURE 4. Scenario 1. Conditional intensity A} (¢) : 50 realizations of Af(¢) from the posterior
distribution for one particular dataset and 3 lengths of observation interval (7" = 5 on the first
line, T = 10 on the second line, and 7" = 20 on the third line). True conditional intensity in
black plain line.

be easily extended to any type of interactions, i.e. Z ,(C"g) € {-1,0,1}. However, this extension could lead to
additional non-negligible computation time.
Indeed, when the interaction functions are non-negative, the conditional intensity for neuron k defined as :

K —
Nk =vi+ > / i (t — u)dNO.
(=177

has to be integrated over [0, T to get the likelihood function. Since ¢ — A*(¢, k) is not regular, its integration can
not be performed with a standard numerical solver. When (hy 1 ), ¢e{1,...K’} are piecewise constant functions, the
integral can be computed in a close form with a complexity linear in the number of step sizes (Jyx) and the number
of occurrence times.

However, when considering non-positive interactions, the conditional intensity has to be modified to guarantee its
positivity. A standard modification is the following one:

K +—
Nt k) = ¢ {w +y / hew(t — u)dNyX}
=177

where ¢ : R — R™ is a non linear function (¢(x) = 22 or {x},). In this context, the integration of t — \*(t, k)
is an operation of larger complexity, thus implying, in practice, a possibly substantial increase of the computation
time.

4. PROOFS OF THEOREMS



FIGURE 5. Scenario 2. Results on ()x=1...x for a particular dataset: Prior distribution (dotted
line), Posterior distributions for 7" = 10 ( dashed line) and 7" = 20 (plain line).

4.1. Proof of Theorem 1. To prove Theorem 1, we apply the general methodology of Ghosal and van der Vaart
(2007a), with modifications due to the fact that exp(Lz(f)) is the likelihood of the distribution of (N k)k:L__’ K
on [0, 7] conditional on Gy and that the metric d; 7 depends on the observations. We set My = M+/loglogT,
for M a positive constant. Let

Ac={feF; dir(fo.f) < Ke}

and for j > 1, we set

4.1) S =A{f € Fr; dir(f, fo) € (Kjer, K(j + 1)er]},
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FIGURE 6. Results for scenario 2 for one given dataset. Posterior estimation of the interaction
graph for T' = 10 on the left and T' = 20 on the right, for one randomly chosen dataset. Level of
grey and width of the edges proportional to the posterior estimated probability of P(é(k’f) =

1|(Nt8im)te[0,T])-
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FIGURE 7. Results for scenario 2 over the 25 simulated datasets. Posterior estimation of the
interaction graph for ' = 10 on the left and T' = 20 on the right. Level of grey and width of the
edges are proportional to the posterior estimated probability of % Zi?m:l P(5k-0)
L(NZ"™ ) ieo,r))-

where Fr = {f = (i), (h0)ke) € F; (hie)r,e) € Hr}. So that, for any test function ¢,

elr(H=Lr (o) gTI( f) .

¢ . T _ Nr
I (Afyre, IN) = [ eLr(N=Lr(fo)dII( f) T Dr
62(HT+1)T62}
<lge +1 . + ¢lg +7/ ebr (N =Lrfo)gry(f)
P ore ey AT T (B ler, 7)) Sy

62(HT+1)T6§ 0

+a, / e T =Lro) (1 — g)dIi(f
n(B(eT,T>>j:ZMT e Y (= o)tity)
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functions (g ¢)k e=1,....s using the regular prior for 7' = 10 (upper panel) and T' = 20 (bot-
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and

Bo [T (45, V)] < Po(62) + Bo (Dr < 27U Bler, B)) + Eolola

e2(rr+1)Ter

+ m H(]:ZC“) +j:ZMT /]:T Eo [Ef I:]IQT]leSj(l — ¢)‘g07]} dH(f) ,

since

Eo [/; eLT<f)—LT(fo>dH(f)|g0H =E, l]Ef [ . dIL(f)|Go-

[ etrrrtany)
75
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Since (st DT oL (f)=Lr(fo) > IL{L () =Lr(fo)>—(sr+1)Tex b
T

_ - dI(f) -2 1)Te?
Py (DT < e 2T (B eT,B < P, / eLbr(D=Lr(fo)__BN) o —a(sr+1)Te},
(B( B(er,B) I(B(er, B))

dII(f) —( 2
< kr+1)Te
(/B(E B) ]1{LT(f)—LT(fo)z—(nTH)Te%}H(B(GT, B)) — € ’

dIi(f)
Eo B(er,B) ]l{LT(f)—LT(fO)<_(HT+1)T6%}m}
- (1- e—(nT+1)T€2T)
Js(er.my Bo (Lr(fo) = Lr(f) > (ke + 1)Te3,) dIL(f)
- I(B(er, B)) (1 — e*(nTH)TezT)
log log(T") log™(T)
Te2, ’
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FIGURE 10. Results for scenario 3 : smooth interaction functions. Estimation of the in-
teraction functions (A ¢)k,¢=1,2 using the regular prior for ' = 10 (upper panel) and T = 10
(bottom). The gray region indicates the credible region for Ay, ¢(t) (delimited by the 5% and 95%
percentiles of the posterior distribution). The true hy, ¢ is in plain line, the posterior expectation
and posterior median for hy, ¢(t) are in dotted and dashed lines respectively (often undistinguish-
able).

by using Lemma 3 of Section 4.4. Remember we have set pp) , := ||h{ ,|[1 and py. ¢ := ||hy¢||1. Since Ay, o and

. . A T-
hY , are non-negative functions, [~ A9 ,(w)du < pQ ,, [ " hY ,(u)du < pf) ,, and note that

K T K t~
Tdyr(f, fo) = Z/ VFV}?+Z/ (hie — B ) (t — s)dNZ¥| dt

=170 k=17t-4
K T K +—

=Y / (W — )+ Z/ (hie — B9, ) (t — s)dN§> dt
e=1 /0 k=1"t=4
K T [ K t~

> S lre e [ (32 G- et )
=1 0 k t—A ’

=1
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FIGURE 11. Results for scenario 3 : smooth interaction functions. Estimation of the in-
teraction functions (R ¢)x,¢=1,2 using the regular prior for ' = 10 (upper panel) and T = 10
(bottom). The gray region indicates the credible region for hy, ¢(t) (delimited by the 5% and 95%
percentiles of the posterior distribution). The true hy, ¢ is in plain line, the posterior expectation
and posterior median for hy, ¢(t) are in dotted and dashed lines respectively (often undistinguish-
able).

then forany / =1,... K,

dir(f fo) =

1 K T t
TS / / (i — hQ. ) (¢ — s)AN*dt
k=1 0 t—A
K

NF[0,T — A
Ve — V? + Z(Pk,e - P%e)%

1 0 A 1 T T—s
+— / (R — hY ) (w)dudN* + — / / (hge — hY ) (u)dudN*
T —s ' ' T T—-AJO , ’

0 T A T T—s
W+Z p“ / / hio(u)dudNF + / / hieo(u)dudN*
—s T—AJO
0 N~ o NO.T—A] 1 0 - T "
_<W+ZpMT+T/ Shu( u)dud N’ /TA/ h., dudN>|.

k=1 —A
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This implies for f € S; that

K
K0, T A NF[—A,T ,
Ve+Zpke ]SV?+Z,O%Z%+K(J+1)6T
4.2) A P ) ,
T N*0,T — .
VZ+ZPH ]>V?+Zpg,e%—f((]+l)€r
k=1
On QT,

K X K

NF[—-A,T
S AT S o),
1 k=1

x>~
Il

so that, for T" large enough, for all 7 > 1 .5; C F; with
Fji=A{f € Fr; ve < py + 1+ Kjep, vl < K},
since
4.3) pg = v+ ook
k=1

Let (fi)i=1,....n; be the centering points of a minimal IL; -covering of F; by balls of radius (jer with ( = 1/(6Ny)
(with Ny defined in Section 2) and define ¢ ;) = max;=1,.. n; ¢y, Where @y, .7 is the individual test defined in
Lemma 2 associated to f; and j (see Section 4.3). Note also that there exists a constant Cyy such that

N; < (Co(1 + jer)/jer) N(Cier/2, Hr, ||-|h)

where N ((jer /2, Hr, ||.|[1) is the covering number of H 1 by LL;-balls with radius (jer /2. There exists C such
thatif jer < 1then N < Cre K108UTIN ((jer /2, Hr, ||.||1) andif jer > 1then Nj < Cx N ((jer/2, Hr, ||-]1)-
Moreover j — N (Cjer/2,Hr, ||.]|1) is monotone non-increasing, choosing j > 2(y/¢, we obtain that

-/V'j S CK(C/CO)KeKlOg Teone%’
from hypothesis (iii) in Theorem 1. Combining this with Lemma 2, we have for all j > 2¢y/(,
EO[]]'QTQS(_])] N e T:L’g(geT/\j eT) < eKlogTemgTe%efng(jeT/\]Qe%)

sup Eo [By(La,1res, (1= ¢()Go-]] < 70,
€Fj

for 22 a constant. Set ¢ = max;> s, ¢¢j) with Mp > 2(o/¢, then

lez')

. 2 _ 2 .2 _ . _ 2 52
E0[19T¢] SeKlogTemoTeT § : e xoTerj + § : e Txoer] 56 xoTer M7 /2

j=Mr et

and

Z / Eo [Ef [Los1es, (1 — ¢)|Go-]] dII(f) S e~ @2 TerMi/2,

j=Mr
Therefore,

Q(HTJrl)TeT

M(B(er, B)) Z / Eo [Ef [LasLfes,; (1 —)|[Go-]] dII(f) = o(1)
’ Fr

if M is a constant large enough, which terminates the proof of Theorem 1.

4.2. Proof of Theorem 2. The proof of Theorem 2 follows the same lines as for Theorem 1, except that the
decomposition of Fr is based on the sets F; and Hr;, ¢ > 1 and j > My for some Mr > 0. Foreach i > 1,
j > My, consider Sg’ ;a maximal set of (jep-separated points in F; N Hr ; (with a slight abuse of notations) and
¢ij = Maxy, ¢ st @y, with ¢y, defined in Lemma 2. Then,

15751 < Cc(¢ /o) ™ BN (Cer /2, Hra, ||-10)-
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Setting N5 := f;TﬂHT Lses, elr(N)=Lr(fo) 4TI( f), using similar computations as for the proof of Theorem 1,
we have:

B eZ(KT-&-l)Te%
Eo [I (A5, IN)] < Po(Q5) + Po (DT <e 2<HT+1>T€2TH(B(6T,B))) + mn(ﬂ})
+oo +oo 2(kp+1 )Te +oo +oo
AN'T2 e T
+E 0 ]lQTZ Z QSU . +H(B(E EO ]IQTZ Z 1f¢z] NTzJ
1=1 j=Mr =1 j=Mr

Assumptions of the theorem allow us to deal with the first three terms. So, we just have to bound the last two ones.
Using the same arguments and the same notations as for Theorem 1,

X=X +o0
Eo [1q, Z Z (1- </>ij)NT,ij = Z IEo |:]IQT]lf€S (1 — ¢ij)e Lo (f)— LT(fO)} dIi(f)
i=1j=Mr FrOHr,; j=Mr
+oo
- Z/ EO [Ef[LorTres; (1 = 6ij)Go-]] dII(f)

FrOHri j—pp
+oo
< § / E e—JLQT(]ET/\] €2) < e—xQTeTM%/Q
~Y
i=1 anHT,Z j=Mr

Now, for 7 a fixed positive constant smaller than x9, setting 7r; = II(H1;), we have

+oo +oo
N 3 —2(k € .. — j€e iZe
[ILQT YD bupy J] =Fo (DT <e T zTH(B(GTvB))) +Po (H(ZJ); Vi > ¢TI QT)

i=1 j=Mr
+oo 400 2(nT+1)TeT
+Z Z e—"/T(JET/\J 7) /T i T(B(c ))]Eo |:]lQT/ ]leSj€LT<f)_LT(f0)dH(f|'HT,i) )
i=1 j=Mp er, B Fr

Now,

Py (H(Z}j); VAT > e TUTAD) 0 QT) Z VT Z TOTN DR [1g, ¢,

]MT

T . .2 2 i
S Y e K N e 2, L)

i=1 j=Mq

—+oo
< mmITEME2NT N (Goer, Har |1-I11) = o(1).

i=1

But, we have

Eo |:]]-QT/ ]lfGSjeLT(f)LT(fO)dH(ﬂHT,i)} <1
Fr

and
+o00 400 +oo Q(HT+1)T62
NT 2 272 € T
E 1 ; ,1J < ; —yTer M+ 1) = of1
oty 2 oy | 5 2T iy o) = o)
(2 T 1=

for M a contant large enough. This terminates the proof of Theorem 2.

4.3. Construction of tests. As usual, the control of the posterior distributions is based on specific tests. We build
them in the following lemma.

Lemma 2. Let j > 1, f1 € F; and define the test

Ppg = nax (H{NMALE)*A@(Al,z;f@zJ‘TeT/S} v Il{Ne(Aig)*/\g(Aiﬁfo)ZjTﬁT/g}) ,

withforallt < K, Ay o = {t € [0,T]; N(f1) > X (fo)}, A(A1e; fo) = fOT La,, (ONE(fo)dt “”dAZ(Aig;fo) _
foT I[A;,Z (t))\f(fo)dt. Then

Eo (Lo 41+ sup Eo []Ef [1QT]lfeSj(1 - ¢f17j)\gofﬂ < (2K+1) rnaxe*g‘/’lv@ijT(\/@/\J'ET)7
I f=fill1<jer/(6No) ¢
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with Ny is defined in Section 2 and

210 = min (36, 1/(4096149),1/ (1024K« /ug)> .

Proof of Lemma 2. Let j > 1 and fi = (V) k=1,....i, (P ) ke=1,....5c) € Fj. Let£ € {1,..., K} and let

bjay . = ]1{Nf(Al,n—M(Al,e;fo)ZjTeT/S}~
By using (4.3), observe that on the event Q,

T
/ A(fo) ds—VeT—i—Z/ / h (s — u)dNFds
0
VT + Z/ / I[u<5SA+uh27Z(s — u)dstff
k=17/-4 J0

and for T large enough,

4.4 /A‘ f0d3<VgT+ZpkeNk —A,T] < 2Ty
k=1

Let j < /uler' and z = 152Te2, for z1 a constant. We use inequality (7.7) of Hansen et al. (2015), with
T = T, Ht = 1,41’,Z (t), v = QT,U,Q and MT = NZ(ALg) — AZ(AL@; fo) SO,

Po ({N*(A10) = A(Avsi fo) = VBoz + 5} 01 Qp) < o707 h,
If 21 < 1/(102449) and 21 < 36, we have that
i’
4.5) V2vx + % =2 za?l]TeT —|— €T <24/pu 4331 (1 + ) iTer < J 8€T

Then

Py ({Nf(Al,e) — A(Ay s fo) > ﬂ;T } N QT> < e m1d’Ter

If j > /ufes', we apply the same inequality but with 2 = xojTer with 2o = /10 x ;. Then,

/ / 05T 95T i’
V2vx + g =2 Iugxl [LSJETT+ w <2 M?xleeT + x1 ;u'?f] €T < J 8€T,

where we have used (4.5). It implies
e ‘
Py ({NZ(AM) — A (A1 fo) > J SET} N QT) < e woiter,
Finally Eg []IQT ‘bjw‘h,z] < e‘xlTjET(\/’TgAjeT). Now, assume that

/ () — N(fo))dt > / (N(fo) — M)t
At

Then

’ A\ Ty ) — f
[A°(f1) 2)\ (fo)llx :: Jo IXE(f )2 At (fo)ldt </All2()\f(f1)_)\tz(f0))dt

Let f = ((Vk)k=1,... K, (he i)k e=1,... k) € Sj satisyfing || f — fi]l1 < {jer for some ¢ > 0. Then,
.
| St = b - wan
t—A

T rt-
" <Th-vt 4+ 3 [ [ A= bk (e~ wlavta
L Y0 t—A

< Tlve = vg| + max N*[= AT Y hwe = higlls < TNollf = fuls
k

(4.6)

T
INCF) = M)l < Tl — v} + / dt

and |N(f) — X(f1)|l1 < TNoCjer. Since f € Sj, there exists ¢ (depending on f) such that
IN(F) = X (fo)lln = jTer.
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This implies in particular that if No¢ < 1,
IN(F1) = A (folll 2 IA(f) = A (fo)lly = TNoCjer = (1 — No¢)Tjer-

We then have
AE(ALz% f) - AZ(AI,ZQ fo) = Ae(Al,e; f) - AZ(Al,é; f1) + AZ(AM; fl) - Ae(AM% fo)

zwwuwm%mm+AMWUn—%m»u
> X)X+ DXl
> ~Tocjer + L NNIT (45 anuc /T
Taking ¢ = 1/(6Np) leads to
Ef [Lfes, (1 — ¢ja,,)00r1G0-] = Ef []lfesj]l{NZ(AM)_Af(Al,l;fU)qTeT/s}]lQT|gof}
< By [Lres, Dneano-aramh)<—irer/stlor|9o- ]

< IEf [Il{N['(Al,e)*l\e(Al,uf)S*jTﬁT/g}IlQT|g07} :

Note that we can adapt inequality (7.7) of Hansen et al. (2015), with H; = T4, (t) to the case of conditional
probability given G- since the process F; defined in the proof of Theorem 3 of Hansen et al. (2015), being a
supermartingale, satisfies E¢[E;|Gy-] < Ey = 1 and, given that from (4.2) and (4.4),

T K
/ No(f)ds < vgT+ > proNF[-A,T) < 2Tpf + K(j + 1)Tep =: 0
0 k=1

for T" large enough, we obtain:

Ey []l{Nf(Al,z)—A'-’(Al,uf)g—«m—%}HQT‘gO*} <e™®

We use the same computations as before, observing that o = v + K(j + 1)Ter.
Ifj < \/u?e;l we set . = x1j2T62T, for 1 a constant. Then,

V2z + g < Vour+ g + 2K (j + Vlera

, z15°Té€ , .
< 24/pdx1jTer + % + V2K (j+ Verz1jTer

<
< 9 @m@+ﬁ?yﬂrm¢m@mﬁq
<

(2\/@ (1 + \/?) ¥ 2\/[(\//7%1) iTep.

Therefore, if z; < min (36, 1/(409619),1/ (10241(\ /ug)), then

T
V2o + g < ;T.

Ifj > /uler!, we set z = wojTer with g = \/uf x ;. Then,

2%x + g < oz + g + 2K (j + 1)Tera

214/ P95 e
< 2y/ppriy/pgjerT + % + \/QK(j + 1)Ter\/pdz1jTer
04T T
< 24/ pdxijTer + W + 24/ K/ pdxqjTer < J 8€T'

] < e—wlTjET( Mg/\jeT)

Therefore,

Ef [Tinea,)—a(Arpf)<—iTer /sy Loz [Go-
Now, if

c
Al,e

[ it = xithnde < [ 6 - X))
A1
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then

IX*(f1) = M(fo)lh
2

(4.8) /A (XL (f1) — AL (fo))dt >

Te
and the same computations are run with A; ; playing the role of Aﬁy ¢~ This ends the proof of Lemma 2. (|
4.4. Control of the denominator. The following lemma gives a control of Dr.

Lemma 3. Let

KL(fo, f) =Eo[Lr(fo) — Lr(f)]-
On B(GT,B),

(4.9) 0 < KL(fo, f) < rlog(ry')Te,
Sfor T larger than Ty, with Ty some constant depending on fo, with

K K
(4.10) k=4 (W)™ (3 +AK Y (AR[(AG(f0))?] + ]EO[,\g(fO)])>
k=1

r=1
and rr is defined in (4.12).

3
4.11) Po (Lr(fo) — Lr(f) > (klog(ry') + 1)Ted) < Cloglogj(ji;) log (T)’
€T

Jor C a constant only depending on fy and B.

Proof. We consider the set Qr defined in Lemma 4 and we set No» = C,, log 7. We have:
KL ) = iEO [ o (R ant [ s 24) dt]
- ’éﬂao :/OTlog </>\%((J;?>)) )\f(fo)dt—/OT (AF(fo) = AE(H)) dt]
- | [ (Sl ooa

where for u > 0, U(u) := —log(u) — 1 +u > 0. First, observe that on Q7 N B(er, B),

() 2 > min v —cr -
AN (fo) ~ 00 K rt= 0 0 ~ maxy, v + maxg [hY, [ KN
k(fo W+ YK fth h&k(t u)dN*(u) k Vg £,k 110 g lloc ANT

4.12) LT,

Furthermore, observe that for u € [rp,1/2), ¥(u) < log(ry'), since rr = o(1). And for all u > 1/2, ¥(u) <
(u — 1)2. Finally, for any u > rr,

T(u) < 4log(rpt)(u —1)2.

Therefore, on B(er, B), we have

K T k k 2
0 1 (A7 (fo) = AF())° 4
0<KL(f°, f) < 4log(ry );EO /O o) g, dt| + Ry
K T
< 4log(rph) Y (M) 'Eo l/ (Af (fo) = AF(f))?dt| + Rr
k=1 0

where
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We first deal with the first term. Using stationarity of the process and Proposition 2 of Hansen et al. (2015)

T T K t~ 2
E, l/o (A¥(fo) = AF(F))2dt| < 2T (V2 — vp)* + 2/0 E, (; /t_A(hM — h§ ) (t— u)de(u)> dt

K 2

< 2Ter + 4K /T Eo |> </t (hex —hY . )(t — u)Aﬁ(fo)du> dt
0 —A '

{=1

+4K / Eo ( / 7 (he = hg ) (t = w) (dei—Ai(f@du)) dt
A

<2T6T+4KZ||hM hékuz// Eo[(\L (fo))2]dudt

=1

+4K / (hes — hY )2 (t — w)Eo [A.(fo)] dudt
0 =171t

K

< 2Teq +4KT Y |[hes — hf ill3 (ABo[(A§(£0))?] + Eo[XG(fo)])
=1

K
< Tek (2 +AK Y (ABo[(M(f0))?] + Eo[Af;(fon)) :

(=1

We now deal with Rp. We have, on B(er, B),

AE(f)

4.13 t < W + R k|l oo Nt —A,t

(4.13) o) S (e <Vk éZl ([l e (I )))
K

(4.14) < (W)t <ug +6T+BZ sup N*([t — A,t))) :
1—1 t€10,T]

Conversely,

M(P) « -
(4.15) )\E(fo) > (v —er) <Vk +; 172 1]l o s[up]Ne([t—A t))) ~

So, using Lemma 4, if « is an absolute constant large enough, Ry = o(1) and
Ry = o(Te%).

Choosing x = 431 (19)~! (3 FAK Y (AEG[(N(fo))?] + IEO[/\g(fO)D) terminates the proof of (4.9).
Note that if B(er, B) is replaced with By, (e, B) (see Remark 1) then

AF(S) <1+|Vk—’/k|+2e ”hik Nt
M (fo) ~ vy

and
M) oy e = v+ e ek = hellooNT

Ar(fo) ~ vy

so that we can take rp = 1/2 and Ry = o(T€%).
We now study

Lr = Lr(fo) — Lr(f) — Eo[Lr(fo) — Lr(f)]-
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We have for any integer Q)7 such that x := T/(2Q1) > A,

K T k T
Le(fo) — Lelf) = Z(/O 1og(§}((?)))d1vf— / (Aff(f@—Af(f))dt)

k=1
o
' QZ /f,i (s (37 ) 2t - 06100 o400 )
Qr—1 Qr—1

=: Z F,+ Z Fq.
q=0 q=0

Note that F; is a measurable function of the points of NV appearing in [2q2—A; 2q2+1) denoted by F(Nj(240— A;2q0+4))-

Using Proposition 3.1 of Reynaud-Bouret and Roy (2006), we consider an i.i.d. sequence (M;”)qzo _____ Qr—1 of

Hawkes processes with the same distribution as N but restricted to [2qz — A; 2gx + x) and such that for all ¢, the
variation distance between M7 and N|(2z— 4;2¢0+) 18 less than 2Py (T, > x — A), where T, is the extinction time
of the process. We then set for any g,

Gy = F(M).
We have built an i.i.d. sequence (Gy)q=0,....0,—1 With the same distributions as the F},’s. Furthermore, for any g,
Po(Fy # Gy) < 2Po(Te > z — A).
We now have, by stationarity

Po(Lr >Tey) = Po(Lr(fo) — Lr(f) — Eo[Lr(fo) — Lr(f)] = Ter)

Qr—1 Qr—1
= ]PO ( Z (Fq —E()[Fq]) + Z (Fq —E()[Fq]) 2 Te%)

q=0

Q
Il
o

Qr—1
< 2P < (Fy — Eo[Fy]) ZTG%/2>
q=0
Qr—1
< 2P, ( (Gy —Eo[Gy]) > Te%/2> + 2P (3¢; F, # G,)
q=0
Qr—1
< 2P ( (G, — Eo[Gy)) > Te%/2> +4QrPy (T, > = — A).

We first deal with the first term of the previous expression:

QT*I 4 QTfl
]P)O ( Z (Gq — ]E()[Gq]) Z TE%/Q) S anro ( Z Gq)
q=0 T q=0
4 Qr—1
< —= Varg (G,)
2.4 q
T=er =
4Qr 4Qr
< —V Go) = =V Fy).
= T%‘} arg (Go) T264T aro( 0)
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Now, by setting dM ™) = dNF — \e( fo)dt,

Varo (Fo) S EO [Fg]

IN
&=
o

207 k 2
o [ i) e |

A
[~]>

=

[=)
e R
o\;
§H

(S
I/
X dpd
==

A
T[] =
&

K
< Z%Eo

Note that on Q7, for any ¢ € [0;T/(2Qr)],

AR 2
0< W ()\f((;;))) A (fo) < Cr(B, fo)NZ,

where C (B, fo) only depends on B and fj. Then,

1, [0 (30 i

Fo (o)

AF(fo)

< C1(B, fo)NE X Eo [%T [ ( A (/) ) Aff(fo)dt]
0

and using same arguments as for the bound of K L(f°, f), the previous term is bounded by log(ry YNZ x
(T/Qr)e2 up to a constant. Since for any u > 1/2, we have |log(u)| < 2|u — 1|, we have for any u > rr,

|log(u)| < 2log(ry')|u — 1]

% k
Eo l]lm I 1og2(§}({;°)))xf<fo>dt] < alog () (W) Eo

o, [ Ok - Af(f))th]

A

log®(r7")(T/Qr)et-
By taking o > 2 and using Lemma 4, we obtain:

o, [ T g ( (/) ) Okl

Fo (o)

+ Eo

o7 k
g, /O log? (AA}((J;?;) A?(mdt} = o(TQ7 7).

Finally,
Varg (Fy) < Co(B, fo)log(rp )NE x (T/Qr)*é%.
for C5(B, fo) a constant only depending on B and f, and
Po(Ly > Te%) < 80y (B, fo) log(rp )NE x (T/Qr) x (1/(Tex) + 4QrPo(T. > = — A).

It remains to deal with the last term of the previous expression. The proof of Proposition 3 of Hansen et al. (2015)
shows that there exists a constant D only depending on f; such that if we take x = D log T, which is larger than
A for T large enough, then

4QTPy(T. >z — A) = o(T ™).
We now have
log(r; YN x (T/Qr) = O(loglog(T) log*(T)),

which ends the proof of the lemma. (]
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4.5. Proof of Theorem 3. Define

Ap, (wrer) = {f € F; |f = folli < wrer},

then
I (AL, (wrer)®|N) < TI(AZIN) + IL(AL, (wrer)® N Aep [N) .

Using Assumption (i), we just need to prove that
(416) EO []191,TH(AL1 (’IUT€T)C ﬂAET|N)] = 0(1)
for some well chosen set 2; 7 C €7 such that
(417) PO(QE,T N QT) = 0(1)
Using (4.2), there exists Cy such that for all f € A.,., on Qr,

Y v+ per < Co.
¢ Iy

Therefore, on Q,

Ap, (wrer)® N Aep, C{f € F; |If = follt > wrer; Y (ve+ Y pek) < Co}
¢ K

We set ur := ug(log T)'/6c1/* with u a large constant to be chosen later. Let Fr = {f € F;|p| < 1 — ur}.
From Assumption (ii),

H(.Ff—v) S 67201T€2T

for T large enough. Following the same lines as in the proof of Theorem 1, we then have

Eo (Lo, 11 (Ar, (wrer)® N Ao, [N)] < Po(Dr < e—clTazT)

(418) 01T52 —clTa2
+et e Eo [Py (Q1,7 N {dir(f, fo) < er}lGo- )] dIL(f) +e T,
ALl (wTET)Cﬂ]:T

where Py denotes the stationary distribution when the true parameter is f. We will now prove that Py (1 7 N {d1,7(f, fo) < er}|Go
op,(1) forall f € Ap, (wrer)¢ N Fr. Let Z,, ¢ be defined by

2m+1)T/(2JT)
Zm,@ = /
2mT/(2JT)

dt

K t—
W—V?+§:/i(m¢—h%ﬁ@—sMNf
=1 t—A

with Jr such that Jr = [k (logT) " Tu% | and ¢ a constant chosen later. Note that Jr — +oc0 and T/ Jr —
+o0o when T' — +o0. Since T'dy 7 (f, fo) > maxi<i<k Z,{LT:_ll Zm, ¢ We have that

Jp—1
Py (@17 N {d1,7(f, fo) <er}|Go-) < 1221KPJ’ <Q1,T N { Z Zm,e < ETT} |QO>

m=1

1<U<K

Jr—1
< min Py <Q17T n { E (Zml — Ef[Zmyz]) <erT — (JT — 1)]Ef[Z1,d}

G )

From Lemma 6 we have that there exists ¢ (depending on f and f°) such that E¢[Z; ;| > CT| f — foll1/Jr for
some C' > 0 so thatif f € Ay, (wrer)© then, since wp — +o00,
G- )

The problem in dealing with the right hand side of the above inequality is that the Z,, (’s are not independent.
We therefore show that we can construct independent random variables Z,, , such that, conditionally on G-,

Z;;T:f(Zm’g — E¢[Zmn ) is close to zjgf(zm,e — Ef[Zm’[]) on Q. Foralll < m < Jp — 1, define

N?™ the sub-counting measure of N generated from the ancestors of any type born on [(2m —1)T'/(2Jr), (2m+
1)T'/(2Jr)] and the K -multivariate point process N defined by

N™ =N — NO™,

m=1

Jp—1

Py (Qur 0 {dir(f, fo) < Ter}|Gy-) < maxPy (Ql,T N { > Zme —Bf[Zme] <

m=1

_CTIf = folls }
2

Denote

5 (2m~+1)T/(2J7)
Z’m,@ = /
2mT/(2JT)

K =
-4y / (e — B0.)(t — 5)ANO™| dt.
k=1"t=4
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where N0 ¥ if the kth coordinate of N%™. Observe that if I,,, = [2mT/(2Jr) — A, (2m 4 1)T/(2Jr)], then
N™(1I,,) is the number of points of N™ lying in I,,,. We have:

(2m+1)T/(2Jr) K t~ .
/ vp— 1)+ Z/ (hie — B9 4)(t — 5)dN}
2mT/(2JT) =1 /t—A
K t—
ve — V) + Z/ (hie — B o) (t — $)dND™F ) dt

k=1 t—A

K 2m+1)T/(2Jr) o -

P | | V=10 - 9l ar

w1/ 2mT/(2Jr) t—A

‘Zm,,f - Zm,2| =

(4.19)

<1 m);eoZHhkz R ol iN™ (L) < I = fol iN™ (Im).

Let Q10 =QrN {ZJT ! N™(I,,) < CT/8}. In Lemma 8, we prove that there exists & such that
Py (Q5 7 NQp) < e T,

and (4.17) is satisfied. Using (4.19), we have on )y 7

(4.20) | Zm,e = Zinel < |1f = ol LCT/8.

Lemma 8 proves that there exists a constant kg > 0 (see the definition of Jr) such that

.]Tfl
S B N™(I)) < CTY8,
m=1
so that
Jr—1 } Jr—1 . Jr—1 -
> EfZmel = Ep(Zmell € Y Ep| Zime — Zim, 1 > EfIN™(In)] < CIf = fol 1 T/8
m=1 m=1 m=1
and

Jr—1

Pr (Qi,r N {di7(f, fo) < Ter}|Go-) < m?X]P)f <Q1,T N { Z (Zme —Ef[Zme]] < _CT”fQ_fO'ngO_>

m=1
g0>.

Since by construction the ij are positive, independent, identically distributed and independent of G-, the
Bernstein inequality gives
c?r?) s foH1
g07 32(JT 1)rf(z1 Z)

Jr—1
<Py ( > (~Zmp +Ef(Zmi) = CT|f = foll1 /4

m=1

Jr—1
Py ( Y (~Zni +Ef(Zing)) 2 CTIIf — foll1 /4

m=1

We have to bound E ;(Z? )~ Observe that

. (2m+1)T/(2J7) (2m+1)T/(2Jr) Kt
Im.t < / |ve —vi| dt + / / |(hise = B o) (t = s)| ANt
2mT/(2JT) 2mT/(2J7) o1 Jt—A ’

|V£*Vf|+2|\hk£*hu|| NO™F(1,,)
k=1

_2J

and

K

il AP 2K 3 g — W R N0
k=1

T2 1 2K maxy E;[NOVF(17)?%)J2
Zlr = folp (5 + 2Bl I,

=
<

N\
)
|/\

IN

T2
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We then have to bound 72 J2 maxy, E [ N%1*(I;)?]. Using notations of Lemma 8, we have:

2
K

By
B[NV (1)) < By (Z > > Wi,

0=1T/(2J7)<p<3T/(2Jr) k=1

2

KT & et
<5 ) Er | 2. Wiy
T =1 7/(200)<p<3T/(2J7) k=1

2

KT & i
KISy sy (S
(=1 T/(2J7)<p<3T/(2J7) k=1
KT? &
< JTZ(W? + v Ef [(W)?].
T 4=

We now bound E ;[(W*)?] by using Lemma 7. Without loss of generality, we can assume that ||p|| > 1/2. We take

1l (Ll
N 1°g< 3Tl ) and

Ef[(W)?) < 2t2Eglexp(tW)] S ¢72 < (1~ |loll) ™

and
T2 73 max By [NM*(1)2) S (1= oll) ™.

Therefore, since f € Fr, there exists a constant C'% only depending on K such that

Jr—1
Py ( Y Zume +Ef(Zing) 2 CT|f = foll1/4

m=1

g0> < o CrJr(=lpl)" < o~CkJrur

< e—C}(no(logT)flTugﬂ < e—C}(nougTe%
~ ~

where the last inequality follows from the definition of ur and Jr. We obtain the desired bound as soon as g is
large enough.

Ps (1 N{dir < Ter}|Go-) = o(e 1 Tet),
Using (4.18) and Assumption (i), we then have that (4.16) is true, which proves the theorem.

4.6. Proof of Corollary 1. Let wr — +o00. The proof of Corollary 1 follows from the usual convexity argument,
so that

I1f = folli < wrer +E™ [IIf = foliLjs— sl >wrer V]
together with a control of the second term of the right hand side similar to the proof of Theorem 3. We write

E™ (IS = foliLis—polswrer V] SE™ [ = folliLay, wrenyeLac, IN| +E7 [Ilf = foliLac, IN]
and since [ [|f — follsdT1(f) < [l folls + J | £hdII(f) < oo,
Py (]Eﬂ' |:||f — .fOHl]lALl(wTET)“]lAsT |N:| > wT€T> <Py (Qi,T) + Py (DT < E*C1Te§“)

eqTe%

wreT

/A ( . If = foliEo [Ps (1,70 N {d1 v (fo, f) < er})|Go-]dII(f)
< o(1) +0(1)/Hf — foll1dII(f) = o(1),

where the last inequality comes from the proof of Theorem 3. Similarly, using the proof of Theorem 1,

Po (EW {Hf — follhiTag, |N} > wT€T> < Po (27) + Po (DT < 6701T62T> + Eo[la, 9]

eC1 Te

— folhiEo [E; [(1 — o)1 1 _ldm
o /ALI(WTET)C 1f = folliEo [Ef [(1 — @) Moy dia, (o, 5)>er}] [Go-] dII(f)

<o(1) + 0(1)/||f ~ folhdm(f),

and Po(||f — foll1 > 3wrer) = o(1). Since this is true for any wy — +0co, this terminates the proof.

4.7. Technical lemmas.
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4.7.1. Control of the number of occurrences of the process on a fixed interval.

Lemma 4. For any M > 1, for any a > 0, there exists a constant C,, only depending on fy such that for any
T > 0, the set

Qr = max  sup NY([t— A1) < C,logT
T {26{17_”71(})56[0%] ([ ) < g}

satisfies

Po(Q7) <T7¢
and foranyl <m < M
Eo

max  sup (Nf([t — A, t)))m X lge | < 2T —/2,

Le{1,....K} tef0,1)

for T large enough.
Proof. For the first part, we split the interval [— A; T into disjoint intervals of length A and we use Proposition 2
of Hansen et al. (2015). For the second part, we set

X (= max sup Nt t—A,t))) x15. >0
Ee{l,..,,K}te[oyT]( ( )) 0

and the equality

“+oo
Eo[X™] = / ma™ Py(X > x)dx
0

CqylogT +00
/ maz™ Py (X > x) dx + / ma™ Py (X > x)dx
0 CylogT

CqlogT B “+00
< m(CylogT)™ ! / Po(Q27)dx + / mz™ Py (X > x)dx
0 CqlogT
+oo
< m(CylogT)™T™* + / maz™ Py (X > ) da.
CqylogT

Furthermore, for 7" large enough,

A

+o0 +oo
/ maz™Py(X > x)dr < / mz™ P, max__ sup (NY([t—A,t)) > x| dx
CqlogT CqlogT Le{L,....K} te[0,T]

+oo
< mz™ P max sup Nt — A b)) >z | da
/ o : (MMK} Lo (V= a0)
—+00
< / ma™ ' exp(—az/Cy)dx < T~/2,
CqlogT

4.7.2. Control of N[0,T]. Letk € {1,..., K}. We have the following result.

Lemma 5. Forany k € {1,...,K}, forall a > 0 there exists 69 > 0 such that

PO ( Nk[O7T] _MO > 50 (10gT)3> — O(T_a).

T k= T

Proof of Lemma 5. We use Proposition 3 of Hansen et al. (2015) and notations introduced for this result. We

denote N[—A, 0) the total number of points of N in [—A, 0), all marks included. Let 61 := dg+/(log T')3 /T, with
0o a constant. We have:
421

and we observe that

2

> 6T> <Pg (‘N’“[O,T] — /T /\f(fo)dt‘ > T—(ST> + P (
o 2

[ v - e > 22)

t— K
Ne(fo) = ”’3+/t DM )N = Z 0 84(N),
A e=1

with Z(N) = M\E(fo), where & is the shift operator introduced in Proposition 3 of Hansen et al. (2015). We then
have

Z(N) < b(1 + N[-A4,0))
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with
b= max max{vp, max ||h27k loo }-

So, for any @ > 0, the second term of (4.21) is O(T~) for Jy large enough depending on « and fy. The first term
is controlled by using Inequality (7.7) of Hansen et al. (2015) with 7 = T', v = 2¢T0%, H; = 1,v = pdT+T671/2
and

T
My = NHO.1) = [ (o)
0
We take x a positive constant such that +/ 8u2z0 < 1, so that, for T large enough

T(ST > V2vz + /3.

Therefore, we have

TS T T
(|MT| > 2T) < Py <|MT| > V2vz + /3 and / Ne(fo)dt < v) + Py </ A (fo)dt > v)
0 0

r Ts

< 2exp(—z) +Po ( / [\F(fo) — ppldt| > TT
0

< 2exp(—xodg(log T)*) + O(T~) = O(T~%),

which terminates the proof. d

4.7.3. Lemma onEy[Z; 4]. We have the following result which is useful to prove Theorem 3.

Lemma 6. For for all f € Fr such that d v(f, fo) < er, there exists { (depending on f and f°) such that on
Qr,

T
Ef[Z14] 2 Cj”f —
T
where C' is a constant depending on f°.

Proof. By using the first bound of (4.2), we observe that on {2, for any ¢, since inf, v) > 0, then inf, u > 0 (by
using (4.3)) and we obtain that Zszl Pk.¢ and Zszl vy, are bounded. Therefore || f||; is bounded. On Q7, since
ep > Or, still using (4.2), for any ¢,
K K K
v+ Zpk,mi — Mep < v} + Z Pty < ve+ Z pr,ety + Mer
k=1 k=1 k=1
for M a constant large enough. By using the formula
K K
ve + Z Preir = ey Vg + Z Pheki = 11g,
k=1 k=1
we obtain
(e = 1) =D prelps — )| < Mer,

k
which means that

1(Za = p") (1 = 1°)lloc < Mer.

Therefore, since ||p| = ||p”]| (op™ and pT p have the same eigenvalues),
e = pollz = 1(Za = p") " (Ta = p7) (12 = o) 2

< (1= lpl)VENLa = p") (1 = 1)lloo

< (1= [lpl) ™ VEMer.
Since f € Fpr, 1 —|jp|| > ur 2 1/3(10g T)'/6. Therefore, ;1 is bounded. As in Hansen et al. (2015), we
denote Q¢ a measure such that under Qy the distribution of the full point process restricted to (—oo, 0] is identical
to the distribution under PP, and such that on (0, co) the process consists of independent components each being

a homogeneous Poisson process with rate 1. Furthermore, the Poisson processes should be independent of the
process on (—o0, 0]. From Corollary 5.1.2 in Jacobsen (2006) the likelihood process is given by

K t K t
= ex - k U k k.
Li(f)=e p<m ; /O AE(f)d +k§ /0 logw(f))dNu)
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with C{) an upper bound of || f — fo|1.

e Assume that for any ¢/,

ATK? 1 ming v/9
0< <= d g

1-7k 2 M T="so
=9 | < 7| f = foll1. Then, for any ¢/,

{Vg/ — 1/2’ <7|f=foli=7 Z !Vk - ’/18| +Z ke — h%,enl

and

Let £ such that

Then, for any ¢/,

k k.l

K
<D= vf] < e D e — .

L k.l

Z 1hie,e = hi el = maX{Z 1Pk er = hw”l}

’Vgr - l/g/

, _hg,l‘llv

|I/z/ — VZO/ <

If = fOlh

Z e = v |+ 3D e = b ol
vk

TK
(1_ oK) S ke

Q= {g}%N’f’ [0,A] =0, N*0,4] =1, N¥[-A,0]<aduy Vk’} :

where a is a fixed constant chosen later. We then have

(4.22)
and
(4.23)
‘We denote
E¢lZ, = —F
[ Zm.f] 37
> E
- 2JTZ /
>

= QJT ZEQf [ ]lﬂk

Note that on Qk,

La(f) =

v

vV

v

%

T
E Z]EQ)‘ [EA(f)ﬂmaxk/¢k N’“/[O,A]ZO]IN"[QA]:l
k

|

e
v — vl + / (hie — hY) 0)(A — s)dN?
0

vy — I/@ + Z/ hk,é — h%()(A — S)stk

L ey N#10,41=0 L ¥ 10,4121

|

-
v — v + / (hie — BY 0)(A = 5)dNY
0
4 K’ 4 K K
exp (KA—; /O W+ 3 /0 log(\F' (f))dN] )
A ’
v exp(K A) exp <—Z/O Ak (f)dt)
xp(K A) ex : P (t — u)dNF" ) d
vy, exp( ep( Z/ (I/k /A%,:kkt u) )t)
Vi exXp (KA —AZVk/> exp —/ Z pkuk/dN

k' A k?/ k!

Vi, €Xp <KA - A Z Vk’) exp (-aA Z okt Z Pk — Z pkk/> :

1% k!’ 1% 1%

|

A-
vy — V? + / (hk,g — h%g)(A — S)de
0
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Since on Fr,

V) €XP <KA - AZ Vk'> exp (-aAZMk" Zpkk - me«) > ppe KOG > e KadCa > O(fy),
k/

k! k'’ k’

-
v — V) + / (hie — by ) (A — 8)dNE
0

where C; and C( fy) are some constants, we have, by definition of Q,

a-
1 EQf ﬁA(f)]le vy — I/ZO + / (hk’( — hg’é)(A — S)de
0

> C(fo)Eq, |Lnko,A]=1

|

xQ(N*[—A,0] < adup VE') x Qy(max N¥[0,4] = 0).
Under Qf, N*[0, A] ~ Poisson(A). If U ~ Unif ([0, A]),

-
Eq, |1nk[0,4)=1 / (hiye — h o) (A — s)ANY = E[|(hie—h)(A-U)] Q(N*[0,A] =1)
0

1 A

- */ |(Rie — R ) (A — s)|ds x Ae™*
A ), ,

= e e — R 41

We also have, using (4.22),

_ 4 TK?
Eq, [Invp.amr [ve = 0[] = Ae™ v —2f| < Ae™—— zk: ke =3 -
Furthermore,
Qs (max N [0, 4] = 0) = exp(~(K — 1)A),
and
QY [=A,0] < adpe W) = 1= 30 Qp (N¥[-4,0] > adpny )
kl
> _Zﬂk/A_ _5217
- aApy a

with a = 2K. Finally,

1 2
Bz 5CUep-KA) (1= ) e~ .
and using (4.23),

T
E¢lZ,, P — I
flZmel > 27 ; k

T 1

ATK? 0
> Eic(fo) eXP(—KA) (1 1 TK> zk: ||hk,g — hk,lHl

T
> O |f — f°
= JT”f f ||1v

where C' depends on fj.
e We now assume that there exists £ such that

lve = 13| > 7IIf = folls-
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In this case, using similar arguments, still with a = 2K,

Ef[Zm } > l

Nip= 2JTPf[{m,?XNk[O>A] =0} |ve — |

T
> E”f — folliEq, [£A() max, N*[0,4]=0}]

Y

7T
E'lf — folliEq; [£a(/) 1 fmaxe N*[0,A]=0} L{n* [— 4,01 <aAus, ¥} ]

v

T
Eﬂf — foll1exp (KA - A Z Vpr — GAZ e Z p;w«) Eq; [1{no,a1=0} Livk N*[—A,0<aAus})
k/ k// k/

> m”f — foll1 exp (—Azk;uk/ — aAzk;(,uk« — l/k/)> > CJ—THf — follx
for C' depending on fy. Lemma 6 is proved.

O

4.7.4. Upper bound for the Laplace transform of the number of points in a cluster. In the next lemma, we refine
the proof of Lemma 1 of Hansen et al. (2015). Given an ancestor of type ¢, we denote 1V the number of points in
its cluster. We have the following result.

Lemma 7. Assume ||p|| < 1 and consider t such that 0 < t < 12_»%” log (12+H”p"’|‘|). Then, we have for any
ted{l,....,K},
L+ el
Eflexp(tW*)] < .
2|l

Moreover, if ||p|| < 1/2, then there exist two absolute constants ¢y and Cy such that if VKt < co, then
E[exp(tW*)] < Cy. Finally,

Ef (W] = 17(1 - p7) es.

Proof of Lemma 7. We introduce K*(n) € RX the vector of the number of descendants of the nth generation from
a single ancestral point of type /, with K*(0) = e, where (/) = 1;—¢. More precisely, (K*(n)) is the number
of descendants of the nth generation and of the type k from a single ancestral point of type ¢. Then,

(oo}
WE=1" x> K'n).
n=0

We now set for any § € RX,
¢e(0) = log (E[exp(8" K*(1))])

and
$(0) = (¢1(0),. -, or ().
Note that
K'(1); ~P(pej), Vi<K
and
K K
¢0(0) = log (Eylexp(6;K*(1);)]) = prj(exp(6;) — 1).
j=1 j=1
Therefore,
e (0
(DP(0))e,; = ?9( ) - pe.; exp(0;)
j
and for any z € R¥, since [|p|| := sup, =1 loz]l2,

K K 2
1Dg(0)z|3 > ( pe.j exp(0;)z;
i

= vippv

K
ol ol3 = llol* Y 23 exp(265)
j=1

IN
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with v the vector of R¥ such that v; = exp(6;)z;. So,

IDo@O)l] < ||P||mji?«XeXp(|9j|)§||pHeH9H2_

So, by applying the mean value theorem,

16(0)2 = ll6(8) — $(0)llz < [|plle!”I=[|6]]2.

We use a modification of the arguments in the proof of Lemma 1 of Hansen et al. (2015). Writing g1 (6) = 0+ ¢(0),
we have for n > 3:

E; [60T<zz:o K‘(k))} = [ CiZ KR, {EGTK‘f(n)W(nf 1)7“.7;{@(1)”
_E, [e - TS 2Kl(k))e(9+¢(9))TKl(n—1)} —E; [egT(Z:;g Kl(k))egl(e)TKZ(n—l)}

=E; [T (28 Kz(k))e(9+¢(g1(9)))TKZ(n—2):| —E, {eeT(zg;S‘ Kf(k))egg(e)TKf(n—g)}

= E; 'egTKe(o)egnfl(e)TKeu)} — lon(@)0),

with the induction formula: g,,(0) = 0 + ¢(g,—1(0)) for n > 2. In particular,
lg1(8)llz2 < [16112(1 + llplle!”l2) and [lgu ()2 < [18]l2 + lplle!#=* N2l g,_y ()]]2.
We now set C = (1+ o]} /(1 = [|pl}) > 1. Then, if [lgn_1(6) 2 < 0]l2(1 + C),
9 (012 < 10]12(1 + llpll (1 + C)el 120+ D) < g5(1 + C)

as soon as

(4.24) 16]l2 < (14 C)~ M og(C/(llpll (14 C))) = _2Hp” log<1;|£ﬁ)”)~

Since ||p|| < 1, the previous upper bound is positive. Note that under (4.24), ||0]2 < log(C/||pll), and
g1 ()]l < 10ll2(1 + [lplle"®12) < [|8]la(1 + [|p]|es/17) < ||6]|2(1 + C).
We finally obtain that under (4.24),
lgn(@)l2 < [[0ll2(1+C), Vn>1.

Since for any m, n +— > p_(K*(k))m is increasing and W* = 17 x >°>° /K*(n), we have by monotone
convergence that for ¢t > 0,

Eylexp(tW*)] = lim_ exp(gn(t1)e)-

By the previous result, the right hand side is bounded if ¢ is small enough. More precisely, for all 0 < ¢ <

(1+C)~Mog(C/(llpll (1 + C))) VK,

¢ L+ ol

E¢[exp(iW)] < exp(tVE (1 +0)) < =y = 5000

The second point is obvious in view of previous computations. Moreover, since E;[W*] = 5> [ E;[17K*(n)]
and since for any v € RX

K K
Effo? K (n)|K*(0),.. ‘(n—1)] :ZZKEn—l joppik = vl pt Kf(n —1).
j=1k=1

We obtain by induction that E¢[17 K*(n)] = 17 (pT)"e, and taking the limit, since ||p|| < 1,

Ef(W] =171 - p") e
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4.75. Lemma on N™,

Lemma 8. There exists ¢y such that for all co > 0 such that for T large enough,

Jr—1
< Z N™(I,,) > 00T> < g GeT

m=1
Furthermore, there exists a constant kg > 0 (see the definition of Jr) such that
Jr—1
D EfIN"(In)] = o(T).
m=1
Proof of Lemma 8. We use computations of the proof of Proposition 2 of Hansen et al. (2015). To bound N™(I,,,),
first observe that we only consider points of N whose ancestors are born before (2m —1)T'/(2J7), i.e. the distance

between the occurrence of an ancestor and I,,, is at least 2m7T'/(2Jr) — A — (2m — 1)T/(2Jr) =T/(2Jr) — A
since

2mT @2m+1)T
I, = —A .
" { 2Jr T 2Jr }
Using the cluster representations of the process, for any p € Z and for any ¢ € {1,..., K}, we consider B, ; the

number of ancestors of type ¢ born in the interval [p,p + 1]. The B, ¢’s are iid Poisson random variables with
parameter v,. We have

Jr—1

S =3 © 3 (e 4 () o B B (e (o1 5],

where WZ  is the number of points in the cluster generated by the ancestor k& which is of type £ and

Ji={p: 1<p<T-T/(2Jr)}
since
Jr—1
T
IpC|——-AT—-—]|.
U melg-ar-]
For the first term of the previous right hand side, we have used same arguments as Hansen et al. (2015) and the

lower bound of the distance determined previously. For the second term of the right hand side, since p < 0, this
lower bound is at least —p — 1 + % — A. Conditioned on the B, ¢’s, the variables (Wé,k) % are iid with same

distribution as W introduced in Lemma 7. Furthermore, by Lemma 7 applied with f = fq, since ||po| < 1, we
know that for tg > 0 small enough (only depending on ||po|| and K),

]EO [eXp(t()WK)] < Co,
where Cj is a constant. So, for any ¢ > 0,

X Snt 1/ T
Pri =Py Z Z Z (ng’k_A<2JT_A>>+>CT

(=1 pe g k=1

T
< exp( tocTH IT Eo HEolexp<to(W7k—2AJT+1> >|B,e
+

= 1p€j+

K
§exp(ftgcT)H TT Eo [(Hlto)) ] :exp(ftocTJrZ 3 V?(Hg(to)—l)),

=lpegt =1 pe g}

T
L
exp (to <W QAJT—i—l)Jr)],

< QAJT — 1> + eXp(to — Tto/(QAJT))EO [exp (toWK)]

<1+ Cy exp(to — Tto/(?AJT))

where

H((to) = Eo

satisfying

Hy(to) < Po (Wf
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Therefore,

K
Z Z V) (Hy(to) — 1) < (T — T/(2J7) exp(=Tto/(2AJ7)) < e~ 70198 T — o(t,cT)
(=1 pej;r

by choosing ¢ large enough and then
Pra S exp(—tocT/2).

Similarly,
K 0 Bp,@ 1
Pra=to[ X 3 X (Wamg (o145 -a)) zar
I=1 p=—o0 k=1 T +
K 0 ~
S exXp < — t(]CT =+ Z Z V?(Hz’p(t()) — 1)),
{=1p=—o0
where
~ T 1 »p
._ ¢ _
Hz’p(to) = EQ exp ( (W AJT + ]. + — A + A> )
satisfying R
Hyp(to) <14 Coexp(to +to/A —Tto/(AJr) + top/A).
Therefore,
K 0
Z Z Vg ng to - 1) < exp( Tto/(AJT)) = O(toCT)
=1 p=——oc
and then

Pra S exp(—tocT/2).
Finally, there exists ¢y (only depending on ¢y, so only depending on || pg|| and K) such that for all ¢y > 0 such that
for T large enough

JT 1
]P)f (Z N™ m > CoT) < 6760607’
and the first part of the lemma is proved.

For the second part, we only consider the case 1/2 < ||p|| < 1. The case ||p|| < 1/2 can be derived easily using

following computations. We have:
Jr—1

Z]E[Nm( m)l = &1+ Er2,

Ery =Ky eZK:EZZ( ;(22_A>>+
2?2

and, with ¢ = L2l 1og (LE1AL) > (1 ||

K 0 DL 1 T
. E E 14
((:T72 —Ef <Wp’k_A <— _1+h_A>)
=1 p=—00 k=1 +

with

7 on JFr, since for x > 0, x < €%, by using Lemma 7,

7ZVZ<6—HUIC logT(logT) 2/3 /7
=1
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for C” depending on A and K. Similarly,
5 —a-lelD?T K
Erg ST = [pl) 2 27 Y v
=1

Choosing kg small enough,

JT —1 _
ST EfN™(I)] = o(T)
m=1
O
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