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Abstract. Adaptive estimation in the sparse mean model and in sparse regression
exhibits some interesting effects. This paper considers estimation of a sparse target
vector, of its f2-norm and of the noise variance in the sparse linear model. We
establish the optimal rates of adaptive estimation when adaptation is considered
with respect to the triplet "noise level — noise distribution — sparsity". These rates
turn out to be different from the minimax non-adaptive rates when the triplet is
known. A crucial issue is the ignorance of the noise level. Moreover, knowing or not
knowing the noise distribution can also influence the rate. For example, the rates of
estimation of the noise level can differ depending on whether the noise is Gaussian
or sub-Gaussian without a precise knowledge of the distribution. Estimation of noise
level in our setting can be viewed as an adaptive variant of robust estimation of scale
in the contamination model, where instead of fixing the "nominal" distribution in
advance we assume that it belongs to some class of distributions. We also show that
in the problem of estimation of a sparse vector under the 2-risk when the variance
of the noise in unknown, the optimal rate depends dramatically on the design. In
particular, for noise distributions with polynomial tails, the rate can range from
sub-Gaussian to polynomial depending on the properties of the design.

Key words: variance estimation, functional estimation, sparsity, robust estimation,
adaptivity, sub-Gaussian noise.

1. INTRODUCTION

This paper considers estimation of the unknown sparse vector, of its fo-norm and of the
noise level in the sparse mean model and in the sparse linear regression model. We focus on
construction of estimators that are optimally adaptive in a minimax sense with respect to the
noise level, to the form of the noise distribution, and to the sparsity.

We consider first the sparse mean model defined as follows. Let the signal 8 = (61,...,60,)
be observed with some noise of unknown magnitude o > 0:

Yi=0;+0&, i=1,...,d.

The noise random variables &1, ...,{g are assumed to be ii.d. and we denote by P the un-
known distribution of £;. We assume throughout that the noise is zero-mean, E(£;) = 0, and
that E(¢?) = 1, which ensures identifiability of 0. We denote by Py p, » the distribution of
(Y1,...,Yy) when the signal is 8, the noise level is o and the distribution of the noise variables
is Pe. We also denote by Eg p, , the expectation with respect to Pg p, o

We assume that the signal 0 is s-sparse, i.e.,

d
16llo = To,20 < s,

i=1
1
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where s € {1,...,d} is an integer. Set O, = {8 € R?[||0]|p < s}. Our aim is to estimate o>

and the /-norm
d N\ 1/2
ol = (- 62) "
i=1

In the case of standard Gaussian noise (P = N(0,1)) and known noise level o, a rate
optimal estimator of the f5-norm of @ on the class ©4 was found in Collier, Comminges and
Tsybakov [4]. In particular, it was proved that the estimator

N

d
N,o= (Z(Yf — a50%) Ly 552 log(Hd/sz)) . with oy = E(€2|¢7 > 2log(1 + d/s%)),
=1

satisfies the bound

; 2
Egn(0,1),0(No,s — [10]]2)
2

sup sup < coslog(1 + d/s?), Vs < Vd, (1)

o>016]lo<s g

for some positive constant cp, and the rate in (1) cannot be improved for s < Vd. For s > V/d,
the simple estimator

—
—~
e

[\
|
Q
[\
~—
SN—"
N[

is rate-optimal. Thus, in the whole range 1 < s < d, if we define the minimax risk by the
infimum of the quantities in the left-hand side of (1) over all estimators, the minimax rate has

the form
¢/\/(O,l),norm = min{ SlOg(l + d/52),d1/4}.

The estimator Nms depends on o, s, and crucially uses the fact that the variables &; are
standard Gaussian. A natural question is whether one can construct an adaptive estimator
independent of these parameters/assumptions that attains the same rate. We show that this is
not possible. Furthermore, we find the best rate that can be achieved by adaptive estimators.
The deterioration of the rate due to adaptation turns out to depend on the assumptions on
the noise distribution P;. We consider two types of assumptions: either the noise belongs to a
class of sub-Gaussian distributions G, i.e., for some 7 > 0,

PicG, iff E(&)=0, B(&)=1and Vt>2, P(|&]>1t) <2 /77, (2)

or to a class of distributions with polynomially decaying tails P, -, i.e., for some 7 > 0 and
a> 2,

P.eP., iff BE)=0, BE)=1and Vt>2 P(l&|>1) < (%)a (3)

In particular, the rate of estimation of the f-norm functional deteriorates dramatically if P
belongs to P, ; as compared to the sub-Gaussian case P € G;.
The problem of estimation of the variance o2 exhibits similar effects. When the variables &;

are standard Gaussian, a suitably rescaled median of the squared observations achieves the rate

¢N(0,1)(37 d) = max (%, 5) as shown in Section 2.1 below. However, such an estimator fails

to work on the class of sub-Gaussian distributions G,, and we show that adaptive estimation
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of o2 on this class is only possible with slower rate. We obtain similar conclusions for the class
P, where the best rate of adaptive estimation is even slower and crucially depends on a.

Finally, we consider extensions of these results to the high-dimensional linear regression
model. We propose estimators of 02 and ||@||2 based on the Square-Root Slope estimator of 6.
Using the methods of [1] and [6] we show that these estimators are simultaneously adaptive
to o, s, and to P in the class G;.

We conclude this section by a discussion of related work. Chen, Gao and Ren [3| explore the
problem of robust estimation of variance and of covariance matrix under Hubers’s contami-
nation model. As explained in Section 2.1 below, this problem is very similar to estimation of
noise level in our setting. The main difference is that instead of fixing in advance the Gaus-
sian nominal distribution of the contamination model we assume that it belongs to a class of
distributions, such as (2) or (3). Therefore, one can view the part of the current paper dealing
with noise level estimation as a variation on robust estimation of scale where, in contrast to
the classical setting, we are interested in adaptation to the unknown nominal law. Another
aspect of robust estimation of scale is analyzed by Minsker and Wei [11]|. They consider classes
of distributions similar to P, . rather than the contamination model. Their main aim is to
construct estimators having sub-Gaussian deviations under weak moment assumptions. Our
setting is different in that we consider the sparsity class O of vectors 8 and the rates that we
obtain depend on s. We also mention the recent paper by Golubev and Krymova [8] that deals
with estimation of variance in linear regression in a framework that does not involve sparsity.

The part of this paper dealing with estimation of the fo-norm studies the same questions as
in Collier, Comminges, Tsybakov and Verzelen [5] where the problem of estimation of linear
functional L(0) = Zle 0; was considered. In that case, adaptation is less costly than for
the f-norm. A minimax rate-optimal estimator of L(6) with known s and o and standard
Gaussian &; can be found in [4] and has the form:

d
LU,S = Z }/;]1}22>202 log(1+d/s2)" (4)

i=1
As shown in [5], adaptive estimation of L(@) can be achieved with the rate, which is almost
the same as the minimax non-adaptive rate. For this, it is enough to replace the unknown s
and o in (4) by some data-dependent quantities. In particular, for o it can be a rough over-
estimator. Furthermore, it is straightforward to extend the method of [5] to sub-Gaussian
noise distributions. However, using such an approach for adaptive estimation of the fo-norm
meets difficulties. Indeed, replacing the unknown parameters in NU,S by some statistics is
more problematic since along with an estimator of ¢ one needs a very accurate estimate of

the coefficient . Therefore, we will proceed in a different way.

2. ESTIMATING THE VARIANCE OF THE NOISE
2.1 Sample median estimator

In the sparse setting when |0 is small, estimation of the noise level can be viewed as
a problem of robust estimation of scale. Indeed, our aim is to recover the second moment
of 0&; but the sample second moment cannot be used as an estimator because of the presence
of a small number of outliers 6; # 0. The models in robustness and sparsity problems are
essentially equivalent but the questions of interest are different. When robust estimation of o
is considered, the object of interest is the pure noise component of the sparsity model while
the non-zero 0; that are of major interest in the sparsity model play a role of nuisance.
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In the context of robustness, it is known that the estimator based on sample median can
be successfully applied. This is a special case of M-estimator of scale (cf. [9]) defined as

R Y
Gmed = 3 (5)
where 4 is the sample median of (Y, ... ,Yd2), that is

4 € argmin ‘Fd(:c) —1/2|,
x>0

and f3 is the median of the distribution of £. Here, Fyy denotes the empirical c.d.fof (Y2, ..., Y2).

It is easy to see that if £&; has a symmetric distribution, then

8= (F1(3/4) (6)

where F' denotes the c.d.f. of &;.
The following proposition specifies the rate of convergence of the estimator &?ﬂed.

PROPOSITION 1. Let & have a symmetric c.d.f. F' with positive density, and let 3 be given
by (6). There exist constants ¢ > 0 and ¢, > 0 depending only on F such that for t > 0 and

integers s,d satisfying \/g—f— 3 < c, we have

&%ed l $ —t
sup sup Pg ro ‘ 5 — 1‘ > Cy -+ = < 2e™.
>0 9lo<s o d d

When the noise is Gaussian, Chen, Gao and Ren [3] study a generalization of the estima-
tor (5) based on Tukey depth. A model in [3] related to our setting is the contamination model
where the observations are Gaussian N(0, 0?) with probability 1 — ¢ and arbitrary with prob-
ability € € (0,1). If ¢ = s/d, this can be compared with our model. But in contrast to [3], in
our case the number of outliers s is fixed rather than random. Also, the minimax risk in [3] is
different from ours, since the loss is not rescaled by 2, and ¢ is assumed uniformly bounded.
Modulo these differences, the case & ~ N(0,1) of Proposition 1 can be viewed as an analog
of Theorem 3.1 in [3].

In particular, when & ~ N(0,1), Proposition 1 shows that the rate of convergence of 6r2ned
in probability is

Pnr(0,1)(8; d) == max <\}ﬁ’ 2) : (7)

Note also that, akin to the results in [3|, Proposition 1 does not allow to derive rates of
convergence in expectation because ¢ is assumed to be bounded from above.

The main drawback of the estimator &r%wed is the dependence on the parameter 5. It reflects
the fact that the estimator is tailored for a given and known distribution F' of noise, for
example, the standard Gaussian distribution. Furthermore, as shown below, the rate (7) cannot
be achieved when it is only known that F' belongs to the class of sub-Gaussian distributions.

2.2 Distribution-free variance estimator

Instead of using one particular quantile, like the median in the previous section, we pro-
pose to estimate o2 by an integral over all quantiles, which allows us to avoid considering
distribution-dependent quantities like (6).



5

Indeed, with the notation g, = G™1(1 — a) where G is the c.d.f. of (¢¢1)? and 0 < o < 1,
the variance of the noise can be expressed as

1
o2 =E(c&)? = / o do.
0

Discarding the higher order quantiles that are dubious in the presence of outliers and replacing
go by the empirical quantile g, of level a we obtain the following estimator

9 1,s/d 1 d—s 9
o) :/0 qada:gZY(k), (8)
k=1
where Y(Ql) <... < Y(i,) are the ordered values of the squared observations Yf, R Yd2. Note
2

that 62 is an L-estimator, cf. [9]. Also, up to a constant factor, 62 coincides with the statistic
used in Collier, Comminges and Tsybakov [4] .
The following theorem provides an upper bound on the risk of the estimator 62 under the

assumption that the noise is sub-Gaussian. Set

(g (5, d) = max <\}E 2 log (65)) .

THEOREM 1. Let T be a positive real number, and let s, d be integers satisfying 1 < s < d/2.
Then, the estimator 62 defined in (8) satisfies

2
Bo.r0 (6% — 0?)
,¢,0 2
Sup sup sup . < c12(s, d)
PecG, >0 |9]lo<s o

where ¢c1 > 0 is a constant depending only on T.

Note that an assumption of the type s < d/2 is natural in the context of variance estimation.
Indeed, we need s < cd for some 0 < ¢ < 1 since o is not identifiable if s = d.

The next theorem establishes the performance of the noise level estimator in the case of
distributions with polynomially decaying tails. Set

Ppol (5, d) = max (\}g? (2)1—3) |

THEOREM 2. Let T > 0,a > 4, and let s,d be integers satisfying 1 < s < d/2. Then, the
estimator 62 defined in (8) satisfies

~2 2)2
E97p§7g(a — 0 ) 9
sup sup sup 1 < capol(s: d),
P:€Pa,r 0>010]j0<s o

where cg > 0 is a constant depending only on T and a.

We assume here that the noise distribution has a moment of order greater than 4, which is
close to the minimum requirement since we deal with the squared error of a quadratic function
of the observations.
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We now state the lower bounds matching the results of Theorems 1 and 2. These lower
bounds are obtained in more generality than the upper bounds since they cover a large class
of loss functions rather than only the squared loss.

We denote by L the set of all monotone non-decreasing functions ¢ : [0,00) — [0, 00) such

that £(0) =0 and ¢ # 0.

THEOREM 3. Let 7 be a positive real number, and let s,d be integers satisfying 1 < s < d.
Let £(-) be any loss function in the class L. Then,

. T
H}f Sup Sup Sup Ee,Pg,U £<C3(¢)Sg(sa d)) 1’72 - 1‘) > Cg,
T P:eGr 0>0]0|0<s o

where ¢z > 0 is a constant depending only on £(-), ¢5 > 0 is a constant depending only on ¢(-)
and 7, and inf; denotes the infimum over all estimators.

Theorems 1 and 3 imply that the estimator 62 is rate optimal in a minimax sense when
the noise is sub-Gaussian. Interestingly, an extra logarithmic factor appears in the optimal
rate when passing from the pure Gaussian distribution of §;’s (¢f. Proposition 1) to the class
of all sub-Gaussian distributions. This factor can be seen as a price to pay for the lack of
information regarding the exact form of the distribution.

Under polynomial tail assumption on the noise, we have the following minimax lower bound.

THEOREM 4. Let T >0, a > 2, and let s,d be integers satisfying 1 < s < d. Let £(-) be
any loss function in the class L. Then,

. T
inf sup sup sup Eg7p£,(,€<04(¢po|(s, d)) 1‘—2 - ID >d
T P:€Pa,r 0>0|0|0<s g

where ¢y > 0 is a constant depending only on (-), 7 and a, ¢ > 0 is a constant depending
only on £(-) and inf; denotes the infimum over all estimators.

This theorem shows that the rate obtained in Theorem 2 cannot be improved in a minimax
sense.

3. ESTIMATION OF THE £,-NORM

In this section, we consider the problem of estimation of the fo-norm of a sparse vector.
We first state a lower bound on the performance of any estimators of the fo-norm when the
noise level o is unknown and the unknown noise distribution P has either sub-Gaussian or
polynomially decreasing tails.

THEOREM 5. Let T > 0, a > 2, and let s,d be integers satisfying 1 < s < d. Let £(-) be
any loss function in the class L. Set

bsgnorm (5, d) = \/slog(ed/s),  Ppolnorm(s,d) = v/5(d/s)/.

Then )
T — 6]l

g

inf sup sup sup By, p, o ¢(C1(dsgnom(s, ) "] )=, (9)

T Pe€Gr 0>0|0]0<s



and .
T — 6]l

(2

inf sup sup sup Eg’pE,UE(Cz(gbpoLnorm(s,d))*ll D > ) (10)

T Pgelpaﬂ— o>0 ||0||0§8
where C1,Cy > 0 are constants depending only on £(-), 7 and a, C{,C4 > 0 are constants
depending only on £(-) and inf; denotes the infimum over all estimators.

The lower bound (10) implies that the rate of estimation of the ¢3-norm of a sparse vector
deteriorates dramatically if the bounded moment assumption is imposed on the noise instead
of the sub-Gaussian assumption.

The lower bound (9) for the indicator loss ¢(t) = 1;>; is tight and it is achieved by an
estimator independent of s or o, which is stated in the following theorem.

THEOREM 6. There exist absolute constants ¢ € (0,1), ¢ > 0,¢ > 0, and an estimator N
independent of s and o and such that, for all 1 < s < c¢d, we have

N — 6]

g

Qo

Sup sup sup Pg,p@U( > Cld)sg,norm(Sad)) <

P:€G1 0>06]j0<s

This theorem is a special case of Theorem 9 in Section 4 where we set X to be the identity
matrix. The estimator N is the corresponding special case of the Square-Root Slope estimator
defined in Section 4.

We now compare these results with findings in Collier, Comminges and Tsybakov [4] regard-
ing the (nonadaptive) estimation of ||@]|2 when &; are standard Gaussian and o is known. It is
shown in Collier, Comminges and Tsybakov [4] that in this case the optimal rate of estimation
of ||0||2 has the form

BA'(0,1),norm = min{y/slog(1 +d/s?),d"/*}.

In particular, the following lower bound holds (cf. [4]):
PROPOSITION 2. For any o > 0 and any integers s,d satisfying 1 < s < d, we have

inf sup EB,N(O,I),U(T — H9H2)2 > 502 min {slog(l + d/sz), \/(3},
T |6llo<s

where c5 > 0 is an absolute constant and inf; denotes the infimum over all estimators.

We see that, in contrast to these results, in the case of unknown o the optimal rate
$sg.norm (S, d) does not exhibit an elbow at s = V/d between the "sparse" and "dense" regimes.
Another conclusion is that, in the "dense" zone s > v/d, adaptation to o is only possible with a
significant deterioration of the rate. On the other hand, in the "sparse" zone s < v/d the non-
adaptive rate /slog(1+ d/s?) differs only slightly from the adaptive rate /slog(1+ d/s)
and the difference vanishes outside a small vicinity of s = v/d.

We now turn to the class of distributions with polynomial tails P, -, for which we have the
lower bound (10) with the rate ¢polnorm. Our aim now is to show that this rate is achievable
when both P; € P, and o are unknown. We will do it by proving a more general fact. Namely,
we will show that the same rate ¢pol norm is minimax optimal not only for the estimation of
the £5-norm of @ but also for the estimation of the whole vector 8 under the #9-norm. To this
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end, we first note that (10) obviously implies a lower bound with the same rate ¢pol norm for
the estimation of the s-sparse vector @ under the fo-norm. We will show in the rest of this
section that this lower bound is tight; the rate ¢ponorm appearing in (10) is achieved by an
adaptive-to-o version of the Slope estimator @ when the loss is measured by [|@ — @||5/c. This
immediately implies the achievability of the bound (10) by the estimator N = ||| of the
fo-norm.

First, we define a preliminary estimator 62 of o2 that will be used in the definition of 6. Let
~v € (0,1/2] be a constant that will be chosen small enough and depending only on a and 7.
Divide {1,...,d} into m = |vyd] disjoint subsets Bj,..., By,, cach of size Card(B;) > k :
ld/m] > % — 1. Set

_2 2 .
5° E Y =1,... .
’ Card ]E ! ’ 1

Finally, define 62 as a median of (6%, e m) The next proposition shows that with high

probability the estimator 2 is close o2 to within a constant factor.

PROPOSITION 3.  Let T > 0,a > 2. There exist constants v € (0,1/2] and C > 0 depending
only on a and T such that for any integers s and d satisfying 1 < s < |vyd]/4 we have
)

o
inf inf inf P (12<47<32)>1_ _od).
PePa, 050 |0z 0767 25 7 =3/2) 21 -ewn(-Cd)

Consider now the estimator @ defined as follows:

d
0c (> - 02 +5)6ll.). 11
arg min ;( )"+ a6l (11)
Here, || - ||+« denotes the sorted ¢;-norm:
d
161 = Z)\iw(d—iﬂ), (12)
i=1
where |0](1) < -+ < |0](g) are the order statistics of |61],...,[04], and Ay > -+ > A, > 0 are

tuning parameters.

THEOREM 7. Let 7 > 0,a > 2. There exists a constant v € (0,1/2] such that for any
integers s,d satisfying 1 < s < |7yd|/4 the following holds. Let @ be the estimator defined by

(11) and (12) with
d\1l/a
Al:t(;) y Z—l,...,d,

and t > 4((26)1/a7' V' 2). Then, there exist constants ¢ > 0 and ¢’ > 0 depending only on a and
T such that

é -0 2 C/
sup sup sup Pgp ,0<HH > Ct¢po|,norm(57d)> < T exp(—d/cf).
Pe€Pa,r 030 |16]j0<s o t



Note that the estimator 6 in Theorem 7 does not require the knowledge of ¢ or s.

The results of this section show that the optimal rate ¢pol norm under polynomially decaying
noise is very different from the optimal rate ¢sg norm for sub-Gaussian noise. This phenomenon
does not appear in the regression model when the design is "well spread". Indeed, Gautier and
Tsybakov [7] consider sparse linear regression with unknown noise level o and show that the
Self-Tuned Dantzig estimator achieves a sub-Gaussian rate (which differs from the optimal
rate only in a log-factor) under the assumption that the noise is symmetric and has only a
bounded moment of order a > 2. Belloni, Chernozhukov and Wang [2] show for the same
model that a square-root Lasso estimator achieves analogous behavior under the assumption
that the noise has a bounded moment of order a > 2. A crucial condition in [2] is that the
design is "well spread", that is all components of the design vectors are random with positive
variance. The same type of condition is needed in Gautier and Tsybakov |7] to obtain a sub-
Gaussian rate. This condition is not satisfied in the sparse mean model considered here. In
this model, the design is deterministic with only one non-zero component. Such a degenerate
design turns out to be the worst from the point of view of the convergence rate, while the "well
spread" design is the best one. An interesting general conclusion is that the optimal rate of
convergence of estimators under sparsity when the noise level is unknown depends dramatically
on the properties of the design. There remains a whole spectrum of possibilities between the
degenerate and "well spread" designs where a variety of new rates can arise depending on the
properties of the design.

4. EXTENSION TO LINEAR REGRESSION SETTING

A major drawback of the estimator 62 proposed in Section 2.2 is its dependence on s.
Nevertheless, it is a very simple estimator. It only requires to sort the observations, which can
be done in nearly linear time.

In this section, we propose rate optimal estimators of 02 and ||@||2 that do not depend on s
and do not require the exact knowledge of the noise distribution. We only assume that the
noise is sub-Gaussian. Furthermore, we study the performance of the estimators in the more
general context of linear regression.

Assume that we observe a vector Y € R" satisfying

Y = X0 + o€,

where X is a known n X p non-random design matrix, @ € RP is the unknown parameter
with ||@]]p < s and £ is a noise vector with i.i.d. components &; such that their distribution
satisfies (2). For simplicity, we assume that condition (2) holds with 7 = 1. We also assume
that
max X3 <1 (13)
Jj=L...p
where X; denotes the j-th column of X. In this section, we denote by Pg p, , the distribution
of Y when the signal is 8, the noise level is ¢ and the distribution of the noise variables &;
is Pg.
We consider the Square-Root Slope estimator defined as

A~

By € arg min { Y — X6]l2 +v/nl0]l. }. (14)

where ||-||. is the sorted ¢;-norm given by (12).
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Minimax optimal bounds on the risk of this estimator in our adaptive setting can be obtained
by combining ideas from Bellec, Lecué and Tsybakov [1] and Derumigny [6]. We say that the
design matrix satisfies a WRE(s, ¢) condition if

Xd
K= in m > 0,
5€CWRE(S,C) \/ﬁ”6||2

where

Cwri(s.c) = {8 € RV |6 £ 0,]18]l. < (1+ )lldlla (A7)},
=1
The following proposition holds.

PROPOSITION 4. There exist absolute positive constants cg, c7 and cg such that the follow-

ing holds. Let the tuning parameters \j in the definition of the norm || - ||« be chosen as
log(2p/j :
Aj=cg (n/)’ i=1....p.

Assume that X satisfies the W RE(s,20) condition and (13), and that

2
Elog <2> < erk?.
n s

Then, for all Pe € Gi, o > 0 and ||0[jo < s, we have with Pg p, ,-probability at least 1 —
cs(s/p)® — cge™"es,

Hx(ésrs - 9)”% < 090'2810g(€p/8),
A o2s
[€srs — QH% < CQT log(ep/s),

P os
[Osrs — 0|« < 09? log(ep/s),
where cg > 0 is a positive constant depending only on kK.

PrOOF. We follow the proof of Theorem 6.1 in Derumigny [6] but we have now sub-Gaussian
noise and not the Gaussian noise as in [6]. The two minor modifications needed to make the
proof work for sub-Gaussian case consist in using Theorem 9.1 from [1] instead of Lemma 7.7
from [6], and in noticing that Lemma 7.6 from [6] remains valid, with possibly different con-
stants, when the noise is sub-Gaussian. O

We now use ésrs to define an estimator of o, which is adaptive to s and to the distribution
of the noise. Set

o 1 ;
62, = —||Y — XOqs]3.
n

srs

The following theorem establishes the rate of convergence of this estimator.

THEOREM 8. Let the assumptions of Proposition 4 be satisfied. There exists an absolute
constant c1g > 0 such that for any t > 0 satisfying t/n < c1p we have

A2
O-Srs _ 3 f
52 1‘ > C11 (\/; + n IOg(ep/S)))

< cs((s/p)* + %) + (5/2)e ",

where c11 > 0 depends only on k, and cg > 0 is a constant from Proposition 4.

sup sup sup P97p510<
P§€Q1 >0 ||0H0§s
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Note that (s/p)® <¢/p,s=1,...,p/2, for an absolute constant ¢ > 0.
Finally, we consider the problem of estimation of the fs-norm in the regression model. The
following theorem follows immediately from Proposition 4 and the triangle inequality.

THEOREM 9. Let the assumptions of Proposition 4 be satisfied. Let Oss be the estimator
defined in (14) and set
Nsrs — ||05rs||2-

Then

sup sup sup Pgp, -
PeeG10>016]lo<s

Nsrs - H0||2 >
70 =

Zlog(ep/s)> < es((s/p)* +e ™),

where cg > 0 and cg > 0 are the constants from Proposition 4.

Note that the estimator Nsrs is adaptive to o, s and to the distribution of noise in the
class G1. By Theorem 9, this estimator achieves the rate /7 log(ep/s), which is shown to be
optimal in the case of identity matrix X and n = p = d in Section 3.

5. PROOFS
5.1 Proof of Proposition 1

Denote by G the cdf of (0¢1)? and by G4 the empirical cdf of ((0&;)% : i & S), where S is
the support of 8. Let v be the median of G, that is G(v) = 1/2. By the definition of 4,

|Fa(§) — 1/2| < |Fa(y) — 1/2|.
It is easy to check that |Fy(x) — Gg(z)| < s/d for all z > 0. Therefore,
|Ga(¥) — 1/2] < |Gqg(y) — 1/2] + 2s/d.

The DKW inequality [16, page 99|, yields that P(sup,cg |Ga(z) — G(z)| > u) < 2e—2u?(d=s)
for all w > 0. Fix ¢t > 0 satisfying the assumption of the proposition with ¢, chosen smaller
that 1/8, and consider the event

t
A= {ilelg‘Gd(x) —G(z)| < 2(d—3)} .

Then, P(A) > 1 —2e%. On the event A, we have

G(3) - 1/21 < G — 1721 + 2 < st 2) < <\/§+ ;) <5 )

where the last two inequalities are due to the fact that G(v) = 1/2 and to the assumption of
the proposition with ¢, < 1/8. Notice that

G(7) = 1/2] = |G( (| =2[F(v/3/0) = F(y7/o)|. (16)
Using (15), (16) and the fact that v = <72(F_1(3/4))2 we obtain that, on the event A,

“1(5/8) < \/4/o < F~1(7/8).
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This and (16) imply
GH) — 1/2 > eul 3/ — ilo| = cuur/Blomeato — 1]

where ¢ = 2mingep-1(5/8), p-1(7/8)) F'(2) > 0, and § = (F~'(3/4))?. Combining the last
inequality with (15) we get that, on the event A,

t
’&med/a— 1| <A lpm1/? (2 + d) .

Using this inequality when ¢, in the assumption of the proposition is chosen small enough we
obtain the result.

5.2 Proof of Theorems 1 and 2

Let ||@]lo < s and denote by S the support of 8. Note first that, by the definition of 52,
2 d—2s

= Zf? <s?<” d Zfz, (17)

eS¢

where 5(21) <o < 5(2 4) are the ordered values of £2,.. ., &2 - Indeed, the right hand inequality
n (17) follows from the relations

d—s
kZ_lYé gy SZY DI CED I

i€Se i€Se

To show the left hand inequality in (17), notice that at least d — 2s among the d — s order

statistics Y(21), . ,Y&_s) correspond to observations Yj of pure noise, i.e., Yy = 0&;. The sum
of squares of such observations is bounded from below by the sum of the smallest d — 2s values
025(21), e 7025(2d—2s) among 02&%,..., 022

Using (17) we get

2 d 4 d
. o g 2
(#-T2e) <7 X )
i=1 =d—2s+1
that
SO a 02 d . 25
~ 2 4
Ee,Pg,cr(U gz z) 5;(2%)

=1 =1

Then
2 2 , 0° a 2 P a)?
Eop (67— 02)? < 2E9,p§¢,(& —72@2> +2Ee,p§,a<ng€i —0)
; =1

< (Z‘/Eg(d i+1 > 204E 54)

Now, to prove Theorem 1 it suffices to note that under the sub-Gaussian assumption (2) we
have E(£}) < oo and Lemma 1 yields

2s 2s
_ (6d)25
ZZ:; \ /Egg*d_m) < 28\@;1% (ed/i) = 25V C log ( (2s)] )
< 25v/C'log (e*d/s).
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To prove Theorem 2 we act analogously by using Lemma 2 and the fact that E(£}) < oo under
assumption (3) with a > 4.

5.3 Proof of Theorems 3 and 4

Since we have £(t) > ¢(A)L;>4 for any A > 0, it is enough to prove the theorems for the
indicator loss £(t) = 1> 4.

(i) We first prove the lower bounds with the rate 1/v/d in Theorems 3 and 4. Let fy: R —
[0,00) be a probability density with the following properties: fp is continuously differentiable,
symmetric about 0, supported on [—3/2,3/2], with variance 1 and finite Fisher information
Ity = [(f8(2))?(fo(z))tdz. The existence of such fy is shown in Lemma 6. Denote by Fp
the probability distribution corresponding to fy. Since Fj is zero-mean, with variance 1 and
supported on [—3/2,3/2] it belongs to G, with any 7 > 0 and to P, with any 7 > 0 and
a > 0. Define Py = Po .1, P1 = Po 0, Where a% = 1—1—00/\/;1 and cp > 0 is a small constant
to be fixed later. Denote by H(P1,Pg) the Hellinger distance between Py and Py. We have

H*(P1,Py) = 2(1 — (1 - h?/2)%) (18)

where h? = [(y/fo(z) — \/fo(z/o1)/o1)?dx. By Theorem 7.6. in Ibragimov and Hasminskii
[10],
1— 2
h* < d=a) sup 1(t)
4 ety

where I(t) is the Fisher information corresponding to the density fo(x/t)/t, that is I(t) =
t=21y,. 1t follows that h? < &c%/d where ¢ > 0 is a constant. This and (18) imply that
for ¢y small enough we have H(P1,P(y) < 1/2. Finally, choosing such a small ¢y and using
Theorem 2.2(ii) in Tsybakov [13] we obtain

~

il%fmax {P()(’T— 1‘ > W),Pl(‘;

ZiIT}fmaX{P()(\T—H > %),Pl(ﬁ’—aﬂ > 2%)} > 1—H(2P1,P0)

(ii) We now prove the lower bound with the rate Jlog(ed/s) in Theorem 3. It is enough
to conduct the proof for s > sy where sg > 0 is an arbitrary absolute constant. Indeed, for
s < so we have £ log(ed/s) < C/v/d where C > 0 is an absolute constant and thus Theorem 3
follows already from the lower bound with the rate 1/v/d proved in item (i). Therefore, in the
rest of this proof we assume without loss of generality that s > 32.

We take Pr = U where U is the uniform distribution on {—1,1}. Clearly, U € G,. Consider
i.1.d. Bernoulli variables §;:

€o

21+ Co)\/a>}

—1’>

1
> —.
!

51,.”,501”,\‘}5(%),
and i.i.d. Rademacher variables €1, . . ., ¢4 that are independent of (d1,. .., d4). Denote by p the
distribution of (adieq,...,adqeq) where a = (7/2)/log(ed/s). Note that u is not necessarily
supported on O = {6 € R?[||0]l¢ < s} as the number of nonzero coefficients of a vector
drawn from g can be larger than s. Therefore, we consider a restricted to O version of u
defined by
. IU(A N @s)

fi(A) = 1(6,) (19)
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for all Borel subsets A of R?. Finally, we introduce two mixture probability measures

PH = /PG,U,l d,,u(O) and ]P)ﬂ = /PB,U,I dﬁ(@) (20)
Notice that there exists a probability measure P € G, such that
Pu="Pgp o (21)
where g9 > 0 is defined by
2 72
oa =1+ glog(ed/s) <1+ 3 (22)

Indeed, 02 = 1 +
e~ U5~ B(3)a
that, for all ¢ > 2,

s the variance of zero-mean random variable ade + £, where £ ~ U,
5 d are jointly independent. Thus, to prove (21) it is enough to show

P((r/2)\/log(ed/s) be + € > tag) < et/ (23)

But this inequality immediately follows from the fact that for ¢ > 2 the probability in (23) is
smaller than

Ple=1,0= 1)1(7/2)\/M>t 1= 4d \/M»

Now, for any estimator T and any u > 0 we have

o?s
2d
and

7t2/72

T
sup sup sup Py P, U(
P:€G, 0>0 (|0]jo<s

> max {Py 5 (1T~ oF] > ggu),/Pe,U,l(T 1> wi(do)}

> max {P, (T — 03] > ofu), Pa(|T — 1] > agu)} (24)

1‘>u>

where the last inequality uses (21). Write 03 = 1+ 2¢ where ¢ = 16d > log(ed/s) and choose u =
¢/od > ¢/(1+ 72/8). Then, the expression in (24) is bounded from below by the probability
of error in the problem of distinguishing between two simple hypotheses P, and P}, for which
Theorem 2.2 in Tsybakov [13] yields

max (BT — 03] > 6), Ba(|T 1] 2 )} > - (ol
where V (P,,IP;) is the total variation distance between P, and P5. The desired lower bound
follows from (25) and Lemma 4 for any s > 32.

(i) Finally, we prove the lower bound with the rate 72(s/d)'=2/% in Theorem 4. Again, we
do not consider the case s > 32 since in this case the rate 1/ Vd is dominating and Theorem 4
follows from item (i) above. For s > 32, the proof uses the same argument as in item (ii) above
but we choose a = (7/2)(d/s)"/®. Then the variance of ade + £ is equal to

T2(8/d)1_2/a
78 .

Furthermore, with this definition of o3 there exists P e P such that (21) holds. Indeed,
analogously to (23) we now have, for all ¢ > 2,

(25)

08:1—1—

s
P(ade+&>tog) <Ple=1,6=1) Li;0yassysase—1 < 75 4d rafsyase < (/)%

: . . . _ r2(s/d)r—2/a
To finish the proof, it remains to repeat the argument of (24) and (25) with ¢ = —*7——.
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5.4 Proof of Theorem 5

As in Section 5.3, we consider only the case s > 32. Indeed, for s < 32 it is enough to use
the lower bound of Proposition 2 since in this case slog(ed/s) < 32log(ed) < Cslog(1+d/s?)
where C' > 0 is an absolute constant.

The proof for s > 32 is very close to the argument in Section 5.3. Set a = (7/2)+/log(ed/s)
when proving the bound on the class G;, and a = (7/2)(d/s)"/* when proving the bound
on P, . In what follows, we only deal with the class G, since the proof for P, ; is analogous.
Consider the measures p fi, P,, P; and P defined in Section 5.3. Similarly to (24), for any
estimator 7' and any u > 0 we have

sup sup sup PG,Pg,G(‘T_ 1612 > ‘7“)
PeeGr 0>00|0<s

> wax (P, (7] 2 ovu), [ Popa(1T - [8]1] = witds)

> max { (7] > oou), Ba(|T ]2l > oou)}

> max {P(|T| > oou), B(|T| < oou, [8]]> > 200u) }

> min max {P, (B), P (B} — i(|6]l2 < 200u), (26)

where oy is defined in (22), U denotes the Rademacher law and ming is the minimum over all
Borel sets. The third line in the last display is due to (21) and to the inequality oo > 1.

Set u = 2¥°. Then Lemma 5 implies that

400

Gl

pll6ll2 < 200u) < 27T, (27)
while Theorem 2.2 in [13] yields

1-V(P,,P)

mBi’n max {P,(B),Ps(B°)} > 5 ,

(28)
where V (P, P,,) is the total variation distance between P, and P5. It follows from (26) — (28)
and Lemma 4 that

. 1—5e 16
Sup sup sup PQ’P‘E’O-(’T— 10|2|/c > 04\/5/(400)) > —
PeeGr 0>010]jo<s

This proves Theorem 5 for s > 32 and thus completes the proof.
5.5 Proof of Proposition 3

In this proof, we denote by Cj(a,T) positive constants depending only on a and 7. Fix
0 € O, and let S be the support of 8. We will call outliers the observations Y; with i € S.
There are at least m — s blocks B; that do not contain outliers. Without loss of generality, we
assume that the blocks By, ..., B,,_s contain no outliers.

As a > 2, there exist constants L = L(a,7) and r = r(a,7) such that E|¢? — 1" < L and
1 < r < 2. Using von Bahr-Esseen inequality (cf. [15]) and the fact that Card(B;) > k we get

1 2r+1L
P ’7 2—1’ 1/2) <2~ i=1,....m.
(Card(Bi) 2§ -1> /)— g1 ! i

JEB;
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Hence, there exists a constant C; = Cj(a,7) such that if & > C; (i.e., if v is small enough

depending on a and 7), then
i=1,....,m, (29)

B 1
P97P5,0<Jz'2 ¢ 1)< 1

where [ = [%2, %] Next, by the definition of the median, for any interval I C R we have

m—sS
Pe’PﬁaO'( ¢I)<P0P€U(Z]l 2¢1>—><P9P€U<Z]l 2¢I>if5>
Z 1 Z 1
lvd] _ m so that %—s > m ‘:]15%[,1': 1,...,m — s. Due to (29)

NOW, S S Z = 4>
we have E(n;) < 1/4, and 11, ...,nm—s are independent. Using these remarks and Hoeffding’s
inequality we find

= (0= E) > ") < exp(—Cala,7)m — 5)).

P(ZmZ%—s)SP(} (i —
i=1 =1
Here, m — s > 3m/4 = 3|~d] /4. Thus, if v is chosen small enough depending only on a and

T then
Pg,p£,0(5'2 ¢ I) S eXp(—Cg(a,T)d).

5.6 Proof of Theorem 7
Set u = @ — 6. It follows from Lemma A.2 in [1] that

d
2llull} <20 &ui+ 50|l — 5[0,
i=1

where u; are the components of u. Next, Lemma A.1 in [1] yields
61— 1111, < (ZV) ks~ 32 Al s
Jj=s+1

where |u|) is the kth order statistic of [u1], ..., [u4|. Combining these two inequalities we get

d s / d
2ulf <20 Y G +a] (3222) Vlule— 32 Afulusen ).
j=1 j=s+1

Thus, on the event B = {]{\(d,ﬂl) <\/4,¥5=1,... ,d} N {1/2 <5?/0? < 3/2} we have

d s d
o 3 1/2 o
20l < 5" Mlulaisn +50(Do2F) ule =5 D7 Al
i=1 j=1 j=s+1
5 1/2
o(322) e
j=1
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This inequality and the definition of A; imply

ZS: (j)Q/“ < ¢ot Ppolnorm (8, d),

J=1

where ¢ > 0 is a constant depending only on a. Finally, combining Lemma 2 and Proposition 3

we get
/

c
Por.o(B) 21~ 2~ exp(—t/c’)
for a constant ¢ > 0 depending only on a and 7.

5.7 Proof of Theorem 8

2
srs

Using the definition of 62 in (14) we get

. 1 P o? 20 -
62 = 0% < —IX(Bss = O3 + | I1€]13 — | + =7 |€"X (85 — 0)| (30)

To control the second term on the right-hand side of (30), we apply Bernstein’s inequality (cf.
e.g. Corollary 5.17 in [14]): If P¢ € Gy, then

P(}HEH% —n| > u) <25 vy s 0,

where ¢ > 0 is an absolute constant. This yields that for any ¢ > 0 such that \/t/n < ¢,

€113 = n| < v/nt/c (31)

with probability at least 1 — 2e~*.

Next, to bound the first and the third terms on the right-hand side of (30) we place ourselves
on the event of probability at least 1 — cg(s/p)® — cse™™/8 where the result of Proposition 4
holds. We denote this event by C. By Proposition 4, on the event C the first term on the
right-hand side of (30) satisfies

1 p 9 o?s
EHX(esrs —0)|)z < e log(ep/s). (32)

Finally, to bound the third term on the right-hand side of (30), we use Proposition 9.1 in
Bellec, Lecué and Tsybakov [1| that we state here in the following form.

PROPOSITION 5. Let t > 0 and let X be a design matriz satisfying (13). Assume that
P: € Gy. Then, there is a constant Ky such that for all u € RP,

%|£TXu\ < Ki(G(u) V ul.)

with probability at least 1 — e™'/2, where

Vit

n

G(u) [ Xu][2.



18 COLLIER, COMMINGES, TSYBAKOV

In what follows, we set u = ésrs — 6, and we denote by C’ the intersection of C with
the event of probability at least 1 — e~!/2, on which Proposition 5 holds. Clearly, P(C") >
1 — cg(s/p)® — cge™™/s — e~ /2. On the event C, Proposition 4 yields

gSs
|ull« < 69;10g(6p/8),

ot Xul|2 ot os
Gu) < —+ [ Xully < — 4 c9g— log(ep/s).
n on n n

This and Proposition 5 imply that, on the event C’,
1, .7 t S
—|&" Xu| < K10<— + co— log(ep/s)). (33)
n n n
Plugging (31), (32), and (33) in (30) we obtain that if \/¢/n < ¢, then
6% — 0% < eno®(VE/n + > log(ep/s))
n

with probability at least 1—cg(s/p)* —cge ™/ —5¢~t /2, where ¢11 > 0 is a constant depending
only on k.

6. LEMMAS

LEMMA 1. Let z1,...,2q4 P with P e Gr for some T >0 and let z(;) < -+ < z(q) be the
order statistics of |z1],...,|z4|. Then

E(z?dfjﬂ)) < C'log? (ed/j), j=1,...,d,

where C' > 0 is a constant depending only on T.

PROOF. Using the definition of G, we get that, for any ¢ > 2,
d\ 5 d\i
P(2(a-js1) 2 1) < ()Pﬂuzlr > 1) <2( ) eI,
J J

Then, for v = 71/2log(ed/j) V 2 we get

+o0o
E(2(g_j1) =4 /0 P (2(a-jr1) > t) dt, (34)
+o0 4
§v4+8/ t3e*j(t/7)2/2dt:v4+16_—;—.
0 J
The result follows. O

LEMMA 2. Let z(qy < -+ < 2(q) be as in Lemma 1 with P € Py for some 7 > 0 and
a>0. Then if u > (2¢)Y/%7 Vv 2, we have

ua

P<z(d_j+1) < u(j>1/a,v3' —1,... ,d) s e (35)

and if a > 4,
de\4/a
4
A <C(=
E(z(d—]-l-l)) = C(j ) ’
where C' > 0 is a constant depending only on T and a.

j=1,....d, (36)
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PROOF. Similarly to the proof of Lemma 1 we have, for all ¢ > 2,

P(2(q—js1) 2 1) < (ejd)j(;)ja-

1/a
Set t; = u(?) and ¢ = e(7/u)®. Using the assumption that ¢ < 1/2 we get, for u > 2,

) d\1/a d ed\J /T \Jja L
P(H]E{l,...,d}:Z(d_j_H)zu(;) )gX}(g) (75]) :Z}QJSQQ.
Jj= Jj=

This proves (35). The proof of (36) is obtained analogously to (34). O

LEMMA 3 (Deviations of the binomial distribution). Let B(d,p) denote the binomial ran-
dom variable with parameters d and p € (0,1). Then, for any A > 0,

2
P (B(d,p) > AVd + dp) < exp ( e p)A(l " ) (37)
3pVd
P(B(d,p) < —\Wd+ dp) < exp ( 2]9(1)\2—]9)> (38)

Inequality (37) is a combination of formulas (3) and (10) on pages 440-441 in [12]. Inequality
(38) is formula (6) on page 440 in [12].

LEMMA 4. Let P, and Py be the probability measures defined in (20). Then,
V(P By) < e 16,
where V(-,-) denotes the total variation distance.

PRrROOF. We have

[PovaByine) - [ Pe,U,1<B>dn<e>\ < sup

V(P,,Pp) = sup
B <1

[ - /fdﬂ‘ — V(. ).

Furthermore, V (u, i) < u(©¢) since for any Borel subset B of R? we have |M(B) - /Z(B)‘ <
u(B N O¢). Indeed,

u(B) — i(B) < w(B) — p(BNO) = u(BNO°)

and
_ B m @ C (&
() - u(5) =50 (B0 6) - u(BN ) 2 (BN ),
Thus,
¢y — 5
V(P,,Ps) < u(6°) = P(B(d, 2d) > s).
The lemma now follows from (37). O

LEMMA 5. Let i be defined in (19) with some a > 0.Then

a(l6ll < 5V5) < 2¢7.
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PrRoOF. First, note that

p(100: < SV5) = P(B(d o) < ) < e (39)

where the last inequality follows from (38). Next, inspection of the proof of Lemma 4 yields
that g(B) < u(B)+e_%§ for any Borel set B. Taking here B = {||0|2 < ay/s/2} and using (39)
proves the lemma. O

LEMMA 6. There ezists a probability density fo : R — [0, 00) with the following properties:
fo is continuously differentiable, symmetric about 0, supported on [—3/2,3/2], with variance 1

and finite Fisher information I, = [(f{(x))*(fo(x)) 'dx.

PROOF. Let K : R — [0, 00) be any probability density, which is continuously differentiable,
symmetric about 0, supported on [—1, 1], and has finite Fisher information I, for example,
the density K'(z) = cos®(mx/2)1jy<1. Define fo(x) = [Kp(z 4 (1 —¢)) + Kp(z — (1 —¢))]/2
where h > 0 and € € (0,1) are constants to be chosen, and Kj(u) = K(u/h)/h. Clearly, we
have Iy, < oo since Ix < oo. It is straightforward to check that the variance of fy satisfies
fa:2f0 Ydz = (1—¢)%+ h%0% where 0% = [u?K (u)du. Choosing h = v2e — &2 /o and € <
o2./8 guarantees that [ 2%fo(z)dz =1 and the support of fy is contained in [~3/2,3/2]. O
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