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Mathematical Programs with Vanishing Constraints: Constraint
Qualifications, their Applications and a New Regularization Method
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Abstract

We propose a new family of relaxation schemes for mathematical programs with vanishing constraints
that extend the relaxation of Hoheisel, Kanzow & Schwartz from 2012. We discuss the properties of
the sequence of relaxed non-linear programs as well as stationary properties of limiting points. Our
relaxation schemes have the desired property of converging to an M-stationary point. We obtain the new
MPVC-wGCQ and prove that it is the weakest constraint qualification for MPVC. We also introduce a
new constraint qualification, MPVC-CRSC, that is sufficient to guarantee the convergence of the new
method. Under this weak condition, we also provide an error bound and an exact penalty result for the
MPVC.

Keywords: non-linear programming - MPCC - MPEC - MPVC - relaxation methods - butterfly
relaxation - stationary point - constraint qualification - CRSC

AMS Subject Classification: 90C30, 90C33, 49M37, 65K05

1 Introduction

We consider the Mathematical Program with Vanishing Constraints defined as

min f(z)
s.t. h(z)=0,g(z) <0,H(z) >0, (MPVC)
Gz(x)Hl(ac) SO, iZl,..., .

where f: R" - R,g: R® - RP. h: R" - R™ G,H : R" — R? are continuously differentiable functions.
This problem has been recently introduced in [2], motivated by several real-world applications, mainly
for topology design problems in mechanical structures as described in [2, [13], but also for robots motion
planning [23] 24]. In general, the vanishing constraint can be interpreted as a logic constraint of the form
0 < Hi(x) = Gi(x) < 0, which can appear in many challenging applications.

The (MPVC]) can be reformulated as the well-studied mathematical program with complementarity con-
straints. However, this reformulation may induce some difficulties regarding to the constraint qualifications
as pointed in early studies of the problem in [2] or in the thesis [13].

This observation has motivated enhanced studies to derive stationary conditions and numerical methods
to find a local minimum for the . Indeed, classical optimality conditions in non-linear programming
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cannot be applied here due to the degeneracy of the vanishing constraints. It has been shown in [2] that most
of the classical constraint qualifications used in non-linear programming does not hold here in a generic way.
From a geometrical point of view, this can be explained by the fact that the feasible domain is in general
non-convex (possibly non-connected see Example [3)) and has an empty relative interior. Thus, enhanced
stationary conditions and their corresponding constraint qualifications have been defined in the literature in
[2, @, 14, 05, 06, 19, 20, 22].

In view of the constraint qualifications issues pledge to the MPVC the relaxation methods provide an
intuitive answer. The vanishing constraint, G;(z)H;(z) < 0, is relaxed using a parameter so that the new
feasible domain is not thin anymore. It is assumed here that the classical constraints g(x) < 0 and h(xz) =0
are not more difficult to handle than the vanishing constraint. Finally, the relaxation parameter is reduced
to converging to the feasible set of in a similar way as an homotopy technique. This method is still
one of the most popular in the literature [T, 3], 17, 18] 22].

We mention here that other methods have also been proposed: a Newton with active-set strategy in
[21], and a SQP method in [23] that consider sequences of quadratic programs with vanishing constraints.
However, both methods require stronger assumptions that the ones used for regularization method in general
and in particular in this paper.

The main aim of this paper focus on relaxation methods to solve the MPVC and in particular on methods
with guarantees of convergence to an M-stationary point, which is the strongest property in the literature.
A first step in this path has been proposed in [I8] and we continue the discussion by introducing the new
butterfly relaxation method.

One of the main advantages of the relaxation methods is that they require very weak constraint qual-
ification to be well-defined. In this paper, we also focus on very weak assumptions to ensure convergence
of the relaxation scheme. This analyze leads us to introduce new constraint qualifications with algorithmic
applications: error bound, exact penalty, convergence of primal-dual sequences. We also introduce a new
condition, which is proved to be the weakest MPVC constraint qualification.

In Section 2, we introduce classical definitions and results from non-linear programming. In Section 3, we
consider optimality conditions for MPVCs and introduce new constraint qualifications, whose applications
are studied in Section 4. In Section 5, we define extension of the butterfly relaxation. In Section 6 and 7,
we prove theoretical results on convergence and existence of the multiplier of the relaxed sub-problems. We
prove that the butterfly method has similar properties as the best methods in the literature. Finally, in
section 8, we validate our approach on classical examples.

2 Non-linear Programming

The MPVC is obviously a non-linear program. Even so we cannot directly apply non-linear programming
(NLP) techniques, we will use some of the tools from NLP to analyze this problem.

Consider the following non-linear program (without vanishing constraints)

min f(z) s.t. g(z) < 0,h(z) =0. (1)

In a usual way, we denote Z,(z*) := {i | g;(z*) = 0} and F the feasible set of (I). A classical tool in the
analysis of this problem is the computation of stationary points or so-called KKT-points of . We call z*
a stationary point (or a KKT-point) of the non-linear program (I, if there exists A := (A9, \") € RE. x R™
such that —V f(z*) = Vg(a*)TA + Vh(z*)TA" and A/ = 0 for all i ¢ T,(a*).

It is well-known that any local minimum that satisfies the Guignard CQ (GCQ) is a KKT-point. GCQ
is said to hold at a point z* feasible for if the following tangent cone

and linearized cone

L) ={deR" | Vgi(2)Td <0 (i € Z,(xz*)), Vhi(z)Td=0 (Vi=1,...,m)},



have the same polar cones. In other words GCQ holds at =* if
Tr(x™)® = ZL(z%)°,

where the polar cone of a cone K is given as {d € R" | dTy <0, Vy € K}. It is also well-known since Gould
and Tolle in [I], that GCQ is the weakest constraint qualification ensuring that the KKT conditions are
necessary conditions independently of the objective function. Up to this point, we may point out that we
say that z* € F satisfies Abadie CQ (ACQ) if T (z*) = .Z(«*). This condition is stronger than GCQ.

In general, it is not convenient to verify GCQ or ACQ and these conditions may be too weak to induce
algorithmically useful properties. Thus, a whole family of stronger constraint qualifications have been studied
in the literature. We restrict ourselves to define only the ones that will be useful in the sequel.

Definition 2.1. Let x* € F.

a) Linear Independence CQ (LICQ) holds at x* if the family of gradients
( )
{Vygi(z*) (i € Zy(z*)), Vhi(z*) (i =1,...,m)} is linearly independent.

(b) Constant Positive-Linear Dependence constraint qualification (CPLD) holds at x* if, for any subsets
I CZy(z*) and Iy C {1,...,m} such that the gradients {Vg;(z*) (i € I)} U{{Vhi(z*) (i € I2)}} are
positively linearly dependent, there exists & > 0 such that they remain linearly dependent for every x
such that ||z — z*|| < 4.

(c) Constant Rank in the Subspace of Components (CRSC) holds at x* if there exists 6 > 0 such that the
family of gradients {Vg;(x) (i € J_), Vhy(z*) (i =1,...,m)} has the same rank for every x € Bs(x*),
where J_ = {i € Z,(z*) | — Vg;(z*) € L(«*)°}.

(d) The Cone-Continuity Property (CCP) holds at x* if the set-valued mapping R™ > x = K(x) defined
by

K(z):={ > A\Vgx)+ ZMthi(x) | e R, peR™}

€Ly (x*)

15 outer semicontinuous.

Constant rank of the subspace component, CRSC, was introduced recently in [4]. This latter definition
considers an unusual set denoted J_, that can be viewed as the set of indices of the gradients of the active
constraints whose Lagrange multiplier, if they exist, may be non-zero.

It is to be noted that in the definition of CCP, K(z) depends on z*, since it considers only active
constraints at z*. Clearly, K(z*) is a closed convex cone and coincides with the polar of the linearized
cone .Z(x*)°. Moreover, K(z) is always inner semicontinuous due to the continuity of the gradients and
the definition of K (z). For this reason, outer semicontinuity is sufficient to get the continuity of K (z) at
x*. Finally, it has been shown in [5] that CCP is strictly stronger than ACQ and weaker than CRSC, see
Figure

MPCC-LICQ =MPCC-MFCQ = MPCC-CRSC

Figure 1: Relations between the MPCC constraint qualifications.

3 MPVC: Definitions, Stationarity and Constraint Qualifications

This section defines the stationary conditions and their related constraint qualifications that have been used
in the literature to study the MPVC. Up to this point, we notice that similar but fundamentally different
notions are given in the literature for non-linear programs and mathematical programs with complementarity
constraints (MPCC).



Beforehand, let us define some notations. Given z* € Z := {z € R" | h(z) = 0,¢9(z) < 0,H(z) >
0,G;(x)H;(x) <0 (i=1,...,q)}, we denote
Iy = {i| gi(*) =0}, T°:={i | Hi(a") = 0}, T-F := {i | Hi(a") > 0},
It = {i| Gi(z*) < 0, H;y(z*) > 0}, Z°T := {i | G4(z*) = 0, H;(z*) > 0},
IT0:={i | Gi(z*) >0, H;(z*) =0}, I° := {i | G;(2*) = 0, H;(z*) = 0},
I7°%:={i| Gi(z*) <0, Hi(z*) =0}.
Note that the dependence of z* is omitted here, since these sets are always used at this point. Let the

enhanced Lagrangian of (MPVC) be defined as Lyspy o (2, A) := f(z*)+g(z*)T A +h(a*)T AN +G(2*) TN -
H(z*)TA with X := (A9, AP NG ),

3.1 Enhanced Stationarity Conditions

We now define the alphabet of stationary conditions for (MPVC]). They differ in the sign of A¢ and A\ for
indices i € 7.

Definition 3.1. A point z* € Z, is called
(a) W-stationary [22], if there exists multipliers A € RY. x R™ x R? x RY such that
VeLupve(z®,A) =0,
and
N =0Vi¢ I,
M =0VieZ-TuzZ Uzt A\ >0Vvie1t Uz,
AN =0vieTt, \f>0vieT ™.

(b) T-stationary [9], if z* is W-stationary and AGA\HE <0 for all i € I°.
(c) M-stationary [15], if z* is W-stationary and NS \E =0 for all i € T%.
(d) S-stationary, if * is W-stationary and N2 > 0,\¢ =0 for all i € .

The relations between these conditions follow in a straightforward way from the definition: S-stationary —
M-stationary = T-stationary = W-stationary. These conditions are in general weaker than the classical
KKT condition, which is equivalent here to the S-stationary condition. The T-stationary condition defined
in [9] plays here the role of the C-stationary condition in the context of MPCCs.

We conclude this section by giving a new interpretation of M-stationary based on non-linear programming,.

Proposition 3.1. z* is an M-stationary point of (MPVC)) if and only if there exists a partition I°(x*) =
AU B such that =* is a stationary point of the following non-linear program, denoted M N LP4 p(x*),

nin f(z)
s.t. g(x) <0, h(z) =0,
Gi(r) <0VieI’TUA Hi(x) =0Viec It UB,

Hi(z) >0VieZ°,

(MNLP4 g(x*))

Based on this observation, we can derive constraint qualifications for MPVC simply by applying classical
constraint qualifications from non-linear programming to . This will be discussed with
more details in the following section. This philosophy to derive constraint qualifications based on classical
constraint qualifications applied on a specific non-linear program has been used in [I7] to derive stronger
conditions than the ones presented here.



3.2 Constraint Qualifications for MPVC

Let us introduce the MPVC-weak Guignard CQ (MPVC-wGCQ) that will be useful in stating optimality
conditions for (MPVC).

Definition 3.2. Let 2* € Z. MPVC-wGCQ holds at x* if for any partition I°(z*) = AU B, GCQ holds
at z* for (MNLPs g(x*)).

In the sequel, we show that this is a weaker constraint qualification than MPVC-GCQ), and in Section
we prove that it is the weakest constraint qualification for MPVC.

As a consequence of Proposition we have the following equivalent characterization of M-stationary
points.

Corollary 3.1. Let z* € Z and let the cone Py be defined as

Py = UAE’P(IOO),B:IOO\AgMNLPA,B (:,C*)o
Then, it holds true that
—Vf(z*) € Py < 2" is M-stationary,
Proof. By straightforward computation, we can give an explicit form of the polar cone of £y nrp, , for all
A, B. Then, computing the union of this cones yields to
UAGP(IOO)VB:IOO\AXJWNLPA’B(m*)o = {d e R"” ‘ 3()\9, )\h, )\G7 )\H) such that d = [:Mpvc(x*, )\),
with AY >0 (i € Zy),
M—0GeT™),
M2 0(i e 770, (2)
N =0@eZTuzuzt),
A >0 (i e 70 U T,
MNNE =0 (i € T9)1.

Thus, the result follows by combining this computation with Proposition [3.1] O

MPVC-wGCQ is different from the MPVC-GCQ used for instance in [I5] or in [I6]. First, let us define
the MPVC-linearized cone

Lupve(r®) ={deR" | Vg;(z*)'d <0(i € Z,),Vhj(z*)'d =0 (Vi=1,...,m),
Hy(z*)Td=0 (i € %), VH;(z*)Td > 0 (i ezoouz 9, (3)
VGi(z*)Td <0 (i € I°), (VH; (25T d)(VGi(xz*)Td) <0 (i € T9)}.

Note that Ly pve(x*) is, in general, a non-convex cone and then, differs from £ (x*) applied to (MPVC]).
However, due to Corollary 2.5 of [I6] it holds

Tz(z*) C Lyupve(x™) C L(x"). 4)
Definition 3.3. Let * € Z. Then, MPVC-GCQ holds at z* if Tz(x*)° = Lypve(r)°.

These definitions have been introduced earlier in [I6]. The following lemma gives a relation of .Zprpy o (2*)°
with the set &), used in Corollary

Lemma 3.1. Let z* € Z. The following inclusion holds true

Lupve(x™) C Py



Proof. The proof of Corollay already state an explicit formula for the right-hand side of the inclusion in
equation . Let us now compute explicitly Ly pyvo(x*)°.
First, it is to be observed that the cone £y py o can be rewritten as a union of polyhedral cones in the
following way.
Lypve(r™) =Urcgo Lypve(z™, 1),

where Ly pyve(a*, I) stands for

Lyupve(@, I):={deR" | Vgi(z*)Td <0 (i € Z,),
Vhi(z*)'d=0 (i=1,..,m),
VH;(z*)'d=0 (i € ),
VH(z*)'d>0(ielTul™),
VGi(z*)Td <0 (i € I°T),
VGi(z*)Td <0 (i 1),
VH(z*)Td=0,VGi(z*)Td >0 (i € I\ I)}.

Now, let us compute the polar of £y pyc at «* using [6, Proposition 1.1.16],
ZLupve(x®)® = Nicgo Lypveo(x™, I)°.
We can compute the polar cone of £y pyo(x*,I) given by

Zupve(@, 1)° = {d e R" | I\, N NCAT) € RE x R™ x R? x RY
with A& >0Vi e TUZ A9 <0 VieZ™)\ 1,
M>ovieruz™°,
d=> " NVg(x*)+ Y MVhi(a)
i€Zy i=1

+ > AVGi(a)

1€Z0+Uuz00
- > NIV H; (2%)).

1€ZH0yT00yZ—0

Now, computing the intersection in the equation above leads to

Lupve(®) = {d e R™ | I, N A9 M) € RE x R™ x RY x RY
with AY >0 Vi € 797 \F =0 Vi € 7%,
M >0vie®uz™",

m

d= AVgi(a") + Y MVhi(z")

€T, i=1
+ > APVG(a)
i€Z0+Uuz00

- Y MIVH@E))

1€ZTOUZO0UZ -0
From the two explicit formulas of 2y py, o and Py, it is now clear that Zypve(2*)° C P O]

A consequence of this result is that MPVC-GCQ implies MPVC-wGCQ.



Definition 3.4. A feasible point x* of (MPVC) satisfies
(a) MPVC-Linear Independence CQ (MPVC-LICQ) if the gradients

{Vgi(x*) (i € Z,), Vhi(z*) (i=1,...,m),VGi(z*) (i € Lo Ul1o), VH;(z*) (i € I°)}
are linearly independent.

(b) MPVC-Constant Positive-Linear Dependence constraint qualification (MPVC-CPLD) if, for all subsets
Il - Ig, IQ - IO_, 13 - I+0 UIQ(), I4 - {1, . ,p},[5 - IO+ UIOQ, the fOllO’LUan implication holds true :
if the gradients

{Vygi(z*) (i € Zy),—VH;(z") (i € I),VG;(z*) (i € I3)} U{{Vhi(z") (i € I4), VH;(z") (i € I5)}}

are positively linearly dependent, then they remain linearly dependent for all x in some neighborhood
of x*.

The MPVC-LICQ, introduced in [2], is a strong condition that guarantee that a local minimum is an S-
stationary point [I6]. Under this condition, it has been proved in [2] that the MPVC Lagrange multipliers are
unique. The MPVC-CPLD introduced in [I7] is very popular in the context of relaxation methods to prove
their convergence, see [I7, [I8]. In the sequel, we introduce a weaker condition, denoted as MPVC-Constant
Rank in the Subspace of Component (MPVC-CRSC), to prove similar results of convergence.

Definition 3.5. Let 2* € Z. MPVC-CRSC holds at x* if for any partition T°°(z*) = AU B, CRSC holds
at z* for (MNLPs g(x*)).

This definition is an extension of the one given in [4] for non-linear programming and [10] for the MPCC.
It follows in a straightforward way from their definitions that MPVC-CRSC is stronger than MPVC-wGCQ.

In a similar way as in Definition applying CCP constraint qualification at (M N LP4 g(z*)|) for any
partition 7% = A U B yields a new MPVC constraint qualification, denoted MPVC-CCP.

Definition 3.6. We say that a feasible point x* satisfies the MPVC-CCP if the set-valued mapping R™ >
x = Ky pve(z) defined by

Kypve(r) ={Y_ MVg(x)+ Y MVhi(x)+ Y AVGix)— > MVH{z) |

i€Ty i=1 i€Z0+uz00 1€Z+H0uzZ0uZ -0
MN>06G€eZ,) and N >06G€Z7°,08 >0 €2 UT®), AN =0 (i € I)}

is outer semicontinuous at x*, that is

lim sup KMpcc(.r) C Kypoo (l‘*)
r—x*

In this context, the outer limit is taken in the sense of Kuratowski-Painlevé corresponding to the Definition
5.4 given in [27]. By construction, it holds that MPVC-CRSC implies MPVC-CCP, which itself implies
MPVC-wGCQ.

As we already remarked the new conditions defined here (MPCC-wGCQ, MPCC-CCP and MPCC-CRSC)
are very weak conditions compared to existing ones in the literature, except for MPVC-GCQ and MPVC-
ACQ. In a same way, they are weaker than other conditions that have been omitted here, MPVC-CRCQ
defined in [I7], MPVC-MFCQ defined in [2] and MPVC-GMFCQ first introduced in [I9]. Besides in the
following section, we show that these new weak conditions have a theoretical and numerical impact.

4 Algorithmic Applications of MPVC Constraint Qualifications

In this section, we prove algorithmic applications of the new MPVC constraint qualifications defined in the
previous section.



4.1 MPVC-wGCQ as the Weakest Constraint Qualification for MPVC

The following theorem is a key result, since it defines in some sense the best necessary optimality condition
that we can expect to compute with first order methods.

Theorem 4.1. Let * € Z be a local minimum of (MPVC)) that satisfies MPVC-wGCQ. Then, * is an
M-stationary point.

Proof. By Equation [4| and Lemma (3.1} it holds that

—Vf*)eTz(z")° = =Vf(z*)euPy, (5)
<= z* M-stationary, (6)
where the last equivalence comes from Corollary O

A similar result as been proved under MPVC-GCQ in [16]. In particular, this result gives that in our
context the natural goal of any numerical method designed for is to compute an M-stationary point.

The fact that this condition is the weakest constraint qualification for 1} is actually a consequence
of the similar result in non-linear programming stated in [II] and Theorem (3.1

Theorem 4.2. MPVC-wGCQ is the weakest constraint qualification for MPVC.

Before moving to the proof, let us introduce the definition of (g, h, G, H) MPVC-regular point that is an
extension of a definition from [IT].

Definition 4.1. (g,h,G, H) is said MPVC-regular at x*, if for all function f that admits a local constrained
minimum at ¥, x* is an M-stationary point.

It is very important to notice here that a constraint qualification must be independent of the objective
function, since it describes only the feasible set. Considering Corollary we can prove the following result.

Lemma 4.1. Assume that (g,h,G,H) is MPVC-reqular at x* € Z. Then, for all function f that admits a
local constrained minimum at x* it holds that —V f(x*) € Pp(x*).

We also give an additional theorem from [IT]. The original result is stated for local maximum, but there
is no loss of generality to write it for a local minimum.

Theorem 4.3. For every, y € Tz(x*)° there exists, an objective function f, which is differentiable at x*,
which has a local constrained minimum at x* and for which —V f(z*) = y.

We can now go on the proof of Theorem

Proof of Theorem[{.4 The ”<=" part is given by Theorem

So, let us consider the ”=" part. Assume that (g, h, G, H) is MPVC-regular at z* € Z and prove that
for any y € Tz(z*)°, y € P (z*). By Theorem [1.3] for any y € Tz(2*)° there exists a function f such that
y=—Vf(z").
Since we assume that (g, h, G, H) is MPVC-regular at 2* € Z it follows by Lemmathat for all functions
f such that —V f(z*) € Tz(x*)° we have —V f(z*) € Pp(x*). O

4.2 MPVC-CRSC and Error Bound for MPVC

An interesting application of the constraint qualifications is the existence of an error bound. That is, if close
to a feasible point «x it is possible to estimate the distance to the feasible set F using a natural measure of
infeasibility. We first give the definition in the context of a non-linear program.



Definition 4.2. We say that an error bound holds in a neighborhood U(x*) of a feasible point z* € F if
there exists a > 0 such that for every y € U(x)

min ||z -yl < amax{[l2(y)]loc lg" (¥)loo}

whenever F := {x € R" | g(x) <0, h(xz) = 0}.

In [], the authors show that if CRSC holds at a point x and that g, h admit second derivatives, then
an error bound holds in a neighborhood of z. It is to be noted that the same result may be obtained if F
satisfies quasi-normality at x as shown in [20].

We can now derive a enhanced MPVC-error bound result. Error bound and exact penalty results have
been first derived in [19] in the context of MPVC, where the authors proved very general results under
MPVC-GMFCQ, which correspond to classical MFCQ applied to (MNLP4 g(xz*))). The following result
shows that we can, indeed, weaken this assumption.

Theorem 4.4. Given z* € Z satisfying MPVC-CRSC. Then, there exists a neighborhood U(x*) and a
constant o > 0 such that for every y € U(z*) the following holds

mig |z — || < amax{[|h(y)]le, 9™ () lloos |G Fo1 z00 W)llos, 1 Hz+ouz00 (1) loos 1H -0 (¥)[loc }-

Proof. We remind that definition of MPVC-CRSC states that CRSC holds for all non-linear programs of

the form (MNLPa g(z%)), where Z%°(2*) = AU B. Thus, applying Theorem 5.1 of [4] yields that for A, B
there exists a neighborhood U4 g and a constant aa,p such that

min ||z = y|| < e,z max{[Ay)lloo, 197 )lloos 1G04 Wlloos [Hz 00 ) oo [ Hz-o (1) oo}
for all y € Ua,p(z*). Taking o := maxa paa g, U(z*) =Na,pUa p(x*) we get for all y € U(z*)
min |1z =yl < amax{{l2(y)loo: 197 (¥)lloos [1GZ04 4 W) oo, [ Hzrou (W) oo, -0 (9)loc}-
Finally, it holds that A, B C Z% so we have
min ||z =y < amax{||a(y) oo, 197 (1) oo, 1G 70+ 700 W) lloos | Hzrouzo0 (y)lloos | Hz-o (y)lloo }-

This concludes the proof. O
By Clarke’s exact penalty principle [§], we get the following exact penalty result.

Corollary 4.1. Let x* € Z be a local optimum that satisfies MPVC-CRSC. Then, there exists a constant
Kk > 0 such that x* is a local optimum of

min f(@) + s max{||h(y)lsc; 197 W)llc, 1GFo+ z00 ) loo, [z +00z00 (1)lloo, [ Hz-0 (9)loc}
4.3 Convergence of Primal-Dual Sequences under MPVC-CRSC and MPVC-
cCp

Another application of these new constraint qualifications is the convergence of sequences that are classically
obtained by relaxation methods.

Theorem 4.5. Let x* be in Z such that MPVC-CRSC holds at z*. Given two sequences {x*},{\*} such
that ¥ — x* and that satisfies

P m q q
VIR + ) AV k) + Y A VRi(aF) + Y ATFVG(aR) - Y ATV H (a8) = 0, (7)

=1 i=1 i=1 i=1



: ¢ urd 0 ®)
lim —*—=0Vi¢ Z,, i >0Viel™ 8
k—o0 ||)‘kHoo I ||)‘kHoo

Gk )\H,k
lim ———=0VieZ TUZ Ut and hmi—OVieI"", (9)

k00 [[AF]| oo k=00 [|AF||o

G,k)\H,k o0
AT

lim —~t— >0VieZTuz®, (11)

and the family of gradients of non-vanishing multipliers in @ are linearly independent. Then, the sequence
{\*} is bounded.

According to Lemma 7.1 of [28] we may assume without loss of generality that the gradients corresponding
to non-vanishing multipliers in equation @ are linearly independent for all k£ € N (note that this may change
the multipliers, but a previously positive multiplier will stay at least non-negative and a vanishing multiplier
will remain zero).

Proof. Let {w*} be a sequence defined such that

m

=) MEVGF) + Y N VRi(F) + Y ATIVG (R = YT APV H (a"). (12)

1€y i=1 1eIO+UIOO 1€I oyzoo

We prove by contradiction that the sequence {\*} is bounded. If \¥ were not bounded, there would exist

a subsequence such that
/\k
[IN¥]loo

Here we consider a subsequence K, where the family of linearly independent gradients of non-vanishing
multipliers is the same for all k£ € K. Note that this can be done with no loss of generality, since there is a
finite number of such subsequences and altogether they form a partition of the sequence.

Note here that conditions (7)) to give that limy_, o w* = limg 00 —V f(2¥)/||\¥||ee = 0.

Dividing by ||A*| s and passing to the limit in (T2)),

= NVgi(x Z)\th + ) AVGi(at) — Y AIVH;(x

i€y zeIO+UIUO zeI 0yzoo

= A#0.

with A =0fori e Z-TUZOUZTO, A =0 for i € Z-T by assumptions (§) to (1I).

It follows that the gradients with non-zero multipliers involved in the previous equation are linearly
dependent.

MPVC-CRSC guarantees that these gradients remain linearly dependent in a whole neighborhood. This,
however, is a contradiction to the linear independence of these gradients in 2* since w”* # 0 for k sufficiently
large. Here, we used that for all k sufficiently large supp()\) C supp(A¥). Consequently, we get a contradiction
and thus the sequence {\*} is bounded. O

A direct consequence of this theorem is that the sequence herein converge to an M-stationary point.
Indeed, by assumptions of previous theorem and since A < oo, then any limit point of the sequence {z*, \¥}
satisfies conditions from Definition Bl

Corollary 4.2. Let 2* be in Z such that MPVC-CRSC holds at z*. Given two sequences {x*},{\F} that
satisfy the assumptions of Theorem[{.5, Then, x* is an M-stationary point.

By considering the weaker condition MPVC-CCP, one can do a similar study.

10



Theorem 4.6. Let x* € Z such that MPVC-CCP holds at z*. Given two sequences {6*},{z*} such that
6% =0, ¥ — 2* and for all k € N

*Vf(ﬂjk) S KMpvc(ZEk) + B(;k (xk)
Then, x* is an M-stationary point of (MPVC)).

Proof. By continuity of the gradients involved in (MPVC]) and MPVC-CCP assumption, it holds that
lim sup KMpvc(wk) = KMpvc(JJ*).
ok —x*

Therefore, it follows that —V f(2*) € Ky pve(x®). So, x* is an M-stationary point of (MPVC]). O

The gap between Theorem and Theorem is that the former guarantee boundedness of the dual
sequence, while the latter does not. This observation will be of importance while studying the convergence
of the butterfly relaxation in Section [6]

5 The New Butterfly Relaxation Method for MPVC

We now propose an adaptation of the butterfly relaxation method introduced for MPCC in [I0] to solve
MPVC. As pointed out earlier, Theorem gives that our goal is to compute an M-stationary point.
Let ¢ := (t1,t2) € R%. We consider the following relaxed problem

min f(z)
€ (Bu.)
st. x € &P = {x|h(x) =0,g(x) <0,H(z) > —tz,®P(G(x), H(z);t) < 0.}
where for alli=1,...,q
®P(G(x), H(x);t) := Gi(x)Fi(z;t),
and

Fz(x,t) = HZ(if) - tg - t29t1 (Gl({L') - t2).

0 : R —] — 00,1] are continuously differentiable non-decreasing concave functions with 8(0) = 0, 0y, () :=
O(x/ty) for all t; > 0 and tlimo 01, (z) = 1 Vz € Ry completed in a smooth way for negative values by
1—

considering 6y, (z < 0) = 26'(0)/t;. Examples of such functions are 6} (z) = o+, and 07 () =1— exp 1.

These functions have already been used in the context of complementarity constraints in [10} [12] [25]. This
new relaxation handles two parameters t; and to chosen such that

ta = o(t1). (13)

A figure illustrating the feasible set of the and the relaxed feasible set is given in Figure
This method is an extension of the method introduced in [I8]. A typical choice to satisfy is to choose
to = t1“ with 0 < a < 1. We could be even more general by considering a third parameter for the constraints
H;(x) > —t, but we decided not to follow this for simplicity.

The sets of indices used for the analysis of this relaxation are defined in the following way
L (w;t) = {i | Hi(x) = —t2},
Ion(xit) = {i | 27 (G(x), H(x);t
IEp(xst) = {i € Zau(w;t) | G(a) > 0, Fy(z;t) = 0},
I8t (w;t) = {i € Igu(z;t) | G(x) =0, F(z;t) > 0},
IR (x;t) := {i € Igu(z;t) | G(z) =0, Fi(x;t) =0},

H(z);t) = 0},
G
G

The following lemma sum up some of the key features of the relaxation.

11



MPVC

G(x) G(x)

Figure 2: Feasible set of the MPVC and the butterfly relaxation for 6y, (2) = 5~ with t2 = t,3/2.

Lemma 5.1. The following properties on X2 hold:
1. X8 =2Zz;

2. XP C XP for all 0 < f2e < 2o,

t1a t1p’
3. ﬂtz()XtB =Z.

If the feasible set of the is non-empty, then the feasible set of the relaxed sub-problems are also
non-empty for all + > 0. If for some parameter ¢+ > 0 the set X;® is empty, then it implies that Z is empty.
If a local minimum of already belongs to Z, then it is a local minimum of the .

Finally, the following lemma from [I0] gives more information on the asymptotic convergence of the ¢’s
functions.

Lemma 5.2. Given two sequences {t1;} and {ta}, which converge to 0 as k goes to infinity and Vk €
N, (t1x,t2r) € R:, . Then, for any z € Ry it holds

kli}llolo tzkotlk (Z) = O,

and
Jim t,.0,, () < lim #2460, (0).

Since we assume that t2; = o(t1;) in (13), it implies that t2,0f, (zx) —= 0.
A generic relaxation algorithm to compute a stationary point of (MPVC) is Algorithm

Data: 2z an initial point, (o, %) initial parameters, oy € (0,1) parameters update;
Set k := 0, (tknik) = (toafﬂ) )
repeat
(tht1, trgr) = o4 (trs tr);
xF*1 .= stationary point of with z* initial point;
k=k+1;
until 2*T1 is a "stationary point of ” or decision of infeasibility or unboundedness;

[ N

This generic algorithm raises two important questions:

1. is it possible to guarantee that the limit point is an M-stationary point ?

12



2. do we have guarantees of existence of stationary point of the relaxed sub-problem ?

Both questions will be treated successfully in the following two sections.

We conclude this section by an example that shows that the butterfly relaxation may improve the re-
laxation [I8], which is the only other method with proved convergence to M-stationary point. Indeed, it
illustrates an example where there are no sequences of stationary points that converge to any undesirable
point.

Example 1.

min —xs s.t xo < 1,29 >0, 122 < 0.
TER2

In this example, there are two stationary points: an S-stationary point (0,1) that is the global minimum and
an M-stationary point (0,0), which is not a local minimum. Indeed, we see that z* = (0,0)7 is M-stationary,
since computing the gradient of the MPVC-Lagrangian function yields to

0_ (0 cf 1
(V)= (5) (o)
so M = —1 and \¢ = 0.

For the relazation [18] the gradient of the Lagrangian equal to 0 gives

0 __H,k 0 Dk .’Il‘g—tg
()= ()0 (%)

Here, forts ) = % a sequence z¥ = (2o tar)t, with APF =k may converge to (0,0) as k goes to infinity.
However, there are no sequences of stationary point that converges to this undesirable point with the
butterfly relaxzation. The gradient of the Lagrangian for the relazation equal to 0 gives

( 0 > _ _)\H,Ic < 0 > + )\<I>,lc < (5512C - t12€ - tgeh,k(xlf - t2,}§)) - t29t1 k(xl t2 k)xlf )
1 .

1 Ty

Now, evaluating this expression at the point x* = (2tar tax)? yields that APF =0 and NTF = —1, which
contradicts the sign constraints in the KKT condition.

6 Convergence of the Butterfly Relaxation

As in [I8], sequences of stationary points of (Bu.) converge to an M-stationary point. Moreover, we prove
here that the new MPVC-CRSC is sufficient for this result, while MPVC-CPLD has been considered in [I§].

Theorem 6.1. Given a sequence {ty} of positive parameters satisfying and decreasing to zero as k
goes to infinity. Let {x* A\*} be a sequence of points that are stationary points of ([Bul) for all k € N with
xF — z*, where MPVC-CRSC is satisfied in x*. Then, x* is an M-stationary point of (MPVC).

Proof. First, we identify the expressions of the multipliers of the vanishing constraints in Definition in
function of the stationary points of . Let {zF A9k Nk \GE NHE A®EY he a sequence of KKT points
of for all k € N. The representation of ®° immediately gives V@I (G(2F), H(z*);t,) = 0, Vi €
T2 (z%;ty,) for all k € N. Thus, we can rewrite the equation above as

P q
—V (") =Y AN V(2" +Z>\thh +ZnGkVG )= > oMtV H; (),
=1 =1 =1
where -
—N; T2ty (G (xF)Gy(2F), ifie Ig%(xk;tk)
T]iG"k = )\?JCFZ(.T 7tk)7 if 1 € IgJIr{(iL'k;tk)
0, otherwise,
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NER if i € Ty (¥ ty,)

K2
H.k @,k if 4
aE = S APEGI(ah), i € TEY (k)
0, otherwise.

Noticing that whenever i € {i = 1,...,q | G;(z*) = 0}, i € It (a%; tx) or symmetrically i € {i | Fi(z";t;) =
0} implies that i € Z,% (z¥;¢x) by concavity of 6 and t;,6'(0) < ty, for all k € N.

In order to prove boundedness of the sequence n* := {\9F Nk Gk pHEY wwe check that all the as-
sumptions of Theorem [£.5] are satisfied and apply Corollary
Let Vi e Tt UZ 9UTIH, we verify that

;i
=0. (14)
koo [|17¥]]o
Obviously, it holds for k sufficiently large that G;(z*) # 0 and so either i € Zy(2¥;1;,) or i € LY (2F;t).
In the former case, * = 0 and so holds true. Thus, let us consider i € Z4% (z¥;¢;). In this case, it
clearly holds that

) Nkl (G )Gie®) |

lim = lim =
R koo APEGy () [17%]] oo

=0,

which proves .

It follows in a straightforward way from the definition of nZH * that nfF >0 for all i € Z7° and for all
i€t

ik
lim — (15)
koo [[7F]loe
Finally, we verify that for all i € Z° we get
Gl ik 7
lim +—>— =0 and hm : > 0. (16)
koo [|n*|I3, koo [[1¥] o

/\<I>,k

The case, where = 0 for k sufficiently large holds trivially, thus assume that i € Zg% and so by definition

of niG’k and nZH’k we have
ng ot (APFGi(a*))*tarty,, (Gi(a))

0< lim +——%t— = lim < lim to,,0, (Gi(z*)) =0,
koo [InF|IZ, koo [GA[ES koo M

by the assumption that ta;, = o(t1;). The second part of (16 is also a consequence of the previous equation
2 T = O-

Thus, all the assumptions of Corollary [£.2] are verified and so x is an M-stationary point. O

since for i € %% 1 it always holds and for i € Ig% it holds that hrn

This theorem attains our goal defined in Theorem to compute an M-stationary point of the (MPVC)).
Removing the assumption t3 = o(t1), made in may lead the sequence of stationary points to spurious
stationary points as illustrated by the following example.

Example 2. Consider the following two-dimensional example

min X1 — T2 s.t. 172>0.’L’11‘2<0
z1,02E€R?

and the relaxed sub-problems of the butterfly relaxation with to), = 9t1k( ) denoted as

min__zy — @ 8.t. 3 > —tg, x1(v2 — t — 0. (21)) <O.
x1,22ER?

The origin is a weak-stationary point with multipliers X6 = 1 and M = 1. Let 2F = (1/k, tx + 2,0}, (1/k))
(soi € Ig%(x itk)) be a sequence of stationary point of the butterfly relaxed sub-problem with multipliers
NGk = /\Hk—O and \** = k. Then, ¥ —;_ o * = (0,0)T since hm tzketlk( ) =1 forta, =0; (0).
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7 Existence of Lagrange Multipliers of the Relaxed Sub-problems

The convergence analysis relies on the fact that Lagrange multipliers exist for the relaxed sub-problems. The
following theorem illustrates this assumption.

Theorem 7.1. Let x* € Z such that MPVC-LICQ holds at x*. Then, there exists t* > 0 and a neighborhood
U(x*) of x* such that:

vt € (0,f]: = € U(z*)NXE = standard GCQ for [Bu)) holds in .

Proof. First we note that it always holds that £75(z) € Tys(z). So, it is sufficient to show the reverse
t t

inclusion.
The linearized cone of RP is given by

Lyp(r) ={d € R" | Vgi(2)"d <0 (i € Iy(x)), Vhi(x)"d=0 (i=1,...,m),
VH;(x)"d>0 (i € Iy (x;t)),
VOB (G(x), H(z);t) d <0 (i € I (x:t) UTEY (z31)) ).

Let us compute the polar of the tangent cone.
Consider the non-linear program (NLP; ;(z)) with I € Z2 (x;t), defined by

min f(z)
s.t. g(z) <0, h(z) =0,
H(x) > —t,

x), H(x);t) <0, i ¢ T2y (x;t), (NLP, ;(z))

; (G
Gi(2*) <0, Fi(z;t) >0, i e 1,
Gi(z%) > 0, Fi(ast) <0, i€ I°,
where I¢U I = Z%% (x;t) and I N I°¢ = (. By construction of U(z*) and ¢, the gradients {Vg;(z*) (i €

Z,),Vhi(z*) (i=1,...,m),VG;(z*) (i € I°UI"), VH;(z*) (i € Z°)} remain linearly independent for all
x € U(z*) by continuity of the gradients in a neighborhood and

Ig<33) C1,

Ty(a;t) CTHOUT,

Ty (w3) U TS (vit) € T U T0F,
Ty (x3t) ULL Y (wit) CTHOU T,

Therefore, we can apply Lemma A.1 of [10] that gives that MFCQ holds for (NLP; ;(x)|) at . Furthermore,
by Lemma 8.10 of [28] and since MFCQ in particular implies Abadie CQ it follows

Txp (@) =Urczoo (o Tnepen (@) = Urczoo, @ -EnLpe,n ().
By [7, Theorem 3.1.9], passing to the polar yields
TXF (2)° = m[gI%OH(x;t)glc\)fLP(t,I)(x)7

and by [7, Theorem 3.2.2]

ZJ%LP(t,I)(I) ={veR"|v= Z )\ngi(z) + ZA?V}%@) - Z AfIVHz‘(I)
i=1

i€Zy(x) 1€y (w;5t)

- > APVOP (G(z), H(x)it) + Y AIVG(x) = Y AIVG()
1ETE0 (i) UTYY, (a3t) i€l iete

— > VHi(x)+ Y VHi(x): M, A9 M AT >0},
el iele
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Taking v € T;tB (x) implies v € LNLpen (z) for all I C I, (z;t). If we fix such I, then there exists some
multipliers A* and A7, A9, A7 A% > 0 so that

v=Y MVg()+ ) MVh(x)— Y AVH(z)+ > AV (G(x), H(x); 1)
i€Zy(x) =1 1€Ly (w5t) 1€ZEY (2t) VI, (25t)
+Y AVGi(x) = DO AGVGi(z) = Y VH () + Y VHi(x).
i€l iele el iele

Now, it also holds that v € fj‘\’,LP(t IC)(a:) and so there exists some multipliers A\* and A9, \& A7 2% > 0
such that

v=Y MVg()+ Y MVhi(z)— > MVH(x)+ > MVOB(G(x), H(x);t)
i€Zg(x) i=1 i€Zp (x;t) iGIgOH (:v;t)UI%L(z;t)
+Y AVGi(x) = D OAGVGi(x) = Y VH () + Y VH(x).
i€l iele el iele

By the construction of ¢ and U(x*) the gradients involved here are linearly independent and so the multipliers
in both previous equations must be equal. Thus, the multipliers A¥ and A¥ with indices i in I U I® vanish.
Therefore, v € 25 (z) and as v has been chosen arbitrarily then 73, (x) C Z35 (7).

t t t

The result follows since it always holds that Z3 5 (z) € Tos (). O

This result gives a similar conclusion to the one from [I8] and shows that, in general, there exist Lagrange
multipliers of the relaxed sub-problem.

8 Numerical Examples

In this section, we present two examples of numerical tests of the butterfly relaxation on MPVC that are
motivated by bar-truss topology problems. The two examples have been used previously in the literature
in [I7] and are described in depth in the thesis [I3]. We remind here that models for topology optimization
was the motivation to introduce MPVC in [2]. Our motivation here is to validate our method on classical
instances of MPVC, additionally to its strong theoretical properties.

8.1 Academic Example
Let us consider the following two dimensional MPVC from [17].
Example 3.

min 4x1 + 2xo
z€R2

s.t. xt1 >0, zo >0,

(5\/5 — 1 —x2)x1 <0,
(5 — T — SCQ)IZ?Q S O

The feasible set of this example is given in Figure[3] As the geometry indicates, numerical methods based
on feasible descent concepts generally converge to the point # = (0,5v/2)7. The unique global solution to
the problem is the point z* = (0,0)7. In practical application this point must be excluded by an additional
constraint. Finally, the point # = (0,5)7 is a local minimum.

We run butterfly relaxation tailored for on Example [3| using an initial point inside the feasible
domain 2° = (6,6)7. Results are presented in Table [1| with solvers SNOPT and IPOPT to compute the
iterates in the relaxation method, see Algorithm (I In one case the butterfly method manages to converge
to the global optimum and in the second case it converges to the point (0,5) which is a local minimum.
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sovler x* f(z*) | last value of ¢
SNOPT | (0,57 | 10 0,5
IPOPT | (0,007 | 0 467-107

Table 1: Butterfly (MPVC) relaxation with ty = ¢;%/? on Example [3{ with initial point (6,6)7.

8.2 Application in bar-truss topology

In [I7], they also consider a general model for bar-truss well known from engineering literature.

n
aeRn%lerlexd ;liai
st Ka)u=f;, 1=1,...,L
ffuy<e 1=1,...,L (17)
a;<a,it=1,...,n
a;>0,1=1,...n

(oala,u)?> —6%)a; <0, i=1,..,n, I=1,...,L

where K(a) = 2N, aifvy) € R ay(a,u) = E'Y;'Tiu and ||f]| = 1. All in all, this problem possesses
n := N + L x d variables, p := L X d equality constraints, m := L + N (ordinary) inequality constraints,
and, formally, N x L vanishing (stress) constraints. Moreover, as a simplification in all problems below we
use the setting F := 1 for the Young’s modulus, which can be regarded as a scaling of the problem and is

not essential.

Example 4 (Ten-bar truss problem). L =1, N = 10,d = 8. The bar lengths arel; =1 fori € {1,3,5,6,8,10}
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*

last value of ¢

sovler x f(z*)
SNOPT (2.82,0,0.85,2.00,0.70,0.70,0.50, 0, 0.50, 1.24¢1 )T 9.34 1
IPOPT | (2.82, —7.63€2,0.85,2.00,0.70,0.70,0.50, —5.62€2, 0.50, —5.76€2)7 | 9.34 1

Table 2: Butterfly (MPVC)) relaxation with to = t;%/2 on Examplewith initial point a = u = 1. ¢, = 10714,

€o = 1079,

and l; = /2 fori € {2,4,7,9}. Vectors ~; are given in the following array

1= 2 3 4 5 6 7 8 9 10
vz -1 ¥ Uz
1 % Uusy
? 1 Ug1
g %
1 g Ue1
—? -1 |un
g 1 | ugy

All in all, problem possesses 18 variables, 8 bilinear equality constraints, 21 linear inequality constraints, and
10 non-linear inequality constraints modeling the vanishing stress constraints. Furthermore, we fix ¢ = 10,

a =100 and & = 1. Moreover, we set f; = (1/v/8,...,1/v/8) so that it satisfies || f1]|2 = 1.

Results are presented in Table 2l with solvers SNOPT and IPOPT to compute the iterates in the relaxation
method and with initial point @ = w = 1, {5 = 1,0, = 0.1. In both cases, the method manages to find a
solution.

9 Conclusion

This article proposes a new family of relaxation schemes for the mathematical program with vanishing
constraints. This new method is an extension of existing method with the best-known convergence property,
while weakening the required assumptions. We define new and weak constraint qualifications for the MPVC,
all of them with direct algorithmic applications.

Further research will focus on several aspects of the new relaxation method. First of all, we plan a numer-
ical comparison between relaxation methods on several examples. Then, convergence of the method needs
to be analyzed, when the sequence of stationary points is only computed approximately. This potential issue
and some keys to solve it have already been proposed in [25] in the context of complementarity constraints.
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