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Dynamics of a stochastically perturbed
prey-predator system with modified Leslie-Gower
and Holling type II schemes incorporating a prey

refuge

Safia SLIMANI * Paul RAYNAUD DE FITTE fIslam BOUSSAADA ?

February 15, 2018

Abstract

We study a modified version of a prey-predator system with mod-
ified Leslie-Gower and Holling type II functional response studied by
M.A. Aziz-Alaoui and M. Daher-Okiye. The modification consists in
incorporating a refuge for preys, and substantially complicates the dy-
namics of the system. We also investigate a stochastic perturbation of

the system.
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1 Introduction

We study a two-dimensional prey-predator system with modified Leslie-
Gowers and Holling type II functional response. This system is a gener-
alization of the system investigated in the papers by M.A. Aziz-Alaoui and
M. Daher-Okiye [1, 5].

Aziz-Alaoui and M. Daher-Okiye’s model has been studied and general-
ized in numerous papers: models with spatial diffusion term [3], with time
delay [21], with stochastic perturbations [17, 16, 20, 14], or incorportaing a
refuge for the prey [4], to cite but a few.

The novelty of the present paper is that we add a refuge and a stochastic
perturbation, in a way which is different from [4], since the density of prey
in our refuge is not proportional to the total density of prey. This kind
of refuge entails a qualitatively different behavior of the solutions, even for
a small refuge, contrarily to the type of refuge investigated in [4]. Let us
emphasize that, even in the case without refuge, our study provides new
results.

In the first part of the paper, we study the system of [1, 5] with refuge,
but without stochastic perturbation:

a1y (X — p1)+
K1+ (X — p)+

S’ZY<P2—W>
Ro+ (x—p)4 )

x = x(p1 — %) —
(1.1)

In this system,

e x > 0 is the density of prey,



y > 0 is the density of predator,

i > 0 models a refuge for the prey, i.e, the quantity (x — u)4 =
max(0,x — ) is the density of prey which is accessible to the predator,

e p1 >0 (resp. p2 > 0) is the growth rate of prey (resp. of predator),

e 3 > 0 measures the strength of competition among individuals of the
prey species,

e a1 > 0 (resp. ag > 0) is the rate of reduction of preys (resp. of preda-
tors)

e k1 > 0 (resp. k2 > 0) measures the extent to which the environment
provides protection to the prey (resp. to the predator).

When the predator is absent, x satisfies a logistic equation and converges to

AL 50 we assume that

B?
0<pu<—.
Setting, for ¢ = 1,2,

- 2x(2) -2 (2).

_pB aipe KB P2
=—) &= y kZ - -
P1 201 P1 p1

m

we get the simpler equivalent system

_ ay(x —m)y
ki + (x —m)y

. Yy
(1Y
Y y( k2+($—m)+>’

where 0 < m < 1, all other parameters are positive, and (z,y) takes its
values in the quadrant R™ x RT.
In a second part, we study the stochastically perturbed system

_ay(t)(x(t) —m)
ki + (x(t) —m)+

y(t)
0 = m)+> dt + ooy (t)dws(t),

t=2z(1-2x)
(1.2)

dx(t) = (:E(t)(l —xz(t)) ) dt + o1x(t)dwi (t)

(1.3)

dy(t) = by(1) <1



where w = (w1, ws) is a standard Brownian motion defined on the filtered
probability space (2, F, (F;),P), and o1 and oy are constant real numbers.
The paper is arranged as following. First, we study the dynamics of the
deterministic system, where we show the persistence and the existence of
a compact attracting set, local study of equilibrium points, the existence
of a globally asymptotically stable equilibrium, and finally, we give some
sufficient conditions for the absence of periodic orbits, and some cases of
existence of limit cycles. In the second part, we show the existence and
uniqueness of the global positive solution with any initial positive value of
the stochastic system, and the boundedness of its pth moment. Finally, we
make numerical simulation to illustrate our results.

2 Dynamics of the deterministic system

In this section, we study the dynamics of (1.2).
Throughout, we denote by v the vector field associated with (1.2), and

B 0
v = vla—x + UQ@,
so that (1.2) reduces to (¢ = v; and § = vs).
The right hand side of (1.2) is locally Lipschitz, thus, for any initial
condition, (1.2) has a unique solution defined on a maximal time interval.
Furthermore, the axes are invariant manifolds of (1.2):

e If 2(0) =0, then z(t) = 0 for every ¢, and § = by(1 — y/k2) yields

y(0)ko

v = o) — 1)

thus lims—s o0 y(t) = ko if y(0) > 0.
o If y(0) =0, then y(t) = 0 for every t, and & = (1 — z) yields

z(0)

) = T ) = 1)

thus lims 1o (t) = 1 if 2(0) > 0.

From the uniqueness theorem for ODEs, we deduce that the open quadrant
10, +00[%]0, +00][ is stable, thus there is no extinction of any species in finite
time.



2.1 Persistence and compact attracting set

The next result shows that there is no explosion of the system (1.2). It
also shows a qualitative difference brought by the refuge: when m = 0, the
density of prey may converge to 0, whereas, when m > 0, the system (1.2)
is always uniformly persistent.
Let
A:{(x,y)ERQ;mgxgl, k2§y<L},

where L =1+ ko — m.

Theorem 2.1 (a) The set A is invariant for (1.2). Furthermore, if the
initial condition (x(0),y(0)) is in the open quadrant ]0,+oo[x]0,+oo],

we have
m < liminf z(t) < limsupz(t) <1
(2.1) t—+o0 t—+o00
' ko <liminfy(t) < limsupy(t) < L.
t—+o0 t—+o00

(b) In the case when m > 0, for any initial condition (x(0),y(0)) in the
open quadrant |0, 400[x]0, +00[, the point (x(t),y(t)) enters A in finite
time. In particular, the system (1.2) is uniformly persistent.

(c) In the case when m = 0, for any ¢ > 0 such that ks — e > 0, the
compact set [0, 1] x [ka — €, L] is invariant, and, for any initial condition
(2(0),y(0)) in the open quadrant |0, +o00[x]0, +o0], the point (x(t),y(t))
enters [0,1] x [k2 — €, L] in finite time. Furthermore :

(i) If aL < ki, the system (1.2) is uniformly persistent. More pre-
cisely, if (2(0),y(0) €]0, +00[x]0, +00[, we have
k‘l —al

o S
(2.2) lginﬁ&fx(t)_ P

(ii) If aky < k1 < aL, the system (1.2) is uniformly weakly persistent.
More precisely, if (x(0),y(0) €]0,+00[x]0, +00[, we have

(2.3) limsupz(t)
t——4o00
1— &y — T— ki —a)?+ a0k —
> min (kl—k‘z, il a—i-\/( ];1 @) +4(k ak2)>.
a

(iii) If k1 = aks, then



e if 1 — ki —a >0, the system (1.2) is uniformly weakly per-
sistent. More precisely, if (x(0),y(0) €]0,+oo[x]0,+oo[, we
have

(2.4) limsupz(t) > 1 -k —a.
t——+00
o if 1 — k1 —a <0, the point Es = (0, ka) is globally attracting,
thus the prey becomes extinct in infinite time for any initial
condition in ]0,+00[x]0, +00].
(iv) If k1 < aks, the point Ey = (0, ks) is globally attracting, thus the
prey becomes extinct in infinite time for any initial condition in
0, +-00[x]0, +o0].

Remark 2.2 A more general sufficient condition of global attractivity of
E, is provided by Theorem 2.7 (see Remark 2.8).

Proof of Theorem 2.1. (a) When m = 0, the first inequality in (2.1) is
trivial. In the case when m > 0, we need to prove that liminf; , . x(t) >
provided that z(0) > 0. Actually we have a better result, since, if z(0) <
then z coincides with the solution to the logistic equation & = z(1 — ) as
long as x does not reach the value m, that is,

2(0)

"= e 1)

If 2(0) > 0, this function converges to 1, thus there exists ¢,, > 0 such that
(2.5) t >ty = x(t) > m.

Note that, when m > 0, if z(t) = m, we have £ = m(1 —m) > 0. Thus
(2.6) (a:(O) > m] = [w(t) >m, Vt> 0] ,

which implies the first inequality in (2.1). Now, from the first equation of
(1.2), we have
T <z(l-—x),

which implies that, for every ¢t > 0,

(2.7) a(t) <




In particular, we have

(2.8) limsup z(¢) < 1 and {:17(0) <l=uzl) <1, Vt> O] .
t——+o00
This implies that, for any € > 0, and for ¢ large enough (depending on z(0)),

we have z(t) < 14 e. We deduce that, for any € > 0, and for ¢ large enough,
we have

Y . Y Y
(29) by<1 k2>_y(t)_by<1 k:2+1+6—m> y< L—|—e>7

which implies that, for ¢ large enough, say, t > tg,

y(O)kgebt

(o) (L + )1
PEOIC

2.1 .
(2.10) = T e+ y(lo) (@0 — 1)

Of course, if z(0) < 1, we can drop € in (2.9) and (2.10). Thus, we have
(2.11) [x(()) <1and ky < y(0) < L] = [kg <y(t) < L, vt > 0] .

We deduce from (2.6), (2.8), and (2.11) that A is invariant.
As € is arbitrary in (2.10), we have also, when y(0) > 0,
(2.12) ko < ltim_&nfy(t) < limsupy(t) < L.
—+00

t——+00

From (2.5), (2.8), and (2.12), we deduce (2.1).

(b) We have already seen that z(t) > m for ¢ large enough, let us now
check that z(t) < 1 for ¢ large enough. Since A is invariant, we only need
to prove this for z(0) > 1. Let € > 0 such that ks —e > 0. Let § > 0 such
that § +m < 1 and such that

a(ks —e)(1 — m).

(2.13) (@21-8)=2(l-2) <=

From the first inequality in (2.12), we have y(t) > ko — € for t large enough,
say t > to. From (2.8), we can take ¢y large enough such that, for ¢t > to, we
have also z(t) < 1+ e. Using (2.13), we deduce, for ¢ > ¢ty and z(t) > 1 — 4,

a(ke —e)(1 =3 —m)

a(t) < a(t) (1 —a(t) — Tp——

<_a5(k2—e)
- 1+e—m




ad(ka—e)
1+e—m

Thus z decreases with speed less than — < 0. Thus z(t) < 1— 0 for
t large enough.

We can now repeat the reasoning of (2.9) and (2.10), replacing € by —9,
which yields that lim sup,_, ., y(t) < L—4¢. In particular, y(¢) < L for ¢ large
enough.

To prove that y(t) > ko for ¢ large enough, let us first sharpen the result
of (2.5). This is where we use that m > 0. Let 6 > 0, with m + 6 < 1. If

|z —m| < 6, we have
lx(1—2)—m(1—m)|=|(x —m)(1—(z+m))| < |z—m| <.
For t large enough, using (2.10), we deduce that

_a(L+e)d
k1

ED::m(l—m)—é—M.

r > x(l —
z>x(l—2x) o

(we do not write ¢ here for the sake of simplicity). For § small enough, we
have D > 0. Thus, if m > 0, we can find § > 0 small enough (depending on
m), such that, when z(¢) is in the interval [m,m + J], it reaches the value
m + § in finite time (at most DJ), and then it stays in [m + 6,1]. Using
(2.5), we deduce that there exists t,,15 > 0 such that

(2.14) t > tmys = x(t) > m+4.

Using (2.14) in (1.2), we obtain, for ¢ > t,, s,

. Yy
>byl|1l—
y= y( k2+5>7

which yields, if y(0) > 0,

y(t) > y(tm+5)(k2 + 5)eb(t_tm+5)
T ko4 6 + Y(timgs) (et tmrs) — 1)

This proves that
liminf y(t) > ko + 6,

t—4o00

and that y > ks for ¢ large enough.

(c) Assume now that m = 0. Since the first part of the proof of (b) is
valid for all m > 0, we have already proved that z(t) < 1 and y(t) < L
for t large enough. Let € > 0 such that ko —e¢ > 0. For y < kg, we have
y > 0, thus [0,1] x [k2 — ¢, L] is invariant. Furthermore, for any initial



condition (z(0),y(0) €]0,+00[x]0,+oc[, since liminf;, - y(t) > ko, we
have y(t) > ko —e for ¢ large enough, thus (z(t),y(t)) enters [0, 1] X [k2 —¢, L]
in finite time.

(ci) Assume that aL < ki, and let € > 0 such that a(L +€) < k;. Let

K. = lﬁ%(f%) By the second inequality in (2.12), we have, for t large
enough

L
(2.15) :'va(l—x)—‘“(kfe)_Kex (1_;;,6).

Thus liminf z(t) > K,. As € is arbitrary, this proves (2.2). From (2.2) and
the first inequality in (2.12), we deduce that (1.2) is uniformly persistent.

(cii) Assume now that aks < k1 < aL. Observe first that, if lim sup,_, ., z(t) <
[ for some [ > 0, then, for ¢ large enough, we have z(t) < [, thus y(t) <
by(1 —y/ (k2 +1)). We deduce that

(2.16) limsupz(t) <= limsupy(t) < ko +[.
t—o00

t—o00

Let us now rewrite the first equation of (1.2) as

j;:a:(l—a;— “y> v (—(:c—l)(x—i—kl)—ay)

ki +x :kl—l-:L’

that is,

(2.17) = klai . (U(ac) - y)

where U(z) = (—1/a)(x—1)(x+k1). Since aks < ki, the point Es lies below
the parabola y = U(x), thus in the neighborhood of Es, for > 0, we have
z > 0.

By (2.16), if lim sup,_,,, (t) < [ for some [ > 0, then for ¢ large enough,
the point (z(t),y(¢)) remains in the rectangle R = [0,[] x [0, k2 4 {]. But if,
furthermore, [ is small enough such that R lies entirely below the parabola
y = U(x), then, when (z(t),y(t)) € R, we have &(t) > 0, which entails that
x(t) is eventually greater than [, a contradiction. This shows that, for [ > 0
small enough, we have necessarily

limsup z(t) > 1.

t—o0
Let us now calculate the largest value of [ such that (x,y) € R implies
y < U(z), that is, the largest [ such that

in U(z) > ks +1.
Loy U) =kt



From the concavity of U, the minimum of U on the interval [0, ] is attained
at 0 or [. Thus the optimal value of [ is the minimum of U(0) — kg = % — ko
and the positive solution to U(z) — ko = x, which is

1—k—a++/(1—k —a)?+4(k; — aks)
5 .

This proves (2.3).

(ciii) Assume that k1 = aky. With the change of variable § = y — ko, the
system (1.2) becomes

. ax -
x—kl_i_x(V(:n)—y)
)
T+ ko v

j=b

where V(z) = 1((1 - k1)z — 22). The second equation shows that § > 0
when § < z, and § < 0 when § > x. The first equation shows that & > 0
when (z, ) is above the parabola § = V(z), and & < 0 when (z,7) is below
the parabola § = V (z).

e Assume that 1 — k; —a > 0, that is, V/(0) = (1 — k1)/a > 1. Then,
the parabola § = V(x) is above the line § = z for all x in the interval 0, ],
where [ is the non-zero solution to V(x) = x, that is,

lzl—kl—a.

Let us show that limsup (¢) > [. Assume the contrary, that is, lim sup z(¢) <
d for some § < I. For t large enough, say, t > ts5, we have z(t) < 0. Let us
first prove that |g(t)| < d for ¢ large enough. If §(ts) < &, we have, for all
t > ts, as long as y(t) < 4,

[+ ko

g(t) < b
y(t) < T

(0 —y(1))-

Since the constant function § = § is a solution to § = b %(5 —7), we deduce
that §(¢) remains in [—ko, d] for all ¢ > t5. Furthermore, if g(t) < —¢, for

t > ts, we have y(t) > 0, thus

(t5) + ko

6 > b T2 ).

Thus ~
i) = sty exw (-0 752 0 1),

10



which proves that g(¢) enters | — §,d[ in finite time. Similarly, if §(ts) > 9,
then, for all ¢t > ts such that g(s) > J for all s € [t5,t], we have

i) <R G ),

thus

30) < 8-+ s) ~ 8y oxp (02020 1),
which proves that §(t) < ¢ after a finite time.

We have proved that, for ¢ large enough, (z(t),y(t)) stays in the box
[0,0[x] — 0,0]. Since V(z) > z for all = €]0,l[, we deduce that, for ¢ large
enough, we have
V() —o

ki+6
which shows that x(t) > ¢ for ¢ large enough, a contradiction. This proves
(2.4).

e Assume that 1 — k1 —a < 0, that is, V/(0) = (1 — k1)/a < 1. Then,
the portion of the parabola § = V(x) which lies in ]0, +00[x] — ko, +00][, is
below the line § = . This means that, for any ¢ > 0 such that ko — e > 0,
the system (1.2) has no other equilibrium point than Fj in the invariant
attracting compact set [0, 1] x [k2 — ¢, L]. Since there cannot be any periodic
orbit around F5 (because Es is on the boundary of [0,1] x [k2 — €, L]), this
entails that Fs is attracting for all inital conditions in [0, 1] x [k2 — €, L], thus
for all inital conditions in ]0, +-00[x]0, +-00].

#(t) > x(t)

(civ) If k1 < aka, we can use exactly the same arguments as in the case
when k1 = ake with 1 — k1 —a <0. ]

2.2 Local study of equilibrium points
2.2.1 Trivial critical points

The right hand side of (1.2) has continuous partial derivatives in the first
quadrant R™ x R*, except on the line = m if m > 0. The Jacobian matrix
of the right hand side of (1.2) (for = # m if m > 0), is
1—92p — ayiﬂl . —a(mim)+
(2.18) J(z,y) = < %’;12“96 m)y)? TE=M b_k1+($ 22”;)+ :
(ka+(z—m)4)% “22m ko+(z—m) 4

where 1,>,, =1if £ > m and 1,5, =0if z < m.

We start with a result on the obvious critical points of (1.2) which lie
on the axes.

11



Proposition 2.3 The system (1.2) has three trivial critical points on the
ares:

e Ey=(0,0), which is an hyperbolic unstable node,

e 1 =(1,0), which is an hyperbolic saddle point whose stable manifold
is the x axis, and with an unstable manifold which is tangent to the

line (b+1)(z —1) + ,i(izingly =0,

o s =(0,ks), which is

— an hyperbolic saddle point whose stable manifold is the y axis,

with an unstable manifold which is tangent to the line bx + (b +
1—%%%d0@—b):0#m>0or#%a<h,
— an hyperbolic stable node if m = 0 with aks > k1,
— a semi-hyperbolic point if m = 0 and aky = k1, which is
* an attracting topological node if 1 — k1 —a <0,
* a topological saddle point if 1 — k1 —a > 0. In this case, the

y axis is the stable manifold, and there is a center manifold
which is tangent to the line y — ko = x.

(Compare with the case (c) of Theorem 2.1).

Proof. The nature of Ey, Fq, and Es, is obvious since

_1 —a(l-m) 1 ak2q
70,0 = (; 2),J<1,o>=<01 k1+g—m>,5<o,k2>=< iy =0

The results on stable and unstable manifolds of hyperbolic saddles are
straightforward. In the case when FEs is semi-hyperbolic, since it is either a
topological node or a topological saddle (see [7, Theorem 2.19]), the nature
of Es follows from Part (ciii) of Theorem 2.1. In the topological saddle case,
that is, when m = 0 with ake = k; and 1 — k1 — a > 0, the eigen values
of J(0,k2) are —b and 1, with corresponding eigenvectors (0,1) and (1,1).
Clearly, the y axis is the stable manifold. the change of variables

X=x Y=(y—k)-z

yields the normal form

X =i=

X+kxﬂ—kﬁX—X2—MX+YD

12



X

((1—k1 —a)X—XQ—aY>,

::)(%—kl
. L X+Y + ko .
=i ) = X e (1 )

2

= —bY +X-b .

+ X + ko
We can thus write

X =A(X,Y)

(2.19) .
Y = —bY + B(X,Y),

where A and B are analytic and their jacobian matrix at (0,0) is 0. In the
neighborhood of (0,0), the equation 0 = —Yb + B(X,Y) has the unique
solution Y = f(X), where

FX) = 222X+ 0(X),

and g(X) = A(X, f(X)) has the form
2 a2k2

9(X) b

:]{:2

(1+k1—a— >+O(X).

From [7, Theorem 2.19], we deduce that there exists an unstable center
manifold which is infinitely tangent to the line Y = 0. ]

2.2.2 Counting and localizing equilibrium points

Let us now look for critical points outside the axes, i.e., critical points £ =
(z,y) with z > 0 and y > 0. From the results of Subsection 2.1, such points
are necessarily in A, in particular they satisfy x > m. We have, obviously:

Lemma 2.4 The set of equilibrium points of (1.2) which lie in the open
quadrant |0, +00[x]0, +00[ consists of the intersection points of the curves

(2.20) z(l—x)(ki+x—m)=a(ka+z—m)(x—m),
(2.21) kao+z—m=y.

Furthermore, these points lie in A.

13



We shall see that, when m > 0, the system (1.2) has always at least one
equilibrium point in ]0, +00[x]0, +-00[, whereas, for m = 0, some condition
is necessary for the existence of such a point.

e When m > 0, the solutions to (2.20) lie at the abscissa of the intersec-
tion of the parabola z = P(z) := a (k2 + 2 —m) (x — m) and of the third
degree curve z = Q(z) := z(1 — z) (k1 + © — m). We have P(m) — Q(m) =
—Q(m) = —kym(1—m) < 0 and, for z > 1, we have P(x) < 0 and Q(z) > 0,
thus P(xz)—Q(x) > 0. This implies that the curves of P and @) have at least
one intersection whose abscissa is greater than m, and that the abscissa of
any such intersection lies necessarily in the interval |m, 1[. The change of
variable X =z —m leads to

(2.22) R(X):=P(z) —Q(z) = X3 + 0o X* + a1 X +

with
(2.23)
as=a+k—14+2m, a1 = m2+m(2k:1 —1)+ake — k1, ag = —kim(1—m).

By Routh’s scheme (see [9]), the number p of roots of (2.22) with positive
real part, counted with multiplicities, is equal to the number of changes of
sign of the sequence

(224) V = <17a27a1 - Oéouao> 9
Q2
provided that all terms of V' are non zero. Thus p = 3 when

(2.25) as < 0 and ajas < ag,

and, in all other cases, p = 1. When p = 1, we know that the number n of
real positive roots of R is exactly 1. When p = 3, we have either n =1 if R
has two complex conjugate roots, or n = 3. So, we need to examine when
all roots of R are real numbers. A very simple method to do that for cubic
polynomials is described by Tong [24]: a necessary and sufficient condition
for R to have three distinct real roots is that R has a local maximum and
a local minimum, and that these extrema have opposite signs. The abscissa
of these extrema are the roots of the derivative R'(X) = 3X?2 + 202X + oy,
thus R has three distinct real roots if, and only if, the following conditions
are simultaneously satisfied:

(i) The discriminant Ag of R’ is positive,
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(ii) R(z)R(T) < 0, where z and T are the distinct roots of R'.

If R(z)R(T) = 0 with Ap > 0, the polynomial R still has three real roots,
two of which coincide and differ from the third one. If R(z)R(Z) = 0 with
Apr = 0, it has a real root with multiplicity 3, which is x = 7, and if
Ap = 0 with R(z)R(z) # 0, it has only one real root. Fortunately, all
radicals disappear in the calculation of R(z)R(T):

1
R(z)R(T) = 77 (404%040 — 020 + 403 — 18asaag + 2704(2)) .

In particular, Conditions (i) and (ii) can be summarized as
(2.26) a3 —3a; > 0 and 4a3ap — asa? + 4a3 — 18asarap + 2708 < 0.

Let us now examine what happens when one term of the sequence V in
(2.24) is zero. We skip temporarily the case ay = 0, which is equivalent to
m = 0.

o If avay = ag, we have
R(X) = (X +a)(X? + ),

and as and a1 have opposite signs, because ay < 0. Thus, in that
case, R has a unique positive root, which is v/—aq if as > 0, and —am
if ag < 0.

o If ay = 0, the derivative of R becomes R'(X) = 3X% + a1. If ag > 0,
R is increasing on | — 0o, oo[, thus it has only one (necessarily positive)
real root. If a1 = 0, we have R(X) = X3 + ap, thus R has only one
real root, which is ¢/—ag > 0. If oy < 0, R is decreasing in the interval

[—v/—a1,v/—aq], and increasing in [\/—a1, +oo[. Since R(0) < 0, R
has only one positive root. Thus, in that case too, R has a unique
positive root.

From the preceding discussion, we deduce the following theorem:

Theorem 2.5 Assume that m > 0. With the notations of (2.23), the num-
ber n of distinct equilibrium points of the system (1.2) which lie in the open
quadrant ]0, +00[x]0, +-00] is

(a) n=3if [0@ <0, apas < ag, a3 —3a1 > 0, and 4a3ag — a3ald +4a3 —

18asvaag + 27&3 < 0) ,
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(b) n=2if (042 <0, ajas < apg, a3 —3a1 > 0 and 4a3ag — a3a? + 4a3 —

18y + 2704(2) = 0) ,

(¢) w=1 1in all other cases, i.e., if (ag >0 or ajas > ag or a% — 301 <0
or 404%040 — 04%04% + 40&?’ — 18 g + 2704(2) > O) .
Remark 2.6 Numerical computations show that all cases considered in

Theorem 2.5 are nonempty. See Figure 1 for an example of positive numbers
(a, k1, k2, m) satisfying (2.25) and (2.26).

e When m = 0, the system (1.2) is exactly the system studied by M.A. Aziz-
Alaoui and M. Daher-Okiye [1, 5]. As x is assumed to be positive, (2.20) is
equivalent to the quadratic equation

(2.27) (1—2)(k1+z)=a(ks+x),

which can be written
w2—|—a21:+a1 =0,

where g = a4+ k1 — 1 and oy = ake — k1 as in (2.23). The associated
discriminant is

(2.28) A=a2—4a; = (a+k —1)% — daky + 4k,

thus a sufficient and necessary condition for the existence of solutions to
(2.27) in R is A > 0, i.e., k2 must not be too large:

(2.29) 4aky < (1 — k1 — a)* + 4k;.

Since the sum of the solutions to (2.27) is —as and their product is «;, we
deduce the following result:

Theorem 2.7 Assume that m = 0. With the notations of (2.23), the num-
ber n of distinct equilibrium points of the system (1.2) which lie in the open
quadrant ]0, +00[x]0, +00] is

(a) n=2if A >0 and a; >0 and ag <0, i.e., if

(2.30) daks < (1 — k1 — a)2 + 4k and aky > k1 and 1 — k1 —a > 0.
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(b) n=11if (A>Oand (a1<007“(oz1:0 anda2<0)]),0r (A:O

and ag < O) i.e., if
( (4ak2 < (1—k:1—a)2+4k:1] and [ak;Q < ky or (aky = ky and 1-k1—a > 0)) ] ,

or (4ak2:(1—k1—a)2+4k1 andl—kl—a>0],

(c) n=01if A <O, orif (ale(mdagz()],i.e., if
[4ak2>(1—k1—a)2+4k1] or (akgzkl andl—kl—QSO],

Remark 2.8 If m = 0 and n = 0, the point E» is the only equilibrium
point in the compact invariant attracting set [0, 1] x [k2 —¢, L], for any € > 0
such that ko —e > 0, thus FE» is globally attractive, because there is no cycle
around E» (since Ej is on the boundary of [0, 1] x [k2 — €, L]). This gives a
more general condition of global attractivity of Ey than the result given in
Parts (ciii) and (civ) of Theorem 2.1.

Remark 2.9 Since the roots of the polynomial R defined by (2.22) depend
continuously on its coefficients, Theorem 2.7 expresses the limiting localiza-
tion of the equilibrium points of (1.2) when m goes to 0. In particular, the
case (a) of Theorem 2.7 is the limiting case of (a) in Theorem 2.5. Indeed, it
is easy to check that Condition (2.30), with m = 0, is a limit case of (2.25)
and (2.26). This means that, in the case (a) of Theorem 2.5, when m goes to
0, one of the equilibrium points in the open quadrant ]0, 4+00[x]0, +00[ goes
to Ey and leaves the open quadrant |0,+00[x]0,+00[. (Note that, when
m = 0, the equilibrium point Ey = (0, k2) is in A.)

Remark 2.10 When k; = ko := k, since z > m, Equation (2.20) is equiv-
alent to (1 — z) = a(z —m), i.e.,
22 +x(a —1) —am,

thus it has at most one positive solution. In that case, the coordinates of
the unique non trivial equilibrium point E* can be explicited in a simple
way, and we have

1-— 1—a)?+4
E*z( a—i—\/(2 O+ am,k+m*—m>.

If a > 1, the point E* converges to Ey when m goes to 0. If @ > 1, it
converges to (1 —a,1 —a+ k).
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2.2.3 Local stability

Let E* = (z*,y*) be an equilibrium point of (1.2) in the open quadrant
10, +00[x]0,+00[. Since E* is necessarily in A, we get, using (2.18) and
(2.21),

_ ok _ ay*ky —a(z*—m)
(2.31) T y") = (1 2z b(k1+z*—m)2 k1+x;)_m> )

The characteristic polynomial of 7 (x*,y*) is

x(\) = A2 4 s+ p,

where
(2.32)
. e . ayk
s = — Trace (J(z*,y%)) = -1+ 2z +m+b7

(2.33)
p=det(J(z%y")) =b (—1 + 2% +

ay*kq n a(x* —m)
(k1 +a2*—m)2 ki+z*—m)

The roots of x are real if, and only if, A, > 0, where

2
ay*ky a(z* —m)
i b) — gyt T

A,=s>—dp=|-1422"+——= " .
x =S p < +$+(k1—|—x*—m o —m

The point E* is non-hyperbolic if one of the roots of y is zero (that is, if
p = 0), or if x has two conjugate purely imaginary roots (that is, if s = 0
with p > 0). If only one root of y is zero, that is, if p = 0 with s # 0, the
point E* is semi-hyperbolic.

a- Hyperbolic equilibria When E* is hyperbolic, we get, using the
Routh-Hurwitz criterion, that E* is

e a saddle point if p < 0,

an unstable node if s < 0 and p > 0 with A, >0,

an unstable focus if s < 0 and p > 0 with A, <0,

an unstable degenerated node if s < 0 and p > 0 with A, =0,

a stable node if s > 0 and p > 0 with A, > 0,
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e a stable degenerated node if s > 0 and p > 0 with A, =0,

e a stable focus if s > 0 and p > 0 with A, < 0.

Remark 2.11 An obvious sufficient condition for any equilibrium point
E* € A to be stable hyperbolic is m > 1/2, since z* > m. This condition
can be slightly improved, as we shall see in the study of global stability (see
Theorem 2.19).

Application of the Poincaré index theorem When E* is an hyper-
bolic equilibrium, its index is either 1 (if it is a node or focus) or —1 (if
it is a saddle). Let n be the number of distinct equilibrium points, which
we denote by ET,...,E;, and let Iy, ..., I, their respective indices. As we
shall see in the proof of the next theorem, by a generalized version of the
Poincaré index theorem, we have Iy + ... + I, = 1. When all equilibrium
points are hyperbolic, this allows us to count the number of nodes or foci
and of saddles.

Theorem 2.12 Assume that all equilibrium points of the system (1.2) which
lie in the open quadrant |0, +00[x]0, +00] (equivalently, in the interior of A)
are hyperbolic, and let n be their number.

1. Assume that m > 0. Then n is equal to 3 or 1.

o Ifn =1, the unique equilibrium point in the interior of A is a
node or a focus.
o Ifn=3, the system (1.2) has one saddle point and two nodes or
foci in the interior of A.
2. Assume now that m = 0. Then n is equal to 2, 1, or 0.
o Ifn =2, one equilibrium point is a node or focus, and the other
is a saddle.

e Ifn =1, the unique equilibrium point in the interior of A is a
node or a focus.

Proof. Let N (respectively S) denote the number of nodes or foci (respec-
tively of saddles) among the hyperbolic singular points which lie in A.

1. Assume that m > 0. By Theorem 2.1, the vector field v = vla% —1—1}26%
generated by (1.2) is directed inward along the boundary of A. By continuity
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of v, we can round the corners of A and define a compact domain A’ C A
with smooth boundary which contains all critical points of A, and such
that v is directed inward along the boundary of A’. Applying a generalized
version of the Poincaré index theorem (see e.g. [15, 10, 22]) to v in A, we get
N—S =1. Since 1 < N+ < 3, the only possibilities are (N = 1 and S = 0)
or (N=2and S=1).

2. Assume now that m = 0. We use the same reasoning as for m > 0,
but with a different domain. Instead of A, we consider the domain

B =[—€1] x ke — ¢, L]

for a small € > 0. Thus B contains FEs.

e With the notations of (2.17), if ake > ki, we have y > U(x) for z = 0 and
for all y € [ka, L]. We have

vy @ (U(m) — y)

:k‘l—l-.%‘

By continuity of v, we can choose € > 0, with € < k1, such that the inequality
y > U(x) remains true on the rectangle [—¢, 0] X [k2 — €, L]. We then have
vy > 0 on the segment {—€} x [k2 — €, L]. Since vy > 0 for y = ko — € and
v < 0 for y = L, the field v is directed inward along the boundary of B.
Again, by rounding the corners, we can modify B into a a compact domain
B’ with smooth boundary which contains the same critical points as B and
such that v is directed inward along the boundary of B’. By the Poincaré
Index Theorem, we have N’ — S’ = 1, where N’ (respectively S’) is the
number of nodes or foci (respectively of saddles) in the interior of B'. If we
have chosen € small enough, the singularities of v in B’ are those which are
in the interior of A, with the addition of the point Fs, which is a node by
Proposition 2.3. Thus N = N’ — 1 and S = S’ which entails N — S = 0.
Thus, taking into account Theorem 2.7, we have N = S =1 (if n = 2), or
N=S=0(ifn=0).

e If aky < ki, F» is a saddle point, thus, constructing B and B’ as precedingly,
we have now S = S’ — 1 and N = N’. Furthermore, the vector field v is
no more outward directed along the whole boundary of B.We use Pugh’s
algorithm [22] to compute N’ — S’: taking e small enough such that the
vector field v does not vanish on 0B’, we have

(2.34) N' =8 =x(B) —x(0B") + x(RL) — x(OR") + x(R*) — x(0R?),
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where y denotes the Euler characteristic, RL is the part of the boundary
of B’ where v is directed outward, and R? is the part of OR! where v
points to the exterior of RL. Since ky < ki1/a, we see that the parabola
y = U(x) crosses the line {v = —e; y > ko} at some point (—e¢,r), so
that the part of the boundary of B where v points outward is the segment
{—€} x [k2 — ¢,min(r, L)]. Thus, for small ¢, R' is an arc whose extremities
are tangency points. Observe also that, since v; < 0 for z < 0 and v < 0
for y > ko +x > 0, the field v points toward the interior of R at those
tangency points, thus R? is empty. Formula (2.34) becomes

N(v)=1-0+4+1-2+0-0=0,

that is, N—S = N'—(S’—1) = 1. Since, by Theorem 2.7, we have N+S = 1,
we deduce that N =1 and S = 0. 0

b. Semi hyperbolic equilibria This is when p = 0 and s # 0. The set
of parameters such that p # 0 is nonempty. Indeed, the values a = 0,5,
b= 0,01, m = 0,001, ko = 0,25, k1 = 0,08 lead to p = —0.1003032464
with ap = 0.044161 > 0 and a = 0,5, b = 0,01, m = 0,001, ky = 0,25,
k1 = 0,112 lead to p = 0.002422466814 with as = 0.012225 > 0. Since
g is linear function of ki, this shows that as > 0 for a = 0,5, b = 0,01,
m = 0,001, ko = 0,25 and 0,08 < k; < 0,112. Thus, by Theorem(2.5), for
all these values, the number n of equilibrium points remains equal to 1. By
the intermediate value theorem, we deduce that there exists a value ki, with
0,08 < k1 <0,112, such that, for a = 0,5, b = 0,01, m = 0,001, ko = 0, 25,
the unique equilibrium point satisfies p = 0.

From (2.32), (2.33) and (2.23), it is obvious that we can chose b such
that s # 0 without changing p = 0 nor the coefficients ag, a1, ao.

For p = 0, the Jacobian matrix J(z*,y*) is

=7 ).

The change of variables

apY —bX XY
ap—1b N

- Y

ap—7>
yields

k * —b _ 3 k ok 3
vy =ap(ap — b)o + a%p 1(y*ap —br) — pr” 5 aki(k —y") +K° o

K3 K3
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akm(b +ap) + p(263 — y*k1a) bk — y*ap 03

ou + a3k1p2

K3 K3(Kk +u+ pav)
. bs + 2apk — 3y* 2 — 3y
—aky y R u? + ak f ot 2apk — 3y apu20+a2k1p r ot apk — 5y 9P w2y
k3(K 4+ u+ pav) k3(K +u+ pav) k3 (K 4+ u + pav)
—b 4 2bpa — p*a?
ve =b(pa —b)o+b topa—pa v
u-+pav 4 y*
The coordinates of v are, in the basis (%, a%),
i=— 1 (apV —bX) = ——( bor)
= a — = apvy — 0V
ap—b P ap—b pL2 1
b (—k1y*a + k3 + aky)u? N aki(k —y*) i ap(—/i3pa+y*k1a2p—mak:lb)n2
b—pa K2 K3(k+u+ pav) K3
a®k1p? (kb — y*ap)ng _ak(kib+akip + 26%p) — 2y*k1a®p ow — a_bQ +2bpa — p*a’ 02
k3(k+u+ pav) K3 P u+ pav + y*
N aky(bk + 2akp — 3y*ap)u2U a’k1p(2bk + akp — 3y*ap) o2
k3 (k+u+ pav) k3(k+u+ pav)
. 1 . . 1
b= — X-V)= .
ap—b( ) ap—b(vl v2)
1 k1b 3 _yk kik — ky* 3
:(ap—b)n—|— agplli+pli3 Y 1ap02+a 1K 13ya—|—f1u2
b—pa K K
kib k 20 K3 — 27k *ap — b *—
+a2 rtakipk t epk i 1apun+k1a3p2 yap—on 03 + ak; gy u?
K3 k3(Kk + u+ pav) k3(Kk +u+ pav)
—b)? 3y*ap — k(b +2 3y*ap — apr — 2b
(ap —b) 02 4 a2 ap —r(b+ aﬂ)uzn+klazp y*ap — apk — 20k
u+pav + y* k3(k+u+ pav) K3(k+u+ pav)

We can thus write
u=A(u,n)

2.35 .
(2:35) v =Av + B(u,v),

where A and B are analytic and their jacobian matrix at (0,0) is 0 and
A > 0. It is not easy to determine v = f(u) the solution to the equation
Av + B(u,v) = 0 in a neighborhood of the point (0,0), for that we use
implicit function theorem. We find :

Case 1: if k3 — ky*a + akik # 0,

B K3 — ky*a + akik 2
k3(b+ p?a® — pab)

fu) =
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and g(u) = A(u, f(u)) has the form

bk —ky*a+ akik

gw) = 5= 3

i,

We apply [7, Theorem 2.19] to System (2.35). Since the power of u in f(u)
is even, we deduce from Part (iii) of [7, Theorem 2.19] :

Lemma 2.13 If E* is a semi-hyperbolic equilibrium of (1.2) in the posi-
tive quadrant ]0, +00[x]0, +-00[, and if k* — ky*a + akik # 0, then E* is a
saddle-node, that is, its phase portrait is the union of one parabolic and two
hyperbolic sectors. In this case, the index of E* is 0.

Case 2: if k% — ky*a + akik =0

=)

And g(u) = A(u, f(u)) has the form

B baki(k —y*) 5
g(U) - I€4((1p—b)2 u-.
Again, we apply [7, Theorem 2.19] to System (2.35). Since the power of u

in f(u) is odd, we look at the cofficient of u® and we have two possibilities :
P1: If k; > ko, we deduce from Part (ii) of [7, Theorem 2.19] :

Lemma 2.14 If E* is a semi-hyperbolic equilibrium of (1.2) in the positive
quadrant )0, +00[x]0, +oo[, and if k* — ky*a + akik = 0 with ky > ko, then
E* is a unstable node. In this case, the index of E* is 1.

P2: If k; < ko, we deduce from Part (i) of [7, Theorem 2.19] :

Lemma 2.15 If E* is a semi-hyperbolic equilibrium of (1.2) in the positive
quadrant )0, +00[x]0, +oo[, and if K> — ky*a + akik = 0 with ky < ko, then
E* is a saddle. In this case, the index of E* is -1.

Remark 2.16 From Theorem 2.12, when the system 1.2 has one equilib-
rium point, this point cannot be a saddle.
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Hopf bifurcation When A, < 0, the roots of x are LAV W. The
values of z*, y* and p do not depend on the parameter b, whereas s is an
affine function of b, so that the eigenvalues of y cross the imaginary axis at
speed —1/2 when b passes through the value

ay*ky

b0:1—2$*+ 5 -
K

Let us check the genericity condition for Hopf bifurcations. We use the
condition of Guckenheimer and Holmes [11, Formula (3.4.11)]. Let us denote

ﬁ:f(u,b), b:g(uvn)7

and fyp = %, etc. We have

A= fuuu + funn + Guuo + Govw

+ % (fun(fuu + fnn) - gun(guu + gnn) - fuuguu + fnngnn)

A = akik3 (=20 + K)DE + K (2eK° + 2k1y* ak® — K3 ckia + 3kckiy*2a + ka?k2y* — 202Ky )b
— 2¢(c — y* )RS + akiktey® + 2acy k1 (=2y* + o)k° — 3% k1y*2ac® — a®kikey? + 2Ky ae

If A < 0, then the periodic solutions are stable limit cycles, while if A > 0,

the periodic solutions are repelling. See Figure (3) for a numerical exemple.

c- Non-elementery equilibria Let us rewrite the vector field v = v; 8% +
vga% associated with (1.2) in the neighborhood of an equilibrium point E* =
(*,y*) € A. Let X =2z —2* and Y = y — y*. Since E* is a critical point
of v, we have

ay(x —m)
m=rl =) e e
Y +y)(X +2* —m)
X+ar+k—m
ay' @ —m)  a(Y(X +a° —m) + Xy)
X+xzr+k—m X+zr+k—m

S (X a1 —a—x) - X

=z"(1—2%)+ X(1 -2z - X)

ay*(z* —m)
¥+ k1 —m
ay”(z* —m) ay”(z* —m) a(Y(X +a" —m) + Xy")

x*+k1—m_X—|—a:*+k1—m X+zr+k—m

=z*(1 —z%) +X(1-22"-X)
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ay*(z* —m)  ay*(x*—m)  a(Y(X 2" —m)+ Xy
a*+ki—m X +at+k—m X+az*+k—m

:X(1—2:1;*—X)+

1 1
( X )‘l‘ay (33 m)<x*+k‘1—m X+$*+k1—m>

a(Y(X +a" —m) + Xy")
- X+a*+k—m

X(1— 2% — X) + ay*(z* —m)X a(¥(X +a* —m)+ Xy*)
= — 2r* — B |
(:U*-f—k’l_m)(X'f-x*—f-kl—m) X+t +k—m
For simplification, we denote
$* —m
2.36 ke _ at-m
( ) K =2 + K1 —m, ey e

thus

a(Xy*(p— 1) —=Y(z*—m)— YX)

v =X(1-22*—X)+

X+k
Using the equality
1 1 X xn er_l
r+ K K< 7 + ( )Kn-i-( ) K”(a:+K))’ n>1,
we get

v =X(1—-22* - X)

K kKX +K)
=X(1-22"-X)
+%<Xy*(p— 1) — Y (2" —m) _YX>
- %(Xy*(p— 1) = Y(z* —m) _YX>
- nZ(i(Xj k) (Xy*(ﬂ— 1) =Y(z* —m) - YX)
=X (1 — 2"+ %y*(p— 1)) - %(x* —m)



“k “k k
—X<Laﬁ—w j—yw—xﬂ}—w g—Xyal
K K

k3(X + k) K2 X+k
(2.37) :X(12*a%ﬁ)YwXQO a%ﬁ)xym?
K K K
3 ay'ky L x? aky
K3(X + k) R2(X + k)
Since y* = z* + ko — m, we have also
Y +y* Y +y*
=bY +y")(1- ——L ) =b(Y +y")(1-
vz = b( +y)< b+m—n) ( +y)< X+yJ
Y +y*
=b(X -Y
( )X+y*
1
=bX-Y)(1-(X-Y
-1 (1- -V
b X
2.38 =X -Y)-—(X-Y)?(1-
239 =ux-¥) - -1 (- )

This shows in particular that the linear part of v is never zero. Thus the
only non-hyperbolic cases are the nilpotent case and the case when E* is a
center for the linear part of v. Let us now investigate these cases :

ci. Nilpotent case

This is when p = 0 = s. From the discussion at the beginning of Case b, it
is clear that this case is nonempty.
In this case, the Jacobian matrix J(z*,y*) is

soran=(t 7).

With the preceding notations, we thus have

“k k “k k
mZMX—W—X%F—W O—XWG—X3ay1+XW am
K

K3

The change of variables

k3(X + K) kK2(X + k)



ak1
kK2(u+ K)

ki 5 ay'k

yields
_ 2 ay*ky a 1 9
v = —bb—u (1— 3 >—u(u+b),€2—uﬁ3(um+u(u+n)

*k k k
= —vb—u? <1—ay 1+al)—uba !

K3 K2 K2
ak * ak?
b (L) e
k2(u+ k) K K2(u+ k)

1)22—01)—022 <1— Y >

The coordinates of v are, in the basis (

fl:X:’Ul
f’ZY—X:’Ug—Ul

b *k k k
S S S (. S R T e
y* u -+ y* K3 K2 K2

k * k?
K2(u+ k)

*k k k b k *
:uQ(l_ay 1+a21>+una21—02+u3a1<y—1>
K K Yy

K3

k2 b
—u?p 5 e + up? .
K2 (u+ k) y*(u+y*)

We can thus write

u= —vb+ A(u,v)

(2.39) b — Bluw.v).

where A and B are analytic and their jacobian matrix at (0,0) is 0. In
the neighborhood of (0,0), the equation 0 = —vb + A(u,v) has the unique
solution v = f(u), where

—u? (1 - A g o) Bk (V)

K2 K2 (u+tk)

) = i
b ush —

1 “k k k1 (—kly*a + k3 + aklk + b2 — y*Kb

L ngL ek ok oY sk

b K3 K2 b2K5
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Let F'(u) = B(u, f(u)). Since A(u, f(u)) = bf(u) and B(u,v) has the form

b
B(u,0) = vb — A(u,0) — vb — 0> — (1— 4 >,

we have
b u
Fu)=—bf(u) — f2(u)— (1-—
@ == - £ (1- =)
(—k1 y akb— k12y* a® + k3aky + aky k2b + a2/<:12/<c) ud
B K5b2
br2ky y* a — k°b — br3aky) u?
(n 1y a—k /fal)u +0(u3).

KPb?
Let also G(u) = (0A/Ou+ 0B/0v)(u, f(u)). We have

ay*ky  aky aky
— 2up————
PR ) + K2(u

CLk‘l
aA/au: —U? —2u (1—

+ k)
aky y* 3 akp y* 9 aky
g2 M (LY q) 3 M (Y )
U K2(u+ k) < K + > Y K2(u+ k)2 K + " K2(u+ k)2’
b k k
OB/dv = — 20— [1— —2 ) 420 290
y* u+y* K2 K2

Replacing v by f(u) yields

ay*k1  aky akq
G(u) =u [—2 (1 — Ii?’ + Ii2> + IQQ]

1 “ky aky\ ak k -
+u? [b(l—ay 1+C;21>a1+3c;31 (—iﬂcl)] +o(u?)

K3 K2
Case 1: 1—‘”’;73’“—1—“?’217&0,&611

ay*k1  aky

Fu) = u?(1— +og)+ o(u?).

K3

and

ay*ky  aky akq
G(u) =u [—2 (1 — 3 + /-€2> + 1’12]

1 ki aki\ aky  Lak [ ¥
+ 12 [b<1—ay ! +C;21> o (—‘Z+k1>] +o(u?)

K3 K2

We can now apply [7, Theorem 3.5] to system (2.39). Since the coefficient
of u? in F(u) is nonzero, we deduce from Part (4)-(i1) of [7, Theorem 3.5] :
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Lemma 2.17 If E* is a nilpotent equilibrium of (1.2) in the positive quad-
rant )0, +o00[x]0, 400, and if 1 — ayf:—skl + ‘f% £ 0, then E* is a cusp, that
18, its phase portrait consists of two hyperbolic sectors and two separatrices.
In this case, the index of E* is 0.

Case 2: if 1 — 72 LI “kl =0, then

akl (—k:ly*a + K3 4 aklk + br? — y*/ib)
b2K5

flu) = u? + O (u?)

1

— %ug + O (ug)

F(u) = %u:g + o(u?).

Gu) = u [‘f;] [3 <+k12]

2.39). Since the coefficient of
)-(ii) of [7, Theorem 3.5] :

and

Again, we apply [7, Theorem 3.5] to System (
u? in F(u) is positive, we deduce from Part (4

Lemma 2.18 If E* is a nilpotent equilibrium of (1.2) in the positive quad-
rant |0, +00[x]0, +o00[, and if 1 — “yﬁfl C;k; =0, then E* is a saddle point.
In this case, the index of E* is -1

co. The case of a center of the linearized vector field

The point E* is a center of the linear part of v if the Jacobian [J (z*,y*) has
purely imaginary eigenvalues +i,/p, that is, when p > 0 and s = 0. Again,
this case is nonempty. Let us denote
ay*ky

K2

(2.40) bo =1 —22* +
With the notations of (2.36), we have p > 0 and s = 0 if, and only if,
(2.41) b=1by < ap.

Note that x*, y*, as well as by, a, p, and the sign of p do not depend on the
parameter b, and that s = b — by. Let us fix all parameters except b, and
assume that A, < 0, that is, the eigenvalues of J(z*,y*) are

—s 2 i\/4p — 52

2
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These eigenvalues cross the imaginary axis at speed —1/2 when b passes
through the value by. Let us denote ¢ = ap. By (2.37) and (2.38), we have

ay*ky akq 3 ay'ky 9, k1
=Xby—Ye—X?(1- - XY — - X°"—— + XY —
Y 0 ¢ ( K3 ) K2 r3(X + K) * K2’

X v Zix oy (1o X
vy =(X—=Y)b y*(X Y) (1 X+y*>.

Let us denote by (4, j) the standard basis of R?. In this basis, the matrix of
the linear part ¢ of (X,Y) — (v1,v2) is

A(b) = <bbo :Z) .

Let
C—b(] C—bo
5 =+/det A(bg) = \/bo(c —by), 7= =\
L 1 .
u=t+J, U:ggp(u) = —7i.

The matrix of ¢ in the basis (u,v) is

The coordinates (u,v) in the basis (u,v) satisfy u =Y, v = %(Y - X),
X =u—v7, Y =u. The coordinates of v in the basis (%, %) are

. b 5 o u— vy )
u=vp=-byo+—70|(1—-—-—77—]),
? v y’"7 ( u—vy+y*
1

f) = *(’UQ — Ul)
Y

b -0
— o Do <l_uv>
y* u—vy+y*

—i[(u—n'y)bo—uc—(u—tw)2 (1—

oy WL 2%
(u—v7y) 53(u—07+n)+u(u vy) KQJ.
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In particular, for b = by,

. —-b -0
u:—50+67*002 (111’}/*>’
Yy

u—vy—+y
. —b -0
b =ou+ - O02<1—u 7 )
* u—oy+y*

2.3 Existence of a globally asymptotically stable equilibrium
point

When m = 0, in the case (c) of Theorem 2.7, we have seen that (1.2) has
no cycle, because the compact set delimited by a cycle would contain a
critical point, see [2, Theorem V.3.8]. As the compact set A is invariant
and contains all equilibrium points of the open quadrant |0, +00[x]0, +o00],
all trajectories starting in the quadrant R* x R* converge to Fy or Ey (Ej
is excluded because it is an unstable node). On the x axis, we have § = 0
and x satisfies the logistic equation & = z(1 — z), thus, for z(0) > 0, z(¢)
converges to 1, i.e., (z(t),y(t)) converges to F;. On the other hand, for
0 <y < ka4, we have § > 0, thus, if y(0) > 0, (x(t), y(t)) cannot converge
to E1, it converges necessarily to Es.

Theorem 2.19 A sufficient condition for the existence of a globally asymp-
totically stable equilibrium point E* = (z*,y*) in the open quadrant |0, 4+00[x]0, 00|
(equivalently, in the interior of A) is that

(2.42) [2m+k121] and [(m>o) or (4ak2§(1—k1—a)2+4k1)).

Proof. Let E* = (z*,y*) € A be an equilibrium point in the interior of A.

Let us denote

pla) = 2=

and let us set

* u—x* 1 [Yo—y*
Vv = du+ — dv.
(z,9) /x (k2 +u—m)p(u) ut b/y v Y
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Then, using (2.20) and (2.21), we have

- r —x* A ly—y" .

V_(k‘2+:n—m)p(1:) +b Yy Y

oz ac(l—:c)i alzr—m) 1 - B Y
_k‘2+:z:—m< p(x) k1+$—mp(l‘)y>+b(y y)b(l

B x—z* x(l—:c)(k:1+$—m)_ * _($_$*)(?J_y*)
_a(k2+a:—m)( r—m y> ko+x—m

+(y—y*)< v Y >

k2+x*—m_k2+m—m
B x —x* x(1—z)(k1+x—m) a"(1—2a%) (ki +2*—m)
_a(k2+x—m)< B >
(=) (y—y)
ko +x—m
y* (ke + . —m) —y(ka + 2* —m)
(ko +z* —m)(ka +x —m)

Tr—m ¥ —m

+ (W —vy")

Let us denote g(z) = z(1 — z)(k1 + 2 — m)/(x — m). Then

. z-g N C [l )
Vﬁa(kzg—i-a:—m) (9(z) = 9(a")) ky+2x—m
o W —y)(ky —m) +y*z — ya”
) e — bt —m)
T — (@ —a")(y —y")

= alta—m) (9(z) = g(z7)) -

alke +x —m ko+x—m

N y—y" W —y) (@ +ky—m)+y(z—2")

y* ky+x—m
_wet ey U m ( —y)(@T  Ry —m)
= ol o —m) W@ — 9@+ =2 P —
- k2+alc—m <x_ax (9(z) —g(a)) = (y—y*)2> '

For = > m, a sufficient condition for V to be negative when (z,y) # (z*, y*)
is that g be nonincreasing. Let us make the change of variable X =z — m.

We have x L x Xk
g(x):( +m)( - X_ m)( + 1)’

which leads to

—2X3 4+ (1 =2m — k) X2 —ki(m —m?
J(x) = ( X;) 1( )
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Thus, if 2m + k; > 1, ¢’(X) remains negative for X > 0, i.e., for z > m.
Thus, for 2 > m, under the assumption (2.42), V is negative.

We have seen that the first part of (2.42) implies that the equilibrium
point E*, if it exists, is globally asymptotically stable. Note that Condi-
tion (2.42) is independent of the coordinates of E*, and the global stability
implies that the equilibrium point E*, if it exists, is unique.

The second part of (2.42) is a necessary and sufficient condition for the
existence of such an equilibrium point.

When m > 0, we already know that there exists at least one equilibrium
point in A. Actually, Condition (2.42) implies that the coefficient g =
a+ ki — 14 2m of (2.23) is positive. Thus, when m > 0, (2.42) is a
particular case of (c) in Theorem 2.5.

When m = 0, by Theorem 2.7-(c), since ay > 0, there exists an equilib-
rium point in the interior of A if, and only if, (2.29) is satisfied. O

2.4 Cycles

Let us investigate the existence of periodic orbits of (1.2). By Theorem 2.1
such orbits can take place only in A.

2.4.1 Refuge free case (m=0)

This case has been studied by M.A. Aziz-Alaoui and M. Daher-Okiye [5],
but we add some new results.

Lemma 2.20 In the cases (c) and (a) of Theorem 2.7, that is, when (1.2)
has 0 or 2 equilibrium points in the open quadrant ]0,400[x]0, +o0[, the
system (1.2) has no limit cycle. On the other hand, in the case (b) of
Theorem 2.7, that is, when (1.2) has 1 equilibrium point in the open quadrant
10, +00[%]0, +00[, if furthermore s < 0 and p > 0, the system (1.2) has at
least one limit cycle.

Proof. In the case (c), the only equilibrium points of (1.2) in Rt x Rt are
the trivial points Fy, Ej, and FEo, on the axes. Thus (1.2) has no cycle,
because the compact set delimited by a cycle would contain a critical point,
see [2, Theorem V.3.8].

In the case (a), if there was a cycle inside A, we could apply the Poincaré-
Hopf Index Theorem to the compact manifold whose boundary is delineated
by this cycle (see [18] for a version of this theorem when the vector field
is tangent to the boundary). Denoting N the number of nodes or foci and
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S the number of saddles in the open quadrant ]0,400[x]0, 4+00[, we would
have N —S = 1. But Theorem 2.12 shows that N — S = 0, a contradiction.

In the case (b), if s < 0 and p > 0, the system (1.2) has an unstable
equilibrium point. From Theorem (2.1) and Poincare-Bendixson Theorem,
there exists at least one limit cycle around this equilibrium. ]

Note that the conditions of Lemma 2.20 do not involve the value of b.
Using Bendixson-Dulac criterion, M.A. Aziz-Alaoui and M. Daher-Okiye
obtain another criterion:

Lemma 2.21 [5, Theorem 7] if b+ k1 > 1, then the system (1.2) has no
ltmat cycle.

2.4.2 Case with refuge (m>0)

By Theorem 2.19, if Condition (2.42) is satisfied, there can be no periodic
orbits.

Let us now give some sufficient conditions for the absence of periodic
orbits, using Bendixson-Dulac criterion. Let us denote by f(z,y) and g(z,y)
the coordinates of the vector field in (1.2). For a Dulac function, we choose

D(z,y) =z + ki —m.

Let us look for conditions that ensure that 242} 4 %Q/D) < 01in A. We have

ox
D
8%; )(ac,y) = 32 +2(1 — k1 +m)x+k —m — ay,
0gD) (, v - Ma -tk —m)(@+ ks —m—2y)
For (z,y) € A, we have
D
OUID) (1) <~ 4 2(1 — by + )+ oy — 1 — e

Since the maximum of —3m? + m is 1/12 and the maximum of —m? +m is
1/4, we deduce:

9(fD)

1—k1+m>0:>7(x,y)<—3m2+m—k1—ak2+2
1
<24 kg —
> +12 k‘l ak‘g,
d(fD)

1-k+m<0= (ﬂs,y)<—m2+m(1—2k‘1)—k1—akz2

ox
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2

< -—m"—m —ki —aky <O.

In particular, a condition that ensures that % <0in A is

1
(2.43) (k1 > 14+ m)or (aks+ ki >2+ E)
On the other hand, for (z,y) € A, 6(gyD) (z,y) has the same sign as x + kg —
m—2y, and we have z+ ko —m—2y < 1—m—ko. Thus a sufficient condition
for 8(55) <0in Ais
(2.44) ko >1—m.
The same technique does not provide any sufficient condition for %f) +

%5) > 0 in A. So, our next result concerning the absence of cycles is:
Lemma 2.22 A sufficient condition for (1.2) to have no periodic solution
18

[k‘2>1—m) and [(k:1>1—i—m) 0r(ak2+k1>2—|—%)].

Now, we consider the existence of limit cycles which are not occuring
from a Hopf bifurcation. The special configuration of the existence of a
limit cycle enclosing three equilibrium points is numerically investigated. In
particular, when the system parameters satisfy a = 0.5,k1 = 0.08,k2 =
0.2,b = 0.1,m = 0.0025, then three hyperbolic equilibrium points exist,
namely, Ef = (0.0222589;0.2197589), E5 = (0.0299525;0.2274525), E5 =
(0.3702886;0.5677886). They define respectively a stable focus, a saddle
point and an unstable focus. Accordingly to the Poincaré index theorem, the
sum of the corresponding indexes is equal to 1. The numerical simulations
show that there exists a limit cycle, which is hyperbolic and stable, see
Figure (1).

3 Stochastic model

We now study the dynamics of the system (1.3), with initial conditions
zg > 0 and yg > 0.
3.1 Existence and uniqueness of the positive global solution

Since z(t) and y(t) represent prey and predator densities, we are only in-
tesrted by positive solutions, so first we show existence and uniqueness of
solutions then we will discuss the boundedness of these solutions.
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Theorem 3.1 For any initial condition (zo,y0) € Int(R%), the system
(1.3) admits a unique solution (x(t),y(t)), defined for all t > 0 a.s, and
this solution remains in Int(R%).

Proof of theorem 3.1. Since (z,y) = (0,0) is a solution to (1.3), we
deduce by the comparaison theorem for SDEs (see [8, Theorem 1] for a
more general comparison theorem) that, with the initial condition (xg,yo) €
Jnt(R2) the solution to (1.3) remains in Jnt(R? ) until its explosion time.

Let 7. be the explosion time of the solution to (1.3). We have to prouve
that (z(t),y(t) € Int(R%) for every ¢t € [0,7.[ and that 7. = oo a.s. Let us
first prove the first assertion and we adapte the proof of [6]. The coefficients
in system (1.3) are locally Lipschitz, so there is exists a unique local solution
for all t € [0, 7[ and for all (2(0),y(0)) € Int(R%). To show that this solution
is global, it suffices to show 7. = co. For that, let kg > 0 be large enough,
such that (zg,y0) € [%, ko] % [%, ko|. For each integer k > ko we define the
stopping time

r=inf {t € [0,7) w ¢ (%,k) ou y ¢ (%,k)}.

The sequence (73) is increasing as k — 00. Set Too = limy_,o0 T4, Whence
Too < Te, (in fact, as (z(t),y(t)) > 0 a.s., we have 7o, = 7). It suffices to
prove that 7o, = 0o a.s.. Assume that this statement is false, then there exist
T > 0and € € ]0,1] such that P ({7oc <T}) > e. Since () is increasing we
have

P{m <T})>e.

Now, we consider the positive definite function V : Jnt(R2) — Jnt(R2)
given by

V(z,y) = (x+1—logz) + (y+1—logy).
Applying 1t6’s formula, we get

e —m)
ki+z—m
+o1(x — 1)dWi + o2(y — 1)dWs.

)+ 2 by 11— )+ Zar

WV (z,y) =|(@- 11 -2 : S er—

The positivity of z(t) and y(t) implies

2

2
aV(e,y) < (20 +ay+ T2 by L) dt+ o1 (o — 1AW + ooy — 1l
2

a%—l—ag
2

1
< (204 (@+b+)y+

2 >dt—|—01($—1)dW1+02(y—1)dW2.
2
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2 2
Denote ¢; =a+b+ é, cy = 01302. Using [6, lemma 4.1], we can write

20 4+ c1y <4(x + 1 —logx) 4+ 2¢1(y + 1 — logy)
<c3V(z,y), where cg3 = max(4,2¢).

Hence

dV(z,y) <(cz + 3V (z,y))dt + o1(x — 1)dW1 + o2(y — 1)dWs
<cy(14+V(z,y))dt + o1(x — 1)dW; + o2(y — 1)dWa, where ¢4 = max(ca, c3).

Integrating both sides from 0 to 7 AT, and taking expectations, we get
T
E V(J:‘(Tk /\T), y(Tk /\T)) < V(ZC(), yo) 4T+ ¢y / E V(w(Tk /\t), y(Tk /\t)dt.
0

By Gronwall’s inequality, this yields

(3.1) EV(z(re ANT),y(me NT)) < cs,
where c5 is the finite constant given by

(3.2) s = (V(xo,0) + caT)eT.

Let Qp = {mx < T}. We have P(Q) > ¢, and for all w € Q, there exists
at least one element of z(7,w), y(74, w) which is equal either to k or to 7,
hence

V(z(mk),y(mx)) > (k+1—1logk) A (% +1+logk).

Therefore, by (3.1),

e > Bll, ()V (2(mi,w),y(mi,)] > €[ (5 +1~ Togh) A (1 +1+ logh)],

where 1q, is the indicator function of €2j,. Letting k& — oo, we get c5 = oo,
contradicts (3.2), So we must have 7o, = o0 a.s. ]
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3.2 Boundedness of solutions and persistence

First we recall the definition of stochastically ultimate boundedness and
stochastic permanence, see e.g. [23].

Definition 3.2 The solutions to the system (1.3) are said to be stochas-
tically ultimately bounded if, for all € €]0,1[, there are positive constants
x1(€),x2(€), such that the solutions to (1.3) with any initial value have the
property that

limsup P{z(t) > x1} <€, limsupP{y(t) > x2} <e.
t—o00 t—o00

Definition 3.3 The system (1.3) is said to be stochastically permanent if,

for any e €]0, 1], there exists a pair of positive constants d(e) and ~(e)

such that the solution to (1.3) with any initial value X (0) = («(0),y(0)) €

10, +00[%]0, +00[, has the property that

litmian{\X(t)\ <> 11—k litmian{]X(t)\ >y >1—e
—00 —00

Let us now investigate the boundedness of moments. From the compara-
ison theorem for SDEs (see [8, Theorem 1]), we have that 0 < z(t) < z(t) <
u(t) a.e., where z is the solution starting from z( to the stochastic logistic
equation (also called stochastic Verhulst equation)

(3.3) dz(t) = z(t)(1 — z(t))dt + o12(t)dz1(t)
and u is the geometric Brownian motion starting from x( satisfying
(3.4) du(t) = u(t)dt + oru(t)dwi (t).

The process z is well known. It can be written explicitely, see [12, page
125]. In particular, z has moments of all orders, see [19]

By [13, Theorem 5.1], Z converges to 0 if 0? > 2, whereas it converges
to a nondegenerate stationary distribution if 0% < 2.

From [13, Lemma 2.2], comparing z(t) and y(¢) with the solution z(t) to
(3.3), we deduce that, for any p > 0, there exists a constant K, such that

(3.5) limsupE (z(¢))? < Kp.

t—o0
By Chebyshev’s inequality and (3.5), the following result is straightforward.
Theorem 3.4 The solutions to System (1.3) are stochastically ultimately
bounded.
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Now, for the study of persistence, we impose a new hypothesis:
Assumption 3.5 a; = max{1,b} > %2
Lemma 3.6 Under Assumption (3.5), for any initial value Xo = (zo,yo) €
10, +00[%]0, +00[, the solution X (t) = ((z(t),y(t)) satisfies

1
limsupF | ———| < H,
o0 [|X<t>re] =

where 0 is any arbitrary positive constant satisfying

5.2
(3.6) a1 > (6+ 1),

and

4kaq 2a1

0—2
6 2 4
g et dka) ) (2a1+a2+\/a2+ a1a2>

i which k is an arbitrary positive constant satisfying

k 0+1
(3.7) 0<§<a1—62 ‘5 :
while 0+1 k 2%
a1:a1—62 5 —5>0, a2:a1+62+?>0.
Proof. Let us define V(X) = (z+y) for X = (z,y) €]0, +00[x]0, +00[, and
1
Ult) = =+ t>0.
W= v

By Ito formula, we get

dU(t) = =U(t)? [ <:c(t)(1 —x(t) — agfﬁjg; — ? +by(?) (1 kot ijc((?) —m
+ o1@()dWy + oay(8)dWa | + U6 [(o1())? + (o2y(t))?dt
= LU(t)dt — U(t)*[o12(t)dW; + ooy (t)dWa),

where

LU(t) = —U(t)? (z(t)(l —x(t)) — a,ijl(i)r(igg — Z) +oy(t) <1 T ket i({?) —m
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+ U (1) [(012(1)* + (o29(1)?].

Let 6 be any positive constant satisfying (3.6). By It6 formula again, we
have

d[(1+U(t))’]
- [—9(1 +U) U ()? [ar(t)(l — (1)) -
y(t)
+ by(t) <1 - kw(t)_m> )

- (9(9; D uwr-2uet+ o0+ U<t>>91U<t>3> [(o12(0))” + (o2y(0))°] | dt

ay(t) (z(t) —m)
kjl + ZL‘(t) —m

)

— 0+ U U ) 2o12(t)dWy — 0(1 + U ) 1U (1) 200y (t) dWs.
Now, choose k > 0 sufficiently small satisfying (3.7). By It6 formula,
dl*(1+ U (1)) =ke™ 1+ U(1) + Md(1 4+ U (1))

=14+ U(t)?? [(k(l +Ut)? + J(t)) dt

(3.8) — 01+ U)U ) 2o1z(t)dWy — 0(1 + U ())U(t)?oy(t)dWs | .

where

J(t) = —0(1 + U@®)U(t)? [g;(t)(l ) - () —m)

ki +x(t) —m
+ by(t) <1 — k%) ]

- (0(02_ Doyt + 00+ U(t))U(t)3> (12(1)) + (o29(1))°).

We thus obtain

) < =0 (@ = 21 U2 4 b + 2200,

where a has been defined in the statement of the lemma. Substituting this
into (3.8) yields

dle®(1+U(1)?] <M1+ U(t)? 2 ((k:(l +Ut)* -6 (al _ 528 ; 1) U(t)?
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+ 9(0&1 + 6’2)U(t)) dt — 96“(1 + U(t))eflU(t)Q i o1;2:dW71;

=1
— MO+ U®) U1 ooyidWa
=1
=M1+ U(t)" 2 ( —0 <a1 — &29%1 - g) U(t)?

2k
+0(oy + 6% + 20O + k:) dt

n

—0eM (1 +U))! U1 (onwdWi + o2y dWa:)

i=1
by a simple calculation, we get
0+1 k 2k
(1+U(t))2 (—9 <a1 — 52 JQF — 9> U(t)2+0(a1+52+F)U(t)+k) < H,

where

4a1 2&1

6—2
= as + 4kaq max{l, (2a1+a2+ \/a%+4a1a2> }

and a1, as have been defined in the lemma. Thus
dleM(1+U ()] < HieMdt—0eF (14U (1)U (t)? (o12(t)dWy + ooy(t)dWs) .

This implies

EIH(1+ U] < (14 U(0) + et

Then
. 9 . 7] Hl
limsup E[U"(t)] < limsup E[(1 +U(t))"] < —.

t—00 t—00 k

For X € R2, note that

]
((t) +y(1)° < 27 (2(t)* +y(1)%)? < 2| x|
Consequently,
1 QHl
limsupF | ———— | < 22— < H.
e LX@)\@] =7k S
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Theorem 3.7 Under condition (3.6), the System (1.3) is stochastically per-
manent.

Proof. Let X(t) be the solution to System (1.3) with any given positive
initial value X (0) in the open quadrant ]0, +o00[x]0, +oo[. For any € > 0, let
0= (%)é We get, using Lemma 3.6,

< _X@r
> 1

89
<§H =¢

Hence
limsup P{| X (t)| < ¢} <k,
t— o0

and this implies

limsup P{|X(t)| >0} > 1—e.

t— o0

The other inequality of Definition 3.3 follows from Theorem 3.4. O

4 Numerical simulations and figures

All simulations and pictures of this section are obtained using Scilab.

4.1 Deterministic system

We numerically simulate solutions to System (1.2). Using the Euler scheme,
we consider the following discretized system:

k —
(4.1) 1+2Tp—m
Yk
= b 1-— h.
Yk+1 =Yk + OYk [ — m]
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Figure 1: A phase portrait of (1.2) with three equilibrium points and a cycle
in the interior of A. The dashed lines are isoclines y = d=2)k1te—m)

a(z—m)

and
y = ko + x — m. The grey region is the invariant attracting domain A.
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Figure 2: A phase portrait of (1.2) with an unstable equilibrium and a stable
limite cycle
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Hopf bifurcation of (1.2) A < 0, (semi hyperbolic case).
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Hopf bifurcation of (1.2) A (semi hyperbolic case).
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Figure 3: Hopf bifurcation. In the upper subgraph we have a stable limit
cycle with m = 0.0025, k1 = 0.08, k3 = 0.01,a = 1.1,b = 0.2 and in the lower
subgraph we have an unstable limite cycle with m = 0.02,k; = 0.08, ko =
0.1,a =0.5,b=0.1.
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4.2 Stochastically perturbated system

We numerically simulate the solution to System (1.3). Using the Milstein
scheme (see [12]), we consider the discretized system

(4.2)

aYk

1

Tyl = Tk + [mk(l — T —

1
Vst =Yk +byk |1 — —— | b+ ooV € + sodyn(h €] — D).
ko +x 2
In Figure 1, we choose a = 0.4, k1 = 0.08, k2 = 0.2,6 = 0.1, m = 0.0025, 01 =
0.01, 09 = 0.01, the initial value (x(0),y(0)) = (0.55,0.6), and the time step
h = 0.01. The deterministic model has a globally stable equilibrium point

(z*,y*) = (0.55,0.75). The simulations show the permanence of the system
(1.3).
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® e
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Figure 4: Solutions to the stochastic system (1.3) and the corresponding
deterministic system, represented respectively by the blue line and the red
line. First subgraph: o1 = 0.01,00 = 0.01. Second subgraph: o1 = 0.3,
oo = 0.2.
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