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Resistance growth of branching random networks

Dayue Chenl? Yueyun HuF and Shen LinIC

May 18, 2018

Abstract

Consider a rooted infinite Galton—Watson tree with mean offspring number m >
1, and a collection of i.i.d. positive random variables &, indexed by all the edges in
the tree. We assign the resistance m?¢, to each edge e at distance d from the
root. In this random electric network, we study the asymptotic behavior of the
effective resistance and conductance between the root and the vertices at depth n.
Our results generalize an existing work of Addario-Berry, Broutin and Lugosi on
the binary tree to random branching networks.

Keywords. electric networks, Galton—Watson tree, random conductance.
AMS 2010 Classification Numbers. 60F05, 60J80.

1 Introduction

An electric network is an undirected locally finite connected graph G = (V, E) with a
countable set of vertices V' and a set of edges E, endowed with nonnegative numbers
{r(e),e € E}, called resistances, that are associated to the edges of G. The reciprocal
c(e) = 1/r(e) is called the conductance of the edge e. It is well-known that the electrical
properties of the network (G, {r(e)}) are closely related to the nearest-neighbor random
walk on GG, whose transition probabilities from a vertex are proportional to the conduc-
tances along the edges to be taken. See, for instance, the book of Lyons and Peres [11]
for a detailed exposition of this connection.

To study random walks in certain random environments, it is natural to consider
a random electric network by choosing the resistances independent and identically dis-
tributed. For example, the infinite cluster of bond percolation on Z¢ can be seen as a
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random electric network in which each open edge has unit resistance and each closed edge
has infinite resistance. Grimmett, Kesten and Zhang [7] proved that when d > 3, the ef-
fective resistance of this network between a fixed point and infinity is a.s. finite, thus the
simple random walk on this infinite percolation cluster is a.s. transient. In [3], Benjamini
and Rossignol considered a different model of the cubic lattice Z?, where the resistance
of each edge is an independent copy of a Bernoulli random variable. They showed that
point-to-point effective resistance has submean variance in Z?, whereas the mean and the
variance are of the same order when d > 3. The case of a complete graph on n vertices
has also been studied by Grimmett and Kesten [6]. For a particular class of resistance
distribution on the edges (see Theorem 3 in [6]), as n — oo, the limit distribution of
the random effective resistance between two specified vertices was identified as the sum
of two i.i.d. random variables, each with the distribution of the effective resistance be-
tween the root and infinity in a Galton—Watson tree with a supercritical Poisson offspring
distribution.

In this paper, we investigate the effective resistance and conductance in a supercritical
Galton-Watson tree T rooted at @. Let p = (pi)r>0 be the offspring distribution of T, with
finite mean m > 1. We assume pg = 0 to avoid the conditioning on survival. Formally,
every vertex in T can be represented as a finite word written with positive integers. The
depth |z| of a vertex x in T is the number of edges on the unique non-self-intersecting
path from the root @ to x, which also equals the length of the word representing x. Let
T, := {z € T: |z| = n} denote the n-th level of T. We write Z for the parent vertex
of z if 2 # @. For each edge e = {&,z} of T, we define its depth d(e) := |z|. Let v be
the number of children of the root, whose expected value is m. For 1 < i < v, the edge
{@,1} between the root @ and its child ¢ has depth 1. If x and y are vertices of T, we
write x < y if z is on the non-self-intersecting path connecting @ and y. In this case, we
say that y is a descendant of x. We define T, [z] :== {y € T,,: x < y} as the set of vertices
at depth n that are descendants of .

If the resistance of an edge at depth d equals A\? with a deterministic A\ > 0, Lyons
[8] showed that the effective resistance between the root and infinity in T is a.s. infinite
if A > m and a.s. finite if A < m. The corresponding A-biased random walk on T is thus
recurrent if A\ > m, and transient if A < m. For the critical value A = m, we know by
a subsequent work of Lyons [9] that the network still has an infinite effective resistance
between the root and infinity. More precisely, the critical A\-biased random walk is null
recurrent provided > (klog k)py < oo.

When the edges of T have random resistances, we are mainly interested in the similar
case of critical exponential weighting: to each edge e at depth d(e), we assign the resistance

r(e) = m"¢(e), (1.1)

where, conditionally on T, {{(e)} are i.i.d. copies of a nonnegative random variable £. We
will call (T, {r(e)}) a branching random network of offspring distribution p and electric
resistance . For convenience, we assume that (T, {r(e)}) and ¢ are independent and
defined under the same probability measure P.

Let R,, (resp. C},) be the effective resistance (resp. effective conductance) between the
root @ and the vertices at depth n in (T, {r(e)}). When T is a deterministic binary tree,



Addario-Berry, Broutin and Lugosi [I] showed that as n — oo,

Var[¢] 1 1  Var[{] logn

E[R,] =E[{]n — ——=logn+ O(1) and E|[C,]= -+
ol = B g W Rt E W
provided ¢ is bounded away from both zero and infinity. Their arguments are based on
the concentration phenomenon of C, and R, when the underlying tree is regular. The
Efron-Stein inequality is the main tool to deduce the following upper bounds on the

variance

+0(n7?),

Var[R,] = O(1) and Var[C,] = O(n™*).

A sub-Gaussian tail bound is also established for R,,, which gives
]E[[Rn - E[Rn]\k} —0(1)  forall k> 1.

As observed in the concluding remarks in [I], if the tree T is random, C,, and R, are
no longer concentrated. For any nonnegative random variable X, we set {X} = EX

E[X]
whenever 0 < E[X] < oo.

Theorem 1.1. Assuming that E[§ + 71 + %] < oo, we have the almost sure convergence

[C} — W, (1:2)
where W = lim,, _,o,o m™"#T,,.

We write W, := m™"#T,,. When E[?] < oo, it is well-known that (W,,),>; is an L*-
bounded martingale. The convergence W,, — W holds almost surely and in the L?-sense.
The limit W is almost surely strictly positive, with

2,
E[W] =1 and JE[W%:W.

Similarly, for each vertex x € T, the random variable
w@ .— nh—>nolo m"”“"#’ﬂ"n[x]

has the same distribution as W. Using the tree notation |x| = n to denote a vertex z at
depth n, we have W =m™ %, _, W@,

Theorem |1.1{ answers some questions mentioned at the end of [I]. When the offspring
number v is not deterministic, it implies that the limit distribution of {C,,} is absolutely
continuous with respect to the Lebesgue measure, which is a “scaled analogue” of Question
4.1 in Lyons, Pemantle and Peres [10]. For the absolute continuity of W, see for instance
Theorem 10.4 in Chapter 1 of [2].

For our next result, let us define

ay = m2E[p(v—1)], (1.3)
b= ElE)
g = 1?21. (1.4)

Notice that by Theorems 22 and 23 in Dubuc [5], E[W™!] < oo if and only if p; m < 1.
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Theorem 1.2. Assuming that E[§* + &1 + 1] < oo, we have

lim nE[C,] = l (1.5)

n—oo Cl

If additionally pym < 1, then

. E[R,] 1
Jm = = B[]
If pym > 1, by Fatou’s lemma, we deduce from (1.2]) and (|1.5) that
lim inf w =00
n—oo n

See also the remark at the end of Section [3
To state a more precise asymptotic expansion for E[C,,|, we define

ay = migE[V(V — 1)(V - 2)]—{1/22}}7 (16)
bQ = E[gﬂa
3a}
o = (1 —m2)1<m_11 +CL2>, (1.7)
2&161 2b102

_ ~ 1.
“ m—1 m Y

L bl C3 C2
“ T I T (01 * al) bQCl. 1-9)

If v =m > 2 is deterministic,

b Var
co=b=E[], =1, ¢c3=0 and 04251_17%2_ E[f[]g]
Theorem 1.3. Assume that E[¢3 + 71 + 1] < co. Then there exists a constant ¢y € R
such that, as n — oo,

BlC,) = L~ calgn ol o osn),

can & n? c? n? n3

The constant ¢y appearing in the expansion above will be defined at the end of Sec-
tion {4 but its explicit value is unknown to us.

To further describe the rate of convergence in , we write &, = 5({?,3:}) for
every vertex x # &. Remark that, conditioning on the first ¢ levels of the tree T, the
random variables W@ |z| = ¢ are i.i.d. and independent of &, |r| = ¢. Notice that
W®@(1 — % W®) is of zero mean, because ¢; = E[¢] E[W?]. When E[¢2 + 4] < 0o, one
can easily verify that

1

S Loy e (1 _ @Wu))

converges in L?.



Theorem 1.4. Assuming that E[3 + &1 + 1] < oo, we have

n({Cy—w) & in}ﬁ 3 W (1 & W(ac))?

=1 = ‘

and, with the same constant co in Theorem

ml
=1 2=

c 1 1 1 &1 P
R, — (ml/n—kvélogn-l-W(Co— WZ Z W <C1 — & Ww)))) 7%0 0, (1.10)

where ﬂ indicates convergence in probability.

The rest of the paper is organized as follows. In the next section, we recall Thomson’s
principle for the effective resistance, and we derive the recurrence relation for C,. In
Section , we collect some estimates on the moments of C,,. The convergence and
Theorem [I.3] will be shown in Section [ by analyzing the recurrence equations on the
moments of C),. Similar arguments have already been used in the proof of Theorem 5 in
[1]. By second moment calculations, we establish Theorems and in Section , and,
by proving the uniform integrability of (n"'R,),>1, we complete the proof of Theorem
in Section [6] Finally, in Section [7] we briefly discuss the case when we change the scaling
by assigning to each edge e in T the resistance A4€)¢(e) with A > m.

2 Preliminaries

Consider a general network G = (V, E') with the resistances {r(e)}. For z,y € V, we write
x ~ y to indicate that {z,y} belongs to E. To each edge e = {z,y}, one may associate

two directed edges ﬁ/ and ﬁ We shall denote by E the set of all directed edges. A flow

is a function on E that is antisymmetric, meaning that 9(5(:?/) = —Q(ﬁ). The divergence
of 6 at a vertex x is defined by

dive(x) :

> 0(ED).

Yy y~x

Let A and Z be two disjoint non-empty subsets of V: A will represent the source of
the network and Z the sink. The flow 6 is from A to Z with strength ||0|| if it satisfies
Kirchhoff’s node law that divf(x) =0 for all x ¢ AU Z, and that

lol=> > e@n=3 > 6F).

acAy~a,y¢A 2€Z y~zy¢Z

The effective resistance between A and Z can be defined as

R(A+ 7) = énf > r(e)f(e)?, (2.1)

where the infimum is taken over all flows 6 from A to Z with unit strength. The infimum
is always attained at what is called the unit current flow, which satisfies, in addition to

>



the node law, Kirchhoff’s cycle law. This flow-based formulation of the effective resistance
is also called Thomson’s principle. The effective conductance C(A <+ Z) between A and
Z is the reciprocal R(A < Z)™!

Conditionally on the branching random network (T, {r(e)}), let X be the associated
random walk on the tree T. Let w(x,y), z ~ y denote the transition probabilities of X, and
let w(x),x € T denote the reversible measure. Writing the conductances c(e) = 1/r(e),

we have
c({z,y})
mw(xr)

m(z)= > c{z.y}) and w(w,y)=

Yy~
We suppose that the random walk X starts from the vertex x at time 0 under the
probability measure P,,. As a probabilistic interpretation, the effective conductance
C, = C({@} <> T,,) between the root and the level set {z € T: |z| = n} satisfies

Cn, =7(2)Py (Tn < Tg) ,

where 7, := inf{k > 0: | Xx| = n} and TS := inf{k > 1: X; = &}. We see immediately
that C,, > C)y1.

For 1 < i < v, let Cpy1; = C{i} < T,11[i]) denote the effective conductance
between the vertex i and T, [i]. We also set n; := £({@,4})™!, 1 < i < v, which are i.i.d.,
independent of v. Observe that conditioning on v, (Cy41,)1<i<, are ii.d., independent
of n;, and distributed as % Using the series and parallel law of electric networks, we
obtain the recurrence relation that for n > 1,

v -1 v @)
Cn+1 = Z <m + ! ) = i Lﬂ(i)? (2'2>
=\ Cnpay m =+ Ch
where for 1 <i <wv, Cl) := m C,,,, are i.i.d. copies of C,,, independent of (1;)1<i<,. It is
clear that Oy = m™' 3% ;. If we set & = £({@,4}) = n; ! for 1 < i < v, the recurrence
equation (2.2) can also be written as

Ly O (23
n+1 =1 ]- ‘I’ ngn .

3 Bounds on the expected conductance

Let n denote the reciprocal 1.
Lemma 3.1. IfE[n] = E[¢ ] < oo, then E[C,] < % for alln > 1.
Proof. First of all, E[C}] = E[n]. From (2.2]) we obtain for all n > 1 that

+Cy
y, y > 0 being fixed,

E[CHH]:E[ nC 1

By concavity of the function x —

1nCh nE[Ch] E[nE[C,]
EM+QJ<EL+M J< Efy] + E[C,)’
It follows that (E[C\iq])™t > (E[n]) L + (E[C,]) 2 > -+ > (n+ 1)(E[y)) . 0
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Lemma 3.2. Assume that E[n] = E[¢71] < 0o. For 2 <k <4, if E[v*] < oo, then
E[(C,)F] = O(n™") as n — oo.
Proof. Starting from ([2.2)), we obtain

el = e (5 | + 2 i)’

m? n+ C, m?

by developing the square and using the independence after conditioning on v. Together
with Lemma 3.1} it follows that

Elv(v —1)]

m2

Elv(v - 1)] (E[n])?
m? (n+1)%

E[(Con)?] < - E[CZ] + (E[Cn])’ < - E[C2] +

Since m > 1, we get E[C?] = O(n™?) by induction. Furthermore, if E[3] < oo, by
developing the third power and using the independence,

| (35 2%)
()] e ] B o)

BIiL ] [02} [C]+Eﬂ[:33]

E[(Cns1)*| =

1 3 3
Thus, E[C?] = O(n™?) follows from E[C,,] = O(n~!) and E[C?] = O(n~?). The last bound
E[C] = O(n™*) is similarly obtained by assuming that E[v?] < co. O
Lemma 3.3. If E[¢] € (0,00) and E[v?] < oo, then there exists a constant ¢ > 0 such
that E[C,,] > £ for all n > 1.

In the following proof, we will use the uniform flow on T to give an upper bound for
R, = C;!. Similar arguments can be found in Lemma 2.2 of Pemantle and Peres [12].

Proof. We define on T the uniform flow O of unit strength (with the source {@}) by

setting
el W (@)

@unif({%a .I'}) =m
According to Thomson’s principle (2.1)),

n < Xn: Z m 590 umf({x [E} = i z_: _kfx(

k=1 |z|=k

for every x € T\ {@}.

W(I)) | (3.1)

We write A := sup;, m~F#T),, which is square integrable by L?-maximal inequality of
Doob. It follows that

R,

n




Using Proposition 2.3 in [12], a variant of the strong law of large numbers for exponentially
growing blocks of identically distributed random variables being independent inside each
block, we have

T, 2 &) 25 EREW?)

Hence, almost surely

R, E[W?]
li — < AE
B, < AR S
which yields
o o, WP
liminf n C, > (AE[]) B’
Taking expectation and using Fatou’s lemma, we obtain
E[W?2A™1]
liminf nE[C,,] > ———= >0
il B 2 g >
The proof is thus completed. [

Remark. The Nash-Williams inequality (see Section 2.5 in [I1]) gives the lower bound

Rz (¥ 7)) =2 (T mte)

k=1 "d(e)=k |z|=k

-1

Suppose that E[§™!] < co. Proposition 2.3 in [12] implies that

1 1 a.s.
2T, g::k(fx) = B¢

With the almost sure convergence m=*#T, — W, it follows that

-1 a.s 1
22 (Zre”) 2 e
By Fatou’s lemma, we obtain
-1
lim inf % >E {hminf Rn} > EW ]
n—00 n n—co E[f*l]

The integrability of W= is therefore a necessary condition for having E[R,] = O(n).

4 Asymptotic expansion of the expected conductance

Within this section, let the assumption E[¢? + 71 + 3] < oo be always in force. We first
establish (L.5]) in Theorem [1.2] Afterwards we will prove Theorem [1.3| under the stronger
assumption that E[&* 4+ ¢! + 1] < co.



For every integer n > 1, we write
Ty = E[Cn]> Yn = E|:0727/:|7 Zn = E{Cﬂ .

By Lemma 3.2 we have z,, = O(n™'),y, = O(n™?) and 2, = O(n™3).
Observe from (2.3)) that E[C, 1] = Elfgincn with ¢ and (), being independent. Then
developing the power of (), .1, we arrive at

ekl - 2o () B Vi - (o) i

and

il = et |(rrea) |« B (e | B e

+m3E[ > 1{@'##}]( [ r D

1<i j k<v

:’;El(lfgaﬂﬁfﬁl(l%c ] [ CJ“Q(EL&C”W’

with the constants aj, a2 defined as in 1.3)) and ((1.6)).

Using the identity 1+ =1—uo+ {57, we obtain

E[ Cn ] _ E[Cn]—E[g]E[Ci]JrEl

&Cy
1+, 1

1+€C,
= E[C,] - E§]EC2) + O(n™?),

because E[C3] = O(n™3) and E[¢?] < co. Similarly,

E [(1 fgcnﬂ — [0 + O(n?).

Hence, we have

Tpn+1 = Tp — bl Yn + O(TL_3), (41)
Ynp1 = % a2, +0(n?). (4.2)
Remark that
e — B | —C0 > E[C,] — E[¢(]E[C?] =z, — b
n+l — 1_'_50” = n nl — 4n 1Yn-

Since x,, > £ by Lemma and y, = O(n™?), we get 2= < 1+ C for some positive
constant C independent of n. It follows that for any ¢ < n/ 2

xnfi C . . /i
1<t j};[i(l +2) S exp (Ciftn—i)) <1+ C" (4.3)



with another constant C’ > 0.
Still by Lemma [3.3| we can divide all terms in (4.1)) by 2,241, which leads to

1 1 n
— = Y

Tn+1 Tn TnTn41

By induction, (4.2)) implies that

+0(n™1). (4.4)

n—1
Up = a4 Z m*ixi_i + O(n*?)).
i=0

Using (4.3)), we deduce that

a1

Yn - —i -1 -1
= @) =—+4+0 :
P~ a, ;:)m +O0(n™") T +O0(n 1)
It follows from (4.4]) that
1 1 aq bl -1 —1
=7 10 = O 4.5
= T O =+ O(n ), (4.5
with the constant ¢; defined in ([1.4). Consequently,
1
— =cn+ O(logn), (4.6)
T
and . 1
ogn
L= — 40 , AT
= ——+O(E") (4.7

which gives the convergence ((1.5)).

Assuming from now on that E[¢* + 7! 4+ 1] < 0o, we proceed to find higher-order
asymptotic expansions for x,. Using the identity H% =1— 2+ 22— £ we obtain

E[ HC;O ] _ E[on]—E[aE[OzHE[&?JE[OﬁJ—Ellfg’m

= E[C,] - E[¢]E[C?] + E[¢}E[C3] + O(n™%),

as E[¢%] < oo and E[C] = O(n™*) by Lemma 3.2, We prove in the same manner that
E <C")2 — E[C?] - 2E[]E[CY] + O(nY)
1+£C, " " ’

El(&)j — E[CY + 0.

10



Hence, we deduce that

Tpp1 = — b1y + bozy + O(n™?), (4.8)
Ynt1 = n + a1 T,y — zmblzn +0(n™)
= y—n +aya? — (2a1b1xnyn + 2512”) +0(n™), (4.9)
m m
Zng1 = % + ?);liﬂnﬂyn + aswyy + O(n™*)
— % + %xnyn + axzd + O(n™?). (4.10)

Dividing all terms in ([4.10) by z3_, gives

3

Zn41 x, 1 2z,  3a1Yn

5 =3 (+WME+2+W ))
n+1 n+1

Recall that 2= =1+ O(n™!) by (4.3). Hence,

Zntl Lz, 341 yn

3 2 3
xn—i—l m Ty,

5 T az+O(n').

TL

Since a
In o Mo, (4.11)

x? T 1-m!
we get by induction that

n ~ai(3 _
23+1 ~Ym 21((11 ap +a2)—|—0(n b,

Lp+1 i=0 m 1 —

Then we have

Zn _
=+ 0, (4.12)
xn+1

with the constant ¢y defined in ([1.7)).
Dividing all terms in (4.9) by 22, gives

. 22 " 2b1 2z,
y2+1 — 2” < Y 5 +a — 2a1b1* - 12> + O(n_Q)- (4'13)
Tnt1r  Tppr N, Tno T T
For every n > 1, define
1 1
En = — — — Cy,
Tn+1 Tn
Yn Yn
Oy = 2+1 — —ay.

It has been shown that ¢, = O(n™!). Putting

z2 2 _
o = (1 + (1 + 5n):13n) =1+4+2c2, +0(n?)

11



into (4.13)), we see that

2 w201 2, _
On = 201012, + <Cl — 2a1b1>y — —12—2 +0(n™?).
m Tn M T2
By (4.11)) and (4.12]), it follows that
On 2 2b
— — 2aqc1 + al(Cl — 20,1b1> — 12 = C3,
:Un n—oo 1 f— m*l

with the constant c3 defined in (|1.8). Moreover, in view of (4.7)), we derive from

B 2¢y Yn  2b1 2, 9
571, =Ty (2&101 + (E — 2a1b1)x% — mx%) + O(TL )
that 6, = & 4+ O(n"?logn). If we set
Apoy i= y721+1 .

2., 1—-m=V
then A, = %An + 9, by the definition of 9,,. It follows by induction that
n—1

Appr=m "Ay + Z m 6, =

= (1 —=m™1)

C3

Going back to (4.8]), we obtain by the definition of ¢,, that

1 n
o tbe, = (1_x+1)

n Zn _
= (14 (c1 +¢en)zp) (bliz — b2ﬁ> +0(n™?)
n n ZTL —
= bli%+01bli/n—b2x%+0(n 2).

aiby
1—-m~—1?

As ¢ = we deduce that

. Yn Zn —2
En blAn+xn(clblx% _b2gj‘%> +O(7”l )
Using (£7), (ETI) and (EI2), we get that
En = “y O(n"?logn),
n

which implies the absolute convergence of 3352, (¢; — ). Hence,

1 1 n—1
T, ;"‘01(%— 1)+ ei=can+clogn+c+o(l),
n 1 i=1

12

1
=~ +0(n %logn).
n

(4.14)

(4.15)



with the constant

. 1 - Cq o 1 > Cyq
Cy ‘= C1+$l+;(€z 2)— 61+E[fl]+;(52 Z>
Finally we have
1 cylogn ¢ 1 (log n)?
EC,) =z,=— — = ——=—=+0 ) 4.16
(Cn] == cin ¢ n? 2 n? +0( n3 ) ( )

5 Almost sure convergence and rate of convergence

To prove Theorems [I.1] and [I.4] let us write

m, = Cn< Lot 50”)

Tn+1 Tn, Tn+1 1 + 6 Cn

For every vertex x € T and 5 > 1, we also define

Ci = m ({2} & Ty a]),
Hg.) - C’J()<Cl+5j_ : ]())‘
Tj41 1+ sz]x

Using ([2.3)), we have
()

C,
CV = — —
{Ch} Tpm ;1+§“ZC’(Z

1 & ; 1 & ;
1oy, Lo
m;{ n—1}+m; n—1»
Using the simple equality W = m™' 3%, W we deduce that

1 14

1 @ , Lo
Yn_miz::lynfl—'—m;l—lnfl

Since W = m~* > el =k W@ by induction,

Yy meY k—i—z ZH) for any 1 <k <n.

|z|=k =M \y| 4

Proof of Theorem- Assume that E[€ + &1 +1?%] < co. Notice that our proof preceding
([.3) to establish —%2— = 1+ O(n™') is still valid. Besides, y, = E[CZ] = O(n"?) by
Lemma |3.2] and y” O( ) by Lemma . Hence, we derive from the inequality

1 1 1 £(Cn)? } Tn
E|IL,|l < - — E <
“ n” B xn(xn+1 $n> i Tn+41 1 +€Cn

Y
< — 14+ =
Tn+1 Tn+41

E[¢]

13



that E[|IL,|] < € with some constant C' > 0.

Conditioning on the first k levels of the tree T, (Yn(f)k,, || = k) are i.i.d. copies of
Y, . Using the fact that Y, is of zero mean and uniformly bounded in L?, we can find a
constant C’ > 0 such that

E[(Tik 3 Y;‘”’kﬂ = mkE{(Ynk)ﬂ <C'm* (5.1)

|z|=k
Meanwhile,
k k
1 () C Ck
— < <
E[;mfzmnd _Zn { — n—k
= lyl=¢ =1

It follows that

E[|Y,]] < VC'm* + n(“:kk

By taking k = C” logn for some constant C” sufficiently large, we see that

logn

E[|Y,]] = O(—=).

Choose a subsequence n; = j2. Borel-Cantelli’s lemma gives that Y,, converges to 0
almost surely. The monotonicity of C,, shows that for any n; <n < mnji,

T, T,
:Enj Tj+1
By (4.3), the almost sure convergence of Y,, readily follows. O
Together with (4.6]), Theorem implies that
a.s W
nC, — —, (5.2)
n—oo Cl

provided E[¢* 4+ {71 4 7] < oo.
Proof of Theorem . Assume now E[¢€3 + ¢! + 1] < oo. First, observe that taking the
subsequence k, = @ logn in (5.1)) yields

1 (@) L2
n(mkn | z:k Yn_kn) —2 0 in L=

By Borel-Cantelli’s lemma, the preceding convergence also holds in the almost sure sense.
We claim that
k 0
~ 1 v (P 1 3
Do Tt 5 S 3w (1-2ww). (5.3)
- yl=

=1 1=t ‘1

In fact, for each vertex y at fixed depth ¢,

ww
nC, 2 and a1t 22 W (1- S )
n—oo ¢ n—o0 1

14



So for any integer K > 1,

K 1 (v) a.s X 1 g
Z — nlIl¥, 2% Z — Z ww (1 2y W(zt))
=1 = T = Cl

Note that

[
m
ly|=¢

E [(1 3 anf_)g) 2] <m 'n?E[I2 ]+ E[G#Te)T s (E[Hn,g]f

On the one hand,

E2] < 2( ! —1)2]E[C2 42 E[( &, ]

Tn41 Tn " ($n+1)2 1+ gCn)2
112 2
< 2(xn+1 _ xn) E[c2] + WE[@} E[cd].

Using (4.5) and the facts that z,, is of order n™!, E[C?] = O(n™?) and E[C!] = O(n™%),
we deduce that E[I12] = O(n~2). On the other hand,

x 1 1 1 IS(Chs
EIL] = " _1- "~ EeC? + — R[e2C3] — E[ ”}
[1L,,] p— p— [éCnH%H £°C,] Pl EewrTon
n 1 _
= x —1-— blyn + bQZn + O(ﬂ 3).
anrl mn+1 $n+1

It follows by (4.8)) that E[I1,,] = O(n=3). In particular, E[IT,,_,] = O(n=3) for any £ = o(n).
Besides, m ™ E[(#T,)?] is uniformly bounded in ¢. Hence, there exists some constant
C > 0 so that

1 2 - ~
E[(z b anﬁe) <Cm™ 4+ Cn™  forall £ <k,
M =t
It follows that .
no 1
hm limsup || > — > nHS/J =0,
K—o0o n—ooo f:Km yl=¢ 12

which yields (5.3)). Therefore,

kn )
3y )+Z LS n, ®, Loy pw (1_@W<y>>_
(=1

|z|=kn ly[=¢ =1 ly[=¢

1
ny, = n(

mbn

In view of (4.16)), we have

1
n2C’n - (Wn — ﬂ logn — COW Z Z ww ( ZW(W)) n(_%)o 0,

C1 (&) Clg 1 |y| ¢

and the convergence (|1.10]) follows immediately. O
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6 The expected resistance

When E[€2 + &1 + 18] < o0, it follows from (5.2)) that

R (&1
n a.s. .
n n—=oo W

The following lemma yields the uniform integrability of (%,n > 1), and completes the
proof of Theorem [I.2]

Lemma 6.1. Suppose that pym < 1 and E[§” + v*"] < oo for some r > 1. Then there

exists some s > 1 such that
)]
supE |l — < 00.

n>1 n
Proof. As pym < 1, by Theorems 22 and 23 in Dubuc [5], there is some « > 1 such that
E[W™] < oc.

In fact, we may take any a € (1, _%)’ with the convention that —% = +4ooif p; = 0.

Moreover, E[v*"] < co implies that E[IW?'] < co, according to Bingham and Doney [4].
Recall that the martingale W, = m~*#T}, converges in L' to W. Let

Fpo=o{#T,i <k}, k>0

denote the natural filtration associated to (Wy)g>o. Since Wy, = E[W | .Z], it follows from
Jensen’s inequality that (W)~ < E[W~*|.%#;]. Consequently,

supE[(Wk)_o‘} < 0. (6.1)

k>1

Fix an arbitrary s € (1,7 A «). By convexity, we deduce from (3.1]) that

Ry 1 & L (W@ 2\
<?) n kZl(;km &( W ) )
n (z) 2s
<SS WO Y @) ()
k=1 lz|=k

Since E[¢°] < oo, the proof boils down to showing that

(@) | 25
SupE[(#Tk>sl Z mks(%/)?

k=1 |z|=F

< 00. (6.2)

Recall that W = 3,1 m~*W®)  and conditioning on .%, (W(”))m:k are i.i.d. copies
of W. Let ¢(u) := —logE[e™"] for any u > 0. Using the elementary identity

1 00
a % = I'(25) /0 t* et dt  for any a > 0,
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we get that for any vertex = at depth k,

Ao -

44
= / du u?® —(#Tp—-1)¢ E[WQS qu}

[(W(x)>zs S SR |%]

E[W%e—tm*’vw}

It follows that
M/(x) 2
A s—1 —ks
I, = E[(#Tk) S om (7) 1

\fvlfk

1

I'(2s

For any a > 0, we Clalm that there exits some positive constant C' = C(a, s) > 0 such
that for any k& > 1,

25— 1E|:(#T )s —(#Tr—1)p(u ]E[WQS 7uW:| (63)

mM E|(#Ty)* e *#] < C. (6.4)
Indeed, by discussing whether #7}, > k? or not, we have
mks E{(#']I‘k)s e_a#T’“} < mhs sup ye” W + mbs k2 IP’(#']I‘k < k2).

y>k?

The first term in the right-hand side is uniformly bounded, while
mks kQS P(#Tk < ]{?2) S mks k25+20¢ E{(#Tk)_a} )

Note that E[(#1}) ] = O(m™*) by (6.1). Since s < a, we obtain (6.4).

Recall that E[W?] < oo because s < r. Going back to the right-hand side of (6.3),
we split the integral [;° into two parts [, and . For the part [ we apply with
a = ¢(1), and for the part [ we dominate E[W?5e“W] by E[W?9], to arrive at

I, < F / du u?s~ 1E{W2S —uw} —I—Clmks/ duu~ IE[(#T )s ,#qus(u)}

with the finite constant
(1)E[W28]
r'2s)
Notice that by Fubini’s theorem and a change of variables v = ulWV,

/OO duu®* 'E [Wzse’uw} < /oo duu®*'E [Wzse’uw} =1'(2s).

C =

To treat the integral from 0 to 1, we remark that lim, o (“) = E[W] = 1. Then there
exists some positive constant ¢, such that ¢(u) > * for all 0" <u < 1. It follows that

1 u
I, < C+C”mks/ duu28_1E[(#Tk)s e_?#T’“}
0
#1 v
= C+C’]E[/ " dv (Wk)sv%lec]
0
< C+C A*T(2s)E[(Wi) ).
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Using again (6.1)) we get that sup,-, I < oo, yielding (6.2)) and completing the proof. [

7 General exponential weighting

Given the Galton—Watson tree T and A > 0, one can do the A-exponential weighting of
resistance by assigning the resistance A¥©¢(e) to each edge e at depth d(e). As before,
conditionally on T, {£(e)} are i.i.d. positive random variables. In this random electric
network, let C,(\) denote the effective conductance between the root and the vertices at
depth n. Instead of , the recurrence equation now reads as

L& GO

where for 1 < i < v, C()) are i.i.d. copies of C,,()), independent of (&)1<i<,.

Theorem 7.1. Fiz A\ > m. Assuming that E[§ + &1 + 2] < oo, we have

{CaN} 22 W

n—oo
IfE[E? + &1 + 18] < oo, then, as n — oo, the limit of

(A)nEk&Qﬂ (7.1)

m

exists and is strictly positive.

It is easy to see that the limit of the rescaled expected conductance is strictly
smaller than E[¢!]. However, we are unable to compute it explicitly.

Basically the proof of Theorem goes along the same lines as Theorem and that
of ([1.5)), except a few minor modifications. We leave the details to the reader.
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