N
N

N

HAL

open science

On the Complexity of Robust Stable Marriage

Begum Genc, Mohamed Siala, Gilles Simonin, Barry O ’ Sullivan

» To cite this version:

Begum Genc, Mohamed Siala, Gilles Simonin, Barry O ’ Sullivan. On the Complexity of Robust Stable
Marriage. COCOA 2017 11th Annual International Conference on Combinatorial Optimization and

Applications , Dec 2017, Shanghai, China. hal-01689884

HAL Id: hal-01689884
https://hal.science/hal-01689884

Submitted on 22 Jan 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01689884
https://hal.archives-ouvertes.fr

On the Complexity of Robust Stable Marriage

Begum Genc', Mohamed Siala', Gilles Simonin?, Barry O’Sullivan’

! Insight, Centre for Data Analytics, Department of Computer Science, University
College Cork, Ireland
{begum.genc, mohamed.siala, barry.osullivan}@insight-centre.org,
2 TASC, Institut Mines Telecom Atlantique, LS2N UMR 6004, Nantes, France
gilles.simonin@imt-atlantique.fr

Abstract. Robust Stable Marriage (RSM) is a variant of the classical
Stable Marriage problem, where the robustness of a given stable match-
ing is measured by the number of modifications required for repairing
it in case an unforeseen event occurs. We focus on the complexity of
finding an (a, b)-supermatch. An (a,b)-supermatch is defined as a stable
matching in which if any a (non-fixed) men/women break up it is pos-
sible to find another stable matching by changing the partners of those
a men/women and also the partners of at most b others. In order to
show deciding if there exists an (a,b)-supermatch is N'P-complete, we
first introduce a SAT formulation that is NP-complete by using Schae-
fer’s Dichotomy Theorem. Then, we show the equivalence between the
SAT formulation and finding a (1, 1)-supermatch on a specific family of
instances.

1 Introduction

Matching under preferences is a multidisciplinary family of problems, mostly
studied by the researchers in the field of economics and computer science. There
are many variants of the matching problems such as College Admission, Hospi-
tal/Residents, Stable Marriage, Stable Roommates, etc. The reader is referred to
the book written by Manlove for a comprehensive background on the subject [1].

Current studies in the literature indicate that different robustness notions for
different matching problems are being studied. To the best of our knowledge, the
very first robustness notion in matching problems is studied on the Geometric
Stable Roommates problem [2]. Later on, there appear a few research papers on
robustly stable mechanisms in matching markets [3-5]. The most recent notions
are proposed in Stable Marriage problem, where one of them uses a probability
model and a social cost function to measure robustness [6], and the other one
uses a cost function to calculate repair costs of each stable matching and use it
as a measure of robustness [7].

We work on the robustness notion of stable matching proposed by Genc et.
al. [7]. In the context of Stable Marriage, the purpose is to find a matching M be-
tween men and women such that no pair (man, woman) prefer each other to their
situations in M. The authors of [7] introduced the notion of (a, b)-supermatch



as a measure of robustness. An (a, b)-supermatch is a stable matching such that
if any a agents (men or woman) break up it is possible to find another stable
matching by changing the partners of those a agents with also changing the part-
ners of at most b others. This notion is inspired by the work of Ginsberg et al. on
(a, b)-supermodels in Boolean Satisfiability [8], and (a, b)-super solutions in CSP
by Hebrard et.al. [9-11]. Both finding an (a, b)-supermodel and an (a, b)-super
solution are shown to be N'P-complete. However, they leave the complexity of
this problem open [7].

The focus of this paper is to study the complexity of finding an (a,b)-
supermatch. In order to show that the general case of RSM, which is the decision
of existence of an (a, b)-supermatch, is N’P-complete, it is sufficient to show that
a restricted version of the general problem is N'P-complete. Thus, we first show
that the decision problem for finding a (1, 1)-supermatch on a restricted family
of instances is N'P-complete, then we generalize this complexity result to the
general case.

Figure 1 illustrates the hierarchy between different cases of finding an (a, b)-
supermatch.

m1: (a,b)-supermatch

(a, 1)-supermatch (1, b)-supermatch

m2: (1, 1)-supermatch

Fig. 1. Illustration of the complexity hierarchy between the different cases of RSM.

In Section 2, the notations and the basics of the Stable Marriage problem are
introduced, then we refer to some theorems that are already present in the liter-
ature. In Section 3, we describe a restricted family of Stable Marriage instances.
In Section 4, after defining a specific SAT formulation based on the properties of
the restricted family, we show by reduction that the decision version of finding
an (1, 1)-supermatch is N'P-complete.

2 Notations & Background

An instance of the Stable Marriage problem (with incomplete lists) takes as input
aset of men U = {mq,ma,...,my,, } and a set of women W = {wy,wa, ..., wn,}
where each person has an ordinal preference list over members of the opposite
sex. For the sake of simplicity we suppose in the rest of the paper that n; = ns. A
pair (m;,w;) is acceptable if w; (respectively m;) appears in the preference list
of m; (respectively w;). A matching is a set of acceptable pairs where each man
(respectively woman) appears at most once in any pair of M. If (m;, w;) € M,



we say that w; (respectively m;) is the partner of m; (respectively w;) and then
we denote M (m;) = w; and M(w;) = m;. A pair (m;, w;) (sometimes denoted
as (1, j)) is said to be blocking a matching M if m, prefers w; to M(m;) and w;
prefers m; to M(wj). A matching M is called stable if there exists no blocking
pair for M. A pair (m;,w;) is said to be stable if it appears in a stable matching.
The stable matching, in which each man is matched to their most preferred stable
partner is called the man-optimal matching and denoted by My. A pair (m;, w;)
is called fized if (m;, w;) appears in every stable matching. In this case, the man
m; and woman w; are called fixed. In the rest of the paper we use n to denote
the number of non-fixed men and Z to denote an instance of a Stable Marriage
problem. We measure the distance between two stable matchings M;, M; by the
number of men that have different partners in M; and M, denoted by d(M;, M;).

Formally, a stable matching M is said to be (a, b)-supermatch if for any set
¥ C M of a stable pairs that are not fixed, there exists a stable matching M’
such that M'N¥ =0 and d(M,M') —a <b [7].

Definition 1 (w1) INPUT: a,b € N, and a Stable Marriage instance I.
QUESTION: Is there an (a,b)-supermatch for T?

Let M be a stable matching. A rotation p = ((My,, Wiy ), (Mg Why )5 - - - s
(mp,_,,wk,_,)) (where I € N*) is an ordered list of pairs in M such that changing
the partner of each man my, to the partner of the next man my,,, (the operation
+1 is modulo 1) in the list p leads to a stable matching denoted by M/p. The
latter is said to be obtained after eliminating p from M. In this case, we say
that (my,,w;,) is eliminated by p, whereas (my,,w;,,,) is produced by p, and
that p is exposed on M. If a pair (m;,w;) appears in a rotation p, we denote
it by (m;,w;) € p. Additionally, if a man m; appears at least in one of the
pairs in the rotation p, we say m; is involved in p. There exists a partial order
for rotations. A rotation p’ is said to precede another rotation p (denoted by
P <= p), if p’ is eliminated in every sequence of eliminations that starts at M
and ends at a stable matching in which p is exposed [12]. Note that this relation
is transitive, that is, p” << p' Ap/ << p = p”’ << p. Two rotations are said
to be incomparable if none of them precede the other.

The structure that represents all rotations and their partial order is a directed
graph called rotation poset denoted by IT = (V, E). Each rotation corresponds
to a vertex in V and there exists an edge from p’ to p if p’ precedes p. There
are two different edge types in a rotation poset: type 1 and type 2. Suppose
(m;, wj) is in rotation p, if p’ is the unique rotation that moves m; to w; then
(p',p) € E and p' is called a type 1 predecessor of p. If p moves m; below wj,
and p’ # p is the unique rotation that moves w; above m;, then (o', p) € E and
P’ is called a type 2 predecessor of p [12]. A node that has no outgoing edges is
called a leaf node and a node that has no incoming edges is called root node.

A closed subset S is a set of rotations such that for any rotation p in S,
if there exists a rotation p’ that precedes p then p’ is also in S. Every closed
subset in the rotation poset corresponds to a stable matching [12]. Let L(S) be
the set of rotations that are the leaf nodes of the graph induced by the rotations



in S. Similarly, let N(S) be the set of the rotations that are not in S, but all of
their predecessors are in S. This can be illustrated as having a cut in the graph
II, where the cut divides IT into two sub-graphs, namely I1; and 5. If there
are any comparable nodes between II; and I, II; is the part that contains the
preceding rotations. Eventually, IT; corresponds to the closed subset S, L(.S)
corresponds to the leaf nodes of IT; and N(.S) corresponds to the root nodes of
11,.

An important remark is that there is a 1-1 correspondence between the
matchings in Z and the sets of incomparable rotations in V. A closed sub-
set is defined by adding all predecessors of each node in the subset to the subset.
Equivalently, if all rotations that precede some other rotations in S are removed
from S, the resulting set corresponds to a set of incomparable nodes, namely
L(S).

Predecessors of a rotation p in a rotation poset are denoted by N~ (p) and
successors are denoted by NT(p). We also denote by X (R) the set of men in-
volved in a set of rotations R.

Let us illustrate these terms on a sample SM instance specified by the pref-
erence lists of 7 men/women in Table 1 given by Genc et. al [7]. For the sake
of clarity, each man m; is denoted with ¢ and each woman w; with j. Figure 2
represents the rotation poset and all the rotations associated with this sample.

<0,5>, <6,2>

mol0652413|[wo]21 64530
mi6145023|[wi[0435261
ma6031542||ws[2504316 <145, <655, <5.05
ms[3201465|ws6123405
ma|12034506|wad605312
M6 10354 2||ws[3126540
me|2506431||ws|4621305

Table 1. Preference lists for men <1z <332
(left) and women (right) for a sam- Table 2. Rotation poset of the in-
ple instance of size 7. stance given in Table 1.

All the stable matchings of the instance given in Figure 2 are listed in Table 3.
For the sake of example, the stable matching M; has the corresponding closed
subset So, which is composed of the rotations {pg,p1}, and it is obtained by
exposing the rotation p; on Mj, also denoted by My = Mi/p1 = {(0,2), (1,5),
(2,6),(3,3),(4,1),(5,4),(6,0)}. For M5, the leaf and neighbor nodes can be iden-
tified as L(S2) = {p1} and N(S3) = {p2, ps}.

2.1 Schaefer’s Dichotomy Theorem for Satisfiability

The original Schaefer’s dichotomy theorem is proposed in [13]. In this section,
we use the same terminology and notations as in [14]. A literal is a Boolean



Stable Matching Pairs

Mo {(0,5),(1,4),(2,6),(3,3),(4,1),(5,0), (6,2)}
My = MO/,O() {(07 2)7 (154)5 (27 6)7 (37 3)7 (45 1)7 (57 0)7 (67 5)}
M = Ml/pl {(07 2)7 (17 5)7 (27 6)7 (37 3)7 (47 1)7 (57 4)7 (67 O)}
M; = Mz/p4 {(07 2)7 (17 5)7 (27 0)7 (37 3)7 (47 1)7 (574)7 (67 6)}
M4 = MS/p5 {(07 2)7 (15 3)5 (27 0)7 (37 5)5 (45 1)7 (57 4)7 (67 6)}
Ms = MQ/pQ {(07 4)7 (17 5)7 (27 6)7 (37 3)7 (47 1)7 (57 2)7 (67 O)}
Mes = M5/p4 = Mg/pz {(074)7 (17 5)7 (27 0)7 (37 3)7 (47 1)7 (57 2)7 (67 6)}
My = M4/p2 = MG/p5 {(074)7 (15 3)5 (27 0)7 (37 5)5 (45 1)7 (5’ 2)7 (67 6)}
Ms = M5/F73 {(07 1)7 (17 5)7 (27 6)7 (37 3)7 (47 4)7 (57 2)7 (67 O)}
My = MG/.D3 = Mg/p4 {(07 1)7 (17 5)7 (27 0)7 (37 3)7 (474)7 (57 2)7 (67 6)}
Mo = M7/p3 = Mg/p5 {(07 1)7 (15 3)’ (27 0) (37 5)5 (4v4)7 (5’ 2)7 (67 6)}

—+
=3
@
—
w

Table 3. The list of all stable matchings for nstance given in Figure 2.

variable or its negation. A clause is a disjunction of literals. If x is a Boolean
variable, then the literal x is called positive and the literal —x is called negative.
We shall use the term formula to say a Boolean formula given in a conjunctive
normal form (CNF) as a finite set of clauses.

A formula is called Horn (respectively dual-Horn) if every clause in this
formula contains a positive (respectively negative) literal. A linear equation over
the 2-element field is an expression of the form z1 @ x5 ... ® xp = § where & is
the sum modulo 2 operator and § is 0 or 1. An affine formula is a conjunction
of linear equations over the 2-element field.

An assignment is a mapping from (Boolean) variables to {true, false}. An
assignment A is said to satisfy a clause C if and only if there exists a vari-
able x such that C contains xz and the assignment of x by A is true or C
contains —z and the assignment of z by A is false. A Boolean Constraint of
arity k is a function ¢ : {true, false}* — {true, false}. Let (x1,...x1) be a
sequence of Boolean variables and ¢ be a Boolean constraint of arity k. The pair
(¢, (x1,...2r)) is called a constraint application. An assignment A to (z1,...xzx)
satisfies (¢, (z1,...x)) if ¢ evaluates to true on the truth values assigned by A.
Let @ be a set of constraint applications, and A be an assignment to all variables
occurring in @. A is said to be a satisfying assignment of @ if A satisfies every
constraint application in A.

Let C be a set of Boolean constraints. SAT(C) is defined as the following
decision problem: Given a finite set @ of constraints applications from C, is there
a satisfying assignment for &7

Theorem 1. Dichotomy Theorem for Satisfiability [14,13]. Let C be a set of
Boolean constraints. If C satisfies at least one of the conditions (a)-(f) below,
then SAT(C) is in P. Otherwise, SAT(C) is N'P-complete.

a) Every constraint in C evaluates to true if all assignments are true.
b) Every constraint in C evaluates to true if all assignments are false.
¢) Every constraint in C can be expressed as a Horn formula.



d) Every constraint in C can be expressed as a dual-Horn formula.
e) Every constraint in C can be expressed as affine formula.
f) Every constraint in C can be expressed as a 2-CNF formula.

3 A specific problem family

In this section, we describe a restricted, specific family F of Stable Marriage
instances over properties on its generic rotation poset ITp = (Vr, EF).

Property 1 Each rotation p; € Vg, contains exactly 2 pairs p; = ((mj1, wi1),
(Miz, wiz)).

Property 2 Each rotation p; € Vg, has at most 2 predecessors and at most 2
SUCCESSOTS.

Property 3 Each edge e; € EF, is a type 1 edge.

Property 4 For each man m;,i € [1,n], m; is involved in at least 2 rotations.

Figure 2 illustrates these properties. Note that, the ordering of the pairs is
not important as there exist only two pairs in each rotation.

<mj, Wa><mj, wp> <mj, Wa><mj, wp>

0 <mj, Wph><mk, Wc> a <mj, Wp><mk, Wc>

<mj, Wc><mpm, Wd> <mg, Wp><Mmm, Wd>
A B
<mj, wa><mj, wp> <mj, Wa><mj, wh>  <mk, Wc><m|, wq>

<mj, Wp><mk, W¢c> <mj, Wp><mk, Wd>

<mj, Wc><mMm, Wgd> <mk, Wp><mp, We> <mj, Wg><Mm, We> <Mk, Wh><Mnp, Wf>

C D

Fig. 2. An illustration of the men/women included in rotations for cases where a rota-
tion has exactly 1 predecessor and 1 successor (A,B), 1 predecessor and 2 successors,
which is also similar to 1 successor and 2 predecessors (C), 2 predecessors and 2 suc-
cessors (D).



We would like to remark the difference between the cases A and B in Figure 2.
Due to Property 3, any two rotations that have an edge between, contain a man
and a woman in common. When the case is generalized to 3 rotations pp1 —p—ps1,
it should be noted that those three rotations either contain the same man m;
but contain different women, w; between p,; and p, but w. between p and ps;
as in the case A or the same woman in all three rotations but different men m;
between p,1 and p, but my, between p and p; as in the case B.

Lemma 1. For each two different paths Py and Py defined on IIr, where both
start at rotation ps, end at py, and the pair (me,wy) € ps, if all rotations on
Py (respectively Py) contain me, at least one of the rotations on Py (respectively
Py ) does not contain wy.

Proof. Suppose for contradiction that m, is involved in all rotations on P; and
wy is involved in all rotations on P,. This scenario is likely to occur as the Prop-
erty 3 indicates that all edges are of type 1, which is also easy to observe on the
Figure 2, any two rotations connected by an edge in the rotation poset always
contain a man, and a woman in common. In this case, because of the supposition,
the m. and wy are carried on to the rotation p, the pair (m.,wy) is reproduced.
In other words, exposing p; on a stable matching produces the pair (m.,wy).
However, this pair is already eliminated by ps, meaning this couple is already
produced. The supposition contradicts the fact that exposing rotations on stable
matchings causes men to be matched with their less preferred partners, and if a
couple is eliminated once can not be produced again.

Definition 2 (7f) A particular case of w1, with the restrictions from problem
family F.

Definition 3 (mw2) The special case of w1, where a =1,b=1.

Definition 4 (wf') INPUT: A Stable Marriage instance T from family F.
QUESTION: Is there a (1, 1)-supermatch for I?

4 Complexity results

In order to prove that the general problem 7y is A'P-complete, we show that the
restricted family problem Trf is N"P-complete. And in order to do this, we first
prove it for a particular case noted 7r2F by introducing an A'P-complete SAT
formulation denoted by SAT-SM.

4.1 NP-completeness

SAT-SM takes as input a set of integers X = [1, |X|], n,n € N* lists I3, la,...,I,
where each list is an ordered list of integers of X, and three sets of distinct
Boolean variables Y = {y. | e € X}, S ={s. | e € X}, and P = {p. | e € X}}.



Conditions on the lists: The lists ly,...,[, are subject to the following con-
straints: First, each list Va € [1,n], lo = (X¥,..., X}, ), where k;, = |la| = 2.
Second, each element of X appears in exactly two different lists. For illustration,
the set X represents the indexes of rotations and a list [, represents the index
of each rotation having the man m,. The order in [, specifies the path in the
rotation poset from the first rotation to the last one for a man m,. And the
restriction for having each index in two different lists is related to Property 1.

In addition to those two conditions, we have the following rule over the lists:
[Rule 1] For any Xj" and X}" from the same list [, where m € [1,n] and j > 4,
there does not exist any sequence S that starts at X;" and ends at Xj* constructed
by iterating the two consecutive rules ¢ and 6 below:

— given X¢ € S, the next element in S is X, ;, where e +1 < k.
— given X% € S, the next element in S is Xl}, where X¢ = x4, a # b € [1,n],
and 1 < f < ky,.

Conditions on the clauses: The CNF that defines SAT-SM is a conjunction of
four groups of clauses: (), (8), (C) and (D). The groups are subject to the following
conditions:

(&) For any list I, = (X{,..., X}, ), we have a disjunction between the Y-

elements and the P-elements as \/fl:“1 Yxa V pxe.

n kig
(a) is defined by /\ \/ yxe V pxs |. (1)
a=1 \i=1
®): For any list I, = (X{,...,X}, ), we have a conjunction of disjunctions

. o ki, —1
between two S-elements with consecutive indexes as A\;l% "~ sxa V —Sxa, -

n kig—1
is defined by A /\ sxe Vv —sxg, - (2)

a=1 =1
(©): This group of clauses is split in two. For any list I, = (X{,...,X§, ),
the first sub-group Cj contains all the clauses defined by the logic formula

Nfta =t Yxe — sxe A sxe, . With a CNF notation, it leads to /\flzafl(ﬁyxg %

sxe) A (7yxe V 2sxe, ). Note that, Cy also covers the special case, when i = ky,.

n kig ki, —1

C: is defined by /\ (/\ (myxg V sxe) A /\ (myxe V _'Sx;?+1)>- (3)
a=1 \i=1 =1

The second sub-group Cs has three specific cases according to the position

of elements in the ordered lists. As fixed above, each element of X appears in

exactly two different lists. Thus, for any e € X, there exists two lists I, and [



such that X§ = X5 = e, where i € [1,k;,] and j € [1,k,]. For each couple of
elements of X denoted by (X¢, Xi’) that are equal to the same value e, we define
a clause with these elements and the next elements in their lists respecting
the ordering: Sxa = Yxa V sxe,, \Y, Sxb,,- With a CNF notation it leads to:
(_‘SX? V ?JX? Vv Sxia_H Vv SX?_H).

We add the two specific cases where X{ or Xl;», or both are the last elements

of their ordered lists. The complete formula for the set of clauses Cy for each
two element (X?,X;’-) s.t. X¢ = X;’- is:

—Sxe Vv Yxe \Y ng_H \Y% Sx?+1
i # kg, JF ki,

A 8xe V Yxa V Sxe
Ca i F kg, 3= ki ‘ ¢ o (4)
A maxg,  VYxg

i =ki,, 3=k,

(D): Similarly to Cy, for each couple of elements of X denoted by (X¢, X?) equal
to the same value e, there exists a clause with these elements and the previous
elements in their lists respecting the ordering: pxa <> =sxa Asxs_| A Sxb_,- With
a CNF notation, it leads to:

(=pxa V=sxa) A(mpxe Vsxe ) A(—pxe V ngil) A(8xa Vsye  V SSxh V pxe)

By generalizing the formula for any couple, and by adding the two cases
where Xﬁa, or X;”, or both are the first elements of their respective lists, the
complete formula (D) for each two element (X¢,X5) s.t. X{ = X} = e is described
by:

[ A (—'pxg \ ng_l) A (ﬂpxg \Y SX?_l)/\
iZL j#£1
(sxg V —8xe |V —sxy v Pxa)

A (ﬁpx‘; \ ngfl) A (8xa V n8xe_, V pxe)

® i=1, j#£1 (5)

A Sxg V Pxe

A Pe V T8¢

To conclude the definition, the full CNF formula of SAT-SM is (&) A
AN CLACo A (D).
Lemma 2. There always exist some clauses of minimum length 4 that are de-

fined over positive literals in (&).

Proof. For any list of ordered elements l, € {l1,ls,...,l,}, the length of each
list is defined as k;, > 2 in SAT-SM, which results in (a) having n clauses that
have at least 4 positive literals in each. O



Lemma 3. There always exist some clauses of length 2 that are defined over
two negative literals in (C).

Proof. The clauses in (C) consists of two groups. The first group is defined over
the list of ordered elements. For any two consecutive elements in a list I, €
{l1,12,...,1,}, there exists two clauses: flz“l_l(ﬂyxg Visxe) A (2yxe V asxe, ).
By definition, the minimum length of an ordered list [, is k;, = 2 and therefore
the minimum-length list yields in 2 clauses of the defined form. Therefore, the
first group includes 2 x 37 ¢y 1 (K, — 1) clauses. O

.

Lemma 4. Any clause defined over only positive literals of size at least two is
not affine.

Proof. Any clause C of the given form with k positive literals have 2* — 1 valid
assignments. The cardinality of an affine relation is always a power of 2 [13].
Thus, C is not affine. O

The SAT-SM problem is the question of finding an assignment of the Boolean
variables that satisfies the above CNF formula.

Theorem 2. The SAT-SM problem is N'P-complete.

Proof. We use Schaefer’s dichotomy theorem (Theorem 1) to prove that SAT-SM
is A'P-complete [13]. Schaefer identifies six cases, where if any one of them is
valid the SAT problem is solved in polynomial time. Any SAT formula that does
not satisfy any of those 6 is NP-complete.

It is easy to see the properties a, d, and f in Schaefer’s Dichotomy do not ap-
ply to SAT-SM due to Lemma 2. Similarly, properties b and ¢ are not satisfiable
because of Lemma 3. The clauses in (A) are defined as clauses over positive liter-
als and it is known that they always exist by Lemma 2. By applying Lemma 4
on the clauses in (A), we infer that property e is not applicable either. Hence,
SAT-SM is N'P-complete. O

We can now present the main result of the paper.
Theorem 3. The decision problem wf is N'P-complete.

Proof. The verification is shown to be polynomial-time decidable [7]. Therefore,
wmf is in N'P. We show that w£ is N'P-complete by presenting a polynomial
reduction from the SAT-SM problem to 11'2F as follows.

From an instance Zggp; of SAT-SM, we construct in polynomial time an
instance Z of 71'5 . This means the construction of the rotation poset I[Ip =
(Vr, Er) with all stable pairs in the rotations, and the preference lists.

We first start constructing the set of rotations Vp and then proceed by decid-
ing which man is a part of which stable pair in which rotation. First, Ve € X, we
have a corresponding rotation p.. Initially, each rotation contains two “empty”
pairs. Second, Vl,,a € [1,n],VX§ € [1,k;, ], we insert m, as the man to the first
empty pair in rotation pye. Since ki, > 2 from Lemma 2, Each man of 71'5 is
involved in at least two rotations (satisfying Property 4).



As each X{ appears in exactly two different lists [, and [;, each rotation is
guaranteed to contain exactly two pairs involving different men m,, m; (Property
1), and to possess at most two predecessors and two successors in ITp (Property
2).

For the construction of the set of arcs Er, for each couple of elements of X
denoted by (X{,X{1), a € [L,n],Vi € [1,k;, — 1], we add an arc from pye to
pxe, - Note that this construction, yields in each arc in E representing a type 1
relationship (Property 3 and Property 4). Because each arc links two rotations,
where exactly one of the men is involved in both rotations. Now, in order to
complete the rotation poset Ilr, the women involved in rotations must also be
added. The following procedure is used to complete the rotation poset:

L. For each element X{ € X, with a € [1,n], let pxa be the rotation that
involves man m,. In this case, the partner of m, in pxs is completed by
inserting woman w,, so that the resulting rotation contains the stable pair
(ma,wa) € Pxt -

2. We perform a breadth-first search on the rotation poset from the completed
rotations. For each complete rotation p = ({(m;, wy), (mk, wq)) € Vi, let ps
(resp. ps2) be one of the successor of p and modifying m; (resp. my). If
ps1 exists, then we insert the woman wy in ps; as the partner of man m;.
In the same manner, if pgo exists, we insert the woman wy; in pgo as the
partner of man my. The procedure creates at most two stable pairs (m;, wq)
and (myg,wp) (see the illustration in Figure 2.D). From the fact that each
woman w;, appears in the next rotation as partnered with the next man of
the current rotation p, in the SAT-SM definition it is equivalent to going
from X! to X%, | on lists where X, = X¥ y € [1,n],z € [1,n — 1]. Thus the
path where the woman appears follow a sequence defined as the one in [Rule
1] from the SAT-SM definition. By this rule, we can conclude that Lemma 1
is satisfied.

All along the construction, we showed that all the properties required, to
have a valid rotation poset from the family F, are satisfied. Using this process
we are adding equal number of women and men in the rotation poset.

The last step to obtain an instance Z of 71'5 is the construction of the pref-
erence lists. By using the rotation poset created above, we can construct incom-
plete preference lists for the men and women. Gusfield et. al. define a procedure
to show that every finite poset corresponds to a stable marriage instance [15].
In their work, they describe a method to create the preference lists using the
rotation poset. We use a similar approach for creating the lists as detailed below:

— Apply topological sort on Vg.

— For each man m; € [1,n], insert woman w; as the most preferred to m;’s
preference list.

— For each woman w; € [1,n], insert man m; as the least preferred to w;’s
preference list.



— For each rotation p € Vg in the ordered set, for each pair (m;,w,;) produced
by p, insert w; to the man m,’s list in decreasing order of preference ranking.
Similarly, place m; to w;’s list in increasing order of preference ranking.

The Lemma 1 imposed on our rotation poset clearly involves that each pref-
erence list contains each member of the opposite sex at most once. To finish, one
can observe that the instance obtained respects the Stable Marriage require-
ments and the specific properties from problem family F.

< Suppose that there exists a solution to an instance Z of the decision prob-
lem 7. Then we have a (1,1)-supermatch and its corresponding closed subset
S. As defined in Section 2, L(.S) is the set of leaf nodes of the graph induced
by the rotations in S, N(S) the set of nodes such that all their predecessors are
in S but not themselves. From these two sets, we can assign all the literals in
Tssy as follows:

— For each rotation p; € L(S5), set y; = true. Otherwise, set y; = false.
— For each rotation p; € S, set s; = true. Otherwise, set s; = false.
— For each rotation p; € N(5), set p; = true. Otherwise, set p; = false.

If S represents a (1, 1)-supermatch, that means by removing only one rotation
present in L(S) or by only adding one rotation from N(S), any pair of the
corresponding stable matching can be repaired with no additional modifications.
Thus any men must be contained in a leaf or a neighbor node. This leads to
having for each man one of the literals assigned to true in his list in SAT-SM.
Therefore every clause in (a) in Equation 1 are satisfied. Therefore every clause
in (a) are satisfied.

For the clauses in (B) in Equation 2, for any man’s list the clauses are forcing
each s; literal to be true if the next one s;41 is. For the clauses in 7 for any
man’s list the clauses are forcing each s; literal to be true if the next one s;1 is.
By definition of a closed subset, from any leaf of S, all the preceding rotations
(indexes in the lists) must be in S. And thus every clause in (B) is satisfied.

As the clauses in (C) altogether capture the definition of being a leaf node of
the graph induced by the rotations in S, they are all satisfied by L(S). At last,
for the clauses in (D), it is also easy to see that any rotation being in N(5) is
equivalent to not being in the solution and having predecessors in. Thus all the
clauses are satisfied.

Thus we can conclude that this assignment satisfy the SAT formula of Zggyy.

= Suppose that there exists a solution to an instance Zggys of the decision
problem SAT-SM. Thus we have a valid assignment to satisfy the SAT formula
of Zssnr- We construct a closed subset S to solve Z. As previously, we use the
sets L(S) and N(S), then for each literal y; assigned to true, we put the rotation
pi in L(S). We are doing the same for p; and s; as above.

The clauses in enforce the belonging to S of all rotations preceding any
element of S, thus the elements in S form a closed subset. To obtain a (1,1)-
supermatch, we have to be sure we can repair any couple by removing only one



rotation present in L(S) or by only adding one rotation from N(S). The clauses
in (C) enforce the rotations in L(S) to be without successors in S. And in the
same way the clauses in (D) enforce the rotations in N(S) to not be in S but
have their predecessors in the solution.

Now we just have to check that all the men are contained in at least one
rotation from L(S) U N(S). By the clauses from (A), we know that at least one
Ye OT P, for any man m; is assigned to true. Thus from this closed subset S, we can
repair any couple (m;,w;) in one modification by removing/adding the rotation
having m;. Since there exists a 1 — 1 equivalence between a stable matching and
the closed subset in the rotation poset, we have a (1, 1)-supermatch. O

Corollary 1 From the Theorem 3 and by generality, both decision problems mq
and o are N'P-complete.

5 Concluding Remarks

We study the complexity of the Robust Stable Marriage (RSM) problem. In order
to show that given a Stable Marriage instance, deciding if there exists an (a, b)-
supermatch is A"P-complete, we first introduce a SAT formulation which models
a specific family of Stable Marriage instances. We show that the formulation is
NP-complete by Schaefer’s Dichotomy Theorem. Then we apply a reduction
from this problem to prove the N'P-completeness of RSM.
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