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THE FLUX LIMITED KELLER-SEGEL SYSTEM;
PROPERTIES AND DERIVATION FROM KINETIC EQUATIONS

BENOIT PERTHAME, NICOLAS VAUCHELET, AND ZHIAN WANG

ABSTRACT. The flux limited Keller-Segel (FLKS) system is a macroscopic model describing
bacteria motion by chemotaxis which takes into account saturation of the velocity. The hyper-
bolic form and some special parabolic forms have been derived from kinetic equations describing
the run and tumble process for bacterial motion. The FLKS model also has the advantage that
traveling pulse solutions exist as observed experimentally. It has attracted the attention of many
authors recently.

We design and prove a general derivation of the FLKS departing from a kinetic model under
stiffness assumption of the chemotactic response and rescaling the kinetic equation according to
this stiffness parameter. Unlike the classical Keller-Segel system, solutions of the FLKS system
do not blow-up in finite or infinite time. Then we investigate the existence of radially symmetric
steady state and long time behaviour of this flux limited Keller-Segel system.

1. INTRODUCTION

Chemotaxis, the directed movement of an organism in response to a chemical stimulus, is a
fundamental cellular process in many important biological processes such as embryonic develop-
ment [26], wound healing [39], blood vessel formation [10, 17], pattern formation [6, 31]) and so
on. Well-known examples of biological species experiencing chemotaxis include the slime mold
amoebae Dictyostelium discoideum, the flagellated bacteria Fscherichia coli and Salmonella ty-
phimurium, and the human endothelial cells [29]. Mathematical models of chemotaxis were
derived from either microscopic (individual) or macroscopic (population) perspectives, which
have been widely studied in the past four decades. The macroscopic chemotaxis model has
been first developed by Keller-Segel in [24] to describe the aggregation of cellular slime molds
Dictyostelium discoideum and in [25] to describe the wave propagation of bacterial chemotaxis.
Because thresholds on the cell number decide when solutions will undergo smooth dispersion or
blow-up in finite time, and because of the interest of related functional analysis, this system has
attracted an enormous number of studies (cf. [30]).

In this paper, we are interested in the flux-limited Keller-Segel (FLKS) system in the whole
space R%. Some particular form of such system has already been introduced in [11, 20]. Tt
describes the evolution of cell density p(¢, ) and chemical signal concentration S(¢,z) at z € R?
and time ¢ > 0, and is based on the physical assumption that the chemotactic flux function is
bounded, modeling velocity saturation in large gradient environment. It reads

Oip = DAp — div(pp(|VS|)VS), xR t >0,
TOS — AS +aS = p, (1.1)
p(0,7) = pY(z) >0, and S(0,x) = SOx) if = 1.

We denote the cell total number M := [, p°(x) dz > 0. This system is conservative, that is

M :/ p(t,z)dz, vVt > 0.
Rd
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Compared to the classical Keller-Segel system, the chemotactic response function ¢ € C*(R*;R*)
depends nonlinearly on the chemical concentration gradient. We assume flux limitation, that
means there is a positive constant A, such that

max () = 6(0),  max [ro(r)| = A (1.2
These boundedness assumptions on the flux induce that solutions to (1.1) exist globally in time
(see e.g. [11, 19]), unlike the Keller-Segel system for which finite time blow-up may occur.

The motivation to study the FLKS system (1.1) comes from its derivation from mesoscopic
kinetic model. The first microscopic/mesoscopic description of chemotaxis model is due to Pat-
lak [35] whereby the kinetic theory was used to express the chemotactic velocity in term of the
average of velocities and run times of individual cells. This approach was essentially boosted by
Alt [1] and developed by Othmer, Dunber and Alt [32] using a velocity-jump processes which
assumes that cells run with some velocity and at random instants of time they changes velocities
(directions) according to a Poisson process. The advantage of kinetic models over macroscopic
models is that details of the run-and-tumble motion at individual scales can be explicitly incor-
porated into the tumbling kernel and then passed to macroscopic quantities through bottom-up
scaling (cf. [12, 15, 16, 18, 37, 42, 45, 46]), where the rigorous justification of upscaling limits
have been studied in many works (see [9, 21-23, 27] and reference therein). Denoting by f(t, z,v)
the cell number density, at time ¢, position € R? moving with a velocity v € V (compact set
of R? with rotational symmetry), the governing evolution equation of this process is described
by a kinetic equation reading as:

g—l—v Vof = / Vf(t, ) — TS|, 0) f(t, 2, v)) (1.3)

The tumbling kernel T'[S](v,v") describes the frequency of changing trajectories from velocity v’
(anterior) to v (posterior) depending on the chemical concentration S or its gradient. Because
cells are able to compare present chemical concentration to previous ones and thus to respond
to temporal gradients along their pathways, the tumbling kernel may depend on the pathway
(directional derivative) and takes the form ([12, 37])

T[S](v, ') = Ao + 0 U(D,S),  DyS = 8,8 + v'VS, (1.4)

where A\g denotes a basal meaning tumbling frequency, o accounts for the variation of tumble
frequency modulation and ¥ denotes the signal response (sensing) function which is decreasing
to express that cells are less likely to tumble when the chemical concentration increases.

The first goal of the present paper is to derive the FLKS system (1.1) as the parabolic limit
of the kinetic equation (1.3)-(1.4) and relate the flux limiting function ¢ to ¥. In particular, we
introduce a new rescaling, related to the stiffness of signal response, which has been shown to be
important to describe the traveling pulses of bacterial chemotaxis observed in the experiment
[13, 40, 41] and is related to instabilities both of the FLKS system and the kinetic equation [3, 38].
In partlcular, we wish to go further than the case proposed in [10], when the response function
VU is bi-valuated step (stiff) function: ¥(Y') = —sign(Y’), where the parabolic limit equation of
(1.3) is

vSs
VS|
with J denoting a macroscopic quantity depending on V.S and/or Sy (cf. [12, 40]). Our method of
proof is based on the method of moments and on compactness estimates to treat the nonlinearity.

Our second goal is to study the long time behaviour of solutions to the FLKS system (1.1)
and the existence of stationary radial solutions. Contrary to the Keller-Segel system for which
finite time blow-up of weak solutions is observed, solutions to (1.1) under assumption (1.2) exist
globally in time. For a study of the long time convergence towards radially symmetric solutions
for the Keller-Segel system, which may be computed explicitely, we refer to [7]. Yet, we do not
have an explicit expression of radially symmetric solutions for system (1.1). Then, we prove
that when the degradation coefficient is positive (o > 0), diffusion takes the advantage over

Opp = Ap —div(pu[S]),  ulS] = J(S,|VS]) T
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attraction. On the contrary, when the degradation coefficient is disregarded (o = 0), the total
mass of the system, denoted M, appears to be an important parameter. Indeed, when o = 0,
we observe a threshold phenomenon, with a critical mass M* = % in dimension d = 2, for the
existence of radial stationary solution.

More precisely, our main results may be summarized as follows :

e Radial stationary solutions when o = 0. (Theorem 3.1)
For d > 2, there are no positive radially symmetric steady state solutions to (1.1) with
finite mass M > 0.
For d = 2, system (1.1) has positive radially symmetric steady state if and only if
M > M* = Jf.

e Long time behaviour in one dimension when o = 0. (Corollary 4.2)
For d = 1 and a = 0, for any M > 0, there exists a unique stationary solution p.
Moreover, denoted by p is the solution of the dynamical system (1.1) with 7 = 0 and
a = 0. We have

im Wap(t), ) = 0,

where W5 denotes the Wasserstein distance of order 2.

e Long time behaviour. (Theorem 5.1)
In dimension d = 2 or d = 3. Let (p,S) be a solution of (1.1) on R? x [0,00). If a > 0
and 7 € {0,1}, or if « = 0, 7 = 0 and M > 0 is small enough, then we have for any
p € (1,+o0],

d 1
lp)| pogey < Ct 2072,

where C' is a nonnegative constant. Notice that this estimate on the time decay is the
same as the one for the heat equation.

The situation in bounded domain is quite different. Indeed, existence of steady state solutions
for & > 0 on bounded domain with Neumann boundary conditions has been investigated in
[11] in one dimension. Based on a bifurcation analysis, they observe spiky solutions when the
chemotactic sensibility is large. See also [28, 31, 43, 44] for spiky steady states in chemotaxis
models.

The outline of the paper is as follows. In the next section, we derive the flux-limited Keller-
Segel model (1.1) from the kinetic system with the appropriate scaling. Section 3 deals with
the existence of radially symmetric stationary states in dimension greater than 2. The one
dimensional case is investigated in section 4. The study of the long time behaviour is performed
in section 5 where Theorem 5.1 is proved. Then we summarize briefly our results in a conclusion
and provide open questions related to this work. Finally, an appendix is devoted to some
technical lemma useful throughout the paper.

2. DERIVATION OF FLKS FROM KINETIC MODEL

Our approach uses the stiffness parameter ¢ and a smoothed stiff response function ¥.(Y') =
\I’(%) In other words, we consider the following smooth stiff tumbling kernel

T[S](v,v") = Ao + o¥(DyS/e).

A possible example, as suggested in [11], is ¥(¥) = —tanh(X). Other examples include, for
Y
ey ?
mentioned in the introduction. In [41], it has been measured that ¢ ~ 12. For convenience, we

write o = ye for some scaling constant x(= 12) > 0 and rewrite above tumbling kernel as

T[S](v,v") = Ao + xe¥(DS/¢). (2.1)

In this paper, we shall take € as a scaling parameter and derive the parabolic limit of kinetic
models of chemotaxis which turns out to be the FLKS model (1.1) as long as the response
function ¥ is bounded.

instance, \If(%) = The case € = 0 corresponds to a stepwise stiff response function
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2.1. Rescaling of the kinetic equation. We summarize the condition on the response func-
tion ¥ as follows:

el nL™[R), V(z)<0 VzeR. (2.2)

Applying the parabolic scaling ¢ = £2t,2’ = ex into (1.3) with the tumbling kernel (2.1), and
recovering (¢, ") by (t,z) for convenience, we get

52%]%(15,:17,1)) +ev-Vufe(t,z,v) = Z[S:|(fe) (2.3)

Z[SI(f) = /V (Te[S)(w, o) f' = T[S o) f)a', f o= flta,d)), f= f(ta,v),
and
T.[S](v,v") = Ao + xeV[S](v,v"), U.[S](v',v) = U (e0;:S + v - V,9). (2.4)

Since the chemical production and degradation are much slower than the movement (cf. [13, 41]),
we assume prior to the microscopic scaling that the equation for S is given by

TS = AS +£%(p — ),

where p(t,x) fv f(t,z,v)dv, 7 ={0,1} and a > 0 is a constant denoting chemical decay rate.
After rescaling, we may state the complete problem we are interested in. On one hand, the
equation for the chemical concentration with the parabolic scaling reads as

{T@tsa — AS. + aS: = p., pe(t, x) fv fe(t,z,v)dv,

(2.5)
S.(0,x) = S%z) € LY N L=®(R?) for 7 =1.

On the other hand, substituting (2.4) into (2.3), we get the final form of the kinetic equation

52%fe(t,a;,v) +ev- foa(t,x,v) = )\O/V(fe/ _ fg)d’l)/ 4 XE/V(\II:[Sa]fé N \I/e[Se]fe)dU/,
f-(0,z,v) = fO(x,v) € LL N L®°(RY x V),

U.[S.] = U(ed,S. + v ViS.), WI[S] = W(edyS. + ' - V,S.).
(2.6)

2.2. Well-posedness, a priori estimates and compactness. The well-posedness and macro-
scopic limits of kinetic models of chemotaxis where the tumbling kernel depends on the chemical
concentration or its spatial derivative have been extensively studied e.g. in [5, 9, 21, 32, 33]
either formally or rigorously, based on the advanced functional analytical tools avallable for
kinetic equations. When the tumbling kernel depends on the pathway derivative D;.S, the for-
mal limits have been studied in [12, 33] and rigorous justification was given in [14] for the two
species case. The well-posedness of equations (2.3)-(2.5) and the limit as e — 0 are the direct
consequence of the results of [14]. For completeness, we present, without proof, the following
result

Theorem 2.1 (Existence, a priori estimates). Let e > 0 and assume (2.2). There exists a unique
global solution of (2.5)-(2.6), f- € L2 ([0,00); L N L®(R? x V), S. € L2 ([0,00); L= (RY)).

loc loc
Moreover, there is a constant C'(Xo, | V] e ), independent of €, such that
A t
e_Ct/ fe(t)*dzdv + —02/ / |l — fePdvdv'dzds < || f°|3, (2.7)
RixV 4e Jo Jrixvxv

1
102l 22 077 x ) + 1l 20,7 xey < C(T)eCT, Je = - /vaedv- (2.8)
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The flux J; in (2.8) arises because integration of (2.6) with respect to v gives

dpe
ot

Lemma 2.1 (Strong local compactness on VS.(t,x)). The signal function S: is uniformly
bounded and V S.(t,x) is strongly locally compact in Li _((T1,00) x R%) for all Ty > 0.

+ div,J. = 0. (2.9)

Proof. We use that p. is bounded in L{° ((0, 00); LT (R?) N L*(RY)) from Theorem 2.1.
From usual elliptic or parabolic regularizing effects (see Lemma A.2 in Appendix), and using
only the above bounds for p., we conclude that S. is bounded in L2 ((0,00); LP(RY)), with

p* o= d—2 <p< d2d4 (p = oo in dimensions d = 2, 3, p < oo in dimension 4).
Next, the equation on 0;.5. reads

Tat(atse) - A(atse) + a(atss) = atps = —div/e, J: €paq L2([07T] X Rd)

and gives 0,8 € L"((T1,T); L*(R%)), for any r < 2 any 0 < T} < T thanks to the direct
estimates on the heat kernel (see (A.1) in Appendix with p=1,1=0, k = 1).

Next, we notice by a similar argument, that VS. is bounded in L>((Ty,T); L?(R%)) for
0 < Ty < T. Compactness in z for V.S, also follows from the convolution formula. Finally, we
write

T&g(atVSe) — A(@tVSE) + a(@tVSe) = —Vdiv/,,

and thus we conclude that 9;VS. €pgq L2((T1,T) x RY), for all 0 < T} < T , thus providing
time compactness. O
As a conclusion, we may extract a subsequence {£(n)},>1 such that VS, ,,) — V.S locally in

all spaces LIOC((O,oo);Lq(Rd)), 1 <r < oo, d;fl < g < 2p*. Notice that the bounds above tell
us that, as n — oo,

\I’a(n) [Sa(n)] = \I/(a(n)@tSE(n) + - VxSE(n)) — \I/(U . VISQ).
2.3. The convergence result. As a consequence of the a priori estimates in Theorem 2.1 and

the discussion in section 2.2, we may also extract subsequences (still denoted by {s(n)}) such
that, weakly in L2([0,T] x RY) for all T' > 0, as n — oo, we have

fs(n) — fo(t,x,?]) = p()(t,x)F(U), Je(n)(t,a;) = % /vae(n)dv — Jo(t,x) (2.10)

where F'(v) is a uniform distribution on V:

Livevy
4

With the symmetry assumption of V, it satisfies [, vF'(v)dv = 0, and [;, F(v)dv = 1. In the
limit we infer from (2.9) that

F(v) = (2.11)

dpo -
WJrV -Jop =0. (2.12)

The flux Jy can be identified and we are going to show in the next subsection the following

Theorem 2.2 (Derivation of the FLKS system). Assuming (2.2), the above limit (po, So) sat-
isfies the FLKS system (1.1) with initial condition ([, f°(z,v)dv,S°) and

1 1
/\0|V|2/Vv®vdv, é(u) 7/\0|V|U/VU1 (vyu)dv >0 foru >0,

where v1 s the first component of the vector field v.

Notice that ¢(0) is well defined by continuity and ¢(0) = ;\Ij ‘(3‘ fv
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2.4. Asymptotic analysis. In order to complete the proof of Theorem 2.2, we proceed to find
the flux term Jy in (2.12). Multiplying (2.6) by v and integrating, we get

68J(tx +V, /v@vfedv

at
/ /fa foydv'dv + / / W [S.) ) do

= AV — V] /V L[S, fudu

using the definition of J; in (2.8), the definition of ¥ in (2.6), and the symmetry of V.
We may pass to the weak limit and find, based on the above mentioned strong compactness
for S; and its derivatives as well as (2.10) and (2.11), that

/ v®@vdv Vypg = —No|V]Jo — X|V|p0/ vW(v - VSp)dv.
1% 1%
In other words, we have identified the flux term
1 X
Jo=—Vaipo——5 dv — —— V(v -VSy)dv. 2.13
0 po)\o\VP/vU@w v Ao!V!pO/\/U (v 0)dv (2.13)

Using (2.13), the leading order terms of (2.9) and (2.5) lead to the following drift-diffusion
equations:

Opo = div(DV pg — xpou[S]), (2.14)
TOSy = ASp + po — S, '
where
= #/ v®@uvdv, ul[S]= —L/ v¥ (v - VSy)dv (2.15)
" lVE Sy ’ NV o '

By rotational symmetry of V', u[S] is proportional to V.S and hence yields the expression of
¢(u) in Theorem 2.2. Due to the hypothesis (H) on ¥, the drift velocity term u[S] is uniformly
bounded in time ¢ and space x. This is the main feature of the macroscopic limit model resulting
from the stiff response postulated in the kinetic models. O

2.5. Example. We consider a specific form of signal response function ¥ as follows

U(Y/e) = —\/% or ¥U(z)= —\/11—22

and derive an explicit flux-limited Keller-Segel system. When € = 0, ¥(Y/e) = —sign(Y") which
is a sign function reflecting the stepwise stiff response. However, as ¢ > 0, (Y /¢) is smooth
and ¥'(0) = —1.
By substitution, we have from (2.4) that
edyS+v-VS
V14 (e0,S +v-VS)?

Then the limit equations of (2.3)-(2.5) read as (see (2.14)-(2.15))
{atp = div(DVp — po(|VS)VS),

\1’5[5] (U,7 U) - -

2.16
TS = AS + p —alS, ( )

where we have recovered (pg, Sg) by (p,S) for brevity and, by rotational symmetry of V,

1 X vi
D=——— / v ® vdv, VS dv, 2.17
XolVI2 Sy VSl = MV v 1T+ VS]2 (2.17)
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where v7 is the first component of v colinear to V.S: v = v- %. Clearly both ¢ and ¢(|VS|)VS

are bounded for all V.S, which implies that the chemotactic (drift) velocity is limited. The system
(2.16) with (2.17) gives a specific example of the FLKS system (1.1).

2.6. Global existence for the macroscopic system. Finally, we state the existence result
for system (1.1) under the assumption (1.2). A specific example of function ¢ satisfying this
set of assumptions has been given in (2.17). Under the assumption (1.2), the chemotactic (or
drift) velocity term ¢(|VS|)VS is bounded and hence the global existence of classical solutions
of (1.1) can be directly obtained.

Theorem 2.3 (Global existence). Let 0 < (p°,58%) € (WIP(R9))2 with p > d and o > 0. Let
¢ € CYRT;RY) such that (1.2) holds. Then the Cauchy problem (1.1) has a unique solution
(p,S) € C([0,00) x RY) x C?((0,00) x R?) such that

Vi >0, ||10(t7 ')HLO"(Rd) <C, d=2,
where C > 0 is a constant independent of t. Moreover cell mass is conserved: |p(t)| ;1 ey =
100 ey = M.

Proof. The proof consists of two steps. The first step is the local existence of solutions which
can be readily obtained by the standard fixed point theorem (cf. [2, 3]). The second step is to
derive the a priori L>° bound of u in order to extend local solutions to global ones. This can be
achieved by the method of Nash iterations as it is well described in [19, Lemma 1]. Although
the procedure therein was shown for bounded domain with Neumann boundary conditions, the
estimates directly carry over to the whole space R O

3. RADIAL STEADY STATES IN DIMENSION d > 2

Since it is proved in section 5 that when o > 0 diffusion takes the advantage over attraction
implying the time decay towards zero of the solutions to system (1.1), we are only interested
in the case a = 0. The stationary problem for system (1.1) is non-trivial due to the nonlinear-
ity. Below we explore a simpler case: existence of radial symmetric stationary solutions. The
stationary system of (1.1) when o = 0 written in radial coordinates for d > 2 reads

TS = o), >0,

r
1

_ ! 3.1
5 [ (= 00 + (S Y B(S YD) =, 3.1
§'(0)=0,  p(0)=0.
Notice that there is another relation, at infinity, expressing that the mass is given by

M = o rd=tp(rydr = — +Oo(rd_15(r)’)'dr = — lim r471S(r). (3.2)
|S4=1] 0 0 roo
We are going to prove the following result.
Theorem 3.1. There are no positive radially symmetric steady state solutions with finite mass
to system (1.1) with o =0 in dimension d > 2. In dimension 2 (z e. d=2), system (1.1) with
a = 0 has radially symmetric steady states if and only if M > ¢(0)

Proof. We use the unknown v(r) = —r9~15(r) > 0 in order to carry out the analysis. The
equation on p in (3.1) now reads — (r) p(r)S'(r )¢(| '(r)|) = 0, and we obtain

v =r"p(r) > 0,

(3.3)

\_/
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From (1.2) and the second equation of (3.3), we get p' > —pAs and hence p(r) > ae™4=" > 0
for all 7 € [0, 00). Furthermore from the first equation of (3.3), we know that v is non-decreasing
and has a limit as 7 — oo which determines the total mass according to (3.2). Hence for finite
mass M, v(r) has a finite limit and thus for r large enough, say r > ry for some r9 > 0, we have

(Inp)' = —”ﬁ% (U(Q) > —rdi_l, (3.4)

r r

for some positive constant b > 0.
If d > 2, integrating (3.4) yields

b 1
p(r) > Ced=2rd-2,

This is incompatible with finite mass M in (3.2).

In dimension d = 2, we recover a phenomenon similar to the multiple solutions for the critical
mass in the Keller-Segel system but explicit solutions are not available. The system (3.3) reduces
to

" = (1 —vp(2)), r >0,
{ v(0) =2'(0) = 0. (3:5)

By the boundary conditions in (3.3), we see that positive solutions behave as v(r) ~ %r2 for
r =~ 0 and some constant a > 0. Then, the proof of Theorem 3.1 is a consequence of Lemma 3.1
and Proposition 3.2 below. Lemma 3.1 states that a necessary condition of existence of radial
solution is M > %. Proposition 3.2 shows that for any finite mass M larger than the critical

mass %, there exist radial solutions with mass M to system (1.1) with a = 0. 0

Lemma 3.1. Let v be a positive solution to (3.5). Then v is increasing. If v is bounded, then

. 4
Jm o) > 25

Proof. We split the proof into three steps:

(1) From the behaviour near r = 0, we know that v’(r) > 0 for » > 0 small enough. If we
had v/(ro) = 0 for some 79 > 0, then the unique solution of (3.5) is v(r) = v(rp) which
is a contradiction. Therefore v/(r) > 0 for all » > 0.

(2) Since ¢(-) < ¢(0) from (1.2), we deduce from (3.5) that, for all » > 0,

V' (1 —vp(0)) < .

This inequality may be rewritten as

V(2 —vp(0)) < (rv'). (3.6)

Integrating (3.6) from 0 to r and using boundary conditions in (3.5), we deduce that

2v — @v2 <rv.

2
This inequality implies that
4
lim v(r) > ——
r—00 ( ) - (Zﬁ(O)

because if it were smaller, we would have v'(r) > ¢/r for some ¢ > 0 and % is not
integrable.

As a consequence, we know that as 7 — oo, rv” < —3v’ and thus, for some nonnegative
constant C, it holds that

' (r) < C, as t— oo. (3.7)
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(3) We may go further and write the first equation of (3.5) as
v

(ro')" = /(2 = v$(0)) + vo'[$(0) — H(-)].

Integrating it from 0 to r, we have

v? " v(s
=200 +Q0) Q)= [ o6 - o jas > .
Therefore as r — 0o, using (3.7), there holds that
V2
qb(O)%o — 205 = Q(00) > 0.
. . 4
It implies that vy, > POR
O
Proposition 3.2. Let the function ¢ satisfies (1.2). Then for any b > ﬁ, there exists a

solution v to (3.5) such that lim, 4o v(r) = b.

Proof. We want to prove that for any b > ﬁ, there exists a > 0 such that the solution to
(3.5) verifying v”(0) = a and lim, 4o v(r) = b. We first simplify the problem by introducing
the change of variable y = 5= € [0,1). Setting u(y) = v(r), we deduce, from straightforward
computations, that u is a solution to the system

=5 (- ge(yF). veon, @9
w(0) =0, u'(0) = 2.

We are left to use a shooting method to show there is a number a > 0 such that (3.8) has a

solution satisfying u(1) = limy—, u(y) = b for any b > %.

e By definition of u and thanks to the above results, we have that v > 0 and v’ > 0 on
[0,1).
e Since ¢(-) < ¢(0), we deduce from (3.8) that

(y(1 —y)u) > —“7%(0) + .

After integration we obtain

2
y(1 =y’ > ——6(0) +u.

Thus, when u(y) < ﬁ, we have

u'(y) o1
u(y) —u?(y)s(0)/4 ~ y(1 —y)
Upon integration, we find a positive constant A > 0 such that for all y € (0,1) and
u(y) < ﬁ, we have

4y 4
e S OV AE
4

Thus, by continuity and the fact w is increasing, we have that u(1) > PR

e Let us prove that: For any b > ﬁ, there exists a number a > 0 small enough such that

the solution to (3.8) satisfies u(1) < b.
In the vicinity of 0, we have u(y) ~ §y. Then for a > 0 small enough, there exists
yo € (0,1) such that u(yp) = ayp. (Indeed, if it is not true, we will have u(y) < ay on

(0, 1), which is not possible for a < ﬁ since u(1) > ﬁ). The function y — 4/ 1_Tyu(y)
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being bounded on (0,1), let us denote ¢, = minge () gb( %u(y)) By the same

token as above, we deduce from (3.8) that

uu’
(y(1 —y)u') < — m + .

Integrating above inequality over (0,y) gives

2
y(1 -y < —%qu tu (3.9)

On one hand, integrating (3.9) from % to y, we get
2u(3)y _
21— )1 - Spu(h) + Fudy

On the other hand, integrating (3.9) between yy and y, we obtain

u(y) < Ciny.

u(y0)y/Yo __ al-y)
T - g, 4 2 P u(yo) 15 1—y+ %aly — yo)

,/1 u(y) < &= mln(C’m\/ia y(—y 1_y0>
y 1—y+ %a(y — o)

It is clear that £ — 0 as a — 0 for all y € [0,1]. Let € > 0 small. Then by the continuity
of the function ¢, for @ > 0 small enough, we can deduce from the above estimate that

o(y/ 1_Tyu(y)) > ¢(0) —e. Then, we can redo the same estimate as above, replacing ¢,
by ¢(0) — &, we arrive at

Then,

ay(1 —yo)
uly) < 502
1—y+ a(y —yo)
which implies by taking y = 1,

4
u(l) <b=: W

Let us prove that lim, o u(1) = +00.
By the second assumption on ¢ in (1.2), we know that for any u > 0 and y € (0,1),

o) < 5= [

Since v’ > 0, we get from (3.8) that

/
s 2 (o Ax )
-y 4y/y(1 —y)

We may integrate this inequality between 0 and y for y € (0,1), and get

Inu/(y) — ln(2)> —2In(1—y —A?’O/Oym.

We deduce that for any y € [0, %],

"(y) > 2 _ A s dz
CWERER\ T )y VR
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Hence the integration of last inequality from 0 to % yields

<1> (0)>a Ay Y2 dz o

=) - —exp | ——— —_—— .

o) T =3P\ T, R 232 ) a0

Since u is nondecreasing, we have u(1) > u(%) This implies that limg_, o0 u(1) = +00.

e We are now in a position to conclude the proof. The function a — (1) is continuous.
We have proved that liminf u(1) = -+ and lim u(1) = +oo. Thus for any b > -+
a—0 ¢(0) a——+o00

¢(0)

there exists a > 0 such that the solution to (3.8) verifies u(1) = b. This completes the
proof.

(]

4. ONE DIMENSIONAL CASE

In one dimension, we can improve the above results and show the existence and uniqueness of
a steady state for any finite M > 0 and the convergence (in Wasserstein distance) of the solution
p(t) towards this unique steady state as t — +o00. Let us consider system (1.1) when o = 0 and
7 =0 in one dimension:

Op — Opap + 02(p9(|025])025) = 0, (4.1)
— Oz = p,
pt=0) = € LL(R),  [|o%]1 = M >0, (4.3)

We assume that ¢ € C1(RT;RT) and ¢ verifies assumption (1.2).

In order to reduce the problem, we define v = —0,.5, such that p = d,u. We notice that
—pup(|u]) = —0,P(u), where ® is an antiderivative of x +— x¢(|z|). Remark that ® is even and
nondecreasing on RT. As a consequence, system (4.1)—(4.2) reduces to

Oyt — Oyzu — 0y ®(u) = 0, u(t = 0,z) = u(zx) == /_x P’ y) dy — % (4.4)

We assume moreover that [u°| — & € LY(R).

As it is now standard for parabolic equation, we may prove easily the following existence
result:

Lemma 4.1. Let M > 0 be given and let us assume that p° € L1 (R). Then, there exists a
unique solution u to (4.4) which satisfies

0 < dpu € L®((0,400); LY(R)), w(0)=0, lim wu(t,z) = j:%.

r—+o0 2

If we assume moreover that [u®|—% € LY(R), then we also have that [u|—% € L>°((0, +00); L*(R)).

4.1. Steady state. We now investigate the existence of steady state for the system in one
dimension:

Lemma 4.2. Let M > 0 be fized. There exists a unique steady state u for (4.4) which satisfies
w(0) =0, 0 < d,u € LY(R) and 0x8 L1 (my = M.

Proof. The steady states are given by
gzt = —0, P ().

Since ® is defined up to a constant, this problem is invariant by translation, thus we may fix
u(0) = 0. Integrating the latter equation, taking into account the boundary condition at infinity,
the steady state is a solution to the Cauchy problem

' (z) = (=) — ®(u), u(0) = 0. (4.5)



12 BENOIT PERTHAME, NICOLAS VAUCHELET, AND ZHIAN WANG

We recall that @ is even. The constant functions :l:% being clearly solutions to this differ-
ential equation, but not satisfying the boundary condition, we have by uniqueness that the
function u never reaches the values :l:%. Then, |u| < % It implies, by the assumptions
(1.2) on ¢ that @ > 0. Thus lim, ,4. @ exists and is finite. Since from (4.5), we have
u(z) = [y (@) — ®(u(y))) dy, we deduce that y — ®(H) — ®(u(y)) is integrable on R. Nec-
essarily limy_, 1o (®(4) — ®(a(y))) = 0. Since @ is even and nondecreasing on R*, we deduce
that lim, 4o u(z) = :l:% and [, @ (x)dx = M. Let us denote
1

()~ o(u)

It is an increasing function, thus it is invertible. Therefore the solution to the Cauchy problem
(4.5) is given by

A is an antiderivative of u — (4.6)

a(z) = A7z + A(0)).

4.2. Asymptotic behaviour.

Proposition 4.1. Let v and u be as in Lemma 4.1 and J.2 respectively. For A defined as in
(4.6), we introduce

B(t) = /R /u " (A(w) — A(@)) dvdz > 0.

Then we have the estimate

d M N
S B() = - /R (2(5) — () |0u(A(w) ~ A@))[* de < 0. (4.7)
If we assume moreover that the initial data ug is such that E(0) < oo, then

Proof. We first notice that by definition of E, since A is a nondecreasing function, we have
E(t) > 0. Then E may be seen as an entropy. Next we complete our proof in a series of steps.

Step 1 (Entropy dissipation). We may rewrite equation (4.4) as

O — O, <8xu + d(u) — @(%)> o,

2
which, thanks to the definition of the steady state u, rewrites as
M
0w -0, ( (®(0) - 2(3)) (4@ - () 0.

Multiplying by A(u) — A(u) and integrating over R, we obtain
M
/ Ou(A(@) — A(u)) dz + / (@) — (5 ) 0x (Aw) ~ Alw)? da = 0.
R R

We deduce that (4.7) holds.

Step 2 (Compactness argument).
Integrating (4.7) in time, we deduce that for any ¢ > 0,

B(t) +/0 /R (@(%) () |0 (A(w) — A(@))| dads = E(0) < +oc.

In particular, it implies that [, (®(2) — ®(u)) |0z (A(u) — A(ﬂ))|2 dr € LY(Ry).
Thus there exists a sequence t; — 400 such that

D(t;) ::/}R(M%)—¢>(u(tj)))|8x(A(u(tj)>—A(u))Fda; — 0.

Jj—+oo
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Expanding and using a Young inequality, we get

[0 (A(u(t;)) = 1] = [0(Au(t)) = 20:(A(ult;)) +1 = 5 \3 (Ault)) = 1.

Thus there exists a nonnegative constant such that

[ (@G = st os A de < 042 [ (9(5) - D(utty) de

R

<0+2\|¢||00/' ~ Julty)|| da.

From Lemma 4.1, the last term of the right hand side is bounded. By definition of A, we also
get

Mo e P — [ 12 o
[ @) - st ae = [ o= [ oso)ka

2

1
o(4)-o(u)’
We deduce from the above computation that the sequence {9, B(u(t;))}; is uniformly bounded

in L?(R). Therefore, we can extract a subsequence, still denoted {B(u(t;))}; converging in
L? (R) and a.e. towards a limit denoted B as j — +00. As a consequence, {u(t;)}; converges
a.e. towards us = B71(B) as j — +o0.

Step 3 (Identification of the limit).
To identify this limit, we first notice that since wu(t;,0) = 0 for any j € N, then u,(0) = 0.
Moreover, for any h € L?(R), we have, by a Cauchy-Schwarz inequality

/]R (axB(u(tj)) — \/@(%) - @(u(tj))> hdzx < </R h? da:> 1/21)(15]-)1/2 ol 0.

It implies that for any h € L*(R),

]
/R (@EB(UOO) _ \/<1>(7) _ @(uoo)> h(z) dz = 0.

We deduce that u, satisfies the problem (4.5). By uniqueness, we have uy, = .
Finally, for any regular function xy compactly supported, we have,

u(t;)
/ / (A(u) — A(v))x(z) dvdz o 0.

Then, choosing y € C* such that y(z) =1 on [—3, 5] and x(z) = 0 for |z| > 1,

g/R/;(tj (A(@) — A(o))x( dvd:L"Jr//U(tj A@) — A()) (1—X(%)) dvda

gééwﬂmm— m>(>MM+m—m&/[RR/W A(v)) dvda.

The second term of the right hand side goes to 0 as R — oo, the first term converges to 0
as j — +oo. We deduce that E(t;) — 0 as j — +o00. Since F is decreasing, we conclude that

where B is an antiderivative of u then B is increasing and invertible.

O

Corollary 4.2. Let M > 0 and (p, S) be a solution to system (4.1)—~(4.3) with ¢ satisfying (1.2)
and with an initial data p° € L'(R) such that z — ‘f (y)dy — —‘ — & belongs to L*(R).

Let p = 0, where 0, is defined in Lemma 4.2.
Then we have

t_lggl Wa(p(t), p) = 0,
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where Wy denotes the Wasserstein distance of second order.

Remark 4.1. The assumption on the initial data is automatically satisfied if p° is compactly

supported, since then x — ‘ffoo p°(y)dy — %‘ — % 1$ also compactly supported.

Proof. This is a direct consequence of Proposition 4.1. Indeed, we have p = 0,u and p = 0,4

and
// dvda:—// / % _q)w)dvda:
ZM—// / dwdvdmz/ (j\L/I a)? dx
o(3) - 2(0) JrJa Jo 2(2(5) — ©(0))
We conclude by using the fact that Wa(p, p) = [|u — | z2(w), and limy, 4o E(t) = 0. O

5. LONG TIME ASYMPTOTICS

Now, we investigate the asymptotic dynamics in long time of solutions to the flux-limited
Keller-Segel system (1.1) in physical dimension d = 2 or d = 3. We show that for the chemical
decay rate o > 0, then p(t,x) — 0 as t — oo. While when the chemical decay is ignored
(a = 0), we obtain the convergence p(t,z) — 0 as t — oo under the assumption that the cell
mass M = fRd p’(x)dx is small.

Theorem 5.1. Let d = 2,3 and (p,S) be a solution of (1.1) on R? x [0,00). Then for any
M >0 when o> 0 and 7 = {0,1} or small M > 0 when o« =0 and 7 = 0 it holds that

1—-1
1p(t) | oy < CEE0TP),
where 1 < p < oo and C' > 0 is a constant independent of t.

In both cases, the estimate of order of convergence in time of the norm of p towards 0 is the
same as the one for the heat equation. We will use the following notations. The heat kernel is

denoted by G:
|z

1 d
G(t,x)—wexp< 4t>, xER,t>O
It generates a semi-group whose operator is denoted by e®, i.e. e f = G(t) = f.

5.1. Asymptotics with chemical decay (« > 0). First we remark that in the case a > 0,
as a direct consequence of Lemma A.2 in Appendix along with the fact that p € LI(RY) for
q € [1,00] (see Theorem 2.3), we have

Vt>0, [[VS®)Lrwe) < oo, forall p € [1,00], (5.1)
which is crucial to prove the following result.

Lemma 5.1. Let 8 be a constant with 0 < < 1/2. Then for any 1 < p < d%d2 (d > 2), there
is a constant C' > 0 such that, fort > 1,

Il oy < CE72079.
Proof. With a stretching transformation by borrowing an idea from [30], we introduce
pa(t, ) = Xp(A%t, Ax), Sx(t,z) = S(A\%t, \z), =€ R% t>0.
We find from (1.1) that (py, S)) satisfies
Ohpr = Apx — div[prd(3|VSA)VSA], 2z €RY, t >0,
{ 70,5\ = ASy — aX2S) + N2 "p,
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It can also be easily checked that
1+d—4
VoA | L (rey = A " pHVP()\Qt)HLP(Rd)a

_d
IVSA@) Lo gey = A7 VS0 Loy (5.2)

_d
oA | oy = AP 102 Lo ey

By Duhamel’s principle, we write py from (1.1) as

t
s 1
p(0) = 208 = [ 992 (10 (5175, V5, ) (s)a.
where p(z) = A%p°(Az). For given constant 8 with 0 < 8 < 1/2, we define

d : 1
;o m, if 0< 5 < 2
0, if 8= %
Using the properties of e’ in Lemma A.1 in Appendix and the fact that [¢(3|VS,[)| < Ao (cf.
(1.2)), we find constants 1 < ¢ < p < co with % + % = % such that

oA Lp Ry < Hempﬁ\lm(md)

1

t _d(l_,)_l
+C/(t—s)2q P/ 2 ds
0

px(@(ﬁ(%!VSA(S)\)VSA(S)‘ La(Rd)

[S]IsH

< [let™ 8 o [ — s G pa()vs d
< e pxll e (may + o(t ) 20 272 [pa(s)VSa(S) | arayds (5.3)

_d_1
< O |1 e

t _dgl_1y_1
+C /0 (t— )" 257272 o (8) | 1o ey VSN ()1 o (e s,

where Lemma A.1 in Appendix and the Holder inequality have been used for the last inequality.
Since p{ (x) = Ap°(Az), it is easy to verify that ||,09\||L1(Rd) = HPOHLl(Rd) = M. From (5.2) and

(5.1), it follows that [|[VS)| 1rgay = )\1_%||VS||LT(Rd) < CA=% for some constant C' > 0. Then
we update (5.3) as

t
_dr_1 _d _
oA (D) | o ey < CME2070) p oA=T /0 (t = )" oa(8) | Lo (rayds

t
<omt 2070 4 CAZB/ (t = )7 oa(9) | o (rayds,
0
which, along with the singular Gronwall’s inequality (see Lemma A.3), yields
t
e S A S (5.4)
0
Let 1<p<d;f2. Thenl—%(l—%)>0and

t
/ (t— s)g_ls_g(l_%)ds
0
t

t/2
:/ (t—s)ﬁ_ls_g(l_;)ds—k/ (t—s)ﬁ_ls_g(l_%)ds
0 t/2 (5.5)

t\B-1 t/2 —d-1) t —%(1—%) t
<2> /0 s 2V plds + <2> /t/2(t s)" " ds

< Ctﬁ—%(l—%),

where C is a positive constant depending on d,p and f.
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Let 0 <t < 1. Then t% <1 and as a result of (5.4)-(5.5) it holds that
IoA® o < O+ A2y 2075),
By the third inequality in (5.2) with ¢ = 1, we have
16O o gty < CA™ M5 [lpa()l| o ey < CAH 7 (1 + 4%9).
Since ) is arbitrary, we get by letting A\ = v/t that
o)l gy < 772072 for £ 1,
which completes the proof. O
Then we investigate the time decay of ||p(t)|| oo (ga)-

Lemma 5.2. Let d = 2,3. For any t > 1, there is a constant C' > 0 such that the solution
component p(t,x) satisfies for 1 < p < oo

10(8) | oy < CE 30,

Proof. We shall first prove |[p(t)|| oo ey < Ct~%. From the first equation of (1.1), we can write
p as

plt) =t p0 - / V- =98 (VS VS) (s)ds
0

=8 [Tl (|78 V) )i — | 'V 2 (VS US)(s)ds O
0

=Ily+ 1) + L.

Next we estimate I;(i = 0, 1,2). First by Lemma A.1 in Appendix and the fact HPOHLl(Rd) =M,
we get

_d
HIOHLOO(Rd) < Ct™ 2. (57)
By Lemma A.1 in Appendix and the fact that ¢(|V.S]) is bounded (cf (1.2)), we have for any
p > 1 that
t
2 _d_1
ilegeey < € (6= 9410 VSPTS] s
5 i1
< [*(t -5 TS| ds
0

¢
2 a_1
SC/O (t—s) 2 QHPHLPHVSHLp%ldS'

d d
Now we choose p such that ;%5 < p < 7%. Then from (5.1), we know HVS”L% < o0, and

furthermore using Lemma 5.1 it holds that

t
2 d 1
Nl < C / (t— 5)" 3 pllods
0

) — B. Then n; > 0, hence

_d_ d/d-—1 1
[ 11| oo ray < Ct727M, 0 <m < 3 (T - 5) : (5.8)
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Next, we estimate |[I2| oo (ra). First let us pick g such that ¢ > d and let 1 < p < d/(d —2) if
d >3 and p = ¢ if d = 2. Note that here p has nothing to do with the p used in the estimate for
I;. Then by interpolation and the boundedness of |[p(t)|| Lo (r4), we have from Lemma 5.1 that,
fort > 1,
B 1-2 _prd_1y_
1ol oy < NPl gy ]l ey < €t 41207277
which, along with the results in Lemma A.2, yields that
-2[g(1-2)-5]
HVSHLoo(Rd) < Ct q'2 P , q> d. (59)

These two latter inequalities yield that

)

ﬁ[d

_ dr_1y_
1p()VS ()| Laqay < Cllo(s)| paray VS ()| poo (ay < Cs ™0 207570,
Then we have by Lemma A.1,

d_ 1

t
TAPYe / (t— )52 () VS (5) | oy ds

2
t

< C/ (t— s)_%_%s_%p[g(l_%)_mds
2

where I(p,q) = -4 — &L -1+ 2,

Consider d = 2,3. For d = 2, from p = ¢, we see that I(p,q) = % — % > 0 by choosing ¢ > 2.
When d = 3, l(p,q) = %(p— %) —2and l(p,q) >0 g < %(p— %) Now by choosing p such that
d+1<p< g% (ie. 3 <p<3ford=3), wecan verify that 3(p—3) > 3. Hence we can choose

3<qg< %(p — %) such that [(p,q) > 0. Hence for such p and ¢, we have that l(p,q) — %pﬁ >0
for 5 > 0 sufficiently small. This produces

d 2
1By < CEETR, 0 < <Up.g) = 6 (5.10)
Then substituting (5.7), (5.8) and (5.10) into (5.6), we arrive at
_d
Hp(t)”Loo(Rd) < Ct 2, for ¢ > 1.

1 1-1 d 1
Thus the interpolation inequality gives ||| »(ra) < Hszl(Rd) HpHLof(Rd) < 0t~ 2%7%) by noting
that [|pl 1 (gay = M. .

5.2. Asymptotics without chemical decay (« = 0). In this section, we shall explore the
asymptotic behavior of solutions of (1.1) with @ = 0 as time ¢ — co. From the estimates in
Appendix (A.3)-(A.4), we see that in this case the estimate (5.9) does not hold for both 7 =0
and 7 = 1, and hence the approach in the preceding section can not be used. In particular, in
the case 7 = 1, from (A.4), we see that even the basic inequality (5.1) does not hold. However
in the case 7 = 0, we can derive the asymptotic behavior of solutions and so we now consider
the following parabolic-elliptic model

pt = Ap — div(pp(|VS))\VS), t >0, z € R?
—~AS = p, (5.11)
p(0,2) = p°(2),

where ¢ satisfies the condition (1.2).
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5.2.1. Two dimensional case (d =2). To derive the asymptotic decay of solutions in two dimen-
sions, we shall employ the so-called Method of Trap (e.g. see [1]), which essentially can assert
the following result :

Lemma 5.3. Let p(t) be a continuous function on [0,00) with ¢(0) = 0 satisfying the following
inequality for some constants m, 3,0 > 0,

p(t) < com + erm?(p(t))°

where ¢y, c1 are positive constants. If 6 > 1 and 0 < 8 < 1, then

P(t) < (c10mP)T
1 1—6

provided that m < mg, where mo = [%%(clﬁ)ﬂ]m@*l.

Proof. This result can be proved directly by applying the Method of Trap in [1]. So we omit the
details. 0

We will make use of Lemma 5.3 to prove our results. To this end, we first use Duhamel’s
principle to write the solution p(¢,z) as

t
plto +t.2) = [ Glta = p)olto,)dy — [ V6(t = 5) x (pa(ITS)VS)(to + )i
0
where G(t,z) = ﬁ exp(—%) is the heat kernel on R?. Then by Young’s convolution inequality

and Lemma A.1 in Appendix, we have for ¢ > 2

1
| p(to + t)HLoo(Rz) §m ||P(t0)HL1(Rz)

¢ i (5.12)
+400(0) [ (=575 IS)t0 + 9l oges) .
where the boundedness of ¢ has been used (cf. (1.2)).
On one hand, the Holder inequality gives us that
[(pVS)(to + $)ll Lerey < llo(to + )|l Lo(r2) VS (o + $)[| Lar2) - (5.13)
where % = % + %, q > 2. On the other hand, by estimate (A.8) in Appendix, there exists a
constant C(r) depending on r such that, for any s > 0,
IVS(to + S)HLq(RZ) < C(r) |lp(to + S)HLT(Rz) ; (5.14)
where r = zz—fq (or L= % +3), 1 <r < 2. Substituting (5.14) into (5.13) gives
[(pVS)(to + 5)l Lemey < C(r) [lp(to + )l Lo r2) lo(t0 + )l g2 » (5.15)
with ; = % + % — % Then we apply the interpolation inequality
1 1—1 1 1—1
HpHLV(RZ) < HIOHEI(RQ) HpHLoo’ERQ) < M~ HIOHLOO’ERQ) ) 1< 7 < 00,
to (5.15) and get
141 2-1-1 1
[(pV S)(to + S)HL@(RZ) < C(r)M»™ |lp(to + S)HLoo(Rz) : (5.16)

Substituting (5.16) into (5.12), we find a constant Cy = Cy(g, Ag,7) > 0 such that

M 11 [t 11 911
[o(to + Bl oo r2) < g T CoMP T /0 (t—s) e 2 [p(to + 5)l| poc'ge) ds- (5.17)
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We recall the exponents present above satisfy & 1y l = (Q >2)and 1 -1 =1(1<r<2). Then
it can be checked that % + % == + 1 hence = —|— < 1 since o > 2 Taklng to = t, and then
multiplying the inequality (5.17) by 2t we get

M
2t [lp(2t)]| oo (r2) — o
t . (5.18)
<2000t [ (=56t + 2 [0 ) ot + 9 e
0
where £ = % + % Simple calculation gives us that
' ¢ €2 1
t t—s) S(t+s) “ds = , 0<&<l.
[ = st = o
For any t > 0, we observe that
S, (t+5) lp(t + 5)|| oo (m2) < S 25 [|p(25)[| oo (r2) = #(1)-
Since p € CY(R*; L>(R?)), ¢ is continuous, then it follows from (5.18) that
M
p(t) < 5+ LML (1), (5.19)
Co .
Where01:1—_§,,9:2—£. Since 0 < ¢ <1, then 1 <6 < 2.

Once we have inequality (5.19) with # > 1 and 0 < £ < 1, we can apply Lemma 5.3 to
find a constant C' > 0 such that ¢(t) < C for any ¢t > 0 if M is small. This gives us that
|o(t)|| oo 2y < Ct~1. Then by interpolation we can get

1
p(t) || oy < Ot~ %),

5.2.2. Higher dimensional case (d > 2). Setting ¢(|VS|)VS = U and multiplying the first
equation of (5.11) by ppP~! (p > 1), we have

4(p—1
— p”dw+b/ |V,0§|2dm:p(p—1)/ PP - Vpdx
R b R R (5.20)

=2(p— 1)/ p2U - Vp? da.
Rd

For the term on the right hand side of (5.11), we employ Cauchy-Schwartz inequality to get

—1
2p— 1) / AU Vo da < P2 / ¥k Pde 4 p(p — 1) / PlU dz,
Rd P Rd Rd

which updates (5.20) as
d 2 2

ppd + \V,o?\ dr <p(p—1) pp]U\ dx

(5.21)

<plp—1)43 / FIVSP de,
R4
where we have used (1.2) for the last inequality. With the Sobolev inequality

\\p\\L%(Rd) < Ci(d:p) Vol o gay »
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for some constant C(d,p) > 0, we have that

a—2

w \ S

D d ) d

||p||2 dp - [</ pdp2d33> ] = |:/ (pg)d22dx:|
Ld—2 (Rd) R Rd

This together with (5.21) gives

P
2

< Ci(d,p) vag

p

2d_ .
[ d—2 (Rd) LQ(Rd)

d
4 / pPdz+ Co(d,p) lp|” ,, < plp—1)A3 / PPV Sde. (5.22)
dt Jra LT3 (Rd) R4

By Holder inequality, we have

d

_ 2

d d d d
/p”IVSIdeS[/ (pp)“dfn] (/ (IVS|2)2d<E> <llol” oy VS| agay,
Rd Rd R4 Ld*2(]Rd)

which updates (5.22) as

2

d
— / pPde +Co(d,p) pl” oy <p0— DA 0 VSl aga)- (5.23)
dt Jga L2 (Rd) L2 (Rd)

Now we apply the inequality (A.8) with ¢ = d (i.e. dTp = d and hence p = %) and get

v

2 1—2
198 ety edo) 1ol g s < o) ol gy Il <y < Col@)ME

Substituting above inequality into (5.23), one has

d 4
—/ pldz + Cs(d,p) ol 4y < Cald,p)p(p — V)AGMa [|p|® ,, (5.24)
dt Jpra L2 (R4) Lda=2(R4)

where Cy(d,p) = C3(d)p(p — 1). Let B = Cs(d,p) — C4(d,p)A%M% > 0 for small M > 0, it
follows from (5.24) that

d
—/ Pde+ Bl ,  <O0. (5.25)
dt Jra Ld-2 (Rd)
By interpolation inequality, we know
d(p—1) d(p—1)
1ol < AT o Hd“’p”l“ = M ) T,
p Lp(Rd) = p L1(R4) L3 g d)7
which implies
d(p—1)+2
d(p—1) __2p P
([ra) ™" s <o,
R *
This together with (5.25) gives
d(p—1)+2
d d(p—1)
ppda:—i-BM d<P D) / PPdx <0
dt Rd

Then solving above ODE gives

_dp-1) _d_1
1oll oy < Cldp, MY +6)" % < C(dp, M)(L+) 2070, 1<p< oo,

for some constant C'(d,p, M) > 0.
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6. CONCLUSION AND OPEN QUESTIONS

Motivated both by the properties of solutions as traveling pulses and some specific derivations
from kinetic models, we have considered the flux-limited Keller-Segel (FLKS) system (1.1) on the
whole domain R?. First, we have introduced a new generic rescaling which allows a systematic
derivation as the limit of kinetic systems describing the chemotactic motion thanks to a run-and-
tumble process. Then, since solutions exist globally in time, we have investigated the long time
asymptotic of FLKS and shown that when the degradation coefficient o > 0, diffusion takes the
advantage over attraction and solutions decays in time with the same rate as solutions to the
heat equation. When o = 0, we investigated radially symmetric steady states and established
that the total mass to the system M is an important parameter. Indeed, in dimension d = 2,
radial symmetric solutions exist if and only if M > %. In dimension d > 2 there is no positive
radial steady state with finite mass.

However, we have been able to prove the long time convergence towards the radial steady state
only in the particular case of dimension d = 1. Then, we leave open the question of convergence
of solutions to FLKS in dimension d > 1. In particular, we established in Theorem 5.1 that, for
d=2,3, a =0, and 7 = 0, solutions decay in time when M is small enough. An interesting issue
is to prove that the critical mass for this behaviour in dimension d = 2 is given by M* = %.
We also leave as an open question the case 7 = 1 and a = 0, for which our approach may not
be applied.

Finally, in a recent work [37], it has been proved that kinetic system for chemotaxis may be
derived from a more elaborated system at mesoscopic scale including internal variables describing
for instance the methylation level within cells. Then we may expect that the FLKS system
may be derived directly from such system. The proof of such derivation is also an interesting
continuation of this work.

APPENDIX A. TECHNICAL LEMMA

For the sake of completeness, we present in this appendix some usefull technical estimations
on the parabolic/elliptic equation satisfied by the chemical concentration S in system (1.1). We
recall the notation of the heat kernel

1
G(t,z) = Wexp <

With simple calculations, we verify the following estimates,

2
—ﬂ>, zeRY > 0.
4t

k

ARG ()| ey < 2079775 1< g<g< oo (A1)
Define

(EN@) =CW  f@) = | Gt ~y)f(y)dy.
Then using (A.1) and Young’s convolution inequality, the following LP-L? estimates for the
operator e/ can be easily proved.

Lemma A.1. Let 1 <qg<p< oo and [ € LP(Rd). Then

_de1_1
(1) 11" fll o ray < O 26| £ aray;
tA -4(-1)—3
(2) IV (2 )l pmay < Ct 20 272 £l paga)-
Then, we state the following estimates :
Lemma A.2. Let p be given and let S be a solution, for T € {0,1} and a > 0, to
T70:S — AS +aS = p, S(0,2) = S%x) if T = 1.

Then there is a constant C' > 0 such that the following hold:
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(1) When o > 0, then
”VS(t)HLP(]Rd) < C”p(t)HLq(Rd), for 7 = 0;

IVSE) Lo ray < eV S|| 1o gay + CT(B) Sup, lo(s) | Lamay, for 7=1; (A.2)
where 1 < g <p< oo,% < 1—1)4—5 and § = %—%(%—%) > 0 and T is the gamma function.
(2) When o =0, then
1 1 1
IVS@)l e ey < Cllp()l| Laray, ot for 7 = 0; (A.3)
and
IVSE) 1oy < VS Lo (ray + Ct° Sup l0(s)]| Laray, for 7 =1; (A.4)
wherel§q§p§00,5<%—l—é andﬁz%—%(%—%)>0.

Proof. (1) We first consider the case a > 0. When 7 = 0, the solution S can be written as
S(z) = Ky * p(x) where K, is the Bessel potential:

1 o0

B malz? s\ q_ads
Ralr) =15 | eXp( 4s 477) s

s
which satisfies the following property (e.g. see [14])

d
IVallzo@ay <C, 1<y < =,

for some constant C' > 0. Then by the Young’s convolution inequality, we have
VS| Lr@ay = [IVEa * pllpoay < [VEall Ly @aylloll Lo@ey < Cllpll Lo(rays

where % = % +1-— % < % + é. This gives the first inequality of (A.2).
When 7 = 1, we use the Duhamel’s principle to write

¢
S(t) _ e—atetASO + / e_a(t_s)e(t_S)Ap(S)dS,
0
which gives rise thanks to Lemma A.1 to

—at 0 ¢ —a(t—s) —dl_1y_ 1
VSl ray < eIV S| Lo (may +C/ e (t—s) 2 " 2p(s)|| La(rayds
0
- (A.5)
< e_atHVSOHLp(Rd) +C sup HP(S)HLq(Rd)/ e 5P 1ds,
0<s<t 0
which yields the second inequality of (A.2).

(2) Next we prove the case @« = 0. When 7 = 0, then from the second equation of (1.1), we
have

S(t.) = [ Kota = wo(t.)i.
where KCo(z) is the Poisson kernel given by

— L log ||, d=2,
Ko(z) = { 27T1 L1 d>3
d(d=2)y(d) ~ [z]4727 =

with y(d) = % denoting the volume of unit ball in RY. Then it can be easily checked that

X

z—y
_ e A.
VS(tv$) Ad /[Rd |$ — y|dlo(tay)dy )\d|l‘|d *p, ( 6)
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for A\g a positive constant. Recall the Hardy-Littlewood-Sobolev inequality: Let 1 < p < g < o0
with % = % + 4. There exists a constant C' = C(d, 0, p) such that for f € LP(RY), then

| Lt

Then applying the Hardy-Littlewood-Sobolev inequality (A.7) with 0 = 1 to (A.6), we get the
following estimate:

< C|lfllze(may- (A7)

La(R4)

dp
HVSHLq(Rd) < C(d,p) HpHLP(Rd) » 4= ma (A.8)

which gives the first inequality of (A.3).
The second inequality of (A.3) results from (A.5) directly by letting aw = 0. Thus the proof is
completed. O

Lemma A.3 (Singular Gronwall’s inequality [30]). Suppose T'> 0, b > 0 and 8 > 0. Let a(t)
and f(t) be two nonnegative functions locally integrable on 0 <t < T < oo with

ft) <alt) + b/ot(t —5)P 1 f(s)ds, 0<t<T.

Then there is a constant Cg depending on 3 such that
t
ft) <al(t)+ bF(ﬁ)Cg/ (t—s)"la(s)ds, 0<t<T.
0
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