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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL

By L. CoMMINGES!', O. CoLLIER?, M. NDAOUD? AND A.B. TSYBAKOV?

LCEREMADE, Université Paris-Dauphine and CREST
2Modal’X, UPL, Université Paris Nanterre and CREST
3CREST, ENSAE

Abstract For the sparse vector model, we consider estimation of
the target vector, of its £2-norm and of the noise variance. We con-
struct adaptive estimators and establish the optimal rates of adaptive
estimation when adaptation is considered with respect to the triplet
"noise level — noise distribution — sparsity". We consider classes of
noise distributions with polynomially and exponentially decreasing
tails as well as the case of Gaussian noise. The obtained rates turn
out to be different from the minimax non-adaptive rates when the
triplet is known. A crucial issue is the ignorance of the noise vari-
ance. Moreover, knowing or not knowing the noise distribution can
also influence the rate. For example, the rates of estimation of the
noise variance can differ depending on whether the noise is Gaus-
sian or sub-Gaussian without a precise knowledge of the distribu-
tion. Estimation of noise variance in our setting can be viewed as an
adaptive variant of robust estimation of scale in the contamination
model, where instead of fixing the "nominal" distribution in advance
we assume that it belongs to some class of distributions.

1. Introduction. This paper considers estimation of the unknown sparse vector, of its
fo-norm and of the noise level in the sparse sequence model. The focus is on construction of
estimators that are optimally adaptive in a minimax sense with respect to the noise level, to
the form of the noise distribution, and to the sparsity.

We consider the model defined as follows. Let the signal 8 = (61, ...,604) be observed with
noise of unknown magnitude o > 0:

(1) Yi=0;+0&, i=1,...,d.

The noise random variables £1, .. ., {4 are assumed to be i.i.d. and we denote by P: the unknown
distribution of &;. We assume throughout that the noise is zero-mean, E(§;) = 0, and that
E(¢2) = 1, since o needs to be identifiable. We denote by Po p, , the distribution of Y =
(Y1, ...,Yy) when the signal is 8, the noise level is o and the distribution of the noise variables
is Pe. We also denote by Eg p, , the expectation with respect to Pg p, o

We assume that the signal 0 is s-sparse, i.e.,

d
16l =" 1,40 < 5.
=1

where s € {1,...,d} is an integer. Set ©, = {6 € R?|||@]|o < s}. We consider the problems of

Keywords and phrases: variance estimation, sparsity in linear regression, functional estimation, robust es-
timation, adaptive estimation, minimax rate
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estimating @ under the ¢, loss, estimating the variance o2, and estimating the ¢3-norm

ol = (02)”
=1

The classical Gaussian sequence model corresponds to the case where the noise &; is standard
Gaussian (P = N(0,1)) and the noise level o is known. Then, the optimal rate of estimation
of @ under the {5 loss in a minimax sense on the class ©; is y/slog(ed/s) and it is attained by
thresholding estimators [10]. Also, for the Gaussian sequence model with known o, minimax
optimal estimator of the norm ||@|2 as well as the corresponding minimax rate are available
from [8] (see Table 1).

In this paper, we study estimation of the three objects 0, ||8]|2, and o2 in the following two
settings.

(a)

The distribution of & and the noise level o are both unknown. This is the main setting of
our interest. For the unknown distribution of &;, we consider two types of assumptions.
Either P belongs to a class G, 7, i.e., for some a,7 > 0,

(2)  Pr€Gur iff E(&)=0, E€})=1and Vt>2, P(l&]>1t) <2e 7"

which includes for example sub-Gaussian distributions (@ = 2), or to a class of distribu-
tions with polynomially decaying tails P, -, i.e., for some 7 > 0 and a > 2,

3) Pe€Po, iff E(&)=0,E()=1and Vt>2, P(l&;|>1) < (%)

We propose estimators of 8, ||@]|2, and o2 that are optimal in non-asymptotic mini-
max sense on these classes of distributions and the sparsity class ©5. We establish the
corresponding non-asymptotic minimax rates. They are given in the second and third
columns of Table 1. We also provide the minimax optimal estimators.

Gausstan noise & and unknown o. The results on the non-asymptotic minimax rates
are summarized in the first column of Table 1. Notice an interesting effect — the rates of
estimation of 02 and of the norm ||@||2 when the noise is Gaussian are faster than the
optimal rates when the noise is sub-Gaussian. This can be seen by comparing the first
column of Table 1 with the particular case a = 2 of the second column corresponding to
sub-Gaussian noise.

Some comments about Table 1 and additional details are in order.

e The difference between the minimax rates for estimation of @ and estimation of the

¢o-norm ||@]|2 turns out to be specific for the pure Gaussian noise model. It disappears
for the classes G, » and P, . This is somewhat unexpected since Gs - is the class of sub-
Gaussian distributions, and it turns out that [|@]]2 is estimated optimally at different
rates for sub-Gaussian and pure Gaussian noise. Another conclusion is that if the noise
is not Gaussian and o is unknown, the minimax rate for ||@]|2 does not have an elbow
between the "dense" (s > v/d) and the "sparse" (s < v/d) zones.

For the problem of estimation of variance o2 with known distribution of the noise Pe, we
consider a more general setting than (b) mentioned above. We show that when the noise
distribution is exactly known (and satisfies a rather general assumption, not necessarily
Gaussian - can have polynomial tails), then the rate of estimation of o can be as fast
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Gaussian noise Noise in class Gq, r, Noise in class Pq, -,
model
6 \/slog(ed/s) . )
known o [10] Vsloga (ed/s) Vs(d/s)=
unknown o [22] unknown o unknown o
116]]2 slog(1 4+ ) A ¢/ Vsloga (ed/s) AdY* | /s(d/s)w AdV/*
known o [8] known o known o
1 1
\/slog(1+@)v /m Vsloga (ed/s) Vs(d/s)a
unknown o unknown o unknown o
1 s 1 s, 2 (ed 1 s\1-a
2 —V - —V Zloga | — il 2 @
7 Va  d(1+log  (s*/d) Vi a® (s> va' (@)
TABLE 1
Optimal rates of convergence.
as max (ﬁ, 5), which is faster than the optimal rate max (%, 5 log (%)) for the class

of sub-Gaussian noise. In other words, the phenomenon of improved rate is not due to
the Gaussian character of the noise but rather to the fact that the noise distribution is
known.

e Our findings show that there is a dramatic difference between the behavior of optimal
estimators of @ in the sparse sequence model and in the sparse linear regression model
with "well spread" regressors. It is known from [11, 2| that in sparse linear regression
with "well spread" regressors (that is, having positive variance), the rates of estimating
0 are the same for the noise with sub-Gaussian and polynomial tails. We show that the
situation is quite different in the sparse sequence model, where the optimal rates are
much slower and depend on the polynomial index of the noise.

e The rates shown in Table 1 for the classes G, , and P, are achieved on estimators
that are adaptive to the sparsity index s. Thus, knowing or not knowing s does not
influence the optimal rates of estimation when the distribution of £ and the noise level
are unknown.

We conclude this section by a discussion of related work. Chen, Gao and Ren [7]| explore the
problem of robust estimation of variance and of covariance matrix under Hubers’s contamina-
tion model. As explained in Section 4 below, this problem has similarities with estimation of
noise level in our setting. The main difference is that instead of fixing in advance the Gaus-
sian nominal distribution of the contamination model we assume that it belongs to a class
of distributions, such as (2) or (3). Therefore, the corresponding results in Section 4 can be
viewed as results on robust estimation of scale where, in contrast to the classical setting, we
are interested in adaptation to the unknown nominal law. Another aspect of robust estimation
of scale is analyzed by Minsker and Wei [17] who consider classes of distributions similar to
P.,- rather than the contamination model. The main aim in [17] is to construct estimators
having sub-Gaussian deviations under weak moment assumptions. Our setting is different in
that we consider the sparsity class ©4 of vectors 8 and the rates that we obtain depend on s.
Estimation of variance in sparse linear model is discussed in [20] where some upper bounds
for the rates are given. We also mention the recent paper [12] that deals with estimation of
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variance in linear regression in a framework that does not involve sparsity, as well as the work
on estimation of signal-to-noise ratio functionals in settings involving sparsity |23, 13] and not
involving sparsity [16]. Papers [9, 6] discuss estimation of other functionals than the fo-norm
|€]|2 in the sparse vector model when the noise is Gaussian with unknown variance.

Notation. For x > 0, let |z] denote the maximal integer smaller than z. For a finite set A,
we denote by |A| its cardinality. Let inf; denote the infimum over all estimators. The notation
C, C',c, ¢ will be used for positive constants that can depend only @ and 7 and can vary from
line to line.

2. Estimation of sparse vector 6. In this section, we study the problem of estimating
a sparse vector @ in £o-norm when the variance of noise o and the distribution of & are both
unknown. We only assume that the noise distribution belongs a given class, which can be either
a class of distributions with polynomial tails P, -, or a class G, with exponential decay of
the tails.

First, we introduce a preliminary estimator 62 of o2 that will be used to define an estimator
of 6. Let v € (0,1/2] be a constant that will be chosen small enough and depending only on
a and 7. Divide {1,...,d} into m = [vyd] disjoint subsets Bj,..., By, each of cardinality
|Bi| > k := |d/m] >1/y — 1. Consider the median-of-means estimator

1
(4) 52 = med(52,...,52,), where 67 = 7 Z sz’ i=1,...,m.
|Bil 5.
Here, med (5%, . ..,52,) denotes the median of 52, ...,52,. The next proposition shows that the

2

estimator 62 recovers o2 to within a constant factor.

PROPOSITION 1. Let 7 > 0,a > 2. There exist constants v € (0,1/2], ¢ > 0 and C > 0
depending only on a and T such that for any integers s and d satisfying 1 < s < |yd]/4 we

have <9
o

inf inf inf P (12<—<32)>1— —cd),

Pﬁler%Da,T 01'20 HOIHI;SS 07P§70‘ / - 0'2 - / - eXp( ¢ )

sup sup sup Egp , ‘52 — 02‘ < Co?,
P:€Pa,r 0>00||0<s
and for a > 4,

- 2
sup sup sup Egp , (02 — 02) < Co.
PgE'Pa,T o>0 ||0HO§5

Note that the result of Proposition 1 also holds for the class G, ; for all @ > 0 and 7 > 0.
Indeed, G, C P, 7 for all a > 2 and 7 > 0, while for any 0 < a < 2 and 7 > 0, there exist
a’ >4 and 7" > 0 such that G, C Py .

We further note that assuming s < cd for some 0 < ¢ < 1 is natural in the context of
variance estimation since o is not identifiable when s = d. In what follows, all upper bounds
on the risks of estimators will be obtained under this assumption.

Consider now an estimator 6 defined as follows:

d

(5) 0 € arg min (Z(Yi—éi)%&HOll*).

OcRd \ 4
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 5

Here, || - ||+« denotes the sorted ¢;-norm:
d

(6) 1611 = > Ail6la—i+1),

1=1
where |0](1y) < -+ < |0](4) are the order statistics of |61],...,[04], and Ay > -+ > ) > 0 are
tuning parameters.

Set

(7> ¢pr(57 d) = \/glOgl/a(ed/S)v ¢;ol<37 d) = \/g(d/s)l/a‘

The next theorem shows that @ estimates 6 with the rates Pexp(s,d) and ¢ (s, d) when the
noise distribution belongs to the class G, and class P, -, respectively.

THEOREM 1. Let s and d be integers satisfying 1 < s < |vd|/4 where v € (0,1/2] is the
tuning parameter in the definition of 52. Then for the estimator @ defined by (5) the following
holds.

1. Let 7 > 0, a > 0. There exist constants ¢,C > 0 and v € (0,1/2] depending only on
(a,T) such that if \j = clogt%(ed/7),j =1,...,d, we have

P, 2
Sup sup Ssup EB,P@U (He - 0”%) < Co® ((z):xp(sad)) :
Pe€Gar 70 0]l0<s

2. Let T > 0,a > 2. There exist constants ¢,C > 0 and v € (0,1/2] depending only on
(a,7) such that if \j = c(d/j)"*, j =1,...,d, we have

A 2
sup sup sup Egpq (10 - 013) < Co? (¢5ai(s, ).
PgEPa,T >0 HO”()SS

Furthermore, it follows from the lower bound of Theorem 2 in Section 3 that the rates
Pexp(8; d) and ¢ (s, d) cannot be improved in a minimax sense. Thus, the estimator 6 defined
in (5) achieves the optimal rates in a minimax sense.

From Theorem 1, we can conclude that the optimal rate qﬁ’;ol under polynomially decaying
noise is very different from the optimal rate ¢g,, under exponential tails, in particular, from the
rate under the sub-Gaussian noise. At first sight, this phenomenon seems to contradict some
results in the literature on sparse regression model. Indeed, Gautier and Tsybakov [11]| consider
sparse linear regression with unknown noise level ¢ and show that the Self-Tuned Dantzig
estimator can achieve the same rate as in the case of Gaussian noise (up to a logarithmic
factor) under the assumption that the noise is symmetric and has only a bounded moment
of order a > 2. Belloni, Chernozhukov and Wang [2] show for the same model that a square-
root Lasso estimator achieves analogous behavior under the assumption that the noise has
a bounded moment of order a > 2. However, a crucial condition in [2| is that the design is
"well spread", that is all components of the design vectors are random with positive variance.
The same type of condition is needed in [11]| to obtain a sub-Gaussian rate. This condition
of "well spreadness" is not satisfied in the sparse sequence model that we are considering
here. In this model viewed as a special case of linear regression, the design is deterministic,
with only one non-zero component. We see that such a degenerate design turns out to be the
least favorable from the point of view of the convergence rate, while the "well spread" design
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6 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

is the best one. An interesting general conclusion of comparing our findings to [11] and |2]
is that the optimal rate of convergence of estimators under sparsity when the noise level is
unknown depends dramatically on the properties of the design. There is a whole spectrum of
possibilities between the degenerate and "well spread" designs where a variety of new rates
can arise depending on the properties of the design. Studying them remains an open problem.

3. Estimation of the £3-norm. In this section, we consider the problem of estimation
of the £o-norm of a sparse vector when the variance of the noise and the form of its distribution
are both unknown. We show that the rates ¢g., (s, d) and ¢ (s, d) are optimal in a minimax
sense on the classes G, and P, -, respectively. We first provide a lower bound on the risks
of any estimators of the fo-norm when the noise level ¢ is unknown and the unknown noise
distribution P: belongs either to G, or P, . We denote by L the set of all monotone non-
decreasing functions ¢ : [0,00) — [0, 00) such that ¢£(0) = 0 and ¢ # 0.

THEOREM 2. Let s,d be integers satisfying 1 < s < d. Let (-) be any loss function in the
class L. Then, for any a > 0,7 > 0,

-6
(8) inf sup sup sup E97p£7gf<c(qbzxp(s,d))_l‘HHQD >,
T Pe€Ga,r 0>0|0]|0<s g
and, for any a > 2,7 > 0,
T-|6
9) inf sup sup sup E97PE,J€<E(¢;°|(S,CZ))_1‘UHHQD > 7.

T P:€Pa,r 0>06]0<s

Here, inf; denotes the infimum over all estimators, and c,c > 0, c,é@ > 0 are constants that
can depend only on ((-), T and a.

The lower bound (9) implies that the rate of estimation of the f2-norm of a sparse vector
deteriorates dramatically if the bounded moment assumption is imposed on the noise instead,
for example, of the sub-Gaussian assumption.

Note also that (8) and (9) immediately imply lower bounds with the same rates ¢g,, and

;Ol for the estimation of the s-sparse vector @ under the fo-norm.

Given the upper bounds of Theorem 1, the lower bounds (8) and (9) are tight for the

quadratic loss, and are achieved by the following plug-in estimator independent of s or o:

(10) N = 0l2

where  is defined in (5).
In conclusion, when both P and o are unknown the rates ¢g,, and ¢
minimax optimal both for estimation of 6 and of the the norm ||@|s.
We now compare these results with the findings in [8] regarding the (nonadaptive) estima-
tion of ||@||2 when &; have the standard Gaussian distribution (P = N(0, 1)) and ¢ is known.
It is shown in [8] that in this case the optimal rate of estimation of ||@||2 has the form

defined in (7) are

*
pol

¢/\/(0,1)(5a d) = min {\/5 log(1 + \/Zz/s), d1/4} )

Namely, the following proposition holds.
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 7

PROPOSITION 2 (Gaussian noise, known o [8]). For any o > 0 and any integers s,d
satisfying 1 < s < d, we have

co ¢N(01 (s,d) < H%f ||(§Fg Eo n(0,1), ( — [|0]]2 ) < 002@2\/(071)(5,61),
0<s

where ¢ > 0 and C' > 0 are absolute constants and inf; denotes the infimum over all estimators.

We have seen that, in contrast to this result, in the case of unknown P: and o the optimal
rates (7) do not exhibit an elbow at s = v/d between the "sparse" and "dense" regimes.
Another conclusion is that, in the "dense" zone s > /d, adaptation to P¢ and o is only
possible with a significant deterioration of the rate. On the other hand, for the sub-Gaussian

class Go, in the "sparse" zone s < v/d the non-adaptive rate \/ slog(1 ++/d/s) differs only

slightly from the adaptive sub-Gaussian rate y/slog(ed/s); in fact, this difference in the rate
appears only in a vicinity of s = v/d.

A natural question is whether such a deterioration of the rate is caused by the ignorance
of o or by the ignorance of the distribution of & within the sub-Gaussian class Gs . The
answer is that both are responsible. It turns out that if only one of the two ingredients (o
or the noise distribution) is unknown, then a rate faster than the adaptive sub-Gaussian rate
Paxp(s,d) = /slog(ed/s) can be achieved. This is detailed in the next two propositions.

Consider first the case of Gaussian noise and unknown o. Set

¢j\/(0,1)(57 d) = max {\/s log(1 + \/&/s), \/w} ;

where log, () = max(0,log(x)) for any > 0. We divide the set {1,...,d} into two disjoint
subsets I; and Iy with min (|/;], |I2\) Ld/ 2|. Let 62 be the variance estimator defined by
(15), cf. Section 4.1 below, and let 6 O’med 102 4 2 be the median estimators (12) corresponding
to the samples (Y;)ier, and (Y;)ier,, respectively. Consider the estimator

\/‘Z] (Y2 Ly 5p,0) — doaﬂ‘ if s <+/4d,
\/‘Z] 1Y2 dJZ) if s> +/d,

where pj = 20med1v/210g(1+d/s?) if j € Iz, pj = 20med2+/210g(1+d/s?) if j € I and
= E (ff 1{|£1\>2\/W}>' Note that Y; is independent of p; for every j. Note also

that the estimator N* depends on the preliminary estimator 62 since & > 0 defined in (15)
depends on it.

(11)

PROPOSITION 3 (Gaussian noise, unknown o). The following two properties hold.

(i) Let s and d be integers satisfying 1 < s < |vyd|/4, where v € (0,1/2] is the tuning
parameter in the definition of 2. There exist absolute constants C > 0 and v € (0,1/2]
such that

sup sup Eg r0,1),0 (N* - H9H2>2 < Co® (@k\/(o 1)(3ad))2
>0 ||0lo<s ’
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8 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

(ii) Let s and d be integers satisfying 1 < s < d and let £(-) be any loss function in the class

L. Then,
) >,

where inf; denotes the infimum over all estimators, and ¢ > 0, c > 0 are constants that
can depend only on ((-).

T— 612

g

inf sup sup EB,/\/'(O,l),U€<c<¢j\/’(0,1)(37d))1
T o>0j0]lo<s

The proof of item (ii) of Proposition 3 (the lower bound) is given in the Supplementary
material.

Proposition 3 establishes the minimax optimality of the rate gb}"\/—(o,l)(s,d). It also shows
that if o is unknown, the knowledge of the Gaussian character of the noise leads to an im-
provement of the rate compared to the adaptive sub-Gaussian rate \/slog(ed/s). However,
the improvement is only in a logarithmic factor.

Consider now the case of unknown noise distribution in G, » and known o. We show in the
next proposition that in this case the minimax rate is of the form

325, d) = min{y/5 loga (ed/s), d"/*}

and it is achieved by the estimator

1612 it s< —Yd

NS, = 1/2 fog® (ed)
xp d 2 2 : Vd

> 1Y —do if s> g2 (cd)’

where @ is defined in (5). Note Pexp(s, d) can be written equivalently (up to absolute constants)
as min{\/glogé (ed),d"/*}.

PROPOSITION 4 (Unknown noise in G, ,, known o). Let a,7 > 0. The following two
properties hold.

(i) Let s and d be integers satisfying 1 < s < |yd] /4, wherey € (0,1/2] is the tuning param-
eter in the definition of 2. There exist constants ¢,C > 0, and v € (0,1/2] depending
only on (a,7) such that if @ is the estimator defined in (5) with \; = clogi(ed/j) ,
j=1,...,d, then

- 2 9
sup  sup Eg,p, o (Nog— [6]]2) < Co? (65(s,))”.
Pe€Ga,r [10]l0<s

(ii) Let s and d be integers satisfying 1 < s < d and let £(-) be any loss function in the class
L. Then, there exist constants ¢ > 0, ¢ > 0 depending only on £(-), a and T such that
-6
i sup sup Bopgo ! clogplnd) |10 ) 2
T Pe€Ga,r ||10]0<s o

where inf; denotes the infimum over all estimators.
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 9

Proposition 4 establishes the minimax optimality of the rate ¢g,,(s,d). It also shows that
if the noise distribution is unknown and belongs to G, ., the knowledge of o leads to an
improvement of the rate compared to the case when ¢ is unknown. In contrast to the case of
Proposition 3 (Gaussian noise), the improvement here is substantial; it results not only in a

Vd

2 .
loga (ed)

We end this section by considering the case of unknown polynomial noise and known o.
The next proposition shows that in this case the minimax rate, for a given a > 4, is of the

form

logarithmic but in a polynomial factor in the dense zone s >

doi(s, d) = min{/5(d/s)«, '/}
and it is achieved by the estimator
1012 if s<die,

1/2 11
Y, V2 - do? if s>d2 a2,

A

o —
pol —

where 6 is defined in (5).

PROPOSITION 5 (Unknown noise in P, -, known o). Let 7 > 0,a > 4. The following two
properties hold.

(i) Let s and d be integers satisfying 1 < s < |yd|/4, where v € (0,1/2] is the tuning
parameter in the definition of G%. There exist constants c¢,C > 0, and v € (0,1/2]
depending only on (a,T) such that if 8 is the estimator defined in (5) with Aj = c(d/j)%,
j=1,...,d, then

N 2 2
sup  sup Bop o (N — [6]12) < Co? (dhai(s,)°
Pe€Pq,r ||0]]0<s

(ii) Let s and d be integers satisfying 1 < s < d and let £(-) be any loss function in the class
L. Then, there exist constants ¢ > 0, ¢ > 0 depending only on £(-), a and T such that

/
)ZC7

Note that here, similarly to Proposition 4, the improvement over the case of unknown o is
1 1

in a polynomial factor in the dense zone s > d2~ a2,

T —16]l2
o

inf sup sup E97P§7U€<C(¢;0|(S,d))_l
T Pe€Par |6]jo<s

where inf; denotes the infimum over all estimators.

4. Estimating the variance of the noise.

4.1. Estimating o* when the distribution P is known. In the sparse setting when [|0]o is
small, estimation of the noise level can be viewed as a problem of robust estimation of scale.
Indeed, our aim is to recover the second moment of o&; but the sample second moment cannot
be used as an estimator because of the presence of a small number of outliers 6; # 0. Thus,
the models in robustness and sparsity problems are quite similar but the questions of interest
are different. When robust estimation of o2 is considered, the object of interest is the pure
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10 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

noise component of the sparsity model while the non-zero components 6; that are of major
interest in the sparsity model play a role of nuisance.

In the context of robustness, it is known that the estimator based on sample median can
be successfully applied. Recall that, when @ = 0, the median M-estimator of scale (cf. [14]) is
defined as

(12) Omed = 5

where M is the sample median of (Y2, ... ,YdQ), that is
M € argmin |Fy(z) — 1/2|,
>0

and $3 is the median of the distribution of £7. Here, Fy; denotes the empirical c.d.f. of (Y, ..., YdQ).
When F denotes the c.d.f. of £2, it is easy to see that

(13) B=F"(1/2).

2

The following proposition specifies the rate of convergence of the estimator 67 4.

PROPOSITION 6. Let &3 have a c.d.f. F with positive density, and let 3 be given by (13).
There exist constants v € (0,1/8), ¢ > 0, ¢, > 0 and C > 0 depending only on F such that
for any integers s and d satisfying 1 < s < vd and any t > 0 we have

&?ned t s —t —cd
sup sup Py r, ‘ 5 — 1) > ¢, -+ = <2(ef+e ),
>0 ||0lo<s o d d

and if Bl&|*1€ < 0o for some € > 0. Then,

Eor, |62  —0? 1 s
sup sup : ’U’ 'ged ’ < C'max )
>0 [6]|o<s o Vd

The main message of Proposition 6 is that the rate of convergence of &?ned in probability
and in expectation is as fast as

1 s

(14) max < Nk d)
and it does not depend on F' when F varies in a large class. The role of Proposition 6 is to
contrast the subsequent results of this section dealing with unknown distribution of noise and
providing slower rates. It emphasizes the fact that the knowledge of the noise distribution is
crucial as it leads to an improvement of the rate of estimating the variance.

However, the rate (14) achieved by the median estimator is not necessarily optimal. As
shown in the next proposition, in the case of Gaussian noise the optimal rate is even better:

1 s
Pn(0,1) (8, d) = max {\/g’ d(1+log, (s%/d)) } '
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 11

This rate is attained by an estimator that we are going to define now. We use the ob-
servation that, in the Gaussian case, the modulus of the empirical characteristic function
wa(t) = éZle e™i is to within a constant factor of the Gaussian characteristic function

exp(—#) for any t. This suggests the estimator

o 2log(lpa(t)])
v = 52
1

9

with a suitable choice of ¢t = #; that we further set as follows:

t = é\/log (4(65/\/g+ 1)),

where & is the preliminary estimator (4) with some tuning parameter v € (0,1/2]. The final
variance estimator is defined as a truncated version of ¥%:

~2 . N _1
(15) 52— { o2 if pg(th)] > (es/Vd+1)"1/4,

52 otherwise.

PROPOSITION 7 (Gaussian noise). The following two properties hold.

(i) Let s and d be integers satisfying 1 < s < |yd]/4, where v € (0,1/2] is the tuning
parameter in the definition of 2. There exist absolute constants C > 0 and v € (0,1/2]
such that the estimator 6% defined in (15) satisfies

Eon(01)0 |07 — 0|
sup sup

2
o>06[lo<s g

< Cohpno,1)(s,d).
(ii) Let s and d be integers satisfying 1 < s < d and let ((-) be any loss function in the class
L. Then, R
T /
; —1 Z C,

where inf ;. denotes the infimum over all estimators, and ¢ > 0, ¢’ > 0 are constants that
can depend only on ((-).

inf sup sup Ee,/\/(o,l),a5<C(¢N(0,1)(8ad))1
T >0 o)<

Estimators of variance or covariance matrix based on the empirical characteristic function
have been studied in several papers [4, 5, 3, 6]. The setting in [4, 5, 3] is different from the ours
as those papers deal with the model where the non-zero components of 8 are random with
a smooth distribution density. The estimators in [4, 5| are also quite different. On the other
hand, [3, 6] consider estimators close to #°. In particular, [6] uses a similar pilot estimator for
testing in the sparse vector model where it is assumed that o € [o_,04], 0 < 0_ < 04 < 00,
and the estimator depends on o. Although [6] does not provide explicitly stated result about
the rate of this estimator, the proofs in [6] come close to it and we believe that it satisfies an
upper bound as in item (i) of Proposition 7 with sup, replaced by SUDselo_ 0, ]-

4.2. Distribution-free variance estimators. The main drawback of the estimator &?ned is
the dependence on the parameter 5. It reflects the fact that the estimator is tailored for a
given and known distribution of noise F'. Furthermore, as shown below, the rate (14) cannot
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12 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

be achieved if it is only known that F' belongs to one of the classes of distributions that we
consider in this paper.

Instead of using one particular quantile, like the median in Section 4.1, one can estimate o2
by an integral over all quantiles, which allows one to avoid considering distribution-dependent
quantities like (13).

Indeed, with the notation g, = G1(1 — a) where G is the c.d.f. of (¢¢1)? and 0 < o < 1,
the variance of the noise can be expressed as

1
02 =E(c&)? = / o dor.
0

Discarding the higher order quantiles that are dubious in the presence of outliers and replacing
go by the empirical quantile g, of level a we obtain the following estimator

) 1-s/d 1 d—s 5
(16) o) :/0 qada:gZY(,ﬁ),
k=1
where Y(Ql) <... < Y(%l) are the ordered values of the squared observations Y7, ..., Yd2. Note

2 coincides with the statistic

that 62 is an L-estimator, cf. [14]. Also, up to a constant factor, &
used in Collier, Comminges and Tsybakov [8] .
The following theorem provides an upper bound on the risk of the estimator 62 under the

assumption that the noise belongs to the class G, r. Set

1 d
d)eXP(sa d) = max <\/a7 g 10g2/a <es>) .

THEOREM 3. Let 7 >0, a > 0, and let s,d be integers satisfying 1 < s < d/2. Then, the
estimator 5% defined in (16) satisfies

E 52 — 02)?
(17) Sup sup sup G’Pg’g( 1 )

P:€Ga,r 00 |6]|0<s g

< Cap(s,d)

where C' > 0 is a constant depending only on a and T.

The next theorem establishes the performance of variance estimation in the case of distri-
butions with polynomially decaying tails. Set

Gpol (3, d) = max (;a (2)1‘3) |

THEOREM 4. Let 7 > 0,a > 4, and let s,d be integers satisfying 1 < s < d/2. Then, the
estimator 62 defined in (16) satisfies

Eg 52 — o2)?
(18) sup sup sup ’Pg’a( 7] )

P:€Pq,r 0>0|0|0<s g

< C¢;2)ol(37 d)v

where C' > 0 is a constant depending only on a and T.
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 13

We assume here that the noise distribution has a moment of order greater than 4, which is
close to the minimum requirement since we deal with the expected squared error of a quadratic
function of the observations.

We now state the lower bounds matching the results of Theorems 3 and 4.

THEOREM 5. Let 7 > 0, a > 0, and let s,d be integers satisfying 1 < s < d. Let £(-) be
any loss function in the class L. Then,

T
(19) inf sup sup sup Eg,pg,(,€<c(¢exp(s,d))_l‘—2 —1’) >,
T Pe€Ga,r 0>06]0<s o

where inf; denotes the infimum over all estimators and ¢ > 0, ¢ > 0 are constants depending
only on £(-), a and T.

Theorems 3 and 5 imply that the estimator 62 is rate optimal in a minimax sense when the

noise belongs to G, -, in particular when it is sub-Gaussian. Interestingly, an extra logarithmic
factor appears in the optimal rate when passing from the pure Gaussian distribution of &;’s
(¢f. Proposition 7) to the class of all sub-Gaussian distributions. This factor can be seen as
a price to pay for the lack of information regarding the exact form of the distribution. Also
note that this logarithmic factor vanishes as a — oo.

Under polynomial tail assumption on the noise, we have the following minimax lower bound.

THEOREM 6. Let 7 > 0, a > 2, and let s,d be integers satisfying 1 < s < d. Let £(-) be
any loss function in the class L. Then,

T
(20) inf sup sup sup E9’p§70€<0(¢po|(8, d))_l‘—2 — 1‘) >c
T P:€Pq,r 0>0|0|0<s g

where inf . denotes the infimum over all estimators and ¢ >0, ¢ > 0 are constants depending
only on £(-), a and T.

This theorem shows that the rate ¢poi(s, d) obtained in Theorem 4 cannot be improved in
a minimax sense.

A drawback of the estimator defined in (16) is in the lack of adaptivity to the sparsity
parameter s. At first sight, it may seem that the estimator

. 2
(21) =5 2. Yi
1<k<d/2
2

could be taken as its adaptive version. However, 62 is not a good estimator of o2 as can be
seen from the following proposition.

PROPOSITION 8.  Define 62 as in (21). Let 7 > 0, a > 2, and let s,d be integers satisfying
1 <s <d, and d = 4k for an integer k. Then,

) 2\ 2
Eo, p, o (62 —o?) 1
sup sup sup 1 > —.
Pe€Ga,r 0>0|0]|o<s o 64

imsart-aos ver. 2014/10/16 file: adapt_robust_final.tex date: April 17, 2019



14 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

On the other hand, it turns out that a simple plug-in estimator
o1 O112
(22) 5=~y - 8|3

with @ chosen as in Section 2 achieves rate optimality adaptively to the noise distribution and
to the sparsity parameter s. This is detailed in the next theorem.

THEOREM 7. Let s and d be integers satzsfymg 1 <s < |vyd]/4, wherey € (0,1/2] is the
tuning parameter in the definition of 2. Let 62 be the estimator defined by (22) where 0 is
defined in (5). Then the following properties hold.

1. Let 7 > 0,a > 0. There exist constants ¢,C > 0 and v € (0,1/2] depending only on
(a,T) such that if \j = clogl/“(ed/j),j =1,...,d, we have

sup sup sup Eg pgg‘a — 02‘ < Co? bexp(s, d).
Pe€Par 030 ||0]|0<s

2. Let 7 > 0,a > 4. There exist constants ¢,C > 0 and v € (0,1/2] depending only on
(a,T) such that if \j = c(d/)HY, j=1,...,d, we have

sup sup sup Eg Pgo}o- _‘72‘ < Co®ppol(s, d).
P:€Pqa,r 0>010|0<s

5. Proofs of the upper bounds.

5.1. Proof of Proposition 1. Fix @ € O and let S be the support of 8. We will call outliers
the observations Y; with ¢ € S. There are at least m — s blocks B; that do not contain outliers.
Denote by J a set of m — s indices 4, for which B; contains no outliers.

As a > 2, there exist constants L = L(a,7) and 7 = 7(a, 7) € (1,2] such that E|¢? —1]" < L.
Using von Bahr-Esseen inequality (cf. [18]) and the fact that |B;| > k we get

7’+1L

<‘|B|25g—1’>1/2) —, i=1,...,m.

Hence, there exists a constant C; = Ci(a,7) such that if & > Cy (i.e., if v is small enough
depending on a and 1), then

1
(23) Popo(07 ¢ 1)<~ i=1,...,m,

where [ = [%2, %] Next, by the definition of the median, for any interval I C R we have

m
~ m m
(24)  Pop.,(6°¢ 1)< Pe,Pg,a(Z Lyogr > 5) < Pe,Pg,a(Z Lozgr > 5 = S)-
i=1 e

Now, s < % = 7, so that > M= Set gy = L5247, @ € J. Due to (23) we have
E(n;) < 1/4, and (n;,i € J) are independent. Using these remarks and Hoeffding’s inequality

we find

P(Zm > % - s) < P(Z(m —E(n;) > m1; S) < exp(—C(m — s)).

ieJ e
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 15

Note that |J| = m — s > 3m/4 = 3|~d|/4. Thus, if v is chosen small enough depending only
on a and 7 then

Py p.o(67 ¢ I) < exp(—Cd).

This proves the desired bound in probability. To obtain the bounds in expectation, set Z =
|52 — 02|. Let first a > 4 and take some r € (1,a/4). Then

4
IE@J2#7(£? )‘< iI—%—IEQ}% p (23 1 :>iz>

9 Y
<%+2<E9P§0<5 )Y <Pepsa<z>02/2>>1 v
9 -
<%+2(E9PEU(J N exp(—

Since m > 4s, we can easily argue that 54" < ", s . It follows that
Eg p, o (6) < Co"d®.

Hence Eg p, » (Z2) < Co*. Similarly, if a > 2, then Eo.p. o (Z) < Co?.

5.2. Proof of Theorem 1. Set uw = 6 — @. It follows from Lemma A.2 in [1] that

d
2lul3 < 20 &ui+5)0]l. — 50,
i=1

where u; are the components of w. Next, Lemma A.1 in [1] yields

s d
R 1/2
101 = 181 < (3°X2) Tl = D7 Aglul-y
j=1

J=s+1
where |u]y) is the kth order statistic of |u1], ..., |ug|. Combining these two inequalities we get
d s 1/2 d
(25) 2wl <203 guy+5{ (3X) Tlullz = D Aluljin -
j=1 j=1 j=s+1

For some permutation (¢(1),...,¢(d)) of (1,...,d), we have

d d d
(26) ’ijuj‘ < Z €l (d—j+1)[upy| < Z 1€l (d—j+1) [ul(d—j41)
i=1 j=1 j=1

where the last inequality is due to the fact that the sequence |¢ l(d—j+1) is non-increasing.
Hence

d
2l <203 Il sl (ZA?) lullz+ Y (201€l@-js1) — 3) [ul e
J=1 Jj=s+1
5 12 S8 1/2 d ~ 1/2
<Q20( D leli i) +a(D0) T+ (X okl —aN)T) T pllule:
j=1 Jj=1 J=s+1
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16 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.
This implies

d

~ 2
Hqu < C 2 Z ‘gl(d j+1) + UQZAQ Z 20’|‘£’(d7j+1) - O')\j)+

Jj=s+1

From Lemmas 1 and 2 we have E(]§|%d_j+1)) < C’A?. Using this and Proposition 1 we obtain
s d )
27)  Eopo (lul3) <C[0®Y N +Eop, ( > (2008la—j+1) — 5>\j)+>
j=1 j=s+1

Define the events A; = {|f‘(d—j+1) < )\j/4} N {1/2 < 6%/0? < 3/2} for j =s4+1,...,d.
Then

d d
N2
Eopro | D, (20l@ajsn =), | <40°Bopo | D 1€{s i1 las
J=s+1 J=s+1

Fixing some 1 < r < a/2 we get

d
i Lr 11
E97P€70— Z (20|£|(d—j+1) - O')\J)j_ < 40’2 Z E <|€| d—j+1) ) PG’P&O— (A])l 1/ .
j=s+1 J=s+1

Lemmas 1, 2 and the definitions of parameters A\; imply that

1/r ]
B () <CX j=stl...d

Furthermore, it follows from the proofs of Lemmas 1 and 2 that if the constant c¢ in the
definition of A; is chosen large enough, then P(|{]q—;11) > Aj/4) < ¢’ for some q¢ < 1/2
depending only on a and 7. This and Proposition 1 imply that Pg p, s (Af) < e 4 ¢,
Hence,

d d s
Eopo | > (201 jr1) — &Aj)i <Co®X2 D (e )<Y N
j=s+1 j=s+1 J=1

Combining this inequality with (27) we obtain

(28) Eo.p, o ([ul3) < Co® ) A5
j=1

To complete the proof, it remains to note that >2%_, AJQ < C( pol(s,d))2 in the polynomial

case and ) 7, A? < C(¢hp(s,d))? in the exponential case, cf. Lemma 3.
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 17

5.3. Proof of part (i) of Proposition 3. We consider separately the "dense" zone s > v/d
and the "sparse" zone s < v/d. Let first s > v/d. Then the rate QS;‘\/(O 1)(s,d) is of order

/m. Thus, for s > v/d we need to prove that

N* — 10|
(29) sup sup EO,N(O,l),oQUH”

2> Cs
o3>0 [|0]0<s ~ 1+log (s?/d)

Denoting & = (&1, ... ,&q) we have

- 42
(30) |V —fele] = ||>ov7-do?| T~ el
j=1

= \/|||9H§ +20(0,8) + o2||¢]|3 — db?

+o\/|1€I3 — d| + /d|o? — 62|.

The first term in the last line vanishes if 8 = 0, while for 8 # 0 it is bounded as follows:

—10]l2

< [l161 +20(6.) |6l

20(6, )
16113

20((6,€)|
16112

o VeI + 20066 ol 1+

= (1612

_1’§

where we have used the inequality |\/|1 + z| — 1| < |z|, V& € R. Since here |(8,£)|/]/0]/2 ~
N(0,1) we have, for all 6,

2

> < 407,

and since ||€]|3 has a chi-square distribution with d degrees of freedom we have

E(]lgl3 - al) < (E(}HEH%—d}Q))l/z:\/ﬁ'

Next, by Proposition 7 we have that, for s > V/d,

(32) E (Mneu% +20(0,6)] — 6]l

(33) sup sup E (‘&2 1‘) < Cs
up su oll= — <
20 folozs MO 152 d(1 + log (+2/d))
for some absolute constant C' > 0. Combining (30) — (33) yields (29).
Let now s < v/d. Then the rate N 1)(3, d) is of order \/slog(1 + d/s2). Thus, for s < \/d

we need to prove that

N* — |6ll2

g

2
> < Cslog(1l +d/s?).

(34) Sup sup Ee,N(o,l),a<
o>0|6[lo<s
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18 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

We have
d /
(35) [N =10l = || 3007 1gy;15)) — doo?
=1
2 2 2 ~2 1/2
= || X207 1m0 + 02 2 Lol ) — daié?
jes igs
1/2
< 2207 Lgyyisp) = 16ll2) + |0° D (6 Lol 5p,y) — dad”
jes jgs
Here,
(36) D7 Lgyjspy) = 10l2] < | D (Y5 Lgyjispyy — 05)?
jeSs JjES
<

Hence, writing for brevity Eg ar0,1),0 = E, we get

[Savefye
JES JES
2

Z(Y]2 Loy, 5p;1) — 16]]2 < 16E ( Omed1 t 62 4 2) slog (1 + d/s2) + 2025
JjeSs

< Co?slog(l+d/s?),

where we have used the fact that E <|&r2ned K™ 02\> < Co?, k = 1,2, by Proposition 6. Next,

we study the term I' = ‘02 ngs(sz Lioie;1>p,1) — da&2’. We first write

B T < |0® Y G Moiglon) = Lotgyl)| |07 2_(E Lolgyir.)) — dad?|,
Jgs Jgs

where t, = 20+/2log(1 + d/s?). For the second summand on the right hand side of (37) we
have

02 (& Loy oey) — dab®| < 0% ) (6 Lo i5e.y) — (d = [SDa| + |0 — 6| da +|S|ac?,
Jjés JgS

where |S| denotes the cardinality of S. By Proposition 7 we have E(|62 — 02|) < C/+/d for
s < v/d. Hence,

2 ~2 2 4 2
E|o Z ]l{g‘gjbt* ) dad <o \/dE (51 ]1{\51|>\/W}> —i—ch <\/&+8) .

Jjgs
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 19

It is not hard to check (cf., e.g., [8, Lemma 4]) that, for s < \/d,
2
a < C(log (1+ d/52))1/2g,

and

2
4 2\13/25"
B (fl Lier> 210g(1+d/32)}) < Clog (1+d/s°))""—,

so that

E |0? Z & Liole;1>t.)) — dac?| < Co’slog(1 + d/s?).
J¢s

Thus, to complete the proof it remains to show that
(38) Y B[ (Lo, 15y — Loleyoe))| £ Coslog(1+d/s?).

Jjés
Recall that p; is independent from &;. Hence, conditioning on p; we obtain

42 2

(39) B <’fa2’(]1{a|§j\>pj} - ]1{o|§j|>t*})‘f’j> < 1pf = 1™ 10?1y, oy,
where we have used the fact that, for b > a > 0,

b 2 b 2 2 12

/ 332671 /2d{1,‘ S/ ze® /4da; < |b2 _a2|67m1na ,b%) /4/2
a a

Using Proposition 6 and definitions of p; and ., we get that, for s < Vi,
2 42 12 /(802 2 2 5> 2
(40) B (2 — 2)) e /0 < 8 max B(|62 g — o)) log(1 + d/5°)
< 0022 log(1 +d/s?).

Next, it follows from Proposition 6 that there exists v € (0,1/8) small enough such that
for s < vd we have maxy_; o P (62 Omedk < 02/2) < 2e=“% where ¢, > 0 is a constant. Thus,

o?P(p; < t./2) < 20%e % < Co?(s/d)log(1 + d/s*). Combining this with (39) and (40)
proves (38).

5.4. Proof of part (i) of Proposition 4 and part (1) of Proposition 5. We only prove Propo-
sition 4 since the proof of Proposition 5 is similar taking into account that E(£}) < oo. We

consider separately the "dense" zone s > ¢ and the "sparse" zone s < # . Let first
log a (ed) loga (ed)
5> ﬁ Then the rate ¢g,,(s,d) is of order d'/* and thus we need to prove that
oga (e
sup  sup Eg p, . (INg, — [16]2%) < Co® V.

Pe€Ga,r [0]lo<s
Since o is known, arguing similarly to (30) - (31) we find

20|(0,€&
—0]] < W Toso + o/ |1€13 — d|-

N
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20 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.
As E(£1) < oo, this implies

Eo.p.0 (NS, — 10]2?) < 802 + Co?Vd,

which proves the result in the dense case. Next, in the sparse cas s < %, we need to
oga (e

prove that

~o 2
sup  sup Eg,p5’0(|NeXp —110]12/*) < Co?sloga(ed).
Pe€Ga,r [10]l0<s

This is immediate by Theorem 1 and the fact that |N§Xp —||0]|2|2 < ||@ — 6]]3 for the plug-in

estimator N:xp =110,

5.5. Proof of Proposition 6. Denote by G the cdf of (0£1)? and by Gy the empirical cdf of
((0€)?:i¢8), where S is the support of 8. Let M be the median of G, that is G(M) = 1/2.
By the definition of M,

(41) |[Fa(M) = 1/2] < [Fy(M) —1/2|.
It is easy to check that |Fy(z) — Gg(x)| < s/d for all x > 0. Therefore,
(42) |Ga(M) —1/2| < |Gg(M) —1/2| 4 2s/d.

The DKW inequality [24, page 99|, yields that P(sup,cg |Ga(z) — G(z)| > u) < 2e~2u*(d—s)
for all v > 0. Fix ¢ > 0 such that \/g + 5 < 1/8, and consider the event

t
A= {21615|Gd(1:) - G(x)| < 3d—s) }

Then, P(A) > 1 —2e~t. On the event A, we have

(43)  IGND) —1/2] < |G(M) —1/2] +2 < Q(d’f_) " j) <2 W} ;) <3

where the last two inequalities are due to the fact that G(M) = 1/2 and to the assumption
about t. Notice that

(44) G(M) = 1/2| = |G(M) = G(M)| = |F(M/0®) — F(M/o?)|.

Using (43), (44) and the fact that M = ¢2F~1(1/2) we obtain that, on the event A,
(45) F~Y1/4) < M/o* < F71(3/4).

This and (44) imply

(46) |G(M) = 1/2| > cus| M J0? — M/0?| = B |62ea/0? — 1]

where i = minge(p-1(1/4) p-1(3/0) F'(x) > 0, and = F~1(1/2). Combining the last in-
equality with (43) we get that, on the event A,

N _ t
|021€d/02 - 1‘ < C**l (\/;+ Z) .
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 21

Recall that we assumed that \/g + 5 < 1/8. Thus, there exists a constant c, > 0 depending

only on F' such that for ¢ > 0 and integers s, d satisfying \/g + 5 < 1/8 we have

(47) p ﬁ"ed 1’ > \ﬁ + 2] <26t
sup sup Pg rs —1| > ¢, -+ = < 2e "
>0 [6]lo<s o d d

This and the assumption that § < < 1/8 imply the result of the proposition in probability.

We now prove the result in expectation. Set Z = ‘62@' — 02‘ /2. We have
cx/8
EG,F,G (Z) < C*S/d + / y PG,F,G (Z > u) du + EO,F,U (Z]]-ZZC*/S) .
cxs/d

Using (47), we get

o/ %, [ a _C
Poro (Z >u)du< == e Vdt < —.
/c*s/d \/g 0 \/g

As s < d/2, one may check that 625§ < (maxi¢5(a§i)2/5)l+6/2 < (02/B)IHE2TE g Pt
Since E|£;[*7¢ < oo this yields Eg g, (Z'7€) < Cd. It follows that

1/(1+ _
Eo 1 (Z]lzzc*/S) < (EG,F,a (Zl+e)) /(1+e€) Po.ro (Z > c*/g)e/(1+e) < Cde a/C
Combining the last three displays yields the desired bound in expectation.

5.6. Proof of part (i) of Proposition 7. In this proof, we write for brevity E = Eg , n7(0,1)
and P = Pg ; rr(0,1)- Set

d 2_2

cpd(t)zéze“yj, o(t) = Elpa(t), wolt) = e 5.
=1

Since s/d < 1/8 and ¢(t) = ¢o(t)(1 — % +1 djes exp(ib;t)), we have

(15) 2eo(t) < (1= 2)go(t) < lo(t)] < olt).

Consider the events

B, = {02/2 <2< 302/2} and A, = {sup\god(v) —pv)| < \/g}, u > 0.

vER
By Proposition 1, B; holds with probability at least 1 — e~°? if the tuning parameter + in the
definition of 52 is small enough. Using Hoeffding’s inequality, it is not hard to check that A4,

holds with probability at least 1 — 4e™*. Moreover,

(49) E(Vdsuppa(v) — 4(v)]) < C.

veER

Notice that on the event D = {|pq(t1)| > (es/v/d+1)"1/4} we have 62 = 3 < 252. First, we
bound the risk restricted to D N Bf. We have

E(|6% — o®|1pnpe) < E([26° + o?[15:).
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Thus, using the Cauchy-Schwarz inequality and Proposition 1 we find

2 2 2 —d/C C'o®
(50) E(|6° — o?[1pnse) < Co’e < N
Next, we bound the risk restricted to D¢. It will be useful to note that Aj,s 4N By C D. Indeed,
on Ajeg ¢ N Bi, using the assumption s < d/8 we have

| (£)|>§ () \/@> 3 logd> 1
paltr)l = Jeo(ta “ des/Vd+1)3 N d T Ales/Vd+1)

Thus, applying again the Cauchy-Schwarz inequality and Proposition 1 we find

(51) E(|62 - 0?1p) = B(|62 — 0?|1pe) < (E(|5% — 022))"/* (P(D*)) /2

4 c’ 2
<Co \/P foga) T P BC)<002\/Q+6_C‘1§ \/J;l.

To complete the proof, it remains to handle the risk restricted to the event C = D N By. We
will use the following decomposition

52 o < |loslleuti) _ 21os(le(i) | 2osllo@)l) o
tl tl tl

(52)

Since —2log(|po(t1)]) /12 = o2, it follows from (48) that

‘ B 21og(|o(t1)]) B 02’ Cs Cs5? .
2 A2 dlog(4(es/Vd+ 1))
Therefore,
(53) E(\ _ 2log(|e(t)]) —02’]1c) - Cso® _
2 = dlog(es/Vd+1)

Next, using the inequality

!apd t) — ()]

| log(|a(t)]) — log(le(t)])] < O A Toa] vt € R,

we find

‘log(lwd(fl)l) _ log(|e(t)1) ‘]1 < $Wuer |#a(v) — ¢ ()]

£ & £2lo(t1)] Alpa(tr)]

Co?U < es >
< —+1),
Vd log(es/vVd+1) \Vd
where U = v/d sup,cg |pa(v) — ¢(v)|. Bounding E(U) by (49) we finally get

(54 Eﬂlog(‘ig(fl)‘) log(‘?ztl ’1}<CU max(f dlog(es/sf—i-l))

We conclude by combining inequalities (50) - (54).
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5.7. Proof of Theorems & and 4. Let [@|lo < s and denote by S the support of 6. Note
first that, by the definition of 62,

(55) ‘;Z(Qs& g%ZQ,

where 5(21) <. < 5(2 a) are the ordered values of £2,. .. ,53. Indeed, the right hand inequality
n (55) follows from the relations

Yy =, min_ SZY <D VG =) o

e8¢ 1€S¢

d—s

k=1

To show the left hand inequality in (55), notice that at least d — 2s among the d — s order

statistics Y(1) Y(Qd_s) correspond to observations Y of pure noise, i.e., Yy = 0. The sum
of squares of such observations is bounded from below by the sum of the smallest d — 2s values
025(21), . 7025(201—23) among 02¢2, ... ,a2§3.

Using (55) we get
4

(-7 <% > )

so that )
2 2
~2 (o} 2 g
Bo.rea (67~ 5D 6) < z(Z NCT
i=1
Then
o2 < 2
Eo.p, o(0 02)? < 2Eg P, o(U - Z§1> + ZEO’PE"T(g ng _ 02>

i=1

< (Y R R

Note that under assumption (2) we have E(¢}) < oo and Lemmas 1 and 3 yield

2s 95 ) | a )
Zz;\/mg C;logw (ed/i) < C'V/Cslog? (%)

This proves Theorem 3. To prove Theorem 4, we act analogously by using Lemma 2 and the
fact that E(£}) < oo under assumption (3) with a > 4.

5.8. Proof of Theorem 7. With the same notation as in the proof of Theorem 1, we have

~92 2 o2 2 1 2 T
(56) 5~ = T (€13~ d) + 5 (Jull3 — 20u7€).

It follows from (25) that

~ s / d
Jual + 20fu”e] < otue] + T{(S203) P ulle — 30 Alulsyin
j=1

Jj=s+1

imsart-aos ver. 2014/10/16 file: adapt_robust_final.tex date: April 17, 2019



24 COMMINGES, L., COLLIER, O., NDAOUD, M. AND TSYBAKOV, A.B.

Arguing as in the proof of Theorem 1, we obtain
2 T G o) /2
ull3 + 20fu”¢l < (U1 + 3 (32AF) " + U2 lulla,
j=1

where

L 1/2 d o 2 \1/2
U =30( Yl yen) o o= (2 <3U|§|(d—j+1)_)‘j> )
j=1 J 2 +

=s+1

Using the Cauchy-Schwarz inequality, Proposition 1 and (28) and writing for brevity E =
Eg p. o we find

B(s @2) Juls) < (3°02) " VEED B(uld) < 0? Y2
i=1 =

Since E(£) < oo we also have E|||€||§ - d‘ < CVd. Finally, using again (28) we get, for

k=12,
E(Uk|lul2) < /E(lul3)y/EUD) <U(ZA2)1/ JE U2)§C<72§/\]2,
j=1

where the last inequality follows from the same argument as in the proof of Theorem 1. These
remarks together with (56) imply

E(j6* —0?) < %(02\/&4— o? iA?)
j=1

We conclude the proof by bounding >_%
Theorem 1.

=1 ] in the same way as in the end of the proof of

6. Proofs of the lower bounds.

6.1. Proof of Theorems 5 and 6 and part (ii) of Proposition 7. Since we have ((t) >
0(A)1y> 4 for any A > 0, it is enough to prove the theorems for the indicator loss £(t) = 1;>.
This remark is valid for all the proofs of this section and will not be further repeated.

(i) We first prove the lower bounds with the rate 1/v/d in Theorems 5 and 6. Let fo : R —
[0,00) be a probability density with the following properties: fy is continuously differentiable,
symmetric about 0, supported on [—3/2,3/2], with variance 1 and finite Fisher information
Ity = [(fb(2))?(fo(z)) 'dz. The existence of such fy is shown in Lemma 7. Denote by Fp
the probability distribution corresponding to fy. Since Fy is zero-mean, with variance 1 and
supported on [—3/2,3/2] it belongs to G, » with any 7 > 0, a > 0, and to P, with any 7 > 0,
a > 2. Define Pg = Po .1, P1 = Pg £, 5, Where U% = 1+co/\/3 and ¢y > 0 is a small constant
to be fixed later. Denote by H(P1,Pg) the Hellinger distance between Py and Py. We have

(57) H?(P1,Pg) = 2(1 — (1 - h?/2)%)

where h? = [(y/fo(z) — \/fo(x/o1)/o1)?dx. By Theorem 7.6. in Ibragimov and Hasminskii
[15],

1— 2
h% < d=a) sup 1(t)

4 te[l,01]
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where I(t) is the Fisher information corresponding to the density fo(x/t)/t, that is I(t) =
t=21Iy,. It follows that h?> < écZ/d where ¢ > 0 is a constant. This and (57) imply that
for ¢y small enough we have H(P1,P(y) < 1/2. Finally, choosing such a small ¢y and using
Theorem 2.2(ii) in Tsybakov |21] we obtain

c T ¢
2(1 —i—zo)\/a)’Pl(‘U% - 1’ - 2(1 +20)\/a>}
o)) > IR,

(ii) We now prove the lower bound with the rate 5 log?®(ed/s) in Theorem 5. It is enough to
conduct the proof for s > sg where sy > 0 is an arbitrary absolute constant. Indeed, for s < sg
we have 2 logQ/ U(ed/s) < C/+/d where C > 0 is an absolute constant and thus Theorem 5
follows already from the lower bound with the rate 1/v/d proved in item (i). Therefore, in the
rest of this proof we assume without loss of generality that s > 32.

We take Py = U where U is the Rademacher distribution, that is the uniform distribution on
{—1,1}. Clearly, U € G, +. Let 61,...,04 be i.i.d. Bernoulli random variables with probability
of success P(6; = 1) = 53, and let €1,...,¢q be i.i.d. Rademacher random variables that
are independent of (d1,...,d4). Denote by u the distribution of (adie€, ..., adqeq) where a =
(7/2)1og%(ed/s). Note that p is not necessarily supported on O, = {6 € R%|||0]|o < s} as
the number of nonzero components of a vector drawn from p can be larger than s. Therefore,
we consider a restricted to ©g version of u defined by

1(ANO;)
1(95)

for all Borel subsets A of R?. Finally, we introduce two mixture probability measures

inf max {P()(’T - 1‘ >
T

> ir%fmax {Pg(\f’— 1] > %),Pl(@— o?| >

(58) A(A) =

(59) P, = /Pg,UJ wn(d@) and Pp = /Pg}UJ [(de).

Notice that there exists a probability measure P € Ga,r such that
(60) Py =Py 5,

where gg > 0 is defined by
2

2
(61) ol = l—i—%logz/a(ed/s) < 1—1—%.

Indeed, 03 = 1+ % s the variance of zero-mean random variable ade + &, where £ ~ U,
e~U, 0~ (21) and €,&, 0 are jointly independent. Thus, to prove (60) it is enough to show
that, for all ¢ > 2,

(62) P((T/2) logl/“(ed/s) de + &> to’o) < e~/

But this inequality immediately follows from the fact that for ¢ > 2 the probability in (62) is
smaller than

s a
(63> P(€ =1,0= 1) (1/2) log/*(ed/s)>t—1 < 4d]17'10g1/a(ed/s)>t (t/ )
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Now, for any estimator T and any u > 0 we have

T
sup sup sup Py p§U< —3
P:€Ga,r >0 |0]j0<s o

> max {Py 5 (1T~ oF] > agu),/Pg,UJ(T 1> wi(do)}

(64) > max {IPN(]T — 02| > ou), Pu(|T — 1] > agu)}

—I‘ZU)

where the last inequality uses (60). Write 0§ = 1+ 2¢ where ¢ = 7.5 > Jog?/ %(ed/s) and choose
u=¢/ot > ¢/(1+712/8). Then, the expression in (64) is bounded from below by the proba-
bility of error in the problem of distinguishing between two simple hypotheses P, and PP, for
which Theorem 2.2 in Tsybakov [21] yields

(65) max (BT~ 03] > 6), Ba(|T 1] 2 )} > - (ol

where V(P,,IP;) is the total variation distance between P, and P5. The desired lower bound
follows from (65) and Lemma 5 for any s > 32.

(iif) Finally, we prove the lower bound with the rate 72(s/d)'=2/® in Theorem 6. Again, we
do not consider the case s < 32 since in this case the rate 1/v/d is dominating and Theorem 6
follows from item (i) above. For s > 32, the proof uses the same argument as in item (ii) above
but we choose a = (7/2)(d/s)"/®. Then the variance of ade + £ is equal to

TQ(S/d)lfQ/a
78 .

Furthermore, with this definition of o there exists P e Por such that (60) holds. Indeed,
analogously to (62) we now have, for all ¢ > 2,

0(2):1—1—

S

(66) P(O[ 56 +£ > tO'()) S P(E = 1,6 = 1) (T/Q)(d/s)l/“>t 1 ~ 4d T(d/s)l/“>t (t/T)

d)l 2/a
To finish the proof, it remains to repeat the argument of (64) and (65) with ¢ = %.

6.2. Proof of Theorem 2. We argue similarly to the proof of Theorems 5 and 6, in par-
ticular, we set a = (7/2)log!/%(ed/s) when proving the bound on the class G, and o =
(1/2)(d/s)** when proving the bound on P, ,. In what follows, we only deal with the class
Ga,r since the proof for P, ; is analogous. Consider the measures p ji, P, P; and P defined
in Section 6.1. Similarly to (64), for any estimator T and any u > 0 we have

sup sup sup Pepga(\T 10]l2] > ou)
Pe€Ga.r 030 [|0]|0<s

> max {Py 5., (1] > o) / Poa (1T~ 0] > w)(d)}
> max {P, (17| > oou), Pa(|T — 62| > oou) }

> max{ LT > oou), Pa(|T] < oou, [|0]]2 > 2(70u)}

> mEi}n max {P,(B),Pz(B°) — i(||0]2 < 200u)}

P.(B P (B¢ (1@ 2
2 min u )—; al )_M(H ||22< oou)
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where oy is defined in (61), U denotes the Rademacher law and minp is the minimum over all
Borel sets. The third line in the last display is due to (60) and to the inequality o¢ > 1. Since
ming {IP’M(B) + ]P’,;(BC)} =1-V(P,,Pz), we get

1= V(P Pg) — (|[0]l2 < 200u)

(68) sup sup sup Pop (|7 —||0]2]/c > u) > .
Pgega,‘r >0 ||0H(]SS 2

Consider first the case s > 32. Set u = 2. Then (77) and (80) imply that

40¢
V(P Py) <e 16, (]2 < 200u) < 275,

which, together with (68) and the fact that s > 32 yields the result.

Let now s < 32. Then we set u = 80\}2/50' It follows from (78) and (81) that

d—1
1= V(@ Pa) — a16]2 < 200u) > P(B(d, ) =1) = S (1-5)

It is not hard to check that the minimum of the last expression over all integers s, d such that
1 < s <32, s <d,is bounded from below by a positive number independent of d. We conclude
by combining these remarks with (68).

6.3. Proof of part (it) of Proposition 4 and part (ii) of Proposition 5. We argue similarly
to the proof of Theorems 5 and 6, in particular, we set o = (7/2) log'/(ed/s) when proving
the bound on the class G, », and o = (7/2)(d/s)"/® when proving the bound on P, . In what
follows, we only deal with the class G, , since the proof for P, - is analogous. Without loss of
generality we assume that o = 1.

To prove the lower bound with the rate ¢g,,(s,d), we only need to prove it for s such that
(92p(s:d))? < coV/d/log?*(ed) with any small absolute constant ¢y > 0, since the rate is
increasing with s.

Consider the measures p fi, P, Pz defined in Section 6.1 with oo = 1. Let &§; be distributed
with c.d.f. Fy defined in item (i) of the proof of Theorems 5 and 6. Using the notation as in
the proof of Theorems 5 and 6, we define P as the distribution of 51 = 01&1 + adie; with
0? = (1 + a?s/(2d))~! where now §; is the Bernoulli random variable with P(§; = 1) =
(1 + a?s/(2d))~". By construction, E§; = 0 and E€ = 1. Since the support of Fp is in
[—3/2,3/2] one can check as in item (ii) of the proof of Theorems 5 and 6 that P € G, . Next,
analogously to (67) - (68) we obtain that, for any u > 0,

—V(Pu Py p) — (62 < 20)

N 1
sup  sup Pg’p&l(‘T— 10]|2] > u) > 5 .
Pgega,‘r ||9||0§S

Let Py and Py denote the distributions of (&1,...,&4) and of (01&1,...,01&4), respectively.
Acting as in item (i) of the proof of Theorems 5 and 6 and using the bound

2
TZ% log?%(ed/s) < Cey/Vd

we find that V(Pg,P1) < H(Po,P1) < 2kc2 for some £ > 0. Therefore, VP, Pyp,) =
V(PoxQ,P1xQ) < V(Py, P1) < 2kcZ where Q denotes the distribution of (adyeq, . . ., adqeq).
This bound and the fact that V(Pg, P, 5,) < V(Pg,Py) + V(Py, Py 5 ) imply

) 1—V(P,,P;) — (|02 < 2u
sup  sup Pop (|7 — [6]a] > u) > L=V “)2“(“ lo=2w) 2
Pe€Ga,r [10]l0<s

11— o0y| < a’s/d=
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We conclude by repeating the argument after (68) in the proof of Theorem 2 and choosing
co > 0 small enough to guarantee that the right hand side of the last display is positive.

6.4. Proof of part (ii) of Proposition 7. The lower bound with the rate 1/v/d follows from
the argument as in item (i) of the proof of Theorems 5 and 6 if we replace there Fy by the
standard Gaussian distribution. The lower bound with the rate FIGERR s follows from

g1 (s%/d))
Lemma 8 and the lower bound for estimation of ||@||2 in Proposition 3.

6.5. Proof of Proposition 8. Assume that @ =0, 0 = 1 and set
& = V3eu,

where the ¢;’s and the u; are independent, with Rademacher and uniform distribution on [0, 1]
respectively. Then note that

~ R N 3 2
©)  Bona(e? 172 Bona@) - 1)' = (Bana{o? - 53wt}
=1
since E(u?) = 1/3. Note also that 62 = di/Q 25121 u%z) Now,
dj2 d d/2 d
1 2 1 2 _ 1 2 1 2
@Z“(i)—gzui—g i) T g > U
i=1 i=1 i=1 i=d/2+1
dja d
1 2 1 2
<D upy s D U
i=1 i=3d/4+1
1

< Z(u%d/zg - U%3d/4))-

Since u;) follows a Beta distribution with parameters (i, d—i+1) we have E(u% )) = %,

i
and

1 1< 1 d 1
2 2 2 2 _
Eo,p, 1 (dT? Zu(i) — 7 Uz) < ZEO,Pg,l(u(d/zl) — U(3q/1)) = “8(d+2) S o
i=1 i=1

This and (69) prove the proposition.

7. Lemmas.

7.1. Lemmas for the upper bounds.

LEMMA 1. Let z1,...,24 P with P € Ga,r for some a,7 > 0 and let z(1) < -+ < z(g) be
the order statistics of |1, ..., |zq|. Then for u > 2Y% Vv 2, we have
(70) P(z(d_j+1) < ulog® (ed/j),Vj =1,... ,d) > 11— 4e /2,

and, for any r > 0,
(71) E(ng—j+1)) < Clog’"/a (ed/j), ji=1,....,d,

where C' > 0 is a constant depending only on T, a and 7.
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Proor. Using the definition of G, » we get that, for any ¢ > 2,
d\ s AV AT
P(2aji1y 2 t) < ( ')P”<\z1| > 1) < 2(?)]6’“”” ;o i=1,....d
J J

Thus, for v > 2172V (2/7) we have

d '(1_va) S0y @
(12)  Plaageny 2 vrlog(ed/) < 2(F) T <2 =1
and .
P(EI Je{l, ..., d}: 2g—jy1) = VT logl/a(ed/j)) < QZe_j”a/Q < d4e7V?
j=1
implying (70). Finally, (71) follows by integrating (72). O
LEMMA 2. Let 21,...,24 2 p with P € Pa,r for some a,7 >0 and let zqy < -+ < z(q) be
the order statistics of |z1|, ..., |zq|. Then for u > (2¢)"/%T Vv 2, we have
d\1l/a 2e7?
(73) P(z(d,jﬂ)gu(;) ,V]:L...,d> >1-—
and, for any r € (0,a),
, d\r/a ,
(74) E(Z(d—j—‘rl)) < C(;) ) J=1,....4,

where C' > 0 is a constant depending only on 7, a and r.

Proor. Using the definition of P, , we get that, for any ¢ > 2,

P(2(a—j41) 2 1) < (ejd)jcya-

1/
Set t; = u(?) " and g = e(7/u)?®. The assumption on u yields that ¢ < 1/2, so that

P(H Ge{l, o d}: 2 g > u(j)l/a’) <3 (ejd)jg)j“ _ zd:qj <2
j=1

7j=1
This proves (73). The proof of (74) is analoguous to that of (71). O
LEMMA 3. For all a > 0 and all integers 1 < s < d,

~ log?/ (ed /i fa (€4
ZlogQ (eal/z)SC'slog2 (s)

i=1

where C' > 0 depends only on a.

The proof is simple and we omit it.
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7.2. Lemmas for the lower bounds. For two probability measures P; and P2 on a mea-
surable space (2,U), we denote by V(P1,P2) the total variation distance between P; and
Pgi

V(P1,P2) = sup |[P1(B) — P2(B)].
Bel

LEMMA 4 (Deviations of the binomial distribution). Let B(d,p) denote the binomial ran-
dom variable with parameters d and p € (0,1). Then, for any X > 0,

2
(75) P(B(d,p)ZA@%—dp) Sexp(_Qp(l—p)/\(l—l-)\))’
e 3pVd
(76) P(B(d,p) < —\d+ dp) < exp ( — 2p(1—p))

Inequality (75) is a combination of formulas (3) and (10) on pages 440-441 in [19]. Inequality
(76) is formula (6) on page 440 in [19].

LEMMA 5. Let P, and Py be the probability measures defined in (59). The total variation
distance between these two measures satisfies

(77) V(P,,P;) < P(B(d, 2871) > 5) <%
and
(78) V(P Py) <1 P(B(d, %) - o) - P(B(d, 2%) - 1).

PRrROOF. We have

V(P,,Pp) = Sup =V (p, ).

/PO,U,l(B)d,U,(O) — /P97U71(B)d/7/(0)‘ < ‘?01|1<pl

[ tin— | san

Furthermore, V (u, i) < u(0¢) since for any Borel subset B of R? we have |p(B) - ﬂ(B)‘ <
u(BNOS°). Indeed,

u(B) = i(B) < p(B) — (BN O) = u(BN 6°)

and
_ _p(BNO) ¢ c
p(B) — u(B) —W—M(Bﬂ@)—ﬂ(l?ﬁ@ ) = —u(BNO°).
Thus,
(79) V(B,,Ps) < u(6°) = P<B(d, %) > s).

Combining this inequality with (75) we obtain (77). To prove (78), we use again (79) and
notice that P(B(d, %) > s) < P(B(d, %) > 2) for any integer s > 1. O
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LEMMA 6. Let ii be defined in (58) with some a > 0.Then
(80) p(l6]l2 < 55) < 2677,

and, for all s < 32,

(81) a(||¢sv||2 < Z£> = P(B(d ;d) o).

ProoOF. First, note that

(82) p(162 < §v5) =P(Bld, o) < 3) < i

where the last inequality follows from (76). Next, inspection of the proof of Lemma 5 yields
that i(B) < u(B)—Fe*% for any Borel set B. Taking here B = {||0]|2 < ay/s/2} and using (82)

proves (80). To prove (81), it suffices to note that /,L(HOHQ < a%) = P(B(d, 3) < %) O

LEMMA 7. There ezists a probability density fo : R — [0, 00) with the following properties:
fo is continuously differentiable, symmetric about 0, supported on [—3/2,3/2], with variance 1
and finite Fisher information I, = [(f}(x))*(fo(x)) dx.

PROOF. Let K : R — [0, 00) be any probability density, which is continuously differentiable,
symmetric about 0, supported on [—1, 1], and has finite Fisher information I, for example,
the density K'(z) = cos®(mx/2)1jy<1. Define fo(x) = [Kp(x 4+ (1 —¢)) + Kp(z — (1 —¢))]/2
where h > 0 and € € (0,1) are constants to be chosen, and Kj(u) = K(u/h)/h. Clearly, we
have Iy, < oo since Ix < oo. It is straightforward to check that the variance of fy satisfies
fx2f0 Ydz = (1—¢)%+ h%0% where 0% = [u?K (u)du. Choosing h = v2e — &2 /o and € <
o2 /8 guarantees that [ 2%fo(z)dz =1 and the support of fy is contained in [-3/2,3/2]. O

LEMMA 8. Let 7 > 0, a > 4 and let s,d be integers satisfying 1 < s < d. Let P be
any subset of Py r. Assume that for some function ¢(s,d) of s and d and for some positive
constants ci, 2, ¢}, ¢ we have

T C1 ’

83 inf sup sup sup Py p, ——1>—| >c,
(83) T PeePo>0(0o<s o \ |0 Vid !
and

7|60 ,
(84) inf sup sup sup Pg p, o < w > cyﬁ(s,d)) > Cy.

T P:eP o>0||0]|o<s o

Then

T
inf sup sup sup Pop.» | |5 —
T P:€P o>0||6]|o<s o

1>

for some constants cs, cy > 0.
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PROOF. Let 62 be an arbitrary estimator of o2. Based on 62, we can construct an estimator

T = N* of ||6]|2 defined by formula (11), case s > v/d. It follows from (30), (31) and (84) that

¢y <P (2/(6,8)] = c2||0]29(s,d) /3) + P <\/ 11€113 — d| > 62¢(87d)/3>
52

+P< alZ
o

— = 1‘ > cz¢(s,d)/3> ,

where we write for brevity P = Py, Peo- Hence

~2

p < - 1‘ > cg¢2<s,d>/<9d>) > ch — " max <¢4<j, a)’ ¢2<i,d>>

for some constant ¢* > 0 depending only on a and 7. If $?(s,d) > max <1 /2§d E), then

2
~2 1 2
P < % - 1‘ > C'max <\/&’ ¢(27d)>> > /2.
If ¢?(s,d) < max (@, %), then max (ﬁ, @) is of order ﬁ and the result follows
from (83). O
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Abstract We prove the lower bound of Proposition 3 in [1].

1. A result on the lower bound for estimation of the norm. In this Supplement,

we use the notation of [1] without, in general, recalling its definition. Set

oy (o) = {\alon(1 VL), [T

where log (z) = max(0,log(x)) for any « > 0. Our aim is to prove part (ii) of Proposition 3

in [1], that is the following fact.

PROPOSITION 3(ii). Let s and d be integers satisfying 1 < s < d and let ¢(-) be any loss

)zc’,

where inf; denotes the infimum over all estimators, and ¢ > 0, cd > 0 are constants that can

function in the class L. Then,

T 1]

g

infsup sup Egar(0,1),0 ¢ <C(¢}“v(o,l) (s,d))~"
T >0 |8]o<s

depend only on £(-).

PROOF OF PROPOSITION 3(ii). In the following, we denote by C' absolute positive constants
that can be different on different appearances.

If s <+/dord< C, the rate qu\/(o’l)(s,d) is of order \/s log(1 4 v/d/s), the same as the
minimax rate for the case of known o |2]. The lower bound with this rate for any fixed o > 0 is

available from [2]. Hence, it is enough to prove the result for s,d such that s > v/d and d > C

where C' > 0 is a large enough absolute constant. In the sequel, we only consider such s and d.
We denote by ¢,2 the density of N'(0,02). We set e = 55 < 1/2, 7 = Valog(es?/d), where
a > 1 is a constant that will be chosen large enough, and ¢ = cpe/72, where 0 < ¢y < 1 is the
constant from Lemma 9 below. Note that 0 < ¢ < 1.
We start by defining some probability distributions on ©. Let d1, ...,y be i.i.d. Bernoulli
random variables with probability of success P(d; = 1) = €. Let g1 and go be the densities from
Lemma 9 below. We define p1 as the joint distribution of (51X£1), e ,5dX(§1)) where the Xi(l)

1
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2 L. COMMINGES, O. COLLIER, M. NDAOUD AND A.B. TSYBAKOV

are i.i.d. random variables with density ¢, * g1 independent from d1, ..., d4. Similarly, we define
wo as the joint distribution of ((51X£2), e ,6dX52)) where the XZ-(Q) are i.i.d. random variables

with density g2 independent from dy, ..., d4. Next, consider two mixture probability measures
P, = /]Rd Pon(01)111(d8), Po= /Rd P n(o,1),T55 H2(d0)

whose density functions are ffgd and f?d, respectively, where

(1) fi=1 =e)d1 +edirp g1, fo=(1—€11p+ €dryy * go.

Define the truncated versions of 1 and ps supported on Oy as

_ mi(AN6y)

L i=1,2.
/in(@s)

fi(A)
Set
P, = /R  Pononim(de), Pr= /R  Pon(.).Trp 2(d0).

As in the proof of Theorem 2 in [1], it is enough to obtain the lower bound for the indicator

loss ¢(t) = 14>1. Using Theorem 2.15 in [3] for any v > 0 we get

T—16
(2) infsup sup Pe,N(o,l),a (‘w‘ > U)
T >0 0cO, o

> mfmax{pl(;:ﬁ— 18]]2] > v), Py (
T

T 16]l2] = v(1+¢)"/2) }

_V’
92 9

_ - _ N 1
> infmax { Py (|~ [0]12] > 20). Pa(|T 0] > 20) } >

where
V' =V(P1,P2) + i ([|6]l2 < w + 4v) + f2([[0]l2 > w)

with any w > 0. Here, V(P1,P3) < V(P1,P3) +V(P1,P1) + V(P3,P3) and, as in the proof of
Lemma 5 in [1], we have V (P;, P;) < V(u4, i), i = 1,2. Since also V(P1, P3) < /x2(P1, Pa),
cf. [3, Chapter 2|, we get

V, < QV(MIMEI) + 2V(/,L27/]2) + XQ(Pla P2)
+ 1 ([16]]2 < w + 4v) + p2(]|0]]2 > w).

Using Lemma 5 in [1] we obtain 2V (p1, 1) + 2V (pe, fiz) < 4e~ 16 < 1/4, where the last

inequality is granted since we assume that s > v/d and d > C, where C' > 0 is large enough.
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 3

Now, we choose

o/ QU —
UZW? w:\/&?
where
mi —m mi —m .
a:mg—l—%’ :%7 m; =E,, (|1613), i=1,2,

and E,; denotes the expectation with respect to p;. Since, by definition,

S
my = 2/37291 * () dz, mo = 2/x2gg(ac) dx,

Lemma 9 implies that

p1s cos
m1+m2§?, ml_mQZﬁa
so that
QU — _
3) s Vat2u—a _ u S oMz ma ZCﬁchﬁN(Ol)(s,d)
4 2(Va +2u+ +/a) Vmi +me T

for s > v/d. Moreover, using the von Bahr-Esseen inequality [4] and Lemma 9 we find

(/102 < w+4v) = pr (|10]3 < a+2u) = 41 (||0]3 — my < —u)

CdEy, (|63 — By, (03)"") _ CdBy, (|0a]””)
= u5/4 — u5/4

Cs 5/2 Cs
u5/4/‘x’ g1 * ¢p(x) dax < AT <1/8,

IN

cos

§%3, 8> Vd and d > C, where C > 0 is large

where the last inequality is granted since u = S
enough. Quite similarly, we prove that us(||@]]2 > w) < 1/8. In summary,

(4) 2V (1, fin) + 2V (2, fiz) + pa (0]l < w + 4v) + p2 ([|0]]2 > w) < 1/2.

Furthermore, since x2(P1,P2) = (1+x2(f1, f2))¢—1, Lemma 10 implies that x?(P1,Py) < 1/4
if ¢g > 0 is chosen small enough. It follows from this remark and (4) that V' < 3/4, which
together with (2) and (3) completes the proof.

2. Technical Lemmas. In the proofs below, we will use the Fourier transform defined for

any integrable function f as

f(t) = /R e f() da.

LEMMA 9. Let ¢ = coe/7%, where € and T are defined in the proof of Proposition 3(ii). There

exist two probability density functions g1 and ga such that, for all ¢y € (0,1) small enough,
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4 L. COMMINGES, O. COLLIER, M. NDAOUD AND A.B. TSYBAKOV

(i) max{ [ a%g1 * ¢ (2) dz, [52°ga(x)dw} < pr772,
(it) [z 2%g1 % () dv — [g 2%ga(x) dw = com ™2,
(i) mass { fo lo202(z) d, [y o201 6,(a) do} < far =7,

where 51 > 0 and By > 0 are absolute constants.

Proor OorF LEMMA 9. We define

0 if o] < 57 RY
g1(x) = . _ 1?:7 C:m7 g2 =61+ G,
354 if |$| > 107
with
. k() if |t < T,
h 1—¢, o
(5) g=—, h(t)=<j@t) ifr<|t|<2r, k()= (7 —1),
2 €
0 if |t] > 27,
e gt @t @roo  @r-p
€ tel 27 —t 21 —t 27 —t
Jjt)=(1—¢) Z on ,0 [ L% + Con— 3 + Bn 1|’
n>1
where

Clp = o2n? + 5n + 6, copn= —4n? — 8n — 8, €3n= 2n? + 3n + 3.

One can check directly that g; is a probability density. We now prove that go is a probability
density if ¢g is small enough. We start by showing that go is positive on R if ¢g is small enough.

First, note that h is bounded on [—27,27], so that h is well-defined. Thus, we can write

1 T 1 2T
(6) ﬂ@:/kwmw@w+(/j@mw@ﬁ
™ Jo ™ Jr
Integration by parts yields
(21 — )" sin(7x) cos(Tx) sin(7x)
/T e cos(tx)dt = — . +n o +n(n—1) 53 n(x)

and

T g2 sin(7x) cos(Tx) sin(7z)
— tr)dt = 2 —2n(2n—1)——=+b
/0 o cos(tx) . + 2n o n(2n —1) gy + by ()
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 5

n nt2n

with |ap(z)|V |bn(x)] < C” . Considering (6) and the fact that k(t) = 1= D on>1 o we get
1—e¢ cre™ 1 rsin(rz) cos(Tx)
9(z) = — n; ST [ (L= c1in = o —c3n) + 5 (2n+ 2c1,0 + Bep + deg )
sin(Tz
7_2(373)(—271(271 — 1) 4+ 2¢1n + 6c2, + 12¢3,) + (an(x) + bn(x))}

The coefficients c; , are chosen in such a way that the first three terms in the square brackets

vanish. Hence,

(760
34’

(7) lg(z)] <

On the other hand, if 0 <z < 7/(107) and 0 < ¢ < 27, then 0 < zt < 7/5, so that

T2 (2 —t 21 —1)? 21 — t)*
(8) I:= — cos(tx) dt + (13 u —20( k) —{—8( Tt )cos(tx) dt
B 72 3 4

> cos(m/5) [/ dt+13/2T dt+8/T2T(277_t)dt}—20/fTMdt

-3
> (% cos(m/5) — 5) T.

Thus, using the elementary inequality |e® — 1 — x| < ex?/2 for € [0,1] and the fact that
|cin] < 20n2%, we get

e [T [coet?\2 20021 1 1
O -0-gwid < [(E) ee D[]

< <% cos(m/5) — 5)7’

for ¢y small enough. Finally, combining (7), (8) and (9) yields that go is positive on R.
From (7) and the fact that g is uniformly bounded we get that g and h are integrable. Then,
§(@) = @m)~L [ h(t)eodt = h(~a),

/ g(x)dz = §(0) = h(0) = 0,

so that [ go = [ g1 = 1. Thus, we have proved that both g; and g, are probability densities.
Next, to prove the properties (i) and (ii) of g1 and g9, it suffices to note that

/ 22g1 % dy () dz = —(G10,,)"(0) = =57 (0),,(0) — ¢5(0)d1(0) — 241 (0),(0)
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6 L. COMMINGES, O. COLLIER, M. NDAOUD AND A.B. TSYBAKOV

and similarly, since §(t) = h(—t),

/ac2g2(x) dx = /1‘291(33‘) dx — h"(0) = /$291($) dr — M < T%

€

Finally, we prove the property (iii). Using (6) it is not hard to check that |g(z)| < CT for z €
[—7~1, 771, This and (7) imply that [ |2|>/2|g(z)|dz < CT~%/2. Since also [ |2|>/?g;(z) dx <

C77%/2, we have

(10) / 2|2 ga(2) du < CT7%/2.

Next, using again (7) we get that, for any = € R,

‘/qu(gl(x_y)_ 1(2)) e (y dy‘<

734’

and since g is uniformly bounded by C',
[ e - a@swda|<or [ sy
ly[>|=|/2 ly|>|x|/2
< OTy/plal et/
C

34’

<

Consequently, |g1 * ¢o(z)] < |91 * ¢ () — g1(2)] + |g1(2)] <
|91 % ¢p(2)| < maxser [g1(¢)] < O for all x € R. Using these remarks we find

[lalPgco@ydos [l Paco@dns [ alPgone)de<
|z[<1/7 |z[>1/7 T
Combining the last bound with (10) completes the proof. O

LEMMA 10. Let fi and fo be the probability densities defined in (1) with g1 and g2 as in
Lemma 9. Then there exists an absolute constant B3 > 0 such that, for all co € (0,1) small
enough and o > 1 large enough,

i ) < 5360

PROOF OF LEMMA 10. Note that f; > (1 — €)¢;. Since ¢7 (1) = \/%ano % and € <

1/2, we get

gy = [ ff2> <2F2/2n,f1 F2)2(1) dt

n>0

As fo— fi = (1= €)(¢14p— 1)+ €h11p(G2 — §1) With Go — g1 = h defined in Lemma 9, it holds
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ADAPTIVE ROBUST ESTIMATION IN SPARSE VECTOR MODEL 7

that fl — fg is infinitely many times differentiable everywhere except the points +7 and +27.
Thus

Clh <oy oL Pwra=cY s A [ - 10k

n>0 n>0

since by construction (1 — 6)(@ - g/b:) + eqb/p:pk =0 (¢f. Lemma 9), where k is the function

defined in (5). Furthermore, for every n > 0,

+oo R oo
/ A3 — A @)]2 dt < 262 / ([B110(t) (G2 — 50))™)2(t) dt

T

oo -
(11) +2/ (P14 — &1)™ (1)) dt.

Then, note that |5(™)(t)| < C’Zn>1 7,1172 < Cep for all t € [r,27], so that
too 2 27 — n 2 27 — 2
/ ([¢1+<p(§2 — @1)](n)) = / ([¢1+<p]] )) < Cc¢y sup < > / ([¢1+w](m)) :

T T n—4<m<n \TN T

Recall that the Hermite polynomials H,, are defined by

Hp(z) = (_1)mex2/2dl <67w2/2> ’

dz™

so that if n —4 < m < n,

2T — 2T
/ ([frapl ™) < (L + )" [ HA(tVT+ @)e 0+ dt < (14 g)"nle ™72,

T

Therefore, if « is large enough and ¢ is small enough,

€2 oo~ n) 2 272 _ Cco
(12) > Q"n' ([6119 (32 — §1)]™)? < Cepee <

n>0

Consider now the second integral in (11). Applying the mean value theorem to the k-th deriva-
tive of f(t) = exp(—t2/2) we get that, for t > 0,

—

(@145 — o)™ ()] < 1A+ )2 = 1[fM (VT +9)| +1(/T+o—1)  sup  [fHD(w)]
u€[t,tv/IT+]

sup  |Hoy1(w)e /2.
u€lt,tv/I+¢

( )
< (L4 Q2| Hy(t/TH e 3
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8 L. COMMINGES, O. COLLIER, M. NDAOUD AND A.B. TSYBAKOV
By integrating the square of the first term on the right hand side, we get

_t2(1+¢)
2

+o00 +o00
/ (1+ @) "H2(t\/T+ p)e P09 gt < (14 go)”e72/2/ H2(t\/1+ @)e
T 0

< C(14 ¢)"n! e 2,

On the other hand, using the fact that H,(u) = Lné% (—1)1# u™ 2 we find

n—210)!
/+OO 2 2 2 nz/%J( )2 T 4142 —t2/2
t sup  |Hn(uw)|?e ™ dt < (1+p)"e™ ™ ?n / TR TEeT 2 dt
T u€lt,tv/IFo 21! (n — 21)! 0
, Ln/QJ Nl ) l
n_—1°/2 . n—2
=0
)
<C(1+¢)"e ™ 22mp3  sup )7
) et oy TP (0 — 20
<C(1+ go)ne_TZ/Z(Qe)”n5n!
and
1 too () (112
(13) Yo ) (G —en™®] at
0<n<dlog (<)) "
es? 2 2 CC
< Cp atog (=) (5 es”y 22 . Co
< Ce*(1+ ) d (d) log(d)e <

for all a large enough and cg small enough. Furthermore, using the mean value theorem we

obtain
foo L~ o~ (n) 2 2n 2
[ IGr - a @ ar < om [ 60, - oPde
< C(pQ /t2n+4e—t2/(1+tp) dt
< CP*(1+ )" (n +2)!

Thus, if ¢g is small enough

1 o 3(1 + 4lo % C
Z 2nn!/T [(P14 _¢1)(”)(t)]2dt = C¢2<(4¢)> ) = %’

n>|4log (252)

since 4log(4/3) > 1. The result follows from the last formula, (12) and (13). O
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