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BOHR’S CORRESPONDENCE PRINCIPLE FOR THE RENORMALIZED
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NELSON MODEL.

ZIED AMMARI AND MARCO FALCONI

ABSTRACT. In the mid Sixties Edward Nelson proved the existence of a consistent quantum field
theory that describes the Yukawa-like interaction of a non-relativistic nucleon field with a relativis-
tic meson field. Since then it is thought, despite the renormalization procedure involved in the
construction, that the quantum dynamics should be governed in the classical limit by a Schrodinger-
Klein-Gordon system with Yukawa coupling. In the present paper we prove this fact in the form of
a Bohr correspondence principle.
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1. INTRODUCTION.

Modern theoretical physics explains how matter interacts with radiation and proposes phenomeno-
logical models of quantum field theory that in principle describe such fundamental interaction. Giving
a firm mathematical ground to these models is known to be a difficult task related to renormaliza-
tion theory [19, 36, 53, 54, 58, 66]. Since the fifties there were spectacular advances in these problems
culminating with the perturbative renormalization of quantum electrodynamics, the birth of the renor-
malization group method and the renormalizability of gauge field theories. Nevertheless, conceptual
mathematical difficulties remain as well as outstanding open problems, see [61, 74]. The purpose of
the present article is to study the quantum-classical correspondence for a simple renormalized model
of particles interacting with a scalar field: the Nelson model. We believe that the study of the relation-
ship between classical and quantum nonlinear field theories sheds light on the mathematical foundation
of renormalization theory. In particular, in the case considered here the renormalization procedure
turns out to be related to a normal form implemented by nonlinear symplectic transformations on the
classical phase-space. Interested reader may found a formal discussion concerning the possibility of a
different point of view on renormalization in an extended version of this article [6].

The so-called Nelson model is a system of Quantum Field Theory that has been widely studied from
a mathematical standpoint [see e.g. 1, 13-16, 21, 30, 34, 39, 43, 43-45, 67, 71, 78]. It consists of non-
relativistic spin zero particles interacting with a scalar boson field, and can be used to model various
systems of physical interest, such as nucleons interacting with a meson field. In the mid sixties Edward
Nelson rigorously constructed a quantum dynamic for this model free of ultraviolet (high energy)
cutoffs in the particle-field coupling, see [68]. This is done by means of a renormalization procedure:
roughly speaking, we need to subtract a divergent quantity from the Hamiltonian, so the latter can be
defined as a self-adjoint operator in the limit of the ultraviolet cutoff. The quantum dynamics is rather
singular in this case (renormalization is necessary); and the resulting generator has no explicit form
as an operator though it is unitarily equivalent to an explicit one. Since the work of Gross [56] and
Nelson [68] it is believed, but never proved, that the renormalized dynamics is generated by a canonical
quantization of the Schrodinger-Klein-Gordon (S-KG) system with Yukawa coupling. In other words,
the quantum fluctuations of the particle-field system are centered around the classical trajectories of
the Schrodinger-Klein-Gordon system at certain scale and the renormalization procedure preserves the
suitable quantum-classical correspondence as well as being necessary to define the quantum dynamics.
We give a mathematical formulation of such result in Theorem 1.1 in the form of a Bohr correspondence
principle. Consequently, our result justifies in some sense the use of the Schrédinger-Klein-Gordon
system as a model of nucleon-meson interaction [see e.g. 17, 18, 27, 40, 50, 70].

Recently, the authors of this paper have studied the classical limit of the Nelson model, in its
regularized version [5, 32]. We have proved that the quantum dynamic converges, when an effective
semiclassical parameter ¢ — 0, towards a non-linear Hamiltonian flow on a classical phase space. This

flow is governed by a Schrodinger-Klein-Gordon system, with a regularized Yukawa-type coupling. To
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extend the classical-quantum correspondence to the system without ultraviolet cutoff, we rely on the
recent techniques elaborated in the mean-field approximation of many-body Schrodinger dynamics
in [8-11] as well as the result with cutoff [5]. As a matter of fact the renormalization procedure,
implemented by a dressing transform, generates a many-body Schrédinger dynamics in a mean-field
scaling (see for instance the recent results [24, 25, 72| and references therein). So it was convenient
that the mean-field approximation was derived with the same general techniques that allow to prove
equally the classical approximation for QFT models. The result is further discussed in Subsection 1.2,
and all the details and proofs are provided in Section 4.

For the sake of presentation, we collected the notations and basic definitions—used throughout the
paper—in the Subsection 1.1 below. In subsection 1.2 we present our main result on the classical-
quantum correspondence principle. The rest of the paper is organized as follows: in Section 2 we
review the basic properties of the quantum system and the usual procedure of renormalization with
some crucial uniform estimates; in Section 3 we analyze the classical S-KG dynamics and the classical
dressing transformation; in Section 4 we study in detail the classical limit of the renormalized Nelson

model, and prove our main Theorem 1.1.

1.1. Notations and general definitions.

* We fix once and for all & mg, M > 0. We also define the function w(k) = \/k2 + m2.

The effective (semiclassical) parameter will be denoted by € € (0, €).

Let Z be a Hilbert space; then we denote by I's(Z) the symmetric Fock space over Z. We
have that

I(2)=Epz%" with 29°=C,
n=0
where Z®5" is the n-fold symmetrized tensor product.
* Let X be an operator on a Hilbert space Z. We will usually denote by D(X) C Z its domain
of definition, and by Q(X) C Z the domain of definition of the corresponding quadratic form.
* Let S : Z D D(S) — Z be a densely defined self-adjoint operator on Z. Its second quantization
dT(S) is the self-adjoint operator on I's(Z) defined by

n

dr(S)] 5y0219. =eY 1@ 8 ®-®l,
k=1 k

where D(S )®:lg" denotes the algebraic tensor product. In particular, the operator dI'(1) is the
scaled number operator which we simply denote by N without stressing the e-dependence.

We denote by C3°(N) the subspace of finite particle vectors:
CSO(N) = ‘W € FS(Z) ;dne ]N7w’2®sn =0Vn > ’ﬁ‘} :

Let U be a unitary operator on Z. We define I'(U) to be the unitary operator on I's(Z) given
by

T(U)|zen = QU .
k=1

If U = ™5 is a one parameter group of unitary operators on Z, I'(e’*¥) = etz dl(S),
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On T'y(Z), we define the annihilation/creation operators a”(g), g € Z, by their action on
fon € 2%sm (with a(g)fo = 0 for any fo € 2%:9 = C):
a(g) f" = Ven (g, f)z f2
a*(9)f®" = Ve(n+1) g, fm.

They satisfy the Canonical Commutation Relations (CCR), [a(f),a*(9)] = (f,9)=.
If Z = L?(RY) it is useful to introduce the operator valued distributions a? () defined by

o) = [ a@ala)s . (o) = | g @i

H = T (L2(R?) @ L?(R?)) ~ I'y(L?(R?)) ® I'y(L*(R?)). We denote by ¢#(x) and N; the
annihilation/creation and number operators corresponding to the nucleons (conventionally
taken to be the first Fock space), by a” (k) and Ny the annihilation/creation and number
operators corresponding to the meson scalar field (second Fock space). In particular, we will

always use the following e-dependent representation of the CCR if not specified otherwise:
[W(z),¥"(@")] =ed(z—a) , [a(k),a”(K')] =ed(k—K).
We will sometimes use the following decomposition:
H =P Ha, with H,, = (L3(R*) " @ T (L2(R?)) .
n=0

We denote by T(") := T|H the restriction to #H,, of any operator 7" on H
On H, the Segal quantization of L?(R?) ® L?(R?) > € = & @ &, is given by

R(&) = (¢"(&1) + 9(&1) +a” (&) + a(&2)) /V2,
and therefore the Weyl operator becomes
W) = oz (v EHvE)) 25 (a7 @)+a)
Given a Hilbert space Z, we denote by £(Z) the C*-algebra of bounded operators; by (Z) C
L(Z) the C*-algebra of compact operators; and by £(Z) C K(Z) the trace-class ideal.
We denote classical Hamiltonian flows by boldface capital letters (e.g. E(-)); their correspond-

ing energy functional by script capital letters (e.g. &).
Let f € .7'(RY) be a tempered distribution. We denote by F(f)(k) its Fourier transform

F) =

—ik-x
)7 Jra (x)e dx .

We denote by C5°(R?) the infinitely differentiable functions of compact support. We denote
by H*(R?) the non-homogeneous Sobolev space:

@) = {fe s @Y, [ (14 WPIIFO®PE < oo}
]Rd
and its “Fourier transform”

FH*(RY) = {f e S (RY, Flf e HS(]Rd)} .
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* Let Z be a Hilbert space. We denote by B(Z) the set of Borel probability measures on Z.

1.2. The classical limit of the renormalized Nelson model. The Schrédinger-Klein-Gordon
equations with Yukawa-like coupling is a widely studied system of non-linear PDEs in three dimen-
sion [see e.g. 17, 18, 27, 40-42, 50, 70]. This system can be written as:
A

10pu = —mu +Vu+ Au

O+ mg)A = —[ul?
where mg, M > 0 are real parameters and V is a non-negative potential that is confining or equal to
zero. Using the complex field « as a dynamical variable instead of A (see Equation (47) of Section 3),
the aforementioned dynamics can be seen as a Hamilton equation generated by the following energy
functional, densely defined on' L? @ L?:

&(u,a) = <u, (—ﬁ + V)u>2 +{a,wa)s + Gy /]R‘G \/Qi(k) (

With suitable assumptions on the external potential V', one proves the global existence of the associated

alk)e=*e 4 a(k)ei“) () [2dadk .

flow E(t); a detailed discussion can be found in Subsection 3.3 where the precise condition on V' is given
by Assumption (Ay). So there is a Hilbert space® D = Q(—A + V) & FHz (R3) densely imbedded in
L?@ L? such that there exists a classical flow E : R x D — D that solves the Schrodinger-Klein-Gordon
equation (S-KG,[Y]) written using the complex field a.

A question of significant interest, both mathematically and physically, is whether it is possible to
quantize the Schrodinger-Klein-Gordon dynamics with Yukawa coupling as a consistent theory that
describes quantum mechanically the particle-field interaction. As mentioned previously, E. Nelson rig-
orously constructed a self-adjoint operator satisfying in some sense the above requirement. Afterwards
the model was proved to satisfy some of the main properties that are familiar in the axiomatic ap-
proach to quantum fields, see [22]. Furthermore, asymptotic completeness was proved to be true in [4].
The problem of quantization of such infinite dimensional nonlinear dynamics is related to constructive
quantum field theory. The general framework is as follows.

Let Z be a complex Hilbert space with inner product (-, -). We define the associated symplectic
structure X(Z) as the pair {), B(-, -)} where ) is Z considered as a real Hilbert space with inner
product (-, ). = Re(-, -), and B(-, -) is the symplectic form defined by B(-, ) = Im(-, -). Fol-
lowing Segal [77], we define a (bosonic) quantization of the structure X(Z2) any linear map R(-) from

Y to self-adjoint operators on a complex Hilbert space such that:

* The Weyl operator W(z) = ef(2) is weakly continuous when restricted to any finite dimen-
sional subspace of ),
* W (21)W(2) = e 2BE22)W (21 + 25) for any 21, 20 € Y (Weyl’s relations).
When the dimension of Z is not finite, there are uncountably many irreducible unitarily inequivalent
Segal quantizations of ¥ (Z) (or representation of Weyl’s relations). A representation of particular
relevance in physics is the so-called Fock representation [29, 35] on the symmetric Fock space I';(Z).
Once this representation is considered there is a natural way to quantize polynomial functionals on Z

into quadratic forms on I'y(Z) according to the Wick or normal order (we briefly outline the essential

ISometimes the shorthand notation L2 & L2 is used instead of L2(R3) @ L2(IR3), if no confusion arises.
2If V = 0, D could be the whole space L2 & L2.
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features of Wick quantization on Section 4.3, the reader may refer to [8, 20, 31] for a more detailed
presentation).

Following these rules, the formal quantization of the classical energy & yields a quadratic form h
on the Fock space I's(L? @ L?) which plays the role of a quantum energy. The difficulty now lies on
the fact that the quadratic form h do not define straightforwardly a dynamical system (i.e. h may not
be related to a self-adjoint operator). Nevertheless, according to the work of Nelson it is possible in
our case to define for any op € R, a renormalized self-adjoint operator Hyen(0g) associated in some
specific sense to h (see Section 2 for details). However, the relationship between the classical and the
quantum theory at hand is obscured by the renormalization procedure and it is unclear even formally if
the quantum dynamics generated by Hyepn(0g) are still related to the original Schrodinger-Klein-Gordon
equation. Therefore, we believe that it is mathematically interesting to verify Bohr’s correspondence

principle for this model.

Bohr’s principle: ” The quantum system should reproduce, in the limit of large quan-

tum numbers, the classical behavior.”

This principle may be reformulated as follows. We make the quantization procedure dependent on
a effective parameter e, that would converge to zero in the limit. The physical interpretation of ¢ is
of a quantity of the same order of magnitude as the Planck’s constant, that becomes negligible when
large energies and orbits are considered. In the Fock representation, we introduce the e-dependence
in the annihilation and creation operator valued distributions 1% (x) and a* (k), whose commutation
relations then become [¢(z),¥*(2')] = ed(x — 2’) and [a(k), a*(K")] = ed(k — k'). If in the limit £ — 0
the quantum unitary dynamics converges towards the Hamiltonian flow generated by the Schrodinger-
Klein-Gordon equation with Yukawa interaction, Bohr’s principle is satisfied.

If the phase space Z is finite dimensional, the quantum-classical correspondence has been proved in
the context of semiclassical or microlocal analysis, with the aid of pseudo-differential calculus, Wigner
measures or coherent states [see e.g. 3, 26, 28, 46, 47, 57, 59, 60, 63, 65, 75]. If Z is infinite dimensional,
the situation is more complicated, and there are fewer results for systems with unconserved number
of particles [5, 8, 12, 37, 38, 51]. The approach we adopt here makes use of the infinite-dimensional
Wigner measures introduced by Ammari and Nier [8, 9, 10, 11]. Remark that Wigner measures are
related to phase-space analysis and are in general an effective tool for the study of the classical limit.
Given a family of normal quantum states (¢:).c(0,s) on the Fock space, we say that a Borel probability
measure p on Z is a Wigner measure associated to it if there exists a sequence (ex)ken C (0, ) such
that e — 0 and?®

W Jim Tl W(e)] = [ eVeedzaue) ve ez

We denote by M(QE, e € (0, é)) the set of Wigner measures associated to (0:)cc(0,z)- Let et Hren(00)
be the quantum dynamics on I'y(Z), Z = L? @ L?, then the time-evolved quantum states can be
written as (e’igHre"(UO)gseiﬁHre"("O))ee(of). Bohr’s principle is satisfied if Wigner measures of time

evolved quantum states are exactly the push-forward, by the classical flow E(t), of the initial Wigner

3W(§) is the ex-dependent Weyl operator explicitly defined by (66).
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measures at time ¢t = 0; i.e.
(2> M(e—iéHren(O'O)QseiéHren(O'[))7E c (0’5*)) - {E(t)#u7 we M(QE,E c (0,5))} .

To ensure that M (o, € (0,£)) is not empty, it is sufficient to assume that there exist § > 0 and
C > 0 such that, for any ¢ € (0,2), Tr[o- N°] < C; where N is the number operator of the Fock space
I'y(Z) with Z = L?® L?. Actually, we make the following more restrictive assumptions: Let (o) c€(0,8)
be a family of normal states on I's(L*(R?) @ L?(R3)), then

(Ao) 3¢ >0, Ve € (0,8), Vk € N, Tr[p.NF] < ¢F ;
(A,) 3C >0, Ve € (0,8), Tr[oo(N + U HoUo)] < C ;

where N is the nucleonic number operator, N = N; + Ny the total number operator, Hy is the free
Hamiltonian defined by Equation (5) and Uy is the unitary quantum dressing defined in Lemma 2.3.
As a matter of fact, it is possible in principle to remove Assumption (Ap), but it has an important role
in connection with the parameter og related to the renormalization procedure. This condition restricts
the considered states g. to be at most with [€/¢] nucleons.

We are now in a position to state precisely our result: the Bohr’s correspondence principle holds
between the renormalized quantum dynamics of the Nelson model generated by Hyen(oo) and the
Schridinger-Klein-Gordon classical flow generated by &. The operator Hyen(0p) is constructed in
Subsection 2.3 according to Definition 2.13. Recall that D = Q(—A + V) & FHz2 (R3).

Theorem 1.1. Let E: R x D — D be the Schrodinger-Klein-Gordon flow provided by Theorem 3.15
and solving the equation (S-KG[Y]) with a potential V' satisfying Assumption (Ay). Let (0c)ec(0,5)
be a family of normal states in I's(L*(R®) ® L*(R®)) that satisfies Assumptions (Ao) and (A,). Then:

—i % Hren(

(i) There exists a o9 € Ry such that the dynamics e 90) js non-trivial on the states o..

(ii) M(oe,e € (0,6)) # 0.
(#ii) For anyt € R,

3) M (et Hhenlon g it Hen(o0) o € (0,2)) = {B(t)pn, 4 € M(022 € (0,9)) } .

Furthermore, let (ex)rew C (0,€) be a sequence such that limy oo €, = 0 and M(ng,k € ]N) = {u},
i.e.: for any € € L?> ® L2,

lim Tr[o., W (£)] :/ eiﬂRe<5’Z>du(z).
k—oc0 L2 L2

t

Then for any t € R, M(e_ifk H“e“(ao)gge%kH"e“(UO), k€ ]N) ={E(t)xpn}, ie.:

(4)  Jim Te[emH o0, (i ey )] = / VPR A(B(t) 1) (=) , VE € LP & L.

k—o0 L2@L?

Remark 1.2.

* The choice of gq is related to our Definition 2.13 of the renormalized dynamics and the local-
ization of states (0:)ee(0,s) satisfying Assumption (Ap) (see Lemma 4.2). Actually, one can
take any og > 2K (€ + 1+ &) where K > 0 is a constant given in Theorem 2.10.
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* We remark that every Wigner measure u € M(oc,e € (0,£)), with (0c).c(0,s) satisfying As-
sumption (A,) is a Borel probability measure on D equipped with its graph norm, hence the
push-forward by means of the classical flow E is well defined (see Section 4.4).

* Adopting a shorthand notation, the last assertion of the above theorem can be written as:

it

0 = 11 (Vt ER, ¢ F (o0 o7 Henlon) _, E<t>#u) '

2. THE QUANTUM SYSTEM: NELSON HAMILTONIAN.

In this section we define the quantum system of "nucleons” interacting with a meson field, and
briefly review the standard renormalization procedure due to Nelson [68]. Since we are interested
in the classical limit and our original and dressed Hamiltonians depend on an effective parameter
e € (0,€), it is necessary to check that several known estimates of the quantum theory are uniform
with respect to €. This step is crucial and motivated our brief revisit of the Nelson renormalization
procedure.

On H = T, (L*(R?)) ® I's(L*(R?)) we define the following free Hamiltonian as the positive self-

adjoint operator given by:
(5) Hy= @z;*(x)(—ﬁ + V(:r))1/1(a:)dz + / a* (K)w(k)a(k)dk = dT'(— 2 + V) + dT(w) ,
R3 R3

where V € L? (R3 R;). We denote its domain of self-adjointness by D(Hy). We denote by dI' the
second quantization acting either on the first or second Fock space, when no confusion arises.

Now let x € C°(R3); 0 < x < 1land x = 1if [k <1, x = 0 if |k| > 2. Then, for all o > 0
define x,(k) = x(k/o); it will play the role of an ultraviolet cutoff in the interaction. The Nelson

Hamiltonian with cutoff has thus the form:

® Ho = Hot s [ 0o (00) () Joteis.

We will denote the interaction part by H;(o) = H, — Hyp.

Remark 2.1. There is no loss of generality in the choice of x as a radial function [see 4, Proposition
3.9].

The following proposition shows the self-adjointness of H,, see e.g. [5, Proposition 2.5] or [33].
Proposition 2.2. For any o > 0, H, is essentially self-adjoint on D(Hy) NC§C(N).

To obtain a meaningful limit when ¢ — oo, we use a dressing transformation, introduced in the
physics literature by Greenberg and Schweber [55] following the work of van Hove [80, 81]. The dressing
and the renormalization procedure are described in Sections 2.1 and 2.2 respectively. In Section 2.3
we discuss a possible extension of the renormalized Hamiltonian on H,, to the whole Fock space H.
The extension we choose is not the only possible one, however the choice is motivated by two facts:
other extensions should provide the same classical limit, and our choice ﬁren(ao) is, in our opinion,

more consistent with the quantization procedure of the classical energy functional.

2.1. Dressing. The dressing transform was introduced as an alternative way of doing renormalization

in the Hamiltonian formalism, and has been utilized in a rigorous fashion in various situations [see e.g.
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48, 52, 58, 68]. For the Nelson Hamiltonian, it consists of a unitary transformation that singles out
the singular self-energy.

From now on, let 0 < 0¢ < o, with og fixed. Then define:

i 1 X(T(k) — Xoo (k) .

(7) 9o (k) = — 2m)3/2 J2w(k) 2 +w(k)
_ 1 1 (X(r - XUO)2(k) _ 1 X‘T(k) (XU — XUO)(k)
8) Er—%%ﬁﬂ;w@>;$+ww>dk @maésmm )

The dressing transformation is the unitary operator generated by (the dependence on oy will be

usually omitted):
©) L= [ 0 @)(a (goe™") + algoe™) )i(w)da
R3

The function g, € L*(R3) for all o < oo; therefore it is possible to prove the following Lemma, e.g.

utilizing the criterion of [33].

Lemma 2.3. For any o0 < oo, T, is essentially self-adjoint on C°(N). We denote by U,(0) the

corresponding one-parameter unitary group U, (6) = e=ieTs

For the sake of brevity, we will write U, := Uy(—1). We remark that T, and H, preserve the

number of “nucleons”, i.e.: for any o < oo, ¢’ < oo:

(10) [T0'7N1]:0:[H0'/7N1]~

The above operators also commute in the resolvent sense. We are now in position to define the dressed
Hamiltonian

(11) H, :=U,(H, — N1 E,)U} .

The operator H, is self-adjoint for any o < oo, since H, and N; are commuting self-adjoint operators
and U, is unitary. The purpose is to show that the quadratic form associated with H, ”. satisfies
the hypotheses of KLMN theorem, even when ¢ = oo, so it is possible to define uniquely a self-adjoint
operator H... In order to do that, we need to study in detail the form associated with HS")

By Equation (11), it follows immediately that
R H(”)
(12) H™ = U™ | 22— — (en)E, | (UM)* .
€
A suitable calculation [4, 68] yields:

n
rr(n) _ (n) 2 . i * —ik-x;\2 —ik-x;\2
HYY =HJY 4 ¢ ;Vg(xl x3)+2M;<(a (roe )* 4+ a(ree ) )

(13)
+2a* (ra-e_ik‘q;j )a(rge—ik-fcj) ) (D$ja(rge—ik-fﬂj) + a* (ro_e_ik'fj )ij )) ;

where D, = =iV, and
ro(k) = —ikg, (k) ,
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(14) Vo(z) = 2Re/ w(k)|go (k)[2e~ 2 dk — 4Im 9o (k) xo(k) -

R3 R3 (27T)3/2 ,/2(,.)(]4;)

It is also possible to write H, in its second quantized form as:
(15) H, = Ho+ Hi(0) ;

Fir(o) = Hyloo) + 3 [ 0" @) )Vo (o = 9)0(a)(u)dady
(16) +52 /1113 ¥ () ((a"‘(rgeik"”‘”)2 + a(rge’ik'z)2> + 2a* (roe” " %) a(r e F )

—2(Dxa(raefik'r) +a* (rgeik':”)Dx)> P(z)dz .

Remark 2.4. The dressed interaction Hamiltonian H 7(0) contains a first term analogous to the
undressed interaction with cutoff, a second term of two-body interaction between nucleons, and a

more singular term that can be only defined as a form when o = oco.

2.2. Renormalization. We will now define the renormalized self-adjoint operator ﬁc()g). A simple
calculation shows that E, — —oo when o — +4o00; hence the subtraction of the self-energy in the
definition (11) of H, is necessary. It is actually the only renormalization necessary for this system. We
prove that the quadratic form associated with H, ,S") of Equation (13) has meaning for any o < co, and
the KLMN theorem [see 73, Theorem X.17] can be applied, with a suitable choice of ¢, and bounds

that are uniform with respect to € € (0,£). Let us start with some preparatory lemmas:

Lemma 2.5. For any 0 < o < oo, the symmetric function V, satisfies:
(i) Vo(1 = A)"1/2 € L(L*(R?));
(ii) (1 —A)"2V,(1 - A)~Y2 € K(L*(R?)).
In particular, V, € L*(R3) N L3*°(R3), for any s € [2,+o0].
Proof. 1t is sufficient to show [11, Corollary D.6] that V, € L3>°(R?) (weak-LP spaces). Write V,, =
Vel + v,

(17) Vil (z) = 2Re / (k) |go (k) Pe™ 7 dk = 2(2m)/2ReF (w]go |?) (@) 5
R3
2 _ go(k) Xa(k) —ik-x _ _ Xo
(18) V) (z) = —2v/2Im /W an)? w(k)e ke gk = —2ﬁ1mf(gg\—@)(x) .

. [Va(l)]. For any 0 < 00, w|gs|? € L* (R?), 1 < &' < 2. Then vl e L#(R3?) for any s € [2, +00];
furthermore V") € Co(IR?) (the space of continuous functions converging to zero at infinity).
Hence V") € L3> (R?).

o [Vg@)]. For any o < o0, g, 3% € L¥(R3), 1 < s < 2. Therefore Vi) € L8(R3) for any
s € [2,+00[. It remains to show that V2 e [3°°(R3). Define f(k) € L2(R?):

_ Xo (k) (Xo = Xau) ()

Cowk) gr ek

(19) fk)

Then there is a constant ¢ > 0 such that |Vg(2)(x)| < ¢|F(f)(zx)|, where the Fourier transform is

intended to be on L?(IR3). The function f is radial, so we introduce the spherical coordinates
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(r,0,¢) = k € R3, such that the z-axis coincides with the vector x. We then obtain:

R 27
lim f(k)e *dk = lim dr/ d9/ do r2 f(r)erlzlcosfgin g
f=teoJB(0.R) R—+o0 Jo 0
R 1 ‘
:27rREr_{100 ; alr/_1 dy r? f(rye~rlely = ?Rl—lg-loo/ f(r)rsin(r|z|)dr

Since for any o < +oo, f(r)r € L'(R) we can take the limit R — +oo0 and conclude:

4 [t )
(20) F(f)(x) = El f(r)rsin(r|z|)dr
0
Therefore, for any z € R? \ {0}, there exists a 0 < ¢ < 47rc||f(7‘)r||L1(R) such that:
c
(21) VD (2)] < —
e

Let A be the Lebesgue measure in R?. Since {x : \Vg(2)| > t} - {m : ﬁ > t}7 there is a
positive C' such that:
(22) )\{x VO (2)] > t} < )\{w ¢

¢ <
o<l

||

Finally (22) implies V{2 € L3 (R3).

Lemma 2.6. There exists ¢ > 0 such that for any ¢ € (0,¢), 0 < +o0:

—1/2

(23) | [(Fo + 1)71/2D,, a(rge™ 0 )(Ho +1) 772" rolla ;

c
<
L(Hn) \/nsuw
c —1/2
< — .
L) ﬁm\lw Toll
Moreover, (23) holds if we replace the left Hy by dl"(—ﬁ +V) and the right Hy by dT(w) and similarly
(24) holds if we replace the left Hy by dT'(w) and the right Ho by dU'(—553; + V).

o) ([ + )7 e ) Dy (Ho 1))

Proof. Let S, = S,, ® 1 be the symmetrizer on H,, (acting only on the {z1,...,2,} variables) and
v, € H, with n > 0. Then:

(U, dD(—A)V,,) = (U, (1) Sy (D, )? @ 1" 1W,) = (ne) (W, (Dy, )2 V,)

Hence (ne)|| Dy, U, |2 < [[(dT(—A) + )1/2\11 || It follows that
1
(3 < ﬁ ; H [(dF(—A) + 1)

Using (25) we obtain for any ¥,, € H,,, with |¥,| = 1:

1
< -

LHn) ~ v/ne

—1/2

(25) || [, (ar(=2) + 1) D,,]"

H(Ho +1)"Y2D, a(rpe”* %) (Hy + 1)—1/2\IJ,,H < \/%Ha(rae_ik'zj)(df(w) +1)y,
Cc _
< ﬁ”w Y200y s

where the last inequality follows from standard estimates on the Fock space [see 5, Lemma 2.1]. The
bound (24) is obtained by adjunction. o
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Lemma 2.7. There exists ¢ > 0 such that for any ¢ € (0,¢), 0 < 4o0:

26) [+ 1) 20 (roem alroe ) (Ho + )< el 3
— * —ikeziy) 2 — n

(27) [ [0 + 17172 @ (roe= o) (oo + 1)772) | < el 3
— —ikeziy) 2 — n —

(28) [0 + )72 e o)) 4 )72 | < el .

The same bounds hold if Hy is replaced by dT'(w).

Proof. First of all observe that, since mg > 0, there exists ¢ > 0 such that, uniformly in ¢ € (0,&):

H(H0 + 1)1 (d0(w) + 1/2H

‘(H0+1) 2(Ny +1) W‘H <ec.

L(H) L(H)

Equation (26) is easy to prove:

| [t + 171720 (roe = yarge20) (o + 1) 1/2] ™

< d||[(ar(w) + 1) 7"

< c||w_1/2r 3.

L(Hn)

a* (Tge—ikmj )] (n)

|Jlatrem* o) (@) + 1) 74

L(Hn)
For the proof of (27) the reader may refer to [4, Lemma 3.3 (iv)]. Finally (28) follows from (27) by

adjunction. 4

L(Hn)

Lemma 2.8. There exists c(og) > 0 such that for any € € (0,&) and A > 1:

(29) H [(Ho+X) "2 Hy(o0) (Ho + X) /%™ < (o)A Y2 (ne) ;

L(Hn)

< (o)A V2 /ne(1 + ne) .

(30)  |[(Ho+2) 7 S Vo) (Ho - 0)

1<J

Proof. The inequality (29) can be proved by a standard argument on the Fock space [see e.g. 32,
Proposition IV.1].
To prove (30) we proceed as follows. First of all, by means of (i), Lemma 2.5 we can write:

—1/2 —1/2

H(‘Am + )\) Vo (x; — xj)(_Aa:i n )\)

<)\‘1/2HVU A=A, )\_1/2H
L(Hn) — (x)( ot )

S C(O’o)>\_1/2 .
Therefore V, (z; —x;) < c(ao))\_l/2 (—Azi —l—)\). Let ¥,, € H,,; using its symmetry, and some algebraic

manipulations we can write:

(U, Vola; — ;)W) < (o) (ne)* (W, (A2(Day)* + A/2)W,,)
= c(00){ ¥, N1 (ATM2d0(D2) + AY2NL) W, )

< c(o0)AT2( T, (N1 + NT) (dD(D2) + M) Ty, )

< ¢(00)A UZ{HN”Q (dr(p2) + ) w,

g HN1 (dr(D?) + ),

where the constant ¢(og) is redefined in each inequality. The result follows since N7 commutes with
dl(D32). =

Combining Lemmas 2.6, 2.7 and 2.8 together, we can prove easily the following proposition.
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Proposition 2.9. There exist ¢ > 0 and c(og) > 0 such that for any e € (0,8), A\>1, 09 < 0 < 400
and for any ¥ € D(Ny):

1/2

—1/2 _ _
| CEo +X) 72 i (o) (Ho + X) 20| < [e(llw™2rall3 4 o™ ra 3 + ™ 2ral,)

(3” el ] - %+ 13

Consider now H;j(o)™. Tt follows easily from Equation (31) above that for any oy < o < +00, and
U, € D(HY?) N My

[, 21 ()0 | < [ene + 1) (oo™ 21 I3 + o™ 7 13 + oo™ 21, )
(o) (ne + 1)/\*1/2} (U, HVw,)

* FA[elne + 1) (o™ 2 3 + ™ 7 3 + ™ 214 )
te(o0)(ne + 1)x1/2} (U, 0,) .

Consider now the term (||w™/2r, |3+ |lw ™47 |2 +||w™/?r,]|5); by definition of 7, there exists ¢ > 0

such that, uniformly in ¢ < 4-o00:
(33) o™ g 13 + llw™ g |13 + o™ 2rolly < ¢(og? + 05 t) -

Hence for any op > 1 there exist K > 0 (K = 2¢), ¢(og) > 0 and C(n,e,\,09) > 0 such that (32)

becomes:

(34) ’(\Ifn,HI( ) g >’ [”7” + ¢(00)(ne + 1)x1/2} (W, HSVW,) + Cln,e, ), 00) (W, 0,,)
Therefore choosing

(35) oo > 2K (ne +1)

and then A > (2¢(00)(ne + 1)) , we obtain the following bound for any ¥,, € D(H, 1/2) N Hp, with
a <1, b >0 and uniformly in oy < 0 < 4o00:

ny

(36) ‘(xpn, Ay (o)™,

n) (U, 0,,) .
Applying KLMN theorem, (36) proves the following result [see e.g. 4, 68, for additional details].

Theorem 2.10. There exists K > 0 such that, for any n € N, and € € (0,&) the following statements
hold:
(i) For any (2K(ne + 1)) < 0o < 0 < 400, there exists a unique self-adjoint operator H with
domain ﬁ,(;") C D((Hén))l/Q) C H, associated to the symmetric form fL((,n)(-, -), defined for
any ¥, ® € D((Hé"))l/Q) as:

(37) WO (W, @) = (U, HM @) +(T, (o)™ ) |

The operator HS™ is bounded from below, with bound —bo, (o) (where |by,(0)] is a bounded
increasing function of o).

(ii) The following convergence holds in the norm topology of L(Hy):

(38) lim (z— H™M) ' =(z-HM)™',  forall zeC~\R.
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(iii) For anyt € R, the following convergence holds in the strong topology of L(H,):

: T O NS 105!
(39) s— lim e feHs" = ¢7icHs
o—+00

Remark 2.11. The operator REZ) can be decomposed only in the sense of forms, i.e.
(40) HY = Hy" + A" () ;
where + has to be intended as the form sum.

2.3. Extension of f{éi} ) to H. We have defined the self-adjoint operator A&? ) which depends in o
for each n € IN. Now we are interested in extending it to the whole space H. This can be done in
at least two different ways. However, we choose the one that is more suitable to interpret H.. as the
Wick quantization of a classical symbol.

Let K be defined by Theorem 2.10. Then define DN(e,0q) € N by:
o0 —2K _ 1} .

2Ke '

where the square brackets mean that we take the integer part if the number within is positive, zero

(41) fﬁ(g, 00) =

otherwise.
Definition 2.12 (H,en(00)). Let 0 < 0g < 400 be fized. Then we define Hyen(c0) on H by:

@) reno0) HD ifn <Nz, 09)
42 H,yen(o =
Ol 0 if n > N(e, 00)

where N(e, a0) is defined by (41). We may also write Hyon(00) = Ho+ Hyen.1(00) as a sum of quadratic

forms.

The operator ﬁren(do) is self-adjoint on H, with domain of self adjointness:

(43) Dyen(09) = {\Il EH, ‘I”H € lA)gZ) for any n < m(s,ao)} .
Acting with the dressing operator Us, defined in Lemma 2.3 (with the same fixed oq as for Hy,(09)),
we can also define the undressed extension Hyen(0g).

Definition 2.13 (Hyen(00)). Let 0 < 0¢ < 400 be fizred. Then we define the following operator on H.:

(44) Hren(aO) = U;O(UO)Hren(UO)Uoo(UO) .

The operator Hyen(00) is self-adjoint on H, with domain of self adjointness:

i

(45) Dyen(09) = {\I/ eH, \I/’H ce ETS)D((Q) for any n < fﬁ(s,ao)} .

Remark 2.14. Let 0y > 0 be fixed. Then the H, given by (11) defines, in the limit ¢ — oo, a
symmetric quadratic form hoo on D(HOI/ 2) C H. Also ﬁren(oo) defines a quadratic form hyen. We

have*:
(46) hoo(Ljo.o)(N1) -, +) = hren(Ljo,o(N1) -, +) -

However, we are not able to prove that there is a self-adjoint operator on H associated to iloo, and it

is possible that there is none.

4]1[0731](N1) is the orthogonal projector on @?3:0 Hn.
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3. THE CLASSICAL SYSTEM: S-KG EQUATIONS.

In this section we define the Schrédinger-Klein-Gordon (S-KG) system, with initial data in a suitable
dense subset of L?(R3) @& L?(R?), that describes the classical dynamics of a particle-field interaction.
Then we introduce the classical dressing transformation (viewed itself as a dynamical system), and
then study the transformation it induces on the Hamiltonian functional. Finally, we discuss the global
existence of unique solutions of the classical equations, both in their original and dressed form.

The Yukawa coupling: The S-KG[Y] system (Schrodinger-Klein-Gordon with Yukawa interaction), or
undressed classical equations, is defined by:

10 = —Au +Vu+ Au
(S-KG[Y]) 2M ;

(O +mg)A = —Jul?

where V : R® — R is an external potential. If we introduce the complex field «, defined by

_ 1 1 — —ik-x 1k-x
(47) Ax) = oot s \/m(oz(k)e + a(k)e™*)dk ,

(48) A(x) = —ﬁ /]R3 \/@(a(k)eik“ . d(k)e—ik~z)dk 7

we can rewrite (S-KG[Y]) as the equivalent system®:

10pu = —%u +Vu+ Au
(S-KGa[Y])

10 = wa + L]-"(|u|2)
2w

The “dressed” coupling: The system that arises from the dressed interaction is quite complicated. We
will denote it by S-KG[D], and it has the following form®:

(S-KGDJ)
3

idyu = —%u + Vut+ (W uf)u+ [0+ A) + (ExA)]u+ Y [(01 % A)dg) + () * A)?Ju

i=1

3
(O +m2)A = — s uf? +5' 5" o9 & [(udlayu) — VIVE(CD x0,4)
i=1
where: V, W, p : R?® — R with W, ¢ even; £ : R® — C, even; p: (R?)® — C, odd; and ¢ : (R?)® — R,
odd. Obviously also (S-KG[D]) can be written as an equivalent system S-KG,[D], with unknowns u
and « (omitted here). As discussed in detail in Section 3.3, with a suitable choice of W, ¢, £, p and ¢
the global well-posedness of (S-KG[D]) follows directly from the global well-posedness of (S-KG[Y]).

3.1. Dressing. We look for a classical correspondent of the dressing transformation U (). Since
Ux(#) is a one-parameter group of unitary transformations on #, the classical counterpart of its
generator is expected to induce a non-linear evolution on the phase-space L?*(R3) @ L?(R?), using

the quantum-classical correspondence principle for systems with infinite degrees of freedom [see e.g.

5The two systems are equivalent since (1 + w®)Rea € L2(R3) < A € HSTY/2(R3), (1 + w®)Ima € L2(R3) & §;A €
Hs=1/2(R3). In (S-KG¢[Y]) the unknowns are u and a.
6We denote by 8(1') the derivative with respect to the i-th component of the variable z € R3. Analogously, we denote

by v(® the i-th component of a 3-dimensional vector v.
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8, 49, 59]. The resulting “classical dressing” D,_ () plays a crucial role in proving our results: on one
hand it is necessary to link the S-KG classical dynamics with the quantum dressed one; on the other
it is at the heart of the ”classical” renormalization procedure.

Let g € L*(R?); define the following functional Z, : L*(R3) @ L*(R?) — R,

(49) Dy(u, @) = /}RG <g(kz)o’z(k)6_ik“ + g(k)a(k)eik'”) |u(z)|*dzdk .

The functional 2, induces the following Hamiltonian equations of motion:

(50) {i@gu =Aju
50 :
idpa = gF (|ul®)
where
(51) Aga) = [ (ahame =+ gk’ dk
(52) FU) ) = [ e lu(o)Ps

Observe that for any g € L*(R3) and « € R3, A,(z) € R. This will lead to an explicit form for the
solutions of the Cauchy problem related to (50). The latter can be rewritten in integral form, for any
0 € R:

0
ug(z) = up(x) exp{—i/ (Ag)+(z) d’T}
0
(53) ) ;
(k) = ao(k) = ig(k) [ F(Jur )(b) dr
0
where (Ay), is defined by (51) with « replaced by o ; analogously we define B, by (51) with « replaced
by 5.

Lemma 3.1. Let s > 0, s — 3 < ¢ < s+ 3; (1 +wz)g € L2(R3). Also, let u,v € H*(R?) and
(1+w)a, (1+w)B € L*(R3). Then there exist constants Cs, Cc > 0 such that:

1
(54) [(Ag — Bg)ullgs < Cs wgm}llwllm (I +w2)glalX+w)(a =B,
(55) [Ag(u—v)|[gs <Cs max [[(1+w*)C[[o)|(1+w?)gllallu—vl[g-
¢e{,8}

66 Ja+wg [ et (e oo+ @-op)da], < € max ol 1+ R gl ol
R3 w

)

Proof. If s € IN, the results follow by standard estimates, keeping in mind that |k| < w(k) < |k| +my.

The bounds for non-integer s are then obtained by interpolation. -

Proposition 3.2. Let 0 € R, (ug, ) € L? @ L?. If (ug,g) € C°(R, L? @ L?) is a solution of (53),
then it is unique, i.e. any (vg, Bp) € CO(R, L? ® L?) that satisfies (53) is such that (ve, Bg) = (ug, ag).

Proof. We have:
%ag(HUQ - Ug”i + Hag - ﬁg“i) = Im(<ug — Vg, ((Ag)g — (Bg)a)ug + (Bg)g(ug - ’Ug)>2

+<a9 — Bg,g/RS e ((ug — ve)ve + (g — 179)U.9)d.%‘>2> .
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The result hence is an application of the estimates of Lemma 3.1 with s = 0 and Gronwall’s Lemma. -

Now that we are assured that the solution of (53) is unique, we can construct it explicitly. Since
A,y (z) is real, it follows that for any @ € R: |ug| = |ug|. Therefore F(|ug|?) = F(|ug|?), and
ag(k) = ao(k) — ifg(k)F (juo|*) (k) .

Substituting this explicit form in the expression for ug, we obtain the solution for any (ug,ap) =
(u,) € L2(R3) @ L?(R3):

wola) = u(a) expd =04y (o) + 0%t [P Wlg(0) e

ag(k) = a(k) — i0g(k)F(jul*) (k)

(57)
This system of equations defines a non-linear symplectomorphism: the “classical dressing map” on
L? o L2
Definition 3.3. Let g € L*(R?). Then Dy(-) : R x (L? ® L?) — L? ® L? is defined by (57) as:

Dy (6)(u, o) = (ug, ag) -
The map Dy(-) is the Hamiltonian flow generated by Z,.

Using the explicit form (57) and Lemma 3.1, it is straightforward to prove some interesting prop-
erties of the classical dressing map. The results are formulated in the following proposition, after the

definition of useful classes of subspaces of L? @ L2.

Definition 3.4. Let s > 0, s —
L2(R3) @ LQ(IR?’):

< ¢ < s+ 1. We define the spaces H*(R®) & FH*(R?) C

N[

H*(R%) @ FHS(R®) = {(u,a) € L2(R®) @ LA(R?) , u € H*(R®) and F~'(a) € H<(1R3)} :

Proposition 3.5. Let s >0, s — % <¢<s+ %; and g € .FH%(]R:‘). Then

D,:Rx (H*®FH) - H ® FH* ;

i.e. the flow preserves the spaces H® & FH¢. Furthermore, it is a bijection with inverse (Dg(G))_1 =

D, (—0). Hence the classical dressing is an Hamiltonian flow on H® & FHS.

Corollary 3.6. Let s >0, s — % <¢<s+ %, 0eR, and g € ]:H%(]RS). Then there exists a constant
C(g,0) >0 and a A\(s) € N* such that for any (u,«) € H* @ FH*:
A(s
(58) 1Dy (6) (. )|z e < Clg,0) (s )35 e -
Using the positivity of both —A and V', and Corollary 3.6 one also obtains the following result.

Corollary 3.7. Let V € L2 (R% Ry ); and let Q(—A+V) C L?(R3) be the form domain of —A+V.

loc
Then for any 3 << <2, and g € FHz(R3):

D,:Rx (Q(-A+V)®FH®) = Q(-A+ V)& FH* .
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3.2. Classical Hamiltonians. In this section we define the classical Hamiltonian functionals that
generate the undressed and dressed dynamics on L? @ L2. Then we show that they are related by a
suitable classical dressing: the quantum procedure described in Section 2.2 is reproduced, in simplified

terms, on the classical level.

Definition 3.8 (&, ég) The undressed Hamiltonian (or energy) & is defined as the following real
functional on L*(R3) & L*(R3):

E(u,a) = <u7 (—ﬁ + V)u>2 + {a,wa)s + (2753/2 /1R6 \/2i;(k) (d(k‘)e‘ik'w + a(k)eik'””> |u(x)|*dxdk .
We denote by & the free part of the classical energy, namely
& (u,a) = <u, (—ﬁ + V)u>2 + (o, wa)s .

Let Xoo € L®°(R?) N FHY2(R?) such that Xo, (k) = Xoo(—k) for any k € R®. Then (again as a real
functional on L? & L?) the dressed Hamiltonian & is defined as’:

E(u,a) = <u, (—ﬁ + V>u>2 + {a,wa)s + (2753/2 /RG \?"2‘;(53) (@(k;)e_ik'z + oz(k‘)eik'z) lu(z)|*dzdk

+5h /R (re®ame ™ + i (Wa(k)e™) (raDa)e ™ + rua()e™™ ) ju(x) *drdkd
—%Re/ Too(k)a(k)e” " u(x) Dyu(x)dxdk + 1 / Vo (2 — ) |u(x) |2 u(y) 2dzdy .
RS R6

Remark 3.9. We denote by D(&) € L? @ L? the domain of definition of &, and by D(&) c L? & L2
the domain of definition of &. We have that D(&) D Cg° @ Cg° and D(&) D C5° ® C5°. Therefore both
& and & are densely defined, and D(&) N D(&) is dense in L? & L2.

We are interested in the action of & and & on H' & FH %, since this emerges naturally as the energy

space of the system, at least when V = 0.

Lemma 3.10. Let § € R, g € FH=(R?). Then for any u € Q(V) N HY(R®), and o € FHz(R3):
D,(0)(u, ) € D(&).

Proof. Let u € Q(V), and a € L?>(R?). Then
(ug, Vug)a = (u, Vu)s ;

where ug is defined in Equation (57), and it is the first component of Dy (6)(u, ). Also, for any
(u,a) € H' & FH? we have that:

1 . 1 .
2 ik-x _ 1/2 2\ ik-x
u(x a(k)e dxdk‘—C‘/ w o) (k / D lu(x)|?)e dmdkz‘
| i@ =l g @ W (] (Delu@)P)et )
1

< 20| g |l Pelalullheln < +oo.
The result then follows since Dy(¢) maps H' & FH 2 into itself by Proposition 3.5. o
"We recall that: go(k) = _;@m 22 1-xaq (k) Veo(z) = 2Re [psw(k)|geo(k)|?e~*Tdk —

YV tu(k)

Goo (k) 1 —ik-x - . —
4Im f]R3 (20372 \/me dk . Also, Dy = =iV ; Too(k) = —ikgoo (k) .
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The functional & is independent of g, while & depends on it. In addition, we know that g,
has been fixed, at the quantum level, to renormalize the Nelson Hamiltonian, and it is the function
that appears in the generator of the dressing transformation U,,. Hence, since we are establishing
a correspondence between the classical and quantum theories, we expect it to be the function that
appears in the classical dressing too. Two features of g., are very important in the classical setting:
the first is that g, € FH:z (R3) for any y,, € L™ NJFH~2; the second is that it is an even function, i.e.
Joo (k) = goo(—Fk) for any k € R3. Using the first fact, one shows that D,_(-) maps the energy space
into itself (and that will be convenient when discussing global solutions); using the second property

we can simplify the explicit form of D, (+).

Lemma 3.11. Let € R, and g € L*(R®). If g is an even or odd function, then the map D, ()
defined by (57) becomes:

(59) D, (0)(u(x), a(k)) = ((u(@)e ) | a(k) - ibg(k)F(u)(k) )
Proof. Consider I(x) := [gs F(|ul?)(k)|g(k)|*e***dk. We will show that I(z) = I(z). We have that:
- / |u<w'>|2|g<k>|2e*“*<w*w’>dx'dk: [ @ Plg(-BPe e dr'a.
RS RS

Now if g is either even or odd, |g(—k)| = |g(k)|. Hence I(z) = I(x), therefore ImI(z) = 0. -

We conclude this section proving its main result: & and & are related by the D, (1) classical

dressing®.

Proposition 3.12. For any u € Q(V) N HY(R3), a € FH=(R3), and for any x,, € L®(R3) N
FH™3(R?):

(1) (w,0) € D(&);
(2) (wa) € D(&);
(3) &(u,0) = & 0 D, (1)(u,a)

Remark 3.13. Relation (3) of Proposition 3.12 actually holds for any (u,a) € Dy (—1)D(&).

Remark 3.14. The Wick quantization of & yields the quadratic form (-, H§2> Y, , that is not closed
and bounded from below for any n € IN,. On the other hand, if x,, is the ultraviolet cutoff of Section 2,
then the Wick quantization of & yields directly the renormalized quadratic form (-, H C(x? ). )24, that is

closed and bounded from below for any n < 91(e, o).

Proof of Proposition 3.12. The statement (1) is just an application of Lemma 3.10 when 6 = 0. If (3)
holds formally, than (2) follows directly, since by Lemma 3.10 the right hand side of (3) is well defined.

It remains to prove that the relation (3) holds formally. This is done by means of a direct calculation,

8 : _ L (2m) 732 1=xgq (K)
We recall again that goo = —1 .
® ’ VoK) (k)
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that we will briefly outline here.
D,

sz (uefiAgoo)>2 + (u, Vu)s + (a,wa)y
1

2w(k)

oDy (1)(u,a) = <ue*iA9°° ,

1 .
(a) +2m{o, g P+ s 2Re / 8(6)e= () 2dad
RG

(b) + lwgoo Full3 + VFu (k)e™*® |u(z)|?dedk .

1
(2 3/2 - /ru ——==9oo(k

After some manipulation, taking care of the ordering, the first term on the right hand side becomes:

_iAgoo & _iAgoo > —< _A >
<ue ,2MD$(ue ) , = u, QMU

(c) 2M gaq At Aroc)2
(d) —i{u, A 2 OOU>2
1 . ik- a(k)e ™k
(e) N M<u7 /]RS dk (DmToo(k)a(k)elk “+ Too(k)a(k)e * sz)u>2

The proof is concluded making the following identifications (the other terms sum to the free part):

(a) 4+ (d) = L Xoo (’(k)e_“” + a(k)e””“’) |u(z)|*dzdk ;

27T 3/2 RS ‘/Qw
1
— 5 | Vo = p)lu(e)Pluty) Pdady
R6

© =57 |

:——Re/ Too(k e * 24 (2) Dyu(x)dxdk .
RS

(roo(/g)a(k)e*i“ + Foo(k)a(k)eik"’”> (rma)a(ne*ﬂ'w + oo (Da(l)e™ ) u(z) 2 dzdkdl ;

%

3.3. Global existence results. In this section we discuss uniqueness and global existence of the
classical dynamical system: using a well-known result on the undressed dynamics, we prove uniqueness
and existence also for the dressed system.

The Cauchy problem associated to & by the Hamilton’s equations is? (S-KG,[Y]). Theorem 3.15
below is a straightforward extension of [27, 70] that includes a (confining) potential on the NLS
equation. As proved in [23; 69], the quadratic potential is the maximum we can afford to still have
Strichartz estimates and global existence in the energy space. Therefore we make the following standard

assumption on V:

Assumption Ay. V € C*®°(R3, Ry ), and 9*V € L>®(R3) for any o € IN3, with |a| > 2 (i.e. at most

quadratic positive confining potential).

Theorem 3.15 (Undressed global existence). Assume Ay . Then there is a unique Hamiltonian flow
solving (S-KG4[Y]):

(60) E:Rx (Q(-A+V)®dFH?(R%) - Q(-A+ V)@ FH?(R?).

9The Cauchy problem associated to & is equivalent to (S- KG[D]) setting: W = Vio, ¢ = (27) 32 F(x0y), € =
x)—3/2 2 iy
B = (F(3=900) = Fli%5900)), p = Y2 F(Vikgoo), and ¢ = = F(J=goo).
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If V =0, then there is a unique Hamiltonian flow
(61) E:Rx (H*(R*) @ FH*(R?)) —» H*(R*) @ FH*(R®) .

forany0<s<1,s—5<c¢<s+

1 1
2 2"

Theorem 3.16 (Dressed global existence). Assume Ay . Then for any Xo, € L>(R?) N FH ™2 (R?),

there is a unique Hamiltonian flow:
(62) E:Rx (Q(-A+V)®dFH?(R%) = Q(-A+ V)@ FH?(R?).

If V =0, then there is a unique Hamiltonian flow

=

(63) ‘R x (H*(R®) & FH*(R?)) — H*(R*) ® FH*(R?) .
forany0<s<1, s— % <¢<s+ % For any V that satisfies Ay, the flows E and E are related by:
(64) E:Dgw(*l)OEngm(l) ) E:Dgw(l)OEODgw(*l)

Proof of Theorem 3.16. The theorem is a direct consequence of the global well-posedness result of
Theorem 3.15, the relation E=Eo D, (1) proved in Proposition 3.12, and the regularity properties
of the dressing proved in Proposition 3.5. o

3.4. Symplectic character of D,, . To complete our description of the Schrédinger-Klein-Gordon
system, we explicitly prove that the classical dressing is a (non-linear) symplectomorphism for the
real symplectic structure {(L? ® L?)g,Im(-, -) 1262 }. We denote by dDy(0)(y,a) € L(L? ® L?) the
(Fréchet) derivative of Dy(6) at the point (u,a) € L? & L2

Proposition 3.17. Let g € L*(R?) be an even or odd function. Then for any 0 € R, Dy(0) is
differentiable at any point (u, ) € L?(R®)® L?(R?). In addition, it satisfies for any (v1, 41), (v, B2) €
L*(R?) & L*(R?):

(65) Im(dDy(0) (u,a) (v1, B1), AD g (0) (u,a) (V2, B2)) L2@ 12 = Tm((v1, B1), (va, B2)) L2@L2 -
Proof. We recall that with the assumptions on g, D4(6) has the explicit form:
D, (0)(u(@), alk)) = (ula)e 4 | a(k) - bg(k)F(1u)(k) ) :

where A, and F' are defined by Equations (51) and (52) respectively. The Fréchet derivative of D,(6)

is easily computed, and yields
AD (0) () (0(2), B(K)) = ( (v(2) = 0B, (w)u(w))e™45) | B(k) — 2i0g(k)Re (P (@) (k) )
= (i(v,8), ii(v, 8) )
where we recall that By () is A,(z) with o substituted by 8. Then we have:
Im(i(v1, B1),i(va, B2)) 2 = Im(vy,va) 2 + 29Re(<B_§1)u,v2>Lz - <v1,3g2>u>L2) :
n(ii(0n, B1). (v, B2)) 2 = (B Ba) = + 20Re({g ReF (@vn). Ba) e — {31, g ReP (s)) 1)

The result then follows, noting that (g ReF(avy),B2)r2 = (vl,BSZ)u>L2 and (81,9 ReF(tvg))r2 =
<B!S1)u71)2>L2. 4
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4. THE CLASSICAL LIMIT OF THE RENORMALIZED NELSON MODEL.

In this section we discuss in detail the classical limit of the renormalized Nelson model, both dressed
and undressed, and prove the main result Theorem 1.1. A schematic outline of the proof is given in
Subsection 4.1 to improve readability. The Subsections from 4.2 to 4.6 are dedicated to prove the
convergence of the dressed dynamics. The obtained results are summarized by Theorem 4.26. In
Subsection 4.7 we study the classical limit of the dressing transformation. Finally, in Section 4.8 we

put all the pieces together to prove Theorem 1.1.

4.1. Scheme of the proof. First of all, let us explain the main ideas that are behind our proof
of Theorem 1.1. Since the explicit form of Hyen(og) is not known, it seems a very hard task to
study directly the limit of a time-evolved family of states e Hien(00) p_ it Hren(90) gt least using
established techniques. The introduction of the classical dressing, and the relation E = D,_ (1) o Eo
D,.. (—1) (Equation (64), proved in Theorem 3.16) play therefore a crucial role. Once we combine
them with the convergence of the quantum dressing to the classical dressing “as a dynamical system”,

see Proposition 4.25, we can relate the undressed and dressed dynamics throughout the entire limit
—itH

R
ren iz Hyen
Qe €'¢

procedure. The final ingredient is the convergence of a family of states o.(t) = e
evolved with the quantum dressed dynamics to the corresponding Wigner measure E(t)#,uo evolved
with the classical dressed dynamics. Despite being technically demanding, the proof of the latter
takes advantage of the explicit expression of the quadratic form ﬁren(v ) = (-,ﬁren -} associated to
the dressed Hamiltonian. The lengthier part of the aforementioned proof is to control each term that
arises from the expansion of the quadratic form associated to [Hyen,r, W (Es)]: it is necessary to prove
that each associated classical symbol either is compact, or it can be approximated with a compact one.

In the light of the discussion above, the proof of Theorem 1.1 can be schematized through the

following steps.

(i) (Subsection 4.2). Express the average of the Weyl operator W (&) with respect to the dressed

time-evolved state g (t) = e'£H0 p_(t) "= Ho (in the interaction picture) as the integral formula

Tr[gs(t)W(g)} - Tr[QEW(f)} + i/ot Tr[gg(s)[ﬁmm[,W(gs)] ds .

(ii) (Subsection 4.3). Characterize the quadratic form associated to [Hyen.r, W (&,)], in particu-
lar prove that the associated classical symbol can be approximated with a compact symbol
(Proposition 4.9).

(iii) (Subsections 4.4 and 4.5). Take the limit € — 0 in the integral formula of Step (i) (extracting a
common subsequence for all times), thus obtaining a time-dependent family (fi;):er of Wigner

measures characterized by a transport equation
Ojiy + VT (V(t)ﬂt> ~0.

(iv) (Subsection 4.6). The transport equation of Step (iii) is solved by Eqo(—t)xE(t)4muo. Prove
that the family (fi¢);er can be uniquely identified with (Eo(—t)4E(t)x/0)ier provided that
0:(0) = po. This is achieved by applying a general uniqueness result for probability measure

solutions of transport equations proved in [7].
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v ubsection 4.7). Prove that the dressed state e pe €'= "> converges when ¢ — 0 to
Subsection 4.7). P hat the d d —1¢Too i¢T, h 0
D, (0)xp for any 6 € R, provided that g. — p.
(vi) (Subsection 4.8). Combine the results together, and use the relation E = D,_ (1)oEoDy_(—1)
to prove that o — p yields

e—iéHren(Uo) 0. eiéHren(aO) N E(t)#,u ]

4.2. The integral formula for the dressed Hamiltonian. The results of this and the next sub-
section are similar in spirit to the ones previously obtained in [5, Section 3] for the Nelson model with
cutoff and in [11, Section 3] for the mean field problem. However, some additional care has to be taken,
for in this more singular situation the manipulations below are allowed only in the sense of quadratic
forms. We start with a couple of preparatory lemmas. The proof of the first can be essentially obtained

following [5, Lemma 6.1]; the second is an equivalent reformulation of Assumption (Ap):
3¢ >0,Ve e (0,8), Vk e N, Tr[p.NF] < &F |
We recall that the Weyl operator W (€), L2 @ L? 3 £ = & @ &, is defined as:

(66) W(e) = vz (W E+uen) 75 (o (@) taen) |

Lemma 4.1. For any & = & @& such that & € Q(—=A+V) C H' and & € D(w'/?) = FH'Y/?, there
exists C(§) > 0 that depends only on [|§1]| ;1 and (€2l 2712, such that for any e € (0,€):
| Ho W ()| < C()[(Ho + &)W, Y0 € Q(Ho) ;

I(Ho +1D)Y2(N1 + 1)V 2W(€) W < C(©)||(Ho +&)2(Ny +)/2¥|, V¥ € Q(Ho) NQ(N1) -

In an analogous fashion, for any & € L*> ® L2, r > 0, there exist C(£) > 0 that depends only on ||&1]],

and ||&z2]l4, such that for any € € (0,8):

1Ny + No) 2W ()W < C(&)| (N1 + Na +8)7/20]| , ¥ € Q(NT) .

Lemma 4.2. Let (0:).c(0,5) be a family of normal states on H. Then (0:)-c(0,5) satisfies Assump-
tion (Ao) if and only if for any e € (0,&) there exists a sequence (V;(€));enw of orthonormal vectors in

H with non-zero components only in @ch/g] Hn and a sequence (Ni(e))ien € I', with each Xi(e) > 0,

such that:
=D M@ Ti(e)] -
i€N
The explicit e-dependence of V; and \; will be often omitted.

Proof. We start assuming (Ag). Let 0. = >, Ai|W;)(W;| be the spectral decomposition of g.. Then

Tr[oeNF] =D X(Wi, Nf ;) < €F = " X\(W5, (N /€)F W) < 1.
€N icIN
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Let 1z 4o0)(N1) be the spectral projection of Ny on the interval [L, 4+00); and choose L > €. Then it
follows that:

1> Tr[0- 11 400y (ND) (N1/@)F] =3 XN (Wi, 11, o) (V1) (N1 /€)F W)
ieIN

>N AL/ (Wi, L1 o) (N1) W)
ieN
Therefore (L/€)*(W;, 11, 400)(N1)¥;) < 1 for any k € N and for any ¥;. Now (L/€)* diverges when
k — oo, while (W;, 117 1 0)(N1)¥;) does not depend on k, so their product is uniformly bounded if
and only if Tz 4oo)(N1)¥; = 0 for any L > €. The result follows immediately, recalling that the
eigenvalues of Ny are of the form eny, with n; € IN.
The converse statement that Assumption (Ag) follows if 0. = D, Ai|Wi)(Vy], with each ¥; with

at most [€/e] particles is trivial to prove. -

In this subsection, we will consider only families of states (0:)-c(0,s) that satisfy Assumption (Ag)

and the following assumption:

(A7) 3C >0, Ve € (0,8), Tr[o- (N1 + Hp)] < C .

Definition 4.3 (0:(t), 0:(t)). We define the dressed time evolution of a state g. to be

b R
‘Q&_(t) — e_lgHren 0c engren ,

where the dependence on oy of lflren is omitted, and the og is chosen such that the dynamics is non-
trivial on the whole subspace with at most [€/e] nucleons (see Lemma 4.2 and the discussion in Sec-

tion 1.2). We also define the dressed evolution in the interaction picture to be

5-(t) = e's Mo g (t) e~?e Mo |

To characterize the evolved Wigner measures corresponding to g.(t), it is sufficient to study its

Fourier transform,; this is done studying the evolution of Tr[g. (t)W (£)] by means of an integral equation.

Proposition 4.4. Let (0:):c(0,5) be a family of normal states on H satisfying Assumptions (Ap)
and (A}). Then for anyt € R, Q(-A+V)® D) 3¢ =¢ @ &:

t

(67) T[a. (W) = T[eW(©O] + 2 [ Te[en(s)fenr. WEN)] s,

where £~S = ¢5(=ATV)e @ e 9, The commutator [ﬁmn,l, W(gs)] has to be intended as a densely

defined quadratic form with domain Q(Hy), or equivalently as an operator from Q(Hy) to Q(Hp)*.

Proof. The family (¢:)¢(0,z) satisfies Assumption (Ag), therefore by Lemma 4.2:

Te[g-()W(€)] = Y Aileit e it ey, W(g)eit e it frenyyyy
ieN
By Assumption (A7), it follows that ¥; € Q(Hp) for any i € IN. Hence the right hand side is
differentiable in ¢ by Lemma 4.1, since Q(Hy) is the form domain of both Hy and H,en. Using the
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Duhamel formula and the fact that e=*HoW (¢)e?sHo = W (£,), we then obtain:

. + R ) B -
Tr[ae( =2 (¢ < Uy, W) + - / <6i?H"e“\Pi,[Hren,z,W(és)]e’EH"S"‘PMS) |
€Jo
€N
where [Hyen 1, W ()] makes sense as a quadratic form on Q(Hp). The result is then obtained using
Lebesgue’s dominated convergence theorem on the right hand side, by virtue of Assumption (A;)) and
Lemma 4.1. -

4.3. The commutator [H}en’[, W(gs)] In this subsection we deal with the commutator [ﬁmn,b W(és)]
The goal is to show that each of its terms converges in the limit € — 0, either to zero or to a suitable
phase space symbol.

For convenience, we recall some terminology related to quantization procedures in infinite dimen-
sional phase spaces (see [8] for additional informations). Let Z be a Hilbert space (the classical phase
space). In the language of quantization, we call a densely defined functional & : D C Z — C a
(classical) symbol. We say that A is a polynomial symbol if there are densely defined bilinear forms
by, on Z%:P x 294 (0 <p<p,0<q<q(with p,p,q,q € N) such that

(68) A (z) = Z bp,q (27, 29) .
0<p=<p
0<¢<q

The Wick quantized quadratic form (2/)"Wi* on T',(Z) is then obtained, roughly speaking, replacing
each z(-) with the annihilation operator valued distribution a(:); each Z(-) with the creation operator
valued distribution a*(-); and putting all the a*(-) to the left of the a(-). We denote, with a straight-
forward notation, the class of all polynomial symbols on Z by @?}l)gq ene Qq(2). f & 1 2 — C and
the bilinear forms by, ,(2®7, 229) in (68) can all be written as (29, b, ,2%P) zs.4 for some bounded
(resp. compact) operator Bp g 2% — Z®:1 we say that &7 is a bounded (resp. compact) polynomial

symbol. We denote the class of all bounded (resp. compact) polynomial symbols by @azl)gq ene Ppg(2)

(resp EB(p nenz Ppg(2 )) We remark that &, & and P, defined in Section 3 are all polynomial
symbols'® on L? @ L2.
Lemma 4.5. Let (0:)-c(0,5) satisfy the same assumptions as in Proposition 4.4. Then there exist

maps B (") : Q(~A+V) @ D(w/?) — @alg yenz Qg (L2 L?), j =0,...,3, such that for any t € R,
€€ Q(-A+V)® D(w'?):

Te[a. (W ()] = Tr[e.W(©)] + isﬂ‘ / T [0 (W) (#(60)
(69) "
=T [0 +Z€] [ mleomEn s

where the (A (fs))WWk

have set B;(-) := (‘%]()>

make sense as densely defined quadratic forms. To simplify the notation, we
Wick

101n L2(R3)@ L2(R3), we adopt the notation z = (u, @); and to each u(x) it corresponds the operator valued distribution
(z), to each a(k) the distribution a(k). The Wick quantization is again obtained by substituting each (u¥ (z), o™ (k))
with (% (z),a? (k)), and using the normal ordering of creators to the left of annihilators.
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Proof. We only sketch the proof here since it follows the same lines as in [11, 62]. By (67), the only thing
we have to prove is that, in the sense of quadratic forms, é[ﬁren,la W(g})] = Z?:o W(és)Bj(gs). First
of all, we remark that Hmn’l is the Wick quantization of a polynomial symbolll; i.e. H}en’[ = (é?}) ka,
with

5 _ 1 Xoo  (a(ke=%% 1 a(k)e®® ) ulz)2de
i(w.0) = v [, s (R + alR)e™ ) ju(e) P dad
- 0 (ree(Ba(k)e™ ™ + Fuc(R)a(R)e™* ) (rac(Da(t)e

e (Z)a(Z)eM) u(z)[2dzdkdl

—%Re /]RG roo(k)a(k)e™ " 2a(x) Dyu(x)dzdk + %/}RG Vo (2 — ) [u(a) [2u(y)|2dzdy .

We also recall, according to [8, Proposition 2.10 for bounded polynomial symbols| and [62, Proposition
2.1.30 for the general case], that essentially for any </ € @?;gq) ene Dp.q(L? & L?) the following formula

is true, in the sense of forms, for any suitably regular ¢ € L? & L%

Wick

() W) () )

W(e) = (o( + 25¢)

Roughly speaking, the Weyl operators W (¢) translate each creation/annihilation operator by :F%g .

The result then follows immediately on the states o (s):

A ~ ~ ~ A ~ N - N . “ Wick
[Hren,ly W(fs)} = W(fe)(W* (gs)Hren,IW(gs) - Hren,l) = W(ge) (@@I( + 275259) - é"]()) 5
finally we define Z:;:O 9B (€)(z) = é(@‘?}(z + %5) - 5‘)1(,2)), to factor out the e-dependence. -

We state the next lemma without giving the tedious proof, that is based on the same type of

estimates given in Section 2.2 for the full operator f[ren’ I-

Lemma 4.6. For anyj =0,1,2,3, £ € Q(—=A+ V)N D(w'/?) and € > 0, there exists C;(&) > 0 such
that for any ®, ¥ € D(Hé/Q) N D(Ny), with ® or ¥ in @f:/g} H,, and for any s € R and ¢ € (0,&):

(72) (@, Bj(£:)¥)] < Cj ()| (N1 + Ho + ) /2®| - (N1 + Ho + &) /20| .

Thanks to this lemma we are now in a position to prove that the higher order terms in e of

Equation (69) (namely those with j > 0) vanish in the limit € — 0.

Proposition 4.7. Let (0:)-c(0,5) satisfy Assumptions (Ag) and (A}); let £ € Q(=A+ V)N D(w'/?).
Then the following limit holds for any t € R:
3 t
(73) lim Y &’ /0 Tr {QE(S)W(SNS)BJ' (fs)] ds=0.
1

e—0 4
j=

Proof. By Lemma 4.2 we can write 0. = Y, A;|¥;)(V;), where each ¥; has non-zero components only

in the subspace @, <(¢/.) Hn, and each A; > 0. Assumption (A},) then translates on the fact that each

HTo be precise, we are considering here the quadratic form fLrenJ, defined and different from zero on the whole space

H, since it agrees with (-, Hyep, 1) when restricted to vectors that belong to ®n<[¢/s] Hr (being here the case by
Lemma 4.2).
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U, is on the domain Q(Hp) N Q(N1), and in addition ). A\i(¥;, (N1 + Ho)¥;) < C, uniformly with
respect to € € (0,&). Therefore we can write

<Zsﬂz/\ / ‘ (W (E)e e Hen®, B;(E,)e e Hen ) |ds

Using now Lemma 4.6 and then Lemma 4.1 and the fact that N; commutes with Hren we obtain

6] Tr Qs (£4)B; &}ds

Qa W (£:)B; (&) }ds

Ej

< ZEJC Z)‘ / I(Ny + Ho + &) /2W* ()12 e |
NNy + Ho + &) /2e~ 2 Heen | ds

3 + R L
<Y OO DY N / (e7teHren, (Ny + Ho + &)e "= Hren T, ) ds
i 0

0

3 t N .
<Y ECEOCEO Y N <t<\I!i, (N1 +8)0;) +/ (eigHr"“\I/i,Hoeisz"\Ili>ds> :

Now we consider the term (e=*=Hren U, Hoe 'z Hren ). First of all we write it as

<€_i§ﬂ“’“‘1/i7Hoe_igﬁ““\l’ﬁ = <€_i§ﬁ”‘“‘1’i7 (Hyon — ﬁren,[)e_iiﬁren‘lli>

(¢/€] . . o
- S, (1) 0 a )
(74) & . O () 7 P
= > AW — (W, A (oc)e A 0 (M)
n=0

[€/€] . A
<ZQM@%WMMWﬂWM%W%wﬂWMM>

The idea now is to use the bound of Equation (36) on ‘(e‘igﬁg) \I/gn),ﬁ§n)(oo)e_i§ﬁ$) o) ‘ The
crucial point is that since we have chosen o such that the dynamics is non-trivial for any n < [€/¢],
it follows that there exist an a < 1 and a b < oo both independent of € and n such that the bound (36)
holds for any n < [€/e]. Therefore we obtain

<6_i§ﬁren\:[ji’ Hoe_i;iﬁren\]jji> S a<6_i§ﬁren\:[ji’ Hoe_igﬁren\lji> + b<\1}“ \IIZ>

(75) [€/e] )
+ 3|, ).
n=0

Now since a < 1, we may take it to the left hand side and use again (36) on ‘(WE"), f[ég)‘llgn)> ):

1 20

(76) (et EHreny, Foe 8 Hren ) < T (W HoWs) o+ (03, 0)
—Qa
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Finally, since the state is normalized (i.e. >, A\j(¥;, ¥;) = 1), we conclude:

w Te[o.(W(E)B @sws<t§jac C5(6) S0 (s M) + £k s Ho)
H 4209

3 .
<3200, O (1+ ) A (5 + How + 2 )

j=1
< tZEjC@)Cj(é) ((1 +75)C+ 2+ e) :
j=1
The right hand side has no implicit dependence on ¢, so it converges to zero when ¢ — 0. .

By the same argument used from (74) to (76) above, we can prove the following useful lemma.

Lemma 4.8. If a family of states (0c)cc(0,e) satisfies Assumptions (Ag) and (A)), then for anyt € R,
(Qg(t))se(o’s_) and (éf(t»ae(o,g) satisfy Assumptions (Ag) and (A},). In particular, there ezist a(€) < 1
and b(€) > 0 such that uniformly on e € (0,8):

(77) Trlo-(t)Nf] < €", Vk € N ;

(78) Trleo(0)(M + Hol < g O F T

and the same bounds hold for (éf(t))ee(o 5

It remains to study the limit of the By(-)-term in (69). As already pointed out in Lemma 4.5, we
know that By is a Wick quantization. More precisely, there exist a densely defined map from the
one-particle space to polynomial symbols in @ (0@ €{(1,7)|0<i,j<2:2<i+j <3} Qp,q(L &) Lg) In order to
apply the convergence results of Ammari and Nier [8], we need to show that the symbol of By may be
approximated by a compact one, with an error that vanishes in the limit € — 0.

To improve readability, we will write By(§) in a schematic fashion. The precise structure of each
term will be discussed and analyzed in the proof of the sequent proposition. In addition, as seen in
Equation (16), the dressed interaction quadratic form H(oco) can be split in three terms: the first
is just the interaction term Hj(op) of the Nelson model with cutoff (with o replaced by og), whose
classical limit has been analyzed by the authors in [5]; the second is a “mean-field” term for the
nucleons, of the same type as the ones analyzed by Ammari and Nier in [11]; the last one has a
structure similar to the interaction part of the Pauli-Fierz model [see e.g. 14-16, 79], and thus will
be called of “Pauli-Fierz type”. We will concentrate on the analysis of the Pauli-Fierz type terms of
By, while for a precise treatment of the others the reader may refer to [5, 11]. In order to highlight
the different parts of Bo(§) = Bo(&1,&2), we will underline with different style and color the Nelson,
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mean-field and Pauli-Fierz type terms:

(79) +(a*a* + aa + a*a)(&19" — &) + (§ea* — &a)* Y + (a* Dy + Dea) (&1 — £19))
+1/1*sz2¢ - w*ﬁ_zDﬂﬁ .

Proposition 4.9. There ezists a family of maps (%’ém))mem such that:

* For any m € N

B () Q(=A+ V) & D(w) — D P (L@ L?) ;
(p,a)€{(4,5)]0<4,j<2;2<i+5<3}
* For any &€ € Q(—A+V)® D(w?/*), there exist a sequence (C’(m)(f))melN that depends only on
||£||Q(7A+V)@D(w3/4) such that lim,, oo C™ = 0; and such that for any two vectors ®, ¥ €
HND(Ny), and for any € € (0,8):

(o +1)71728, (%0(6) = 2™ (€)™ (Ho + 1)7/20) | < C ()| (N +2) 20|

(80)
v+ 220
Remark 4.10. Contrarily to what it was previously assumed throughout Section 4, in this proposition
we need additional regularity on &, namely & € D(w?/4) € D(w'/?). This will not be a problem in
the following, since we will extend our results to any £ € L?(R?®) ® L?(R?) by a density argument, and

D(w?/*) is still dense in L?(R?).

Proof of Proposition 4.9. To prove the proposition, we need to analyze each term of Equation (79),
and prove that either it has a compact symbol or it can be approximated by one, in a way that (80)
holds. The analysis for Nelson terms has been carried out in [5, Proposition 3.11 and Lemma 3.15]. In
addition, using Lemma 2.5 we see that V. satisfies the hypotheses of the mean field potentials in [11],

completeness, we explicitly write the Nelson and mean field part of Equation (79):

—ik-x -

(a* +a)(&1y* — &19) = —W/ (a*(eﬁxao) + a(%xao)) (51(33)1/)*(@ - f1(m)¢(a:))dm ;

R3

Im(&)6" = —sses /R ) ( Yl (ea(ke™r &(k)ei’“'w))w*@)wx)dmk ;

It remains to study the terms of Pauli-Fierz type. This is done in six parts; in each part we group

terms that are either adjoint of each other, or can be treated in a similar fashion.

Part 1 (& aat), Era*a* ).
_ . 2 _
&aa) = —ﬁ /}RS (a(Tooe_Zk'x)) &1(x)Y(z)da .

We recall that 7o, ~ kgoo, Where g, is defined by (7) for any o < oco. Let & aau be the symbol'?

associated to £1aay), ie. &aay = (& aau)V*. Now, since roo ¢ L*(R?), we cannot expect that

12We recall that for the Nelson model Z = L2(R%) @ L2(R¢), thus we denote the variable z by u ® a.
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& aau is defined for any u, o G L?(R?), and therefore that it is a compact symbol. We introduce the

approximated symbol & aau(™ defined by

gla&w(m) — (glaau(m))Wick —

~awr [, (alrone ))& () )

with (0 )men C R such that lim,, ,o 0, = 00. First of all, we prove that (80) holds for & aar) —

Elacm/)(m):

[((Ho +1)7120, (Eraay — Eraap ™) (Ho + 1) 720 | < Ao o] (AT (w) + 1)1/
(Ho + 1 *1/2<1)||
- sup [[(@0(@) + )72 (a((re — 7)) ) (a0 (@) 1)

z€R3

(dD(w) + 1) (Ho + 1) 72Ny + ) /29| .

We use (28) of Lemma 2.7 and the fact that (dT'(w) 4+ 1)'/2(Hy +1)~'/2 is bounded with norm smaller

than one to obtain
|((Ho +1)71/20, (E10av) — Eraay ™) (Ho + 1) /20)| < st ol (roe = 75, )3 2]
(N1 + )|
< CUM(E)[|(Ny +8) 2| - ||(N +8)2

with C’(m)(fl) = C(g, fl)||w’1/4(roo — 14, )||3 for some C(£,&) > 0. The sequence (C’(m)(&))

converges to zero since by our choice of (0, )men:

meN

lim Hw_1/4(r00 — rgm)||§ =0.
m—00

It remains to show that & o™ is a compact symbol. Such symbol can be written as

&aau™ = —ﬁ 51( Vg, (K)o, (K" F )T (k)oK u(z)dedkdk' .
Now we can define an operator l;aau : (L2 &) L2)®53 — C in the following way. Let the maps 7,75 :
L?(R?) & L*(R3) — L?(R?) be the projections on the first and second space respectively. Then we

define the operator Daau as:

baau : (u,a)® € (L* @ L2)®53 —  a(k)a(k)u(z) € L*(R?) — (f, aqu) r2(ge) € C;

T2@m2@71

where f(k, k', z) = —ﬁgl(x)ﬁ,m(k)fam(k’)ei(k+k’)-w € L2(R?). Therefore byay is bounded and

finite rank, and therefore compact. The proof for the corresponding adjoint term

2
Ela*a*¢* 2\/’M Tooefzk:.z)) 51($)l/)*($)d$
can be obtained directly from the above, using the following approximation with compact symbol:

72\/1§JV[ /}R3 (a* (rameiik'z))251(5E)¢*($)da¢.

gla*a*¢*(m) _ (flaaﬂ(m))WiCk _

Part 2 (&aa*, Ea*a*y).

, 2
ELaa)* = _Mﬁ /}RS (a(rooe_’k‘x)) &1 (z)* (x)dx .
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Again we approximate this term by

Elaaw*(m) — (é'laa,a(m))Wick _ 72\/>M Tom zkx)>2£l(x)¢*(x)dm

as above. The proof that it satisfies (80) is perfectly analogous as the one for the previous term.
Therefore we only prove that & aa@(™ is a compact symbol. We define an operator baaq : (L2 &)
)% 5 12e L2 by

o (u,a)®? (LQ@B) — a(k)a(k’) € L*(R®)

T2 Rm2

( f(E K Da(k)a(k)dkdk' & 0) €L’ L?;

where f(k,k',z) = — (2)rg, (K)ro, (K)e i:HE) = By definition, we have that

2\/§M€1
Er0ai™ = ((u, ), baga(t, 0)®?) 2612 .

It is easily seen that the operator ¢uag is bounded. It is in fact compact: let 3; — B in L*(R) be a

weakly convergent (bounded) sequence such that max{ (sup, |5 - ]RG))7 1B 22 (ws) } =X < oo; then
leaaa(® = Bi)ll o e = I10F (6 K, 2), (B = B) (ks KD sz oyl o ey =20
by Lebesgue’s dominated convergence theorem, using the uniform bound
(£ K 2), (8= Bk K32 ey | < IS K@) I3 sy (1803 caoy + 1185132 )
< sirzllre, 1216 (@) € Ly (R?) .

Therefore, since Cqqg is compact and mo ® w9 is bounded, it follows that i)a(m is compact. Again, that

implies the result holds also for the adjoint term
2
% % _ 1 * —ik-x a
§ra’a’y = 57+ . (a (roce )) &(z)y(x)de .

Part 3 (£a*av), Era*ay™).

Ela*aﬂj \fM Tooe Zk.z)a(rooe_ik.z)gl(x)w(‘r)dx ’

SLatay* = —\/%M /]R3 a* (rooe_ik'x)a(rooe_ik'z)fl (x)y*(x)dz .

The proof for this couple of terms goes on exactly like the previous one, i.e. approximating r., with

ro, and showing that the corresponding operator Cga. is compact, for it maps weakly convergent

m

sequences into strongly convergent ones.
Part 4 (&a9*y, &a* ™).
Exarpep = — Y2 /Rs Im (&2(k') oo (K)e™ @) a (roge ™) ob* ()0 (z) dadk’ .
We approximate it by the symbol &aau(™ defined by:
&ay" "™ = (Goa ™)V = —F | 4 (@)xm (Do) (€ (K)o (K™ *)a(rr,, e 7)
(x)dzdk' ;
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where X, is the smooth cut-off function defined at the beginning of Section 2, while r,_ is the usual
regularization of ., defined above. First of all we check that the approximation satisfies (80). By the

chain rule, two parts have to be checked:
[{((Ha + 172, (Gaaus - Gaaw v ™)ty + 1)) < Y2572
‘<(H0 + 1)—1/2@,/ dz " () (1 = xom(Da) ) IF 2 (€270 ) (2)a(roce %% )b (x) (Ho + 1)—1/2x11>(
R3

+‘<(H0 + 1)_1/2<I>, /]1{3 dz Y™ (2) Xm (Dg)ImF (fgfoo)(x)a((roo — rgm)e_ik"”)z/}(a:)(Ho + 1)_1/2\I/> D ;

and we will consider them separately. For the first part we have:

‘<(H0 +1)" V2, /}R dz " (2) (1 = Xon (D)) IF 1 (Ea700 ) () (roce %) () (Ho + 1)*1/2\1:>(

< ZnsK (HS™ 4+ 1) 2®,, (1 = xom (D ))ImF ~ (Ea70 ) (31 ) (roce ™ F =) (HS™ + 1)*1/2\1:n>

n

< Zné‘H D72 xm D)l gy - [1F €T g - 0™ 2rec

N = D2)2HS + 1720, ||, - |ldD(@) Y2 HS + 1) 72,
<(1+ 5)||g2||fH1/2 o™ 2rse 5 - 10 = D272 (1 = xXon (D)) || o2y, - (N1 +2) 720 - ||| 5
where in the last inequality we have utilized the following bound:
nel|(1 = D2)V2(HS +1)71 20, |5, = (@, (HS + 1)-1/2dr(1 — AY(H" + 1)—1/2<1>n>m
< [|N2 @, +|ldr(-A )1/2(H(”> +1)728, ||, < (1+8)||(N1 +8)20, |,
So the first part satisfies (80), since

lim H (1—D3?)~ 1/2(1_Xm

et w)) HL‘(L2(]R3)) =0.

A similar procedure for the second part yields
[ (o + 1)*1/2<1>,/ 4z " ()X (D) F ! (€27) (@)a((roe = 75, ) ) (w) (Ho + 1)~/ )|
R3
<Nl o™ 2raclly - ko™ (e = ro ||V 2@ - | N2

i.e. it satisfies (80), for limy, oo [|lw ™ ?(reo — 7o, )||2 = 0. Now it remains to show that &aaul™ is a

compact symbol:
Eaau(™ = — T2V / ()Xo (D) IMF Y (€T 00 ) ()T, (k)™ Tk )u(z) dadk .
R6

As for the previous terms, we define an operator bogy, : (L2 &) L2)®52 — L?® L% by

B © (1, 0)®2 € (L2 @ L2)¥*° — a(k)u(z) € L*(R®) — (f’(x,Dm)u(x) @ 0) eL?®L?;

T2 @71 Cauu

where f'(z,D,) = —%me(Dm)}"l(Fama) (2)ImF ! (&7 ) (z). We can easily prove that f” :
L?*(R3) — L?(R?) is a compact operator. The cutoff function x,, € LZ(R?®) by hypothesis'®

I3We denote by L5°(R3) the set of bounded functions on R3 that vanish at infinity.
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Now both 7,, a and &7s belong to L'(R?), since r,, ,a,w'/?&,w™2r € L?*(R?). Therefore
F (7o, ) ImF 1 (&2700) € LF(R?), hence f'(z,D,) € K(L*(R?)). It immediately follows that bag.

is compact, and the proof is complete. As usual, this result implies the one for the adjoint term

Soa T = — ‘]/31 /]RG Im(fg(k’)foo(k’)eik/'x)a* (rooe_ik'x)w*(x)z/)(x)dxdk’ )

Part 5 (Dxaglz/), a*wa*fl, Dwaw*fl, a*DIEﬂ/})
Doafitp = /R E()Dea(race i)
The approximated symbol D a&,("™) is given by
Dya&iyt™ = ﬁ /]R3 &(z)Dya(r,,, e ™) y(z)dx .

First of all we prove that (80) is satisfied. Given ® € H, we denote by @, , its restriction to the
subspace H, p, = (LZ(R?’))@M ® (LQ(IR3))®SP with n nucleons and p mesons. We also denote by
X, = {x1,...,2,} a set of variables, dX, = dx; ---dz, the corresponding Lebesgue measure (and
analogously for K, dK,). The proof is obtained by a direct calculation on the Fock space as follows:

‘<(Ho +1)720, [ &(2)Dpa((ree — 74, )e ") (x)dz(Hy + 1)_1/2\I'>‘
R3

> V06D [ ((Ho+1)71/20) (X K& @)Dy (e — P, ()

rpm0 R(n+p+2)d n,p

H 1)-1/2¥ Xk, K X K
(( 0o+ 1) )n+1,p+1(x’ ni b, Kp)ded Xy dkdK,

< i Ven+1)

[ (o +1)71720) (X0 K D& (@) = (e 2l + D)
R(n+p+2)d n,p

n,p=0
-1/2 .
((H0+ 1)-V/ \I/)n+17p+1(x,Xn,k,Kp)ddenddep
< D Ve + DA V)], w2 = 1o, )]y [[(Ho+ D)7 2@ns gy,
n,p=0
[l /2l Delhn) (Ho + 1)W1 i (X1 Kpi )|
<A+, o™ 2o = ra, )], - [ (N2 + )20 -]
where in the last bound we have used Schwarz’s inequality and the fact that pw(ki) = ?:1 w(k;)

when acting on vectors of H,, ,. Now, since 1imm_>oo||w_1/2(roo — 7‘,,m)||2 = 0, Equation (80) holds

with C0™(&) = 22 [(=A + V)24, - [l 2 (re = 70,)

’ 9 It remains to show that the classical
symbol

D a&u™ = ﬁ /6 &1(2)Dpa(k)7y, (k)e™ P u(z)dzdk
R

is compact. Here we have written Dyaé;u(™ = (€1, Dyv)s, with v, (2) = (%}2)13\/;2 F Y (ar,,, ) (@)u(z);
and that is defined for any v € H'(R?). However, since & € Q(—A + V) ¢ H'(R?) and D, is
self-adjoint, we can write Dyaé ul™ = (D, &1,v)9 for any v € L2(R3). Tt follows that Dyaéul™ is

defined for any u, o € L*(R?), since a,r,,, € L? implies a7,,, € L', and therefore F ! (a7, ) € L™.
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It follows that the operator bp, oy : (L* & L2)®S2 — C defined as

®s2

bp,au : (u,)®? € (L2 @ L?) — a(k)u(z) € L*(R®) — (f", au)r2re) € C,

T2 @1

with f"(z, k) = ﬁ(Dxfl)(x)rgm (k)e~™ is bounded and finite rank, and therefore compact.

a* D, £1¢ fM/ fl rooe zkz)wa(x)dx
Again, the approximated symbol a*D,&;1) is given by
G*Dmf_ﬂ/)( fM / 51 7ﬂam 7lk a:) m’l/}( )

Equation (80) is satisfied, and the proof follows the same guidelines as the one for the previous term
Da& 7). We give the compactness proof for the symbol

aD&u™ = \/%M/ &1 (x)a(k)r,,, (k)e **Dyu(z)dedk .
R6

We rewrite it as @Dy&u™ = ((u, @), bsp,u (U, @)) 2012, With bap,, : L? ® L? — L? @ L? defined as

f=a
Q

apou (u,0) € L2@® L — u(z) € LA(R®) — (o @ f’”(k)) cl?®l?,
T

CaDgu

where (k) = \/%Mrgm (k) (k(ei’“'z&, u) 2 + (€% 7Dy &, U>L§)- Now suppose that u; — u is a weakly

convergent (bounded) sequence with bound X. It follows that, uniformly in 7,

) . 2
‘f”/ ‘ erUm (k) <k<elk.m£1,Uj>L§ 4 <ezk~mDm€1’ Uj>L§> ’
< e X2 e, ()2 (R + D& |7 € Li(R%) .

In addition, lim;_,o|f" (k) — fj’.”(k)|2 = 0; therefore ¢é5p,, is a compact operator by Lebesgue’s
dominated convergence theorem. So ba D,u 18 compact. The proofs above extend immediately to the

adjoint terms

@D =y [ 00 (rece ™) D ()

D,ay* & = ﬁ . 1/1*(sc)Dwa(rooe_ik'”)&(m)dx .

Part 6 (1D, &0, 0" &D,0).
D&t = 2L [ @D F () @i(o)de

The approximated symbol, as for the terms of point 4, contains x,,(D):

W Dybyy)™ = (277)3/2/ U (@) (D) DaF (€20 ) ()b ()
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As usual, we start proving that (80) holds. We remark that this is the only term where we need
& € D(w?/*) instead of D(w'/?).

‘<(Ho +1)7%9, . ¥*(2)(1 = Xim(Dy)) Do F ! (fgfoc> (2)0(x)dx(Hoy + 1)1/2\1/>‘

o0
§Zns

n=0

< i;onsﬂ(l = A) (1= X (D) || g 2oy (H]:fl (52,:%) |l +[l7! (kﬁzfoo) ||oo)

1= A )2 (Hy + 1) 20, |, (HDxl(HO + 1)V, 4+ ||(Ho + 1)*1/2\Izn|’m)
<21~ D)1 (D)

<(H0 +1)720,,, (1 = Xpn(Da,)) Dy, F (527"00)(11)(H0 n 1)1/2\I/n>‘

leuagmon, - o™ &l - lw™ rocl, - |

(w2 2w + 1w ) ;

hence the result follows with

m )3/2 _ _
O (g2) = 2EC||(1 = D)2 (1 = xon (D) [ oy 1° €l 0™ e,

since limmHmH(l — D2)7Y2(1 = xn(Dy)) y = 0. It remains to show that the symbol

HL(LZ(]R3)

)3/2 _ _ _
'aD:v§2u(m) = % - u(x)Xm(Da:)Dw]: ! (eroo)(m)u(x)dw

is compact. We introduce the operator EﬁD‘tu L2 ® L? — L? ® L? such that D, &u™ =

((u; @), bap,u(u; @) L2g 2

CaDgu

bap.u : (u,a) € L2 @ L? — u(z) € LA(R3) — (f””(:c, D)u(z) @ o) cl?qL?,
T

where f"(x,D,) = (?;gjf D, Xm(Dw)}'_l(ggfoo)(ac). Now f""(x,D,) is a compact operator: both

T Xm(z) and F~1 (fgfoo) (z) are in L§°(R3). Therefore byp, ., is compact. The proof extends immedi-
ately to the adjoint term

e =22 [ v @F () @Dob @)
_{

4.4. Defining the time-dependent family of Wigner measures. The last tool we need in order
to take the limit & — 0 of the integral formula (69) are Wigner measures. Throughout this section,
we will leave some statements unproven; the reader may refer to [8, Section 6] for the proofs, and
a detailed discussion of Wigner measures properties. We recall the definition of a Wigner measure
associated with a family of states on H = T'y(L2(R?) & L*(R?)).

Definition 4.11. Let (0:)cc(0,5) C Lt (’H) be a family of normal states; u € 2]3(L2 @ L2) a Borel
probability measure. We say that ju is a Wigner (or semiclassical) measure associated to (0:)z¢(0,s), 0T
in symbols pu € M(QE,E € (0,5)), if there exist a sequence (e)renw C (0,8) such that limy_, oo = 0
and

(81) lim Tr {stw(g)} :/ CVIRE(ES) 2002 41y () | VE € IR @ L2 |
L2pL?

k— o0
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We remark that the right-hand side is essentially the Fourier transform of the measure p, so considering
the sequence (e ) ke there is at most one probability measure that could satisfy (81). If (81) is satisfied,
we say that to the sequence (gc, )kew corresponds a single Wigner (or semiclassical) measure p, or

simply os, — L.

First of all, it is necessary to ensure that such a definition of Wigner measures is meaningful, i.e.
that under suitable conditions the set of Wigner measures M associated to a family of states is not
empty. Since mg > 0, it turns out that Assumption (A)) is sufficient. Assumption (A,) would be

sufficient as well, even if we will not use it for the moment.

Lemma 4.12. Let (0:)-c(0,5) be a family of normal states on H, that satisfies Assumptions (A}) and
(Ao). Then for any t € R:

(i) M(0:(t),e € (0,8)) # D ; M(a(t),e € (0,8)) #O .
(it) Any p € M(o:(t),e € (0,8)) or in M(d:(t),e € (0,&))"* satisfies:

M(Bu(O, VONQ-A+V) @ D(wlﬂ‘)) =1

(ZZZ) M{)?eO’Ue’]"
z=(u,a)€ 2 2 « d A

We recall that B, (0,V/€) = {(u,a) €L L2 ||ully, < \/E}

Proof. By (78) of Lemma 4.8, we see that o.(t) and g.(t) satisfy (Ap) and (A)) at any time. Now
() follows by [8, Theorem 6.2] and (i¢) by (iéi) and [10, Lemma 2.14]. The third point is essentially
a consequence of [11, Lemma 3.12]. However the latter result requires more regularity on the states
0e. So we indicate here how to adapt the argument to our case. It is enough to assume ¢ = 0 and
{u} = M(o-,¢ € (0,)). The operators —52- + V and w are positive (self-adjoint). So one can find
non-decreasing sequences of finite rank operators Ay and By that converge weakly to —ﬁ +V and w
respectively. In particular
by 'k = dr(Ay) ® 1 +1®dL(By) < dr(—% +V)®1+41®dl'(w) = Hy,

where by (u,) = (u, Ayu) + (a, Bya) € PPG(L? @ L?). Let P, and Q) be the orthogonal projec-
tions on Ran(Ajx) and Ran(By) respectively. Using the Fock space decomposition I'y(L? @ L?) =
[y(PLL? ® QpL?) ® I‘S(P,g-L2 @ Q,Jf-L2) where P]j- = 1— P, and Q,JC- = 1 — Qp; one can write

pVick = (bk)rlﬂ/:@’ikm@QkLQ) ® 1p, (ptr2eqrL2) and oc = 0-. Hence

Ir {stszk} =Tr [@Ebwvgffl’gkLz@QkLZ) ® lp,(ptrreqrr)| = Tir (pr2eq.re) [e’:b%”ck} ;

where ngj is a given reduced density matrix which is trace-class in I's(PyL? & QxL?). So the problem
is in some sense reduced to finite dimension. Now using Wick calculus (in finite dimension) b}"%*
can be written as an Anti-Wick operator by moving all the a* to the right of a. So, one obtains

bpVick = pA=Wick L o7 with T(dT'(Py @ Q) + 1)~" is bounded uniformly with respect to & € (0,&).

1411 this section, we have used mostly the notation D(w!/2); however D(wl/2) = FH/2 where the latter is defined in
Definition 3.4.
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Hence
T k1 A—Wick T kpWick T
lim Trr, (P r20Q12) [ngk ' } = lim Trr, (p,z20Q,12) [ngk ' } < lim Tr |:Q€H0i| <C.
For details on the Anti-Wick quantization we refer the reader to [8]; in particular it is a positive

quantization (see e.g. [8, Proposition 3.6]). Hence, we see that
Trr,(Pr2equL?) [Qﬁ(bk,x)A_W“k} < Trr,(poz2eqir?) [Qﬁbﬁfwwk}

where by, (u, ) = x(u){u, Agu) + x(a){c, Bra) for any cutoff function y € C§°(R3), 0 < x < 1.

Finally [8, Theorem 6.2] gives

/ b;w((u, Oé) du(z) = lim Tr {Qa (bk,X)A_WiCk} = lim TrFs(PkL2@QkL2) [ngb?_wwk} < C s
Z:(U,Q)GLZ@LZ e—0 e—0
and the monotone convergence theorem proves (7ii). =

As we said above, our aim is to take the limit e, — 0 on the integral equation (69), for a suitable
sequence contained in (0,&). We may suppose that the sequence (e)ren is chosen in such a way that
there exist pg € M(gs,s € (0,5)) such that (81) holds, i.e. M(st,k € ]N) = {o}. However, nothing
a priori ensures that the sequence, or one of its subsequences (e, )ienv C (€x)ken, is such that for any
teR:

lim T‘r[@ek, (t)W(g)] = / eVIR(E2) g (2) | VE € L2(RP) @ L2(RP) ;

1—00 ° L2@L2
where fi; : R — ‘I?(L2 (S3) L2) is a map such that fip = po. The possibility of extracting such a common
subsequence is crucial, since the integral equation involves all measures from zero to an arbitrary time
t. To prove it is possible, we exploit the uniform continuity properties of Tr [@E(t)W(f )} in both ¢ and

&, proved in the following lemma.

Lemma 4.13. Let (0:)-c(0,5) be a family of quantum states on H that satisfies Assumptions (Ag) and
(A},). Then the family of functions (t,§) — Go(t,€) :="Tr [ée(t)W(f)] s uniformly equicontinuous on
bounded subsets of R x (Q(—A + V) & D(w'/?)).

Proof. Let (t,€),(s,n) € R x (Q(—A +V)® D(wl/z)). Without loss of generality, we may suppose
that s <t. We write

[Ge(t.©) = Cetsm)| < [Gettom) = Gelsm)| + |G, = Gettm)

)

and define X; := ‘ée(t,n) — ég(s,n)

manipulations and Lemma 4.2:

3
Xl <Z€jz>\i/t
=0 s

i€N

, Xo 1= ’ég(t,f) — ég(t,n)‘. Consider X;; we get by standard

(e e, W (),) By (1)) e~ Fon )| ds
Now using Lemma 4.6 we obtain

3 t
X1SZ€jOj(U)Z>\i/
j=0 i€IN s

(N1 + Ho + &) W™ ((n), )£ e |

v+ B 4 )26 e as



38 ZIED AMMARI AND MARCO FALCONI

then using Lemma 4.1, and the fact that ||(77~1)SHH1 = HanHl? ||(77~2)SHFH1/2 = HTIQHFHUQ we get

X1 <C(y Z&JC /tTr{QE(s)(J\h—&-Ho-i-s)]ds

3
_j 2b(¢ =
< |t—s|C(n E & (1 a(¢)+1 é(%>+€);
:0

where in the last inequality we used Equation (78) of Lemma 4.8. Now let’s consider Xo; a standard

manipulation using Weyl’s relation yields

X < (¢ ot W — ) = 1) (N4 N+ 1) ) Te [ + N+ 1)

c(r.(2erL?)

Now we use the estimate in [8, Lemma 3.1] and obtain
Xz < € = ll 2ore (2l p2ore +1) Tr[a: (N1 + N + 1)]

_ 2b(¢
< 1€ = lzzae (BNl ears + 1) (=5 + 2255 +1)

where in the last inequality we used again Equation (78) of Lemma 4.8, keeping in mind that Ny <

Now using Lemma 4.13 with the estimates on X7, X5 above and a diagonal extraction argument,

we prove the following proposition. We omit the proof since it is similar to [11, Proposition 3.9].

Proposition 4.14. Let (0:)-c(0,5) be a family of quantum states on H that satisfies Assumptions (Ao)
and (A;)). Then for any sequence (e )rew C (0,€) with limg_,o0 e, = 0, there exists a subsequence

(ek,)ien such that there exists a map py : R — ‘ﬁ([ﬂ &3] L2) verifying the following statements:

(82) ey, () = e, VEER;
(84) O, YW (&) = pres , VE € R and V¢ € L2 @ L | with dpe 4(2) = eIVIR(E2) gy (2)

where Eo(t)z = e 7“2V @ e« is the Hamiltonian flow associated with the free classical energy
&y, and & = Eo(—t)¢. Moreover, u; and iz are both Borel probability measures on Q(—A + V) &
D(w'/?).

4.5. The classical limit of the integral formula. We are finally ready to discuss the limit ¢ — 0
of the integral formula (69). As a final preparation, we state a couple of preliminary lemmas. The first

is a slight improvement of [8, Theorem 6.13]. The second can be easily proved by standard estimates
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on the symbol %Sm)(f) which we recall for convenience:
(85)
%’(()m)(g)(u’ a) = 2i\f2<ReF(%)(m), Im(élu) (x)>2 + Z\/§<u(a:), Xm (Dz)Im (‘F(X”—\/gég)) (z)u(x)

2

+iv/2m (@), (X (D))Veo * 1) (@)u(e) ) + CRr-Tm (€ (), (]—"_1(7"%04)24-}"(1"%64)2
+F (g, ) F (1o, ) ) (),
—%Im@(x),xmwm)lm(f-l(foosg))<x>f—1<ram u(@)),

2 (61 (@), Do F (7o ) @)ula) ), = LB (84 (2), F 7, ) () D))

+ 2200 (e >,xm<Dx>Dxf‘1<foo€2><w>u<x>>2-

Lemma 4.15. Let (¢j)jen C (0,€), limjyo0e; = 0, and § > 0. Furthermore, let (oc,)jen be a

sequence of normal states in H such that for some C(§) > 0,

(86) H(Nl +N2)6/295j(N1 +N2)6/2‘

<O
LU(L2®L?) — ),

uniformly in e € (0,&). Suppose that o.; — p € B(L? & L?) then the following statement is true:

(V%e @D Pr(Ler?), lm Tr[ggj(szf)wwk} = / szf(z)du(z)>.
R j—o0 L2@ L2
(p,q)EN
p+q<26

Proof. By linearity it is enough to assume &/ € Py (L2 S2) L2) for (p,q) € IN? with p + ¢ < 2J. Let
(Pr)r>0 be an increasing family of finite rank orthogonal projections on L? such that the strong limit
s —limg 1 Pr =1 holds. Let @/g(z) := o/ (Pr ® Prz) for any z € L?> & L?. One writes

67 [1efoe ] - [ oy PG| S [T 0, ()] = T ()|
(88) o, (o)™ ] - /L . ()2
(39) [ . PRE)d(:) ~ / IOl

Using standard number estimates and the regularity of the states (o, );, one shows

Tr [Qsj (o — MR)WiCk} ‘ < J|(N1 4 N2)*"2 00 (N1 + No)22|| g1 (r2gr2) |19 — Al

where &/ and <7z denote the compact operators satisfying o7 (z) = (2®9, 7 2®P) and p(z) = (259, /R 2®P)
respectively. Since o/ = (PREBPR)@,Q;(PR@PR)@? and <7 is compact, one shows that limp_ o0 ||.;z{~—
JZZRH = 0. So the right hand side of (87) can be made arbitrary small by choosing R large enough.
According to [8, Theorem 6.2], the regularity of (¢.;); insures the bound

[ Vel duz) < CG).

Hence by dominated convergence the right hand side of (89) can also be made arbitrary small when R

is large enough since &7 (z) and @/g(z) are both bounded by c¢||z| \T{ém and 2/r(z) converges pointwise

to o (z).
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To handle the right hand side of (88), we use a further regularization. Let x € C°(R), 0 < x < 1,
x(x) = 1 in a neighborhood of 0 and x,(7) = x(;%) for m > 0. Recall that the Fock space has the
decomposition I's(L? @ L?) = T'\(PrL? ® PrL?) ® Ts(Ps L? ® P L?) where Py = 1 — Pg. In this
representation ik = (%R)\Vlg.jfllgRLz@PRLz) ® Ir,(PLr2aprsLe) and g, = 0c,. Hence using reduced

density matrices gf’j that are normalized positive trace-class operators in I's(PrL? ® PrL?), one writes

Tr[ggj (WR)WiCk} = Tf[@q (%R)FFZ(CJICDRH@PRH) ® 1F5(P]%L2®P,%L2)} = Trr, (PrL2ePrL?) [95; (ﬂR)WiCk .

As in the proof of Lemma 4.12, the Wick calculus gives that (/)" ¥ can be written as an Anti-Wick
operator by moving all the a* to the right of a. So, one obtains (@r)"i* = (a/r)A=Wick 4 T with
T(dl'(Pr @ Pgr) + 1)*%{1 is bounded uniformly with respect to € € (0,&). We refer the reader to [8]

where Weyl and Anti-Wick quantization are explained for “cylindrical” symbols. Hence

hm T‘I'|:Q5j (,!Z{R)WiCk} = hm T‘I.FS(PRLz@PRLZ) |:Q6R; (,Q{R)kail = hm TrFS(PRL%BPRLQ) I:Qg (,Q{R>A_Wi0k .

Now we define xm, r(2) := Xm(|Pr & Prz|?) and Qg’m = Xm,r(2)VY! gfj Xm,r(2)V. So one writes
(90) | Tr[off (a) A= Wick] — / o (2)dp(2)| < | Tr[ (o — o) ()~ 1ek]

L2@L2
(91) [ Team ()] — [ (o))l 2)

)

(92) + / 3o () () dps(z) — / Ar(2)dp(2)

where the traces are on the Fock space I's(PrL? ® PrL?) and the integrals are over L? @ L?. By
dominated convergence the right hand side of (92) tends to 0 when m — oo at fixed R. The right

hand side of (90) can be made arbitrary small when m — oo using the following decomposition

Weyl Weyl Weyl
(™ = 0f) = (kA =D oE xmF +0F imd — 1),

(4) (B)

which gives Tr|(A) (%R)A*W“’“} =Tr {T1T2T3T4] and a similar expression for (B) with

Ty=(Np+ 1) (¥~ D)(Ng+1)"%,  Ty=(Np+1)3oF (Ng+1)3
p+a _ ptg

Ty = (Ng+ 1)~V (N + 1), Ty = (Ng + 1)~ 55" (o)A Wick (N + 1) 55"

where Np = dI'(Pr ® Pr). The Weyl-Hormander Pseudo-differential calculus gives that T; —,, 00 0
in norm (since § > p+¢q) and that T}, i = 2, 3,4, are uniformly bounded with respect j € IN and m > 0
at fixed R (see e.g. [8, Proposition 3.2 and 3.3]).

To complete the proof, we remark that Tr [gf’m(WR)A’W“k] = Tr {gf’j XNVEL/’%’Z (atg)A~Wick \Weyl

J m,R |*
So again by pseudo-differential calculus we know that (o7g)A~Wick = (a7g)Wevl 4-¢ b(e)We¥! with b(e)

belonging to the Weyl-Hoérmander class symbol Sp,ap, ((2)PT172, éﬁé) uniformly in € (see [8, Section

3.2 and 3.4]). Therefore

: R,m A—Wick| _ 1: R _Weyl Weyl . Weyl
i T [of o) 7] i [l 0 )
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since (dT(Pr@®Pr)+1)~(@+P)/2 p(e)Wevl (dT(Pr@®Pr)+1)~P+9)/2 is uniformly bounded with respect to
¢. The Weyl-Hormander pseudo-differential calculus gives XTVK%’Z (atp)Wevt Xf:fﬁl = (x2,, rr)Vevt +

Weyl

ec(e) with c(g) € Sprapy (1, d2?) uniformly in ¢ (see e.g. [8, Proposition 3.2]). Hence, according

to [8, Theorem 6.2] one obtains
lim T o8 ()] = lim T o, ()] = [ o) ().
J j—o00 ) a2 >
This yields the intended bound on (88) and completes the proof. o

Lemma 4.16. There exists C(o¢) > 0 depending only on g € Ry such that the following bound holds
for ,%’(()m) uniformly in m € IN:
(93)
A5 (€)(w,0)| < Cloo)lll gz (Il + 1(=A + V)20l + lall s + lulla - (=& + V) H2ull}
s ol grss + Nl - 1A + V)2l - g2
It follows that:
* For any & € L2 @ L2, for any (u,a) € Q(—=A + V) & D(w'/2), limpm_e0 B™ (&) (u,q) =
Bo(&)(u, ) ; and therefore the bound (93) holds also for Ay.

* For any m € IN, %’ém)(~),.@0(~) are are jointly continuous with respect to & € L? & L? and
(u,0) € Q(=A + V) & D(w'/?).

Recall that for any og > 2K (€+ 14 &) there exists b > 0 such that the operator ﬁren(ao) -+ b is non-
negative uniformly for e € (0,€). Let (0:)-¢(0,5) be a family of normal states on I';(L*(R?) & L*(R?)),

we consider the additional assumption:
(A") 3C >0, Ve € (0,8), Tr[oe (Hren(00) + )] < C;

Proposition 4.17. Let (9:).c(0,5) C L' (H) be a family of normal states that satisfy Assumptions (Ay),
(A7) and (A)) such that'® o9 > 2K (€ + 1+ ¢&). Then:

(1) For any sequence (¢ )ken C (0,&) converging to zero, there exist a subsequence (gx,),en and a map
e R — ‘B(Lz <) L2) such that o, (t) — pt and e, (t) — fir = Bo(—t)gpe , for anyt € R .

(i) The action of e~ £ Hren(90) s mon-trival on the states o..

(ii1) The Fourier transform of fi(.y satisfies the following transport equation V& € I?q L2

(94)

t ~
[ eVt = [ Vs + ( [ B dus(2)>d8 ;
L2pL2 L2@L? 0 L2 L?

where the right hand side makes sense since %O(St)(z)eiﬂRe<ét’z> e Ly (]R, LI[L*e L2,d,ut(z)]> for
any € € L? @ L2,

Proof. The first part of the proposition (#) — (i4) is just a partial restatement of Proposition 4.14. We
discuss the last assertion in (iii) about B (&) (z)e?V2Re(2) before proving (94). Recall the fact that

15We recall that € appears in Assumption (Ag) and o¢ in Definition 2.12 of ﬁrell(ao). The condition o9 > K(€ 4+ 1)

ensures that the dressed dynamics is non-trivial on @f :/ 8] Hrn and hence non-trivial on the state g according to Lemma
4.2.
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for any ¢ € L? ® L? and for any t € R, ||§~,5||L2€BL2 = ||l p2g 2~ Using bound (93) of Lemma 4.16 we
obtain, setting Q(—A + V) @ D(w'/?) 3 z = (u, a):

[20(&) ()22

< C(o0)l€llr2gr2 (HUIlg (=2 + V) 2ull3 + el % e
Hllullz - [1(=A+ V)23 + fullz - el F e + lullz - 1(=2+ V)2l - Hozllle/a) :

Now p; € M(gg(t),e € (O,é)), therefore by Lemma 4.12, 1 (BU(O7 VONQ(-A+V)® D(w1/2)> =1
for any t € R. Then it follows that there exists C'(€) > 0 such that

<COlelmars [ (I-A+V) 2015 + [l di2)

< CO|€ll 22/ (t) 5

where J(t) < oo by Lemma 4.12. Actually, using the fact that the bound (78) is independent of ¢, it
is easily proved that J(¢) does not depend on ¢ as well, i.e. J(t) € L>(R).

We prove (94) by successive approximations. Consider Tr [éem (t)W(f)], € e L?>® L% We can
approximate & with (€0);cx € Q(—A + V) @ D(w?/*), since the latter is dense in L? @ L?, and
limy_y o0 T [@% #) (W (€) —W(g@))} — 0 uniformly in £, by Lemma 4.13. Now, for Tr [@% (t)W(g(l))}
the integral equation (69) holds. Proposition 4.14 implies that g, (t) — fiz = Eo(t)xpu, for any ¢t € R.
Therefore the left-hand side of (69) converges when ¢ — oo to fLQ@LQ eiVZRe(6®) 2) dfis(z); and that
in turn converges when I — oo to [, ®L? eiﬁRe<5’2>dﬂt(z) by dominated convergence theorem. In
addition,

| B )
L2 L?

2®L2

3 t ~ ~
li I Trloe, (s)W(ED )B; (€D )|ds=0;
tig D2 [ e, W08, a5 =0

by Proposition 4.7. It remains to show the convergence of the By term in (69). We approximate %y

by the compact %’ém), because using Lemma 4.2 and (80) of Proposition 4.9 we obtain

T [o-,, ()W (D) (Boe®,) = BE™ (€D )] < DA
i€IN

Hien

(W (0 e 5 e wy, (Bo(eD,)

{ —iz2 Hien
~B{M(gD,))e )|
< YN ) | (Ho+ 1)V + 82w (D, e
€N

W;

Hien

~H(H0 F V2N, + &)/ Ty,

Now, using the fact that C(m)(le)s) depends only on ||§(~l)
and Lemma 4.1 we obtain

1o, ()W (€D ) (Bo(6®,) — BI™(€0,)) || < S0 )06 | (Ho + 1)1/ 5
i€N

— l
SHQ(—A—FV)@D(W?’M) - ”5( )||Q(—A+V)€|5D(w3/4)

Hren

2
(N1 4 8)Y%w,

We then use Equation (78) of Lemma 4.8:

[T 0o, ()W (6D) (Bo(€®,) = B (€D) ]| < D AC €0)C (D)€ + 2) =Ly C + 245 -

i€N
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The right hand side goes to zero when m — oo uniformly with respect to €, and s by Proposition 4.9,

and therefore .

lim [ Te[on,, ()W(ED,) (Bo(e®,) — B (60,)) |ds =0

m—o0 0

So the next step is to prove

~ ~ Wick ~ . (1
lim Tr[o.,, ()W (D) (" (0,)) | = / B (E0) () VIR 2 4y (2),
L2gL?

L—>00

This statement follows by applying Lemma 4.15 with § = 2 and by checking the assumption

(95) [(N1 + N2) 0y, ()W (D) (N1 + No)ll 21 (z2022) < C,

uniformly in k, for some C' > 0. In fact (95) holds true by Assumptions (Ap)-(A7), the Higher order
estimate of Proposition A.4 and Lemma 4.1. Remark that while o., (s)W(£(1,) is not a non-negative

trace-class operator, one can still apply Lemma 4.15. In fact, one can write
Tr [Qsh ()W (D) B(()m)(g(l)s)] =Tr [W(n)gsh ()W (1) JZ{Wick} ,

for some o € @, .4 Ppo(L? ® L?) and with n = 10, Remark now that W(n)o., (s)W(n)
decomposes explicitly into a linear combination of non-negative trace-class operators satisfying all the
assumption (86) of Lemma 4.15. Note that the Wigner measures of o., (s)W(£(1,) are identified
through (84). Hence the dominated convergence theorem yields:

im [ T {9% (s)W (e® ) BS™ (50)8)}‘18 - /ot (/L

L—> 00 0

2" (§(~l)s)(Z)e“/iRe“(”s’”dus(z)> ds .
2@[/2

By Lemma 4.16, lim,, @ém)(§(l>s)(z) = Bo(¢0),)(2), so by dominated convergence theorem

t 5 . N t B . -
lim ( / @gm(g(l)s)(z)ezﬂRe@(”s’@dus(z))ds: / ( / 930(g(l)s)(z)e’ﬁRe<5(”S’z>dus(z)>ds.
0 L2@L2? 0 L2pL2

m— o0

Above it is possible to apply the dominated convergence theorem due to a reasoning analogous to the
one done at the beginning of this proof: roughly speaking, we have that %ém) (f(l)t)(z)e“ﬁp‘e@(l)t’z> €
LY (IR, Li[L* & L7 dut(z)D uniformly with respect to m € IN. In an analogous fashion we finally

obtain

t ~ ) . t ~ ) ~
lim (/ 930(f(l)s)(z)elﬁRe<§(”S’Z>dus(z)>d8 — / </ :@o(gs)(z)BZﬁRe<§s’z>dﬂs(2>>d3 .
0 L2pL? 0 L2pL?

l—o0

_{

Corollary 4.18. The transport equation (94) may be rewritten as

00) [ eVI©Ign ) = [ Ve (s
L2 L? L2 L2

t
#VE ([ eV Rl V) e di) s
0 L2p L2

with the vector field V(t)(z) = —iEq(—t) o 03 (é} — &) o Eo(t)(2). In addition i = Eo(—t) 2B ()4 p0

is a solution of Equation (96).
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Proof. 1t is proved by direct calculation, since g (Q(fA +V)e ]—'Hl/z) = 1 for any t € R by
Lemma 4.12; and E(t), Eq(t) are globally well-defined on this space (for E(t), it is proved in Theo-
rem 3.16; for Eqg(t) it is trivial). The second point is proved by differentiating with respect to time

and using Lemma 4.16 and Lemma 4.12 (4i3). =

4.6. Uniqueness of solutions for the transport equation. As discussed in Corollary 4.18, the
dressed flow yields in the classical limit a solution of the transport equation (96). The second part
of the same corollary suggests that it is important to study uniqueness properties of (96): it is by
means of uniqueness that we can close the argument and reach a satisfactory characterization of the
dynamics of classical states (Wigner measures). This subsection is devoted to prove that the family
of Wigner measures f[i; of Proposition 4.17 satisfies sufficient conditions, induced by the properties of
(0c)ee(0,5), to be uniquely identified with Eo(—t)#]:](t)#uo. We use an optimal transport technique
initiated by Ambrosio, Gigli, and Savaré [2] then extended by Ammari and Nier [11] to propagation
of Wigner measures; and imporved recently by Ammari and Liard [7] (see also [62, 64]).

In order to do that, we need to introduce a suitable topology on B (L? @ L?). Let (e;)jen C L?@ L2

be an orthonormal basis. Then

(21— 22,€5) 2122 )“2
97 , ,
7 o) = (3 oty

jeEN

where 21,2, € L? @ L?, defines a distance on L? @ L?. The topology induced by (L2 &) Lg,dw) is

homeomorphic to the weak topology on bounded sets.

Definition 4.19 (Weak narrow convergence of probability measures). Let (u;)ien C B(L? @ L?).
Then (1;)iew weakly narrowly converges to p € %(LQ ® L2), in symbols p1; — p, if

Vf e Cb((L2 @LQ,dw),R) , lim /L?eaL? f(2)dui(2) :/ f()du(z) ;

11— 00 L2®L2

where Cb((L2 @ L?, dw),]R) 1s the space of bounded continuous real-valued functions on (L2 ® L2, dw).

It is actually more convenient to use cylindrical functions to prove narrow continuity properties.

We define below two useful spaces of smooth cylindrical functions on L% @ L2.

Definition 4.20 (Spaces of cylindrical functions). Let f : L? ® L? — R. Then f € S.y (L2 @ L2)
if there exists an orthogonal projection p : L> ©® L? — L?> @ L?, dim(Ranp) = d < oo, and a rapidly
decrease function g in the Schwartz space S(Ranp), such that

Vze ’& L*, f(z) = g(p2) -

Analogously, if g € C°(Ranp), then f € C§°
support.

eyl (LQ@L2), the cylindrical smooth functions with compact

We remark that neither S, (L2 @ L2) nor Cg%.,, (L2 @ L2) possess a vector space structure. Finally,

for cylindrical Schwartz functions we define the Fourier transform:

FUlon = [ e 2Ly ),

Ranp
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where dLj denotes integration with respect to the Lebesgue measure on Ran p. The inversion formula
is then
fz) = / R 212 Ff]()dLy(n) -
Ranp

With these definitions in mind, we can prove the following lemma.

Lemma 4.21. Let (0c)ce(0,5) C L1 (M) be a family of normal states that satisfies Assumptions (Ay),
(A) and (A)); fix : R — PB(L? & L?) such that for any t € R, iy € M(d:(t),e € (0,8)). If, in
addition, [i; satisfies the integral equation (96), then the following statements are true:

* For any t € R, and for any (t;)icr C R such that lim; o t; = t,

/’Lti - Mt 5

i.e. fig is a weakly narrowly continuous map in P(L* ® L?).

* The map iz solves the transport equation '°

Oujiy + V7T (V(t)ﬁt> —0
in the weak sense, i.e.
(98) Vf e Cl, (R x (L2 & L2)> : / / <8tf + Re(Vf,V(t)>L2@L2>dﬁtdt ~0.
R JL2®L2

Proof. Let f € Sy (L2 &3] Lz). Fubini’s theorem gives

[ i@ = [ Fe ([ e ) dhn(©).

where dLRanp is the Lebesgue measure on Ranp and F(f)(&) = fRanpf(z)e_2”Re<f’Z)dLRanp(z).
Now we define Gy(t, &) = Jr2ere e2miRe(&:2) 4y, (2). Hence Equation (94) of Proposition 4.17 gives

(99) Gott. )= Golon) = [ ([ e ) )i

and this proves that ¢ — éo(t,f) is continuous for any ¢ € L? @ L? since the integrand in the right
hand side of (99) is bounded with respect to 7 by Proposition 4.17. Remark that Go(t, ) is bounded
by one for any (t,§) € R x (L* @ L?). Therefore the map ¢ = [}, f(2)dji(2) is continuous for
any f € Seyl (L2 ® L2). Finally, by an argument analogous to the one used at the beginning of the
proof of Proposition 4.17, it is easy to prove that fL2@L2 Hz|\2Lg@L2d[Lt(z) € L°(R). In fact, we know
that fi; (Bu(O, VONQ(-A+V) @ D(wl/z)) =1 by Lemma 4.12; and if z = (u, @) then the functions

o [lal3 < llall% .2, belong to L} [LZ &> L2,dﬁt(z)} uniformly in ¢ by Lemmas 4.12 and 4.8. Then
it follows that fi; is weakly narrowly continuous by [2, Lemma 5.1.12 - f], thus proving the first point.

Now we prove the second point by a similar argument as in [11] which we reproduce here for
completeness. Let g € C§° (L2 &) Lg); we integrate Equation (96) with respect to the measure

0,cyl
Flgl(n) dLy obtaining

/ L., () = / ., Ifo(2) + 2ri / t / anp( / - Re<777V(s)(z)>L2®L2d/js(z))
Flgl(n)dLp(n)ds .

16Recall that V(t)(z) = —iEo(—t) 0 95 (€ — &) o Eo(t)(z).
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Let Vg be the differential of g : L? & L? — R, where here L? @ L? is considered as a real Hilbert
space with scalar product Re(,-)r2gr2. Then, by Fubini’s theorem and the properties of the Fourier

transform, we get

o= [ g+ [ ] ReVo) Vi) o (2)s.

By Lebesgue’s differentiation theorem (with respect to t), we obtain
&e/ 9(2)dfu(2) — / Re(Vyg(2), V(1) (2)) L2 r2dfie(2) = 0 .
L2@L2 L2@L2

Equation (98) is then obtained for f(¢,z) = ¢(t)g(z), multiplying by ¢(¢) € C¢°(R, R), integrating

with respect to ¢, and finally using integration by parts. The result for a generic f € C§%.,, (lR x (L? @

L2)> follows immediately: f(t,2) = g(t,pz) for some g € C§° (]R x Ran p), and the latter can be
al
approximated by a sequence (gj(t, pz)) N CC(R) © Ce°(Ranp). .
je

We need to check an hypothesis on the vector field V(t)(z) = —iEq(—t) o 05 (éAa — &) o Eo(t)(2) to
prove the sought uniqueness result. This is done in the following lemma.

Lemma 4.22. Let (0:).c(0,5) C L*(H) be a family of normal states that satisfies Assumptions (Ag)
and (A,); i : R — P(L* ® L?) such that for any t € R, i € M(o:(t),e € (0,&)). Then
IV&)(2) p2gre € LE° (R, LI[L* & L2,d,ut(z)]), i.e. the norm of the vector field is integrable with
respect to fiz, uniformly in t € R.

Proof. By Equation (93) of Lemma 4.16 and the definition of V(¢) we have that for any ¢ € L? & L*:
[Re(g, V)| < Clo0) €l o e (1ullf + (=2 + V)20l + o ps/a + llulle - (=2 + V)20l
Hluls ol Z gz + lalla - 1=+ V)2l - ol g2
It is easy to prove an equivalent bound for the imaginary part, and hence obtain for any ¢ € L? @ L?:
(€. VO] < Colelssars (1l + 1 (=2 + V)20l + ol o + lulla - I(=A + V)23
Hlulle - e % e + llullz - 11(=A + V) 2ull, - Hallle/z) -
Therefore it follows immediately that
VO p2gre < C(Uo)(llﬂ\l% (= + V)2l + lollZ e + lullz - (=4 + V) 2ull3
Hllullz - lled% e + llullz - 1(=A + V) 2ull, - ||O‘H]-'H1/2) :

The right hand side of the above equation is in L§® (IR, L [L2 L2, d,ut(z)] ), as shown at the beginning
of the proof of Proposition 4.17. -

At this stage, we appeal to a result proved in [7, Proposition 4.1] concerning the uniqueness of

measure-valued solutions of the Liouville equation (98), which we briefly recal in the Appendix B.

Proposition 4.23. Let (0-)cc(0,s) C L'(H) be a family of normal states that satisfies Assump-
tions (Ag),(Al) and (Al)). In addition, let i, : R — P(L* @ L?) such that for any t € R, iy €
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M(8e, (t), k € N) for some sequence (i)ren with e, — 0 and fi, satisfies the integral equation (96).
Then fiy = (Eo(—t) o E(t))#ﬂo :

Proof. Observe that Lemma 4.21, Lemma 4.22 and Lemma 4.12 (¢4)-(4i%) are sufficient to apply Propo-
sition B.1 with v(¢,2) = V(t)(z) and (fi;).cr. Hence, we obtain the existence of a probability measure
7 verifying the properties (i)-(ii) in the Appendix B. The next step is to show that 7 is concentrated on
solutions of the dressed equation (S-KGI[D]) written in the interaction representation. For simplicity
one can take the interval I such that [0,7] C I, for some T > 0.

By Holder inequality, Lemma 4.12 (4i7) and Proposition B.1-(i7),

2

1/2 1/
/ ( / ||v<t>|ip@m2dt) dn(,7) < ( /] ||z|ip@mmdﬂt) < o0
X I I Hl@]:Hl/2

This means that v € L?(I, H' @ .FHl/Q) for n-a.e. So we conclude that there exists a 7-negligible set
A such that for any (x,7) € X~ A, v € WHI(I,L? @ L?), satisfy the equation

A(t) =+ / V(s)(7())ds. Vi eT;

and furthermore v € L2(I, H' @ FHY?)NL>(I, L ® L?) and V(-)(y(:)) € L' (I, L? ® L?). Remember
that D, (—1) and Eo(t) preserve the spaces H' @ FH'/? and L? ® L? (see Proposition 3.5). So by a

simple computation one checks that for any ~ as before, the curve
t—3(t) :=D,_(1) o Eo(t)(y(t)) € L*(I, H ® FHY*) N L>(I, L* ® L?)

and satisfies the Duhamel formula,

3(t) = Bo(t) o Dy (1)a — 2/0 Eo(t — $)0:(& — &)(3(s))ds, Vtel,

which is the original Cauchy problem (S-KG[Y]) with the energy & given by Definition 3.8. Remember
that we have already checked that D,_(#) are nonlinear symplectomorphisms on the phase space
L? @ L? (see Proposition 3.17). Now appealing to the result [27, Theorem 1.3], wee need to show
that 4, € L'°/3([0,T], L'*/3(R3)) N L¥([0, T], L*?/5(R3)) where 4 = (%1,72) in order to conclude that
4 is actually the unique strong and global solution of the S-KG equation with initial condition v(0) =
x € H' @ FH'Y? and belonging to C(R, H' @ FH'/?). The last statement follows by Strichartz
estimates since 1 € L?([0,T], LS(R?) N L*([0,T], L*(R3). So going back to v, we conclude that
v(t) = Eo(—t)xE(t)(x). Hence, for any Borel bounded function ¢ on L? @ L? and t € R,

[ o= [ o= [ goBo-noE@in= [ o0 B @) duola).

_{

4.7. The classical limit of the dressing transformation. Let’s consider now the dressing trans-

formation Uy (0) = e~*¢T> on H, with self-adjoint generator:

Wick

Teo = (%5-.) 07 (2) (0 (9o ™) o+ algoce ™) () ;

) 1 1 — Xoo ()
(2m)3/% | 2w (k) £ + w(k)

R3

Joo(k) = —
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The family (e’igTW)eeR

a dynamical system acting on quantum states. Therefore, given a family (¢c)ce(0,s) of normal quantum

C L(H) is a strongly continuous unitary group, and therefore can be seen as

states on H, we could determine the Wigner measures of

(100) 0-(0) = e ¥ T g ¥ T

Since T, = (Z,..) ek

that under suitable assumptions, (st — = 0, (0) = ng(Q)#u), where Dy (6) is the classical

, where 9,__ is the classical dressing generator defined in Section 3.1, we expect

dressing transformation. The last assertion is indeed true, as explained in the following. Observe that
the dressing generator T, is equal to the interaction part Hj(o) of the Nelson model with cutoff,

where \}QL is replaced by ¢goo, i.6. Too = H[(O')}Xig_ . The classical limit of the Nelson model with
w m—goe

cutoff has been treated by the authors in [5], thus the results below can be immediately deduced by
the results in [5, d = 3, Hy = 0 and % = goo]. We recall also that g, and therefore also T,, and
Dy, , depends on gy € Ry.

Lemma 4.24. Let (0:)ce(0,5) be a family of normal (quantum) states on H that satisfies Assump-
tions (Ao) and (A,). Then for any oo € Ry, (0c(—1))eec(0,e) satisfies Assumptions (Ag) and (Aj},).

Proposition 4.25. Let D, : R x Q(—A + V)@ FHY? - Q(—A + V) @ FH? be the classical
dressing transformation. Let (0:)cc(0,z) be a family of normal quantum states on H that satisfies
Assumption (Ag) and Assumption (A,) or (A}). Then M(ge,e € (0,8)) # O; and for any oo € Ry
and 8 € R,

(101) M(5:(0),2 € (0.8)) = { Dy ()t 11 € M(oer2 € (0,2))} -

Furthermore, let (e )rew C (0,&) be a sequence such that limy_, oo £ = 0. Then the following statement

s true:

(102) Oep, = & (V@ €ER, Voo € Ry, §,.(0) = Dy (9)#,u> .

4.8. Overview of the results: linking the dressed and undressed systems. Since as discussed
in the previous subsection we can treat the dressing as a dynamical transformation with its own “time”
parameter 6; we are able to link the classical limit of the dressed and undressed quantum dynamics
via the classical dressing. In this way we are able to recover the expected classical S-KG dynamics for
the undressed dynamics, and finally prove Theorem 1.1.

First of all, we put together the results proved from Section 4.2 to Section 4.6 on the renormalized
dressed dynamics and remove the Assumption (A7) with the help of an approximation argument

worked out in [10]. This is done in the following theorem.

Theorem 4.26. Let E : R x Q(—A + V)@ FHY? — Q(—A + V) ® FH'Y? be the dressed S-KG
flow associated to &. Let (0c)ee(0,5) be a family of normal states in H that satisfies Assumptions (Ao)
and (A}). Then for any oo > 2K (€+ 1+ &) the dynamics et Hien(0) s non-trivial on every relevant
sector with fixed nucleons of the state o.; M(ge,e € (0,5)) @ ; and for anyt € R

(103) M (e el g it 0) o (0,2)) = {B(t)gpt, p € Moo, € (0,9)) } -
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Furthermore, let (ex)kew C (0,€) be a sequence such that limy_,o e, = 0. Then the following statement

18 true:

(104) 0 S <Vt eR, e*l’iﬁren(aﬂ)gskeiiHren(UO) s E(t)#u) )

Proof. Thanks to the argument briefly sketched below, we no longer need Assumption (AZ). Let

X € C§°(R) such that 0 < x < 1, x = 1 in a neighbourhood of 0 and xgr(r) = x(%). The

approximation

o XR(Hrcn(UO)) Q¢ XR(Hrcn(UO))
Oc,R = - ~

Tr XR(Hren(O'O)) Qe XR(Hren(O'O))
satisfies the Assumptions (Ag), (A}), (A}) and the property

Hm“(ao)HLl(%) = ||Q€ - Qe,RHLl(H) < V(R) )

it
e

,iéﬁmn(ao) (Qs — 0- R) et

lle

where v(R) is independent of € and limp o ¥(R) = 0. The last claim follows by Assumption (A7),
Theorem 2.10 and Definition 2.12. Up to extracting a sequence which a priori depends on R and ¢, we
can suppose that .# (0., r,n € N) = {por}, #(0c,,n € N) = {po} and M(o.,(t),n € N) = {p.}.

In particular, applying Proposition 4.23 we obtain
M(e™ F enlm0) g petzifren(0) & W) = {B(t) prio,n | -

A general estimate proved in [10, Proposition 2.10] compares the total variation distance of Wigner
(probability) measures with the trace distance of their associated quantum states. In our case, it

implies
- .. it F o i =t Hyon
/2 = B(t) o, p| < liminf [|e™ = ) (g, — g ) €' 0|1 gyy < w(R),
L2®L

/ o — io.r] < limin [[os, — oe, llrge < V(R).
LZ@LQ n—roo

where the left hand side denotes the total variation of the signed measures p, —E(t)x 0,z and po—po.r

respectively. Hence by the triangle inequality, we obtain

/ e — B(t) o] < / e — B(t) po.n] + / ok — ol < 20(R)
L2pL? L2pL? L2pL?

This proves that
{E(t)#,uo} C M(eiiéH““(”")ggneiiHr““(ao), n € N),

By reversing time and utilizing the analogue inclusion above, we prove (104). -

Proof of Theorem 1.1: Observe that using the definition of the renormalized dressed evolution
0 (t) (Definition 4.3) and the definition of the “dressing dynamics” 9.(6) (Equation (100)), we obtain:

et Hren(90) it Hren(90) — o= Toe =it Hren(00) o2 Toe o= 2Toc it Hren(00) o2 Toe ((@6(71))(,5))]1) _

Let (0c)z¢(0,) be a family of normal states in #H that satisfies Assumptions (Ag) and (A4,). In addition,

as usual, let (ex)ren C (0,€) be a sequence such that limg_,o £x = 0. Then we can use Lemma 4.24,
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Proposition 4.25 and Theorem 4.26 to prove the following statement:

0ep = 1 (Vt ER, e tn(m0)g (1 e (00) D (1) 4B(H) 4Dy (~1) 4

— D, (1) o B(t) 0 ng<1>}#u) .

Therefore Theorem 1.1 is proved, since by Equation (64) of Theorem 3.16, D,_ (1) o E(t)oD,_(—1) =

E(t). To be more precise, we use the following chain of inferences:

Lem. 4.24
(st . #) Prop. 425 <Vao €ERy, 0, (—1) =D, _(—1)gpand (éek(—l))ke]N
satisfies Ass. (Ayp), (A;))
Thm. 4.26 X
ML (00 e Ry VR, (2 (-1)(0) > BORD, (D
and ((@Ek(fl))(t)) ren satisfies Ass. (Ao), (A;,))
L (e R, ((24(-1)0) (1) > Dy (1) 4B 4D (-1

"0 (g e R et g, ) B0
The inference in the opposite sense is trivial.

As it has become evident with the above discussion, we do not prove Theorem 1.1 directly; and it
would be very difficult to do so, due to the fact that we do not know the explicit form of the generator
H,en(00) of the undressed dynamics. We know instead how the dressed generator H,en(0o) acts as a
quadratic form, and that is sufficient to characterize its dynamics in the classical limit, and obtain the
results of Theorem 4.26. The properties of the dressing transformation and of its classical counterpart
are then crucial to translate the results on the dressed dynamics to the corresponding results on the

undressed one.

APPENDIX A. UNIFORM HIGHER-ORDER ESTIMATE

We prove in this section a higher-order estimate that bounds the meson number operator Ny by
the dressed Hamiltonian ﬁ((,”) uniformly with respect to the effective (semiclassical) parameter ¢ and
the cut-off parameter . Such type of estimates rely on the pull-through formula and they are known
for the P(p)2 model [76] and for the Nelson model [4]. However, since the dependence of the dressed
Hamiltonian fL(,") on ¢ is somewhat nontrivial, we briefly indicate in this appendix how to obtain an

uniform estimate.

Lemma A.1. For any e € (0,&) and any t» € D(Ns) C H,

V2| :AS\y<N2+g)éa(k>¢112 dk.



BOHR’S CORRESPONDENCE IN THE NELSON MODEL 51

Proof. Recall that Ny and a(k) depends in the parameter € according to the notations of Subsection
1.1. Taking care of domain issues as in [4, Lemma 2.1] one proves
2 i % 1 12 1 2
| Now||” = <N221/J,/RSa (k)a(k) dk N2 ) :/]RSHa(k‘)Nfz/JH dk:/]RSH(NQ—i—E)Za(k)wH dk .
_{

Recall that the interaction term H [(U)(n) is given by (13). A simple computation yields

n

[a(k)7ﬁ1(o’)(”)] = g2 [Z 1 Xo (k) e~z +%ZTa(k)eiik.mja*(raeiik'xj)

23/ )

+rq(k)e FTia(r e * %) — r (k)e kT ij] .

Lemma A.2. For any € >0 and o9 > 2K (€ + 1+ &) there exist ¢,b > 0 such that for any € € (0,&),
o9 <o <400 andn € N such that ne < €, we have

16+ )+ )4 alh), A (0) Y0+ B < ¢ (12825 -+ B

Vew(k)

Proof. According to Proposition 2.9 and Theorem 2.10, H;(0)™ is Hén)—form bounded with small
bound that is uniform with respect to € € (0,¢), 09 < 0 < +o00 and n € N such that ne < €. Hence
(Hé"))%(b + I;T((,"))’% is uniformly bounded for some b > 0. So it is enough to prove the claimed
bound with Hén) instead of f{,&’“ Now using similar estimates as in Lemma 2.6 and the fact that
\/m (b+ew(k) +H 5"))—% is uniformly bounded one correctly bounds all the terms of the commutator
except the one with a*. Remark that the commutator contains the power €2 that controls the sum
over 1 < j < n and the factor 1/@ In order to bound the term with a*, one uses the type of
estimate in [4, Lemma 3.3 (ii)] with s = 1/2. Remark that one gets an e-dependent estimate from [4,
Lemma 3.3 (ii)] by noticing that 51/4(H,§n) +1)"Y4(dl'y (w) + 1) and e'/4(Ny +1)~1/4(dTy (1) +1)1/4

are uniformly bounded!” and that a* contains /z that cancels the latter e=1/4. =1/, =

Let € > 0 and 0¢9 > 2K(€ + 1 4 £) as in the above lemma. In particular HS is a self-adjoint
operator for any ¢ € (0,), 09 < 0 < 400 and n € IN such that ne < €.

Lemma A.3 (The pull-through formula). The following identity holds true for some b < 0, any
¢ € D(N;)NH, and k almost everywhere in R3,

aB) b~ )6 = (b cwlk) - AP) alk)o
b= cw(k) = L) falk), Hi(0)™) (6~ HE) o

Proof. According to [4, Lemma 4.4] there exists ¢ € (Hon) +1)"'D(N2) such that ¢ = (b— fL(,n))w

for some b < 0. So the claimed formula is equivalent to
(b~ cw(k) — HO)a(k)y = a(k) (b — HL Yo + lalk), Hy(o) ™.

The latter identity follows by a simple computation. o

17411 () is the e-independent second quantization operator in [4]
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Proposition A.4. For any € > 0 and o9 > 2K (€ + 1 + &) there exist ¢,b > 0 such that the operator
Iﬁn) is self-adjoint and the following bound holds true:

[N29|| < el|(HEY +0)9]|, v € DH),
for any € € (0,8),0 € (09, +o0],n € IN such that ne < €.

Proof. The operator Hf,”) is uniformly bounded from below. So by choosing b > 0 large enough one

. 1
can take ¢ = (=b— H((fn))_1¢. Now it is enough to prove the estimate for ¢ € (Hén) +1)7Y2D(N2).
Using Lemma A.1 and Lemma A.3,

[Nl = [N+ ) Ralh) b+ BEO) | ak
(105) < ||(N2 + )2 (b+ ew(k) + H)a(k)o||* dk
(106) +2/ [(N2 + €)% (b+ ew(k) + A a(k), By (o) ™)] (b+ﬁ§”))’1¢>||2 dk .

Since (Ny + )2 (b + ew(k) + H((,n))_l/2 is uniformly bounded, by Lemma A.2 one shows

(106) < ¢ / I\X/&Hlm( e lk) ™4 dke - [|(b+ HE) 2"

For simplicity we denote by ¢ any constant. In the same way, one also shows

(105) < c/RSH(bJrew(k) + A 20(k) || dk

IN

o [ 0+ )+ A 2ol = o33 20+ 15 7]

R3

The last equality follows by a similar argument as in the proof of Lemma A.1. Hence, one obtains
el < e (ol + o+ 5 720]7) = e ([0 Al + 6+ 520 )

ol|(b+ H)o|>.

IN

N

The last inequality is a consequence of the uniform boundedness of the operator (b+ H{™)=1/2(b +
H,(,”))_l/2 with respect to €, and n € IN such that ne < €. 4

APPENDIX B. PROBABILISTIC REPRESENTATION

For any open bounded interval I, we denote by I'; the space of all continuous curves from I into

(L> ® L?,|| - ||12@r2) and define the following metric space
(107) X= (L0 L* Tl 2oz, +swpll - l2or2,d.))
tel
where the norm || - [[(z2@72,4,) is associated to the distance introduced in (97). For each t € I, we

define the continuous evaluation map,
er:(x,7) e ExT(E)—~(() € E.
Consider the transport or Liouville equation,

Orpir + VT(U,Ut) =0,
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understood in a weak sense as the integral equation,

(108) // Ovp(t, x) + Re(u(t, ), Vo(t, 2)) 22 dpe(x)dt =0, Vo € Cooy (I x L> @ L?).
I1JL2pL?

The following result is an adaptation of 7, Propositon 4.1].

Proposition B.1. Let v : R x H' @ FHY? — L? ® L? be a Borel vector field such that v is bounded
on bounded sets. Lett € I — py € P(H' ® FHY?) be a weakly narrowly continuous solution in
B(L? @ L?) of the Liouville equation (108) defined on an open bounded interval I with the following

estimate satisfied,

// lo(t, )|l L2qr2 dpe(x) dt < oo
I JH \QFHL/?

Then there exists a Borel probability measure 1, on the space X given in (107), satisfying:

(i) n is concentrated on the set of (x,~v) € H' @ FH'/? x 't such that v € WHY(I, L? @ L?) and vy
are solutions of the initial value problem () = v(t,(t)) for a.e. t € I and v(t) € H' @ FH/?
for a.e. t € I with v(s) = x for some fized s € I.

(ii) pe = (e¢)yn for any t € I.

Here W1(I, L? & L?) is the Sobolev space of functions in L'(I, L? & L?) with distributional first
derivatives in L'(I, L? ® L?). In particular, functions in Wh1(I, L? & L?) are absolutely continuous

curves in L2 @ L2.
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