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Lattés maps and the interior of

the bifurcation locus
Sébastien Biebler

Abstract

We study the phenomenon of robust bifurcations in the space of holo-
morphic maps of P2(C). We prove that any Lattés example of sufficiently
high degree belongs to the closure of the interior of the bifurcation locus.
In particular, every Lattés map has an iterate with this property. To
show this, we design a method creating robust intersections between the
limit set of a particular type of iterated functions system in C? with a
well-oriented complex curve. Then we show that any Lattés map of suffi-
ciently high degree can be perturbed so that the perturbed map exhibits
this geometry.
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1 Introduction

1.1 Context

In the article [15], Mané, Sad and Sullivan, and independently Lyubich in [14],
introduced a relevant notion of stability for holomorphic families (fx)xea of rational
mappings of degree d on the Riemann sphere P'(C), parameterized by a complex
manifold A. The family (fa)irea is J-stable in a connected open subset Q C A if
in Q the dynamics is structurally stable on the Julia set J. It can be shown that
this is equivalent to the fact that periodic repelling points stay repelling points inside
the given family. The bifurcation set is the complementary of the locus of stability.
A remarkable fact is that the J-stability locus is dense in A for every such family.
Moreover, parameters with preperiodic critical points are dense in the bifurcation
locus.

In higher dimension, less is known. We will only discuss the 2-dimensional case in
this paper. The research in this field mostly takes inspiration from two different types
of maps with different behaviour : polynomial automorphisms of C2 and holomorphic
endomorphisms of P?(C). Knowledge about bifurcations of polynomial automorphisms
is growing quickly. Let us quote the work of Dujardin and Lyubich ([10]) which
introduces a satisfactory notion of stability and shows that homoclinic tangencies,
which are the 2-dimensional counterpart of preperiodic critical points, are dense in the
bifurcation locus.

From now on, we are interested in the case of holomorphic endomorphisms of ]P’Z((C).
The natural generalization of the one-dimensional theory was designed by Berteloot,
Bianchi and Dupont in [3]. Their notion of stability is as follows : let (fa)aca be
a holomorphic family of holomorphic maps of degree d on P?(C) where A is simply
connected. Then the following assertions are equivalent:

1. The function on A defined by the sum of Lyapunov exponents of the equilibrium
measure jif, : A+ x1(A) + -+ + xx(A) is pluriharmonic on A.

2. The sets (J*(fx))rea move holomorphically in a weak sense, where J*(f\) is
the support of the measure py, .

3. There is no (classical) Misiurewicz bifurcation in A.
4. Repelling periodic points contained in J*(fx) move holomorphically over A.

If these conditions are satisfied, we say that (fa)xea is J*-stable. If (fa)aea is not
J*-stable at a parameter Ao, we will say that a bifurcation occurs at Ao.

A major difference with the one-dimensional case is the existence of open sets
of bifurcations. Recently, several works have shown the existence of persistent bi-
furcations near well-chosen maps. By [3], to obtain open subsets in the bifurcation
locus, it is enough to create a persistent intersection between the postcritical set and
a hyperbolic repeller contained in J*. Dujardin gives in [9] two mechanisms leading
to such persistent intersections. The first one is based on topological considerations
and the second uses the notion of blender, which is a hyperbolic set with very special
fractal properties. Both enable to get persistent bifurcations near maps of the form
(z,w) = (p(2), w? + K). The results of Dujardin have been improved by Taflin in [18].
Taflin shows that if p and ¢ are two polynomials of degree bounded by d such that
p is a polynomial corresponding to a bifurcation in the space of polynomials of de-
gree d, then the map (p, q) can be approximated by polynomial skew products having
an iterate with a blender and then by open sets of bifurcations. Note that the idea
of blender arised in the work of Bonatti and Diaz on real diffeomorphisms ([6]) and
already appeared in holomorphic dynamics in the work of the author ([5]).

Lattés maps are holomorphic endomorphisms of P2 (C) which are semi-conjugate
to an affine map on some complex torus T (see [11] for a classification and [4] for



a characterisation of Lattés maps in terms of the maximal entropy measure). It is
natural to be interested in these maps in the context of bifurcation theory because
their Julia set is equal to the whole projective space P?(C). This property seems to
have a great potential to create persistent intersection between the postcritical set
and the Julia set even after perturbation. Berteloot and Bianchi proved in [2] that the
Hausdorff dimension of the bifurcation locus near a Lattés map is equal to that of the
parameter space.

1.2 Main result

Dujardin asked in [9] if it was possible to find open sets of bifurcations near any
Lattés map. In this article we give a partial answer to this question. Here is our main
result :

Theorem. For every two-dimensional complex torus T, there is an integer d (depend-
ing on the torus T) such that every Lattés map defined on P?(C) of degree d' > d
induced by an affine map on T is in the closure of the interior of the bifurcation locus
in Holy .

Let us point out the scarcity of tori which are associated to some Lattés example
on P?(C) (the classification is discussed in section 3). We also remark that the degree
d is unknown (the situation here is similar to Buzzard’s article [7]). Moreover, d
depends on the torus T (see subsection 1.3). This is due to the necessity of making
only holomorphic perturbations. As a consequence of the theorem we get :

Corollary. For every Lattés map L of degree d, there is an integer n(L) such that for
every n > n(L), the iterate L™ is in the closure of the interior of the bifurcation locus
in Holgn .

The Theorem also implies that there are no open subsets of Lattés maps in the
family of endomorphisms of P?(C) (if one does not need to iterate). Indeed, for such
an open set of Lattés maps, the Lyapunov exponents would be minimal (see [4]) and
the sum of Lyapunov exponents would be pluriharmonic, but the Theorem implies
that this set intersects open sets of bifurcations where the sum of Lyapunov exponents
is not pluriharmonic (by [3]).

1.3 Outline of proof

To prove this result, we create persistent intersections between the postcritical
set and a hyperbolic repeller contained in the Julia set. Our proof has two main
parts : first, we create a toy-model which allows to obtain intersections between the
limit set of some particular type of IFS, called correcting IFS, and a quasi-line that
is "well-oriented". Then, in a second time, we perturb the Lattés map to create
both the correcting IFS and the well-oriented curve inside the postcritical set. This
construction exhibits properties somehow similar to the blenders of Bonatti-Diaz ([6]),
with the difference that the covering property holds at the level of the tangent maps
of the IFS (see also the notion of parablenders appeared in the work of Berger ([1])).

In a first part, we develop an intersection principle (see Proposition 2.1.6). A grid
of balls G in C? is the union of a finite number of balls regularly located at N* vertices
of a lattice defined by a R-basis of C. If we consider a line €, a pigeonhole argument
ensures that if € is well oriented and G has a sufficient number of balls N = N(r)
(where r is the relative size of a ball compared to the mesh of the grid) then € intersects
a ball of G. We consider a class of IF'S such that each inverse branch is very close to a
homothety. When we iterate them, a drift can appear : the iterates become less and
less conformal. Our class of IFS (called correcting IFS) is designed so that they have



the property of correcting themselves from the drift. A linear correction principle is
given in Proposition 2.2.2. In subsections 2.3 and 2.4, we treat the case of a curve
close to a line and an IFS close to be linear. Our interest in such IF'S is that any well-
oriented quasi-line € intersects the limit set of a correcting IFS. To prove this result,
which is Proposition 2.4.1, we ensure that at each step the quasi-line € intersects a
grid of ball G’ which is dynamically defined with the inverse branches of the IFS.
Then we use inductively the intersection and the correction principles to ensure that
at the next step, € intersects a grid of balls G'*! with bounded drift. The intersection
of the grids G is in the limit set, so we produce an intersection between ¢ and the
limit set of the IFS. Since the property of being correcting is open, this intersection is
persistent.

In the second part, we make three successive perturbations of a Lattés map L,
denoted by L', L” and L', in such a way that L"’ has a robust bifurcation. We work
in homogenous coordinates and do explicit perturbations of the following form :

[PlZPQIP3]—)[P1+R1P32P2+R2P32P3}

where R; and R» are rational maps. An important technical point (Proposition 3.2.1)
is that we can choose the coordinates so that Ps; splits. Then if Ry and Rz are well
chosen the degree does not change. The first perturbation L' (Propositions 4.4.4 and
4.4.5) is intended to create a correcting IFS in a ball B in C?>. Another important
technical point is that we can find some critical point ¢ which is preperiodic, with
associated periodic point p. such that both the preperiod n. and the period ny. of the
preperiodic critical orbit are bounded independently of L (see Proposition 3.3.1). Then
we want to create a well-oriented quasi-line inside the postcritical set which intersects
8. The second perturbation L” in Lemma 4.5.10 ensures that the postcritical set at
pe is not singular. The third and last perturbation L” is given in Lemma 4.5.11. Tt is
intended to control the differential at p.. This allows us to fix the orientation of the
postcritical set at p. and then we use the linear dynamics of the Lattés map L on the
torus T in order to propagate this geometric property up to B (see Proposition 4.5.3).
Note that the periodic point need not lie in 2B8. At this stage we have both a correcting
IFS and a well-oriented quasi-line so we are in position to conclude in section 5.

In particular, let us point out that the bound d on the degree is fixed in 4.2.12,
4.2.13 and 4.2.14 : d = max(d',d?,d?). Here d* is fixed to ensure that there are suffi-
ciently many inverse branches in the IFS to apply Proposition 2.4.1. d? is intended to
make the first perturbation possible in Proposition 4.4.4. (section 2 plays an important
role in the determination of d?). Similarly, d* is fixed to allow the second and third
perturbations in Lemmas 4.5.10 and 4.5.11 along the periodic orbit (whose length is
bounded in subsection 3.3 and important to fix d®). It is also interesting to remark
that the bound d? comes from an interpolation. This has some similarities with the
article [7] where Buzzard uses a Runge approximation with polynomial automorphisms
of sufficiently high degree in order to prove the existence of Newhouse phenomenon
in the complex setting. In particular, d' depends on the torus (the number of inverse
branches depends on the size of a ball B depending on T) and it is also the case for
d? (which depends on the integer 4(T) defined in Proposition 3.2.1).

In section 2, we develop the theory of intersection between a quasi-line and the
limit set of a correcting IF'S : the intersection principle and the correction principle
are respectively stated in subsections 2.1 and 2.2 and we prove the intersection result
in subsection 2.4. In section 3, we provide background on Lattés maps and prove
a few properties which will be useful later. Some complications arise from Lattés
maps whose linear part is not the identity. In section 4, we develop the perturbative
argument. After giving some preliminaries (subsection 4.1) and fixing many constants
(subsections 4.2 and 4.3), we create a correcting IFS in subsection 4.4. In subsection



4.5, we create a well oriented curve inside the postcritical set. Finally, we conclude in
section 5 by applying the formalism of subsection 2.4 to the perturbed map L.

Acknowledgments : The author would like to thank his PhD advisor, Romain
Dujardin. This research was partially supported by the ANR project LAMBDA, ANR-
13-BS01-0002.

2 Intersecting a curve and the limit set of an IF'S

2.1 Linear model

In this section, we will work with an IFS, whose maps are small perturbations of
homotheties of the form % -Id with a € R* and |a| > 1. This IFS will be obtained by
perturbating a Lattés map and its limit set will have persistent intersections with a
curve.

Definition 2.1.1. Given a R-basis (u1,us2,us,us) € ((C2)4, a point o € C2, an in-
teger N and r € (0,1), by a grid of balls we mean the union of the balls of radius
r.mini<;<q ||ui|| centered at the points o + tuy + juz + kus + klug where —N <
1,7, k,1 < N are integers. We will denote it by G = (u,0,N,r). The middle part
of G is the set {o + xu1 + yua + zus + wus,0 < |z|,|y|, |2, |w| < §}. The hull of
G s the set {0 + zui + yus + zus + wus,0 < |z, |y|, |z, |lw| < N}. The size of G is
size(@) = 2N - maxi<i<a ||uil].

In the following, the parameter r will be bounded from below and we will let
maxi<;<4 ||[u;i|| = 0 so that the radius of the balls r.min;<;<4||u;|| will tend to 0. The
integer N will be taken sufficiently large to satisfy some conditions depending on the
degree of the Lattés map. Herebelow the notions of "opening" and "slope" are relative
to the standard euclidean structure of C2.

Notation 2.1.2. For a non zero vector w € C2 and 6 > 0, we will denote C**° the
cone of opening 0 centered at w.

Notation 2.1.3. For any quadruple of non zero vectors w1, ws,ws,ws in C2, we will
denote W = (w1, wa,ws, ws) its projection onto P(R®). For any matriz U € GLa(C),
we simply denote by U- the induced action on P(R®).

Definition 2.1.4. The middle part of a ball (resp. the %-part) is the ball of same
center and & times its radius (resp. 3 times its radius).

Definition 2.1.5. A holomorphic curve C is a (g, w)-quasi-line if C is a graph upon

a disk in C-w of slope bounded by e relative to the projection onto w. A (e, w)-quasi-

diameter of a ball B is a (e, w)-quasi-line C intersecting the ball of same center as B
1

and of radius {5 times the radius of B.

Here is our "intersection principle" :

Proposition 2.1.6 (Intersection Principle). For every u € (C*)*, r > 0, n > 0 and
wo € C?, there exists a neighborhood N'(u) of @ in P(R®), there exists 0 > 0, N(r) > 0
and a vector w € C? with ||w — wo|| < 1 such that the following property (P) holds :

(P) For every grid of balls G = (v,0,N,r) such that v € N'(u) and N > N(r), for
every (0, w)-quasi-line of direction in C*%° intersecting the middle part of the grid of
balls G, there is a non empty intersection between the (0, w)-quasi-line and the middle
part of one of the balls of the grid.

Moreover, property (P) stays true for w' sufficiently close to w.



Proof. Let us first prove the result in the case of a line intersecting the grid of
balls. After composition by a real linear isomorphism if necessary, we can suppose
(u1, u2,us,us) = (e1,ie1, e2,ie2) where e; = (1,0) and e2 = (0,1) so that the centers
of the balls of the grid have integer coordinates. Let us take wy = %el + X240+ 2o+
%iez such that ||wi —wol|| < 7 with rational coordinates a1, a2, az, aa, 8 € Z. We take
m = LlT—OJ Then, let us take the vector w = wi + m%,jel + ﬁ%iel + #%62—5— ﬁ%ieg and

N > 108m® = N(r). We can increase m if necessary so that w satisfies ||w —wo|| < 7.

Lemma 2.1.7. There is a non empty intersection between any line of direction in
C*% intersecting the middle part of the grid of balls G and the middle part of one of
the balls of the grid of balls if 0 is sufficiently small.

Proof. We divide each mesh of the lattice into m* hypercubes. To each of these
hypercubes, we can assign the quadruple of integers given by the coordinates of a
given corner. Taking new coordinates by making a translation if necessary, we can
suppose that the union of the middle parts of the balls of the lattice contains the
union of the hypercubes whose four coordinates are all equal to 0 modulo m. Let us
take a point xo of the line inside the middle part of the lattice, and for every k € N,
we denote : xp = xo + k- w. Then, we have that :

[Zrypma] = [2r1] +1  (mod m) and (241 5m22] = [Tk2] +1 (mod m)

[Zripms ) = [2r3] +1 (mod m) and [Ty g4 4] = [Tha] +1  (mod m)
Since N > 108m® = N(r), the previous relations imply there exists some z,, which
intersects some hypercube of integer coordinates congruent to (0,0, 0, 0) inside the grid
of balls. This implies that the line intersects the middle part of one of the balls of the
grid. O

This intersection persists for any line of direction in C**2° and for any 7 in a small
neighborhood A '(u) of w. Then, the result stays true if we take (6, w)-quasi-lines for
6 sufficiently small since property (P) is open for the C"' topology and w’ sufficiently
close to w. O

The following corollary gives the same conclusion as the previous result but this
time with more than one possible direction for the quadruple of vectors of the lattice.

Corollary 2.1.8. For every finite subgroup M C Mats(C), for every u € (C?)*, there
exists a neighborhood N'(u) of T in P(R®) such that for every r > 0, there exists 6 > 0,
N(r) > 0 and a vector w € C* such that the following property (P) holds :

(P) For every U € M, for every grid of balls G = (v,0,N,r) with v € N(u) U
U-Nw)U---uU° D=1 N (u) and N > N(r), for every (0, w)-quasi-line of direction
in C*¥%% intersecting the middle part of G, there is a non empty intersection between
the (0, w)-quasi-line and the middle part of one of the balls of the grid.

Moreover, this proposition remains true for w’ sufficiently close to w.

Proof. We just have to apply ord(M) times Proposition 2.1.6. O

2.2 Linear correction principle

Notation 2.2.1. We will denote by Mato(C) the metric space of (2,2) complex ma-
trices with the distance induced by the norm ||.|]| = ||.]|2,2-

In the following, x will be a real positive parameter. We remind that in a first
reading it is advised to assume that U = I5. The following proposition is the "linear
correction principle" we discussed in the introduction.



Proposition 2.2.2 (Linear correction principle). For every finite subgroup M C
Mato(C), there ewists an integer n > 0, (n + 1) balls VO, V', ... V™ C Matq(C)
such that for every 0 < x < 1, there exists a neighborhood U, of I in GL2(C),
two open sets U, C U, C GL2(C) which are union of balls U, = U, <,<,Us)" and
Uy = Uy<pen U such that - (U,)P C (U)" for each 1 <p <n with the following
properties :

(i) If M € U, U € M and j €N, then for every Mo € (z-V°) :
U'MU (I + Mo) € U™ - (U, UUL)

(ii) If M € Uy, U € M and j € N, then there exist two integers 1 < p,p’ < n such that
M € (U},)* with the property that for every Mo € (z-V°) and for every M, € (x-V"/),
we have :

U'MU(I> + My) € U (Ul))?

U'MU(I2 + Mo)U(I + M) € U™ . U,

Proof. We consider the vector space Matz(C) ~ R®. Let us consider a covering of the

sphere of center 0 of radius 7 (which will be chosen later) S(0,r) by n balls B(X, 557)

of radius 21—07'. The following geometrical lemma is trivial :

Lemma 2.2.3. For every 1 <p <n, X € B(Xy, 157), we have : || X — Xi|| < 37

Now, let us calltfy = B(I2,7), (U7)? = B(I2+Xi, 557) and (U1')? = B(L2+Xi, 157)
for each 1 < p < n, Ul = U<, U)" and Ui = U<, U)?. Increasing the
number n of open sets (I )? if necessary, we can suppose that for every U € M and for
each p < n, there exists p’ < n such that (U])?-U = U-U})” and U))?-U = U-U})? .
Lemma 2.2.4. There exists 7o > 0 such that if r < 7o, for every Y € (U{)? :
Y(IQ — X»L) S B(Iz, %7‘)
Proof. The Taylor formula gives us that at 0 at the first order in X :

(L+X)Ia— X)) =L+ X — Xi+0@?)

Then, if r is sufficiently small, Lemma 2.2.3 implies that for every X € B(X;, 1—101“) :

(Is + X)(Is — X3) € B(I, %T)

This means that for every Y € (Uy")? : Y (I — X;) € B(I2, %r) O
Now, it is clear it is possible to take sufficiently small balls V°, V1, ..., V" centered
at 0, — X1, ..., —X,, such that :

- If M € U, then for every My € V°, we have : M (I> 4+ M) € (U UUY)
- If M € U, then there exists 1 < p < n such that M € (U])P and for every My € VO,
we have : M (Iz + Mo) € (U7')?.

The previous lemma implies that if M € (U])? and Mo € V° are such that M (I> +
Moy) € (U7')?, then for every M, € VP, we have that : M(Io + Mo)(I2 + M,) € U.
Then, properties (i) and (4¢) are verified for z = 1 and U = I5. For each 0 < z < 1,
let us take the balls - V° 2- V', .. 2- V™ C Mats(C) and let us apply the homothety
of factor x of center I> to the sets Ui, Ui, Uy, (U1)P and (U;')P to get the sets U, Uy,
Uy, (U,)? and (U2 )P such that properties (i) and (ii) are verified for z < 1 and U = I5.

Let us now suppose that U # I>. The inclusions UIMU (I + Mo) € U - (U, UUL)
and U MU (I2 4+ Mo) € Ut . (U2))?P are still true by reducing V° a finite number of



times if necessary. Let us take p < n and p’ < n such that (Uj)? - U = U - (U])? and
M, € V? . Then :

U7 U UL+ My) =U? U - (U - (I + M)

= U7 U (I + M) C UPH .,

This implies that for every Mo € (= ~_V0) and for every M, € (z - _Vp/), we have
U'MU(Iz + Mo) € Ut - (U)P and U MU (12 + Mo)U(I2 + M) € U2 . U,, which
concludes the proof of the result. O

Let us point out the following obvious result for later reference. Remind that A (u)
was defined in Proposition 2.1.6 and U, comes from Proposition 2.2.2.

Proposition 2.2.5. For every u € (C?)*, there ewists a number x(u) > 0 such that
for every 0 < x < x(u), for every M € (U, UU,), then M -u belongs to N (u).

2.3 Quasi-linear model

Here we slightly perturb the linear maps we used before but we show we can keep
results on persistent intersections. Let us recall that the integer n was defined in
Proposition 2.2.2. Let us remind that M C Mat2(C) is a finite subgroup.

Definition 2.3.1. Let f be a linear map defined on an open subset V of C2. We say
that f is linear of type (z,p) for any 0 < p < n if f can be written f = 1(A+ h) with
a€C,Aec M and h € z- VP (where VP was defined in Proposition 2.2.2). The
modulus |a| is called the contraction factor of f.

Let f be a smooth map defined on an open subsetV of C2. We say that f is quasi-linear
of type (x,p) if the differential Df, is linear of type (z,p) for every o € V, this is :
f=A+ h) with h smooth and Dh, € - V? for every o € V (A and a depend only
on f but not on o).

The following can be seen as a consequence of Proposition 2.2.2 in the quasi-linear
setting. Remember that z(u) > 0 was defined in Proposition 2.2.5.

Proposition 2.3.2. Let M C Mat2(C) be a finite subgroup of unitary matrices.
Reducing z(u) if necessary, for every grid of balls G = (u,0,N,r), for every quasi-
linear map f of type (x,p) such that x < x(u) with 2|a| - size(G) - || fl|lc2 < § and
such that G is included in the domain of f, there is a grid of balls G' = (u',0', N,r")

included inside f(G) with v’ = (Df)o-u and :
v’ =r —2|a| - size(G) - || f||c2

Proof. We just have to take o' = f(0), u’ = (Df), - u with Df, linear of type (z,p).
Remind that by definition, the size of G is size(G) = 2N - maxi<;<4 ||us||. When
[|fllc2 = 0, the image of G under f is a grid of balls G’ of same relative size r’ = r,
each ball of G’ is the image of a ball of G under f = 2(A + h). Reducing z(u) > 0
(independently of f) if necessary, we have that the radius of a ball of G’ is between

and %‘ times the radius of a ball of G.

_1
2|al
If ||f]lcz # O, the image of each ball of G under f still contains a ball of G’ but
this time by the Taylor formula there is an additive term smaller than size(G) - || f|| o2
in the differential of f. Then the relative size r’ is such that :

oy s7(G) lflle

= 1

. =r — 2|a| - size(G) - || f||c2

2a|



2.4 Intersecting a curve and the limit set of an IFS in C?

In this subsection, we give an abstract condition ensuring the existence of an
intersection (robust by construction) between a holomorphic curve in C? and the limit
set of an IF'S. This will be the model for robust bifurcations near Lattés maps. Remind
that n was defined in Proposition 2.2.2, N, w, 6 in Proposition 2.1.6. Remind that
the middle part and the %—part of a ball were defined in Definition 2.1.4, the middle
part and the hull of a grid of balls were defined in Definition 2.1.1. In the following,
for a holomorphic map G defined on a (closed) ball B C C?, we will denote ||G||c2 =
maxsgy || D?G||.

Proposition 2.4.1. Let (G1,...,G,) be a IFS given by q maps defined on a ball B C C?
of radius R > 0 satisfying the following properties :
1. Uy<j<, 9i(B) contains a grid of balls G' = (u', 0, ng, ) with ¢ = (2ne + 1)*
such that each G;(B) contains a ball of G*
2. the contraction factor of the IFS (Gi,...,Gq) is |a| > 2
3. there exist (n + 1) balls Bo,B1,...,Bn C B of radius larger than v - R (with
0 < v < 1), such that the %—parts of Bo,B1,...,B, are included in the hull
of G, and satisfying the Jollowing property : for each 1 < j < g such that
Gi(B) C By, G; = L(A+ hy) is quasi-linear of type (z,p) with x < x(u')
and a,A do not depend on j. Moreover, J,-,,G;(®Bp) contains a grid of balls
I, = (ul,oll,,nc,sl) for each 0 < p < n with s* > v 7!
1

10 v-
4. ’I’LG>7'N( 10)

el
5. lal - R- maxi<j<q(l|Gjllc2) < 555

Let € be a (0, w)-quasi-line of direction in C™% such that € intersects the middle part
of G*.

Then € intersects the limit set of the IFS (Gi,...,Gq).

Definition 2.4.2. We say that (G1,...,Gq) is a correcting IFS when the conditions 1,
2, 8, 4 and 5 are satisfied.

Proposition 2.4.1 will be the immediate consequence of the following lemma :

Lemma 2.4.3. There exist (n + 2) sequences of grids (G j>1 = (W, 07, ng, ) 51
and (I'})j>1 = (W, 05, na,s’)j>1 with 0 < p < n such that we have the following
properties :
1. For every j > 1, G7 is included inside a ball of Gt and for every j > 1, there
are iy, ...,i;—1 < q such that : G C (Gi, 0...0Gi,_,)(G")
2. Foreveryj>1,0<p<n:T}C(Gyo..0G, )I})
3. For every j > 1, D(Giy0...0Gi, )0 € A7 (U UUY) and for j > 2 :

j=2 iz2
_ 1 ; 1
7> r'—9lal-R- max . E — and s’ > s'—2|al-R- max j
2 | | lg]_gq(HgJHCQ) £ la]! = lal 1§qu(||gj||cz) ; lalt

4. For every j > 1, there exists 1 <p; <n such that the quasi-line € intersects the
middle part of a ball of F{,j

Proof. The proof of this lemma is based on an induction procedure. We begin by an
initialisation called Case 0 where we pick the grids of balls at the first level G' and
F;, for 0 < p < n. We intersect for the first time the quasi-line € with a ball and we
construct the grids at the second level. Case 0 is somewhat different from the rest of
the demonstration because we do not not control the initial position of €. Then, Case



1 has to be thought as the most frequent situation : € intersects a grid of balls whose
geometry is good enough, and we can intersect € with a new grid whose geometry is
very close to the previous one. Then, it may happen a time when the geometry of this
grid is too deformed. Then we apply a "correction" (Cases 2 and 3), which leads back
to Case 1.

Case 0 : initialization

By hypothesis, U, ~,,G;i(®B) contains a grid of balls G' = (u',0',ng,r") and simi-

1,0117,11(;,51) foreach 0 <p<n

larly U, <<, Gj(®Bp) contains a grid of balls I = (u
with s' > v -r'. So, for the first step j = 1, the (n 4 2) grids of balls are already

constructed.

By Corollary 2.1.8, € intersects in its middle part a ball of 'j : indeed, T'§ is a grid of
balls such that ul € NV(u'), we have s* > v-r* > “igl and ng > 2. N ( "igl ) > N(Viol )
(beware that the matrix A corresponds to the matrix denoted by U in Corollary 2.1.8).
Then it intersects the ball G, (B) of G* which contains this ball of T'§. According to
Proposition 2.3.2, there exists a grid of balls G* = (u?, 0%, ng, r?) included in G;, (G*).
We have u2 € A - N(u) and 7% > r! — 2|a| - size(G") - maxi<;j<q(]|Gi|lc2) > vt —
2la|+ R-maxi<;<q(||Gjllc2) > %. Applying Proposition 2.3.2 to the grids of balls ',
(0 < p < n), there exist (n+1) grids of balls T = (u?, 02, ng, s*) included in G;, (I'}) for
0<p<n Wehave: u2 € A-N(u') and s> > s' —2|a| size(T'}) -maxi<j<4(||Gj||c2) >
s' —2lal - R-maxi<;<q(|G5ll02) > 45

Let us now suppose by induction that the (n + 2) sequences of grids of balls satis-
fying (1),(2),(3) and (4) are constructed up to step j with the additional properties
that € intersects in its middle part a ball of Fg,;_l and that the following property is
verified : '

1

(Q) For every 4 such that (G;, o ... 0 Gi;_, 0 Qi)(Gl) - Ff,;_ll, we have :
D(Giy 0...0Gi,_, 0Gi)g1 € AV (U UUY)

Let us construct the grids of balls at the next step. The proof is inductive, at each step
of the proof we are in one of the three cases we are going to discuss, which differ by
two parameters. We have a quasi-line intersecting a grid of balls and we have to make
a different choice to intersect a ball corresponding to one of the (n + 1) types of dif-
ferentials we introduced earlier. Note that after Case 0, we will necessarily be in Case 1.

Case 1 : D(gll O0...0 gij71)01 S Aj_l Ux and pPj—1 = 0

By construction, € intersects in its middle part a ball B(J)‘*l' of the grid of balls ng'
Since I} = (u’,0},ng,s’) is a grid of balls such that T C (Gi, o ... o Gi;_,)(T'g)
and D(Giy 0...0Gi, 1)1 € AI7Y . U,, we have according to Proposition 2.2.5 that
w e AT7! -N(u'). The relative size of By compared to B is equal to v, the %—part of

9B is included in the hull of G' and ng > 22 ~N("1"(;1 ). Then it is possible to take an
union of balls of T} included in B} ™" which form a grid of balls I of basis u/, relative
size s7 and with (%V -ng)?* balls. By construction, we can take I such that € inter-
sects the middle part of I'. Since u/ € A7~1 N (u!), s > ”igl and {5v-ng > N(”l’o1 )
we have according to Corollary 2.1.8 that € intersects in its middle part a ball of I'J.
This ball is included inside (Gi, o ... 0 G;;)(B) with G;, quasi-linear of type 0.

In particular, € intersects the hull of a new grid of balls Gt ¢ (Giy 0...0 gij)(Gl).
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According to Propositions 2.2.2, 2.3.2 and Property (Q), G'*! is a grid of balls
Gitl = (uJJ’l,o]“,ng,rj“) with D(G;;, 0...0 gz-j)ol e A (U, UU,) and :

J+l S 9 g A . > pd LA .
P2 2l size(G) - mas (1Gsllce) 2 0 = 2al iy - ma (16 ]|c2)
= 1 vert
It S w1 _9lal - R - . = s
P2 =gl R e (1G5 X o > g

Still according to Propositions 2.2.2, 2.3.2 and Property (Q), there exist (n + 1) grids
of balls I'} ™ (for 0 < p < n) included in (Gi, o ... 0 G;,)(I'}) such that :

: ) . . R
I+l 5 g . si A . J L. ;
s 28 = 2afsize(Ty) - max (1Gslle2) 2 8% = 2lal - = - max ([|Gllc2)

J—1 1
i 1 v-r
G+1 1
>s' —2a|-R- llo2) > o >
s 2 s —2al- R max (||gllo2) 2 9afl 7 10

The grids of balls G'*! and I} (for 0 < p < n) satisfy (1),(2),(3),(4). In particular,
¢ intersects in its middle part a ball of T').

Since D(Giy © ... 0 Gi;)p1 € AV (U, UUL) and p; = 0, by Proposition 2.2.2, if
(Giy 0...0 gij ° gl)(Gl) C F{,J for some 4, then (G;; o...0 gij o gl)(Gl) contains a
grid of balls (u”*,0”", ng,r"); such that D(Gi, 0 ...0Gi; 0Gi),1 € AT (U, UUY),
this means that (Q) is verified.

Then, after Case 1 and according to Proposition 2.2.2, only two cases can occur. If
D(Giy0...0Gi; )1 € A’ .U, and we can apply Case 1 once again. If D(G;, o... 0Gi;)o1 €
AT (Uy, — (U NU)), there exists 1 < p < n such that D(Gi, 0...0G;, )1 € A7 (U')". In
this case, we are going to "correct" the next grids in a procedure given by Cases 2 and 3.

Case 2: D(Giy 0...0Gi; )1 € AV7" - (Uy)? and p; 1 =0

By construction, € intersects in its middle part a ball of the grid of balls Fgfl. We
have according to Proposition 2.2.5 that uwi € A7~!. N(u'). Then, using the same
argument as in Case 1, we have according to Corollary 2.1.8 that € intersects in its
middle part a ball of FZ,]. included inside (Gi, o ... 0 Gi;_,)(B) where G;;_, is quasi-
linear of type 0 and p; = p’ is chosen according to Proposition 2.2.2. In particular,
¢ intersects the hull of a new grid of balls Gt ¢ (Giy 0...0 gij)(Gl). According to
Propositions 2.2.2 and 2.3.2, G711 is a grid of balls G/ = (u/*!, 0’ ! ng, /1) with
D(Giy 0...0Gi;) 1 € A7+ (U)P, there exist (n+ 1) grids of balls T, ™" (for 0 < p < n)
included in (G, o ... 0 G )(I';) and 77!, s'*! satisfy the inequalities of property 3.
The grids of balls G'*' and Tt (for 0 < p < n) satisfy (1),(2),(3),(4).

Since |a| - R - maxi<;j<q(]|G;||c2) < % we have for every 0 < p < n, for every j > 1
the following bounds : 77, s{, > ”igl . Since D(G;, o...0 gij)ol c Al (UY)? and p; = p’
is chosen according to Proposition 2.2.2 (see Proposition 2.2.2 for the definition of p’),
we have for every ¢ such thgt (Ql1 o... oQH 0G)(GY) C I}, that (Gi, o...0 QZ] 0G:)(GY)
contains a grid of balls (u”’, 0", ng,r’"); with D(Gi, 0...0Gi; 0Gi) 1 € A7 - U,, this
means that (Q) is verified.

After Case 2, it follows from Proposition 2.2.2 that necessarily the two conditions
of the following Case 3 are satisfied.
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Case 3: D(Giy 0...0Gi,_)o1 € A7 (U)? and pj_1 #0

Induction shows that p;—1 had been chosen to get special composition properties (see
Case 2, beware that the number denoted here by p;_i corresponds to the number
denoted by "p;" in Case 2), let us pick p; = 0. By construction, € intersects in its
middle part a ball of the grid of balls I‘f,j_fl. Once again : u € A7~ . M (u') and we
have according to Corollary 2.1.8 that € intersects in its middle part the ball of F%
included inside (G;, o ... 0 Qij)(%) with gij quasi-linear of type p;_i. In particular, €
intersects the hull of a new grid of balls G'*' € (G;; 0...0 gij)(Gl). Once again, we
can construct grids of balls G and TY ™ (for 0 < p < n) which satisfy (1),(2),(3),(4)
but this time with D(G;, o... ogij o1 € Al -U,. In particular, € intersects in its middle
part a ball of Fg,j . Moreover, Proposition 2.2.2 still insures that (Q) is verified.

Since D(G;, o...0 Qij)ol € A7 -U,, we are now in Case 1 once again. O

Proof of Proposition 2.4.1. According to the previous lemma, for each j > 1, € in-
tersects I'),, C (Giy 0 ... 0 giH)(F;j). But Féj C Uicjcq Gi(Bp;) C Uicjc, G5 (B).
This shows that for each j > 1, there exist ¢ > 41,...,4; > 1 such that € intersects
(Giy0...0G;;)(®B). This implies that € intersects the limit set of the IFS (G1,...,G,). O

3 Properties of Lattés maps

3.1 Definitions

Definition 3.1.1. A Lattés map is a holomorphic endomorphisms of P?(C) of degree
d > 2 which is semi-conjugate to an affine map on the torus. For such a map, we have
the following commutative diagram :

£ T

T
Hi I

PA(C) — = P*(0)

where T is a complex torus of dimension 2, 11 is a ramified covering of the projective
space P2(C) by the torus T and L is an affine map.

Proposition 3.1.2. The periodic points of any Lattés map are dense in ]P’Z((C). The
Julia set of any Lattés map is equal to P*(C).

Notation 3.1.3. In the following, for every T € C such that Im(7) > 0, we will denote
L(7) the lattice in C given by : L(t) = Z + 7 - Z and by L*(7) the associated product

j 2T
6

lattice L*(1) = L(7) - (é) + L(7) - (?) We also let £ = €'

The following proposition can be found in [13].

Proposition 3.1.4. If an affine map on a torus T induces a Lattés map L on P*(C),
then the torus T is of the form C?/A where A is one of the siz following lattices and
the projection II : T — P?(C) is given (in some affine chart for Cases 1,2,3,4) by the
following formulas :
Case 1 A= L*(1),(z,y) —
Case 2 A= L*(&),(z,y) —
Case 3 A= L*(i),(z,y) —



Case 4 A= L2
Case 5 A=1L?

£), (z,y
Z)’ ('1:,

e
Case 6 A = L(r) - ( 1) +L(r) -
— p(z1)p'(y1)

§
=
s

1
o' (@1)p(y1) — p(z1)p (1
where e1 = p(1) and (z1,y1) is the function of (z,y) given by :

-1 n £2 [z
)T e) T
In the following, we will denote m the projection from C? to T? = C2/A.

Definition 3.1.5. A product in the sense of Ueda is a holomorphic map on P?(C)
such that there exists a Lattés example L on P'(C) such that we have :

Lon=mno(L,L)

where 1 is the map between P'(C) x P*(C) and P*(C) which is just the projectivization
of (z,y) — (z +y,zy), given by :

n:([z:a]ly:y]) = oy + a2’y ay:2'y]

Such a map L is semi-conjugate to an affine map on the complex torus T and is a
Lattes map.

Lattés maps corresponding to Cases 1,2,3 and 4 of Proposition 3.1.4 are products
in the sense of Ueda. The following technical result was shown in [11] (Theorems 4.2
and 4.4). It will be used in the proof of Proposition 3.3.1.

Proposition 3.1.6. For any Lattés map L on P?(C), one of the following is true :
1. either one map in {L, L?, L3} is a product in the sense of Ueda

2. either one of the maps L* in {L,L* L3, L%} is preserving an algebraic web as-
soctated to a smooth cubic (see [8] for this notion)

The following is an easy consequence of Propositions 3.1 to 3.6 of [11].

Proposition 3.1.7. Let A, II be one of the lattices and associated coverings de-
fined in Proposition 3.1.4. There exists a finite group of unitary matrices G Lattes =
G Lattes(\ IT) of finite order such that every Lattes map has its linear part of the form
aA where a € C*, |a|] > 1 and A € G Lattes-

Remark. Here, the scaling factor a takes discrete values. Moreover, arbitrarily large
values of |a| can be obtained (it can be easily seen by taking the composition of a
Lattes map with itself). The equality of the two topological degrees gives : (d')* =
|a|* - |det(A)|? where d’ is the algebraic degree of L.

Since according to the previous result, there are only finitely many possible linear
parts A for a Lattés map (up to multiplication by the factor a) which are all of finite
order, we can define the following integer.

Definition 3.1.8. We denote by ordrattes the product of all the orders of the possible
linear parts A for a Lattés map.

It can be found in [11] that ordrasses is equal to 62.82.12-24. In a first reading,
we encourage the reader to consider only the case where the linear part of the Lattés
map is equal to Id. In the other cases, the dynamical ideas are the same but with
a few additional technicalities from algebra. In particular, it is sufficient in order to
prove in some cases the corollary of the main result (see subsection 1.2).
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3.2 An algebraic property of Lattés maps

The goal of this subsection is to prove the following result.

Proposition 3.2.1. For every torus T, there exists an integer i = i(T?) such that for
any k > 0, there exists an integer dy, > 0 such that for any Lattés map L of algebraic
degree d > dy, coming from an affine map on T, there exists a homogenous change
of coordinates ¢ on P*(C) such that : ¢! o Lo is a holomorphic endomorphism of
P?(C) of the form [P1 : P2 : P3] where the polynomial P is a product of irreducible
factors P3 ; such that at least k factors Ps ; are of degree bounded by 1.

Definition 3.2.2. Let v be a vector of C* which belongs to a lattice A and vo € C2. We
suppose that the action of A upon C-v by translation is cocompact. Let T> = C?/A and
7 : C? — T? be the natural projection. Then, then we say that w(vo+C-v) is a compact
line of the torus T of direction v. It is compact and w(vo + C - v) ~ m(vo) + C/A" - v
for some subgroup A’ C A. The family of compact lines of the torus T of direction v is
the family of all the compact lines of the torus of direction v obtained by varying vo.

Let us point out the fact that v € A is not sufficient to conclude that the action of
A upon C - v by translation is cocompact.

Proposition 3.2.3. Let A, II be one of the lattices and associated coverings defined
in Proposition 3.1.4. Let v be a vector of C* which belongs to A such that the action
of A upon C-v by translation is cocompact. The family of images under I of compact
lines of direction v on the torus T is a family of algebraic curves of P?(C) of degree
bounded by i = i(v, T?).

Proof. Let F be the family of images of compact lines of direction v on the torus T
under II. The family F is a holomorphic compact family of compact curves so that by
the GAGA principle it is an algebraic family of curves and in particular their degree
is bounded by some i = i(v, T?) O

Proposition 3.2.4. Let A, II be one of the lattices and associated coverings defined
in Proposition 3.1.4. Then, there exists a line § in P?(C) such that TI"*(8) contains
at least one compact line D of T.

Proof. In each case, the following compact lines are convenient for § and we give the
preimage compact lines D. The first four cases cover the case of a product in the sense
of Ueda.

Case 1: 6 = {Y = 0} Indeed, Y = 0 if and only if p(x)p(y) = 0. T *({Y = 0})
is an union of compact lines of the torus of the form {zo} x T* and T' x {yo} where
the zo,yo are in p~*({0}).

Cases 2,3 and 4: § = {Y = 0}. The proof is similar to Case 1 with respectively
o' (2)p' (y) = 0, p*(2)p*(y) = 0 and (p'(x))*(¢'(y)* = 0.

Case 5: 8 = {X = Z} Indeed, X = Z if and only if (2@2W+1)2 _ 4 t1is means if

o(x)p(y)—e?
and only if 4efp(x)p(y) = 0. I~H({X = Z}) is an union of compact lines of the torus
of the form {xo} x T' and T' x {yo} where the xo,y0 are in p~*({0}).

Case 6: § = {Z = 0} Indeed, Z = 0 if and only if ' (z1)p(y1) — p(z1)e (y1) = 0.
O~ '({Z = 0}) contains the compact line of the torus {#1 = y1} (in the coordinates
l‘l,yl)-

In all the cases, the preimage of é by II contains a compact line of the torus. O
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Proposition 3.2.5. If an affine map L of linear part aA on a torus T induces a
Lattes map L on P*(C) and D is the preimage under T1 of the compact line § given by
Proposition 3.2.4, then the preimage of D under L is a finite union of compact lines
of the torus. Moreover, the number of possible directions is finite. For each k > 0,
there exists di, > 0 such that for every Lattés map L of algebraic degree greater than di
induced by an affine map L on T, there exist at least k distinct irreducible components
of L™(8) of degree bounded by i.

Proof. From Proposition 3.1.7, we know that the linear part of L is of the form aA
with A € GLates. We denote by Lc2 an affine map on C? which induces the affine map
L on T. The linear part of L¢2 is aA. We know that D is a compact line of the torus
T of direction v (for some vector v of C?) and the preimage of D under the natural
projection 7 : C> — T is an union of lines of C? of direction v. Since D is a compact
line of T, by definition, the action of A on C - v is cocompact. This is equivalent to
the existence of two complex numbers w1 and w2 which are not R-colinear and such
that wiv € A, wov € A. We fix w; and ws. We have aA - A C A because aA is the
linear part of £. Then a?A% - A C A,...,a® 31 4ordA=1 A © A (here ord(A) is
the order of A, we know that A is of finite order because it belongs to the finite group
GrLattes). But @ord =1 gord)—1 — ord() (g A)=1 " Then (ad) ' (a®Wwiv) € A
and (aA)"*(a®wv) € A. For every line A of C? of direction v, the preimage
of A under L is a line of C? of direction (a4)™'(v). The two complex numbers
a®" 1y and a4 w, are not R-colinear and satisfy a®**w; - (a4)™*(v) € A and
a®™ ey - (@A) (v) € A and then the action of A on C - (aA)™*(v) is cocompact.
Since m o L2 = L o7, the preimage of D under £ is an union of compact lines of T
which all have the same direction. Grattes is finite (see Proposition 3.1.7) and so the
possible number of directions is finite. Let D’ be a preimage of D under L.

We denote by Q a fundamental domain of the action of A on C - (aA4)™'(v). We have
the following straightforward property : for every lines A1, Ay of direction (aA) ™ (v)
in C?, we have (A1) = m(A2) if and only if every two points respectively in A
and Ay are joined by a vector which lies in Q + A. Let us take A1 € A such
that (aA)flAl is not C-colinear to D’. Then, there is some constant a; > 0 such
that if |a] > ax, then the 100k vectors (aA)™(A1),2(ad)™ (A1),...,100(aA) " (A1)
do not belong to © + A. Then the 100k images of D’ by translations of vectors
(@aA)™ (M), 2(ad) (A1), ..., 100(aA) " (A1) are 100 distinct preimages of D under £
and they are compact lines of T of same direction C - (a4) ™! (v).

Their images under II are irreducible components of degree bounded by i = i(v,T)
by Proposition 3.2.3. If |a| > ax, at least k (this term k& is not optimal and we get it
by projection of the previous 100k lines) of them are distinct preimages of 6 under L.
But |a| > ay, if deg(L) is superior to some value d, 4 (see the remark after Proposition
3.1.7). Then, it suffices to take for dj the maximal value of di, 4 when varying A in
Grattes (see Proposition 3.1.7). O

Proof of Proposition 8.2.1. Let § be a line in P?(C) as in Proposition 3.2.4. The result
is a consequence of Proposition 3.2.5 because after a suitable change of coordinates, we
can take § = {Z = 0}. Then {P3 = 0} contains at least the k irreducible components
of degree bounded by i which are preimages of § by L. O

3.3 A periodic orbit in the postcritical set

Remind that the integer ordiattes was defined in Definition 3.1.8. Beware that in
the following, the period of a periodic point is the exact period.
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Proposition 3.3.1. There exists an integer K > 0 such that for every Lattés map L
defined on P?(C), there exists a point ¢ in the critical set of L which is sent after ne
iterations on a periodic point p. of period np. such that :

1. ne+npe < K

2. np, is a multiple of ordrattes

Proof. Let us start with the case of one dimensional Lattés maps.

Lemma 3.3.2. Let L be a one-dimensional Lattés map. There ezists a critical point
¢ of L which is sent after n. < 12 iterations on a periodic point p. of period np. < 12.

Proof. The Lattes map L, according to Lemma 3.4 of [16], is such that the postcritical
set P; of L is entirely included inside the set of critical values of the covering © of
P!(C) by the complex torus T'. This implies that every critical point of L is sent after
one iteration inside the set of the critical values of ©. Moreover, let us bound from
above the number of critical values. This number ¢, is bounded from above by the
number of critical points (counted with multiplicity). Still according to [16], © can
only be a covering of orders ord(©) = 2,3,4 or 6. The Riemann-Hiirwitz formula gives
us that : x(T') = ord(8)x(P'(C)) — ¢, which implies ¢, = 2 - ord(0). In particular,
this means that the image of every critical point ¢ of L is sent after fi. < 12 iterations
on a periodic point p. of period 7y, < 12 . O

Lemma 3.3.3. Let L be a product in the sense of Ueda. There exists a point ¢ in
the critical set of L which is sent after n. < 12 iterations on a periodic point p. of
period npe < 24 - ordrattes which is a multiple of ordiattes. In particular, we have :
Ne + Npe < 12+ 24 - ordrattes-

Proof. We take a critical point ¢ of L given by the previous lemma. We take a periodic
point p of L of period 2 - ordrates (it can be found in [12] that such a point actually
exists because any rational map on P*(C) of degree greater than 2 has a point of strict
period 2 - ordrastes > 4 ). Then the point ¢ = n(é,p) is a critical point of L (remind
that n was defined in Definition 3.1.5). It is sent after n. < 12 iterations on a periodic
point n(pe, L"e (7). The period of p. is fipe < 12 and p is of period 2 - ordrattes. This
implies that in P!(C) x P!(C), the periodic point (p., L™ (p)) for (L, L) is of period a
multiple of 2 - ordpattes bounded by 24 - ordpattes- Since the map 7 is a two-covering,
in P(C), the periodic point 1(fe, L™ (p)) for L is of period npe which is a multiple of
ordrastes bounded by 24 - ordpastes. Then ne + npe < 12 4+ 24 - ordpastes- O

Let us now prove Proposition 3.3.1. According to Proposition 3.1.6, we have :

1. Either one map in {L, L? L*} is a product in the sense of Ueda. In this first
case, the previous lemma shows that one of the maps in {L, L?, L3} has a point
of its critical set which is sent after at most 12 iterations onto a periodic point of
period a multiple of ordyastes bounded by 24 - ordpattes. This implies that there
exists a critical point of L which is sent after n. iterations onto a periodic point
of period n, which is a multiple of ordpattes With ne+mnpe < 3-(12424-ordpagtes)-

2. One of the maps L¥ in {L, L2, 13, LG} is preserving an algebraic web associated
to a smooth cubic. This implies (see the remark after Theorem A in [8]) that
the critical set of L* is sent after one iteration into the set of critical values of
II which is a curve PC. In this second case, we have that L*(PC) C PC and L*
induces by restriction a map on PC. Taking the normalization of PC if necessary,
we can suppose that PC is regular. There are two possibilities. Either PC is
isomorphic to P*(C) and L* induces a rational map so it has a periodic point of
period ordrattes (again, it can be found in [12] that such a point actually exists).
Either PC is isomorphic to a complex torus and L* induces a multiplication on
this torus which also has a periodic point of period ordpattes. In both cases, we
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see that L has a critical point which is sent after at most 6 iterations on a point
of period a multiple of ordpattes bounded by 6 - ordpattes-
Then, taking K = max(3 - (12 4+ 24 - ordrattes), 6 + 6 - ordrattes), the proof of the
proposition is done. O

4 Perturbations of Lattés maps

4.1 Some useful lemmas

In this subsection, we prove two lemmas about complex analysis. The constants
which are involved in these lemmas will be fixed in the two next subsections. The
following first lemma will be used in 4.2.8, 4.3.20 and in the proof of Lemma 4.4.8.

Lemma 4.1.1. For every m > 0, for every ball Iﬁ%i for every 1 > 1 >0, 1> 2 >0,
there exist constants p = p(m,B) > 0, o = a(m,B) > 0 such that for every rational
function h of degree equal to m, there exists a ball B C B C C? of radius larger than p
such that :

IDhE
Vz € B, )l < (1)
/ 2 |h(2)]
V(z,2') €B ] <14+ (2)
V(z,2') € B? arg(h(z)) — arg(h(2')) < ¥ (3)

The lemma will be a consequence of the following lemma.

Lemma 4.1.2. For every m > 0, for every ball I@, there exist constants p = p(m, IE%) >
0, 7= T(Zn,B) > 0 such that for every rational function h of degree m, there exists a
ball B C B C C? of radius larger than p such that :

1nfﬁ|h|
supglh| —

Proof. Let us denote Rnorm the set of rational maps of degree m which can be written
h = Z—; where hi and ho are two polynomials whose coefficients (as;;) and (b;;) are
such that : max(a;;) = max(b;;) = 1. Rnorm is a compact set. For a given h € Ruorm,

since h # 0, there exists p;, > 0, 7, > 0, a ball B, C B C C? of radius Py, such that :

inf@h |h|

—h >
supg, |h|

The constants p;, and 7, can be chosen locally constant for rational functions in Rnorm
near h. Since Rnorm is compact, if we choose p = p(n, IE%) the minimum of the p;, and
T =1(n, ]B%) the minimum of the 75, for a finite covering of Ruorm, we have : for every
rational map A € Ruorm of degree m, there exists a ball B ¢ B C C? of radius larger
than p such that :

supglh| —

Since every rational map h of degree m can be written h = C*t® . h with h € Runorm,
the result is true for every rational map of degree m. O

Proof of Lemma 4.1.1. We fix such a ball B. Up to multiplying h by a constant, which
does not affect (1), we can suppose that |h|c = 1. We denote £ = o where 7 comes
from Lemma 4.1.2. Then by the Cauchy inequality we have : ”ﬁl}ég‘m < % = o, this

is (1). Then (2) and (3) are simple consequences of (1). The lemma is proven. O
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The following interpolation result will be used in 4.2.7, 4.2.10, 4.3.21 (and thus
in the proof of Lemma 4.4.6) and in the proof of Lemma 4.4.7. Remind that n was
defined in Proposition 2.2.2.

Lemma 4.1.3. Let us take n balls V1,...,V,, C Mat2(C). There exists an integer
d= d~(V1, wees Vi) and two real numbers 1 > 11 > 0 and 1 > 2 > 0 such that for every
€ > 0, there exists a constant v = v(n, &) > 0 such that : for every ballB C C? of radius
bounded by 1, for every 0y € R, there exist a polynomial map H = H(V1, ..., Vs, B, 00)
of C? of degree d and (n+1) balls Bo, ...,B,, C B of radius greater than v - rad(B) such
that on each B; :

Yt e (1 =1, 1+91),V0 € (0o — b2, 00 + th2) : =€ -t -DH € Vj and 2 - |H|oo < €

Proof. We call 1, ..., U, the centers of the balls Vi, ..., V, C Mat2(C). Let us take the
ball B = B(0,1). For a given 6y € [0,27], there exists H having its differentials at
n points p; € B(0,1) satisfying H(p;) = 0 and DH,, = e % . ; by interpolation.
Taking sufficiently small balls By, ..., B,, of radius v around the points p;, this gives the
result for a given 6y € [0,27] and ¢ = 1. Moreover, since the required condition are
open, H can be taken uniform on a small interval of values of # and a small interval
(1 — 1,1+ 1) of values of t. Then d, v and 91 can be taken locally constant in 0.
Since [0, 27| is compact, we take the maximal value of d and the minimal values of
v and 1 on a finite covering of [0,27] by intervals where cz, v and 11 can be taken
constant on each interval of the covering. In particular, since this covering is finite,
there exists 12 > 0 such that for each 0y € [0,2n], it is possible to find constant
H,m, v, for every 0 € (g — 2,00 + ¥2). This gives us the result for the fixed ball
B(0,1). Then, the result follows for any ball B(y,r) with » < 1 by taking the map
H= (r-Id+v)oHo(+-Id—~). It is easy to check that : —e%0.t.DH = —¢'%.t.-DH € V;
and 2 |H|eo <27+ |H|oo < &. O

4.2 Fixing the constants relative to the torus T and the
matrix of the linear part A

In the two next subsections, we fix some notation and define a certain number of
constants and objects in the following specified order. As a guide for the reader objets
denoted in roman letters are relative to P?(C), and gothic letters are relative to the
torus.

1. We fix a torus T and euclidean coordinates 7 : C2 — T. We fix the projection
Im: T — P? (C) as in Proposition 3.1.4. We fix the group Grastes = Grattes(T, IT)
given by Proposition 3.1.7.

2. We fix a Fubini-Study metric ||.||rs on P?(C).

3. We fix the matrix of the linear part A with A € GrLattes. We fix a line § as in
Proposition 3.2.4. We fix affine coordinates [z1, 22, 23] on P?(C) as in Proposition
3.2.1 in which 6 = {z3 = 0}. In the following, we dehomogenize by working in
the chart {[21, 22, 23] : 23 # 0} on P*(C).

4. We first need a proposition.

Notation 4.2.1. We will denote : V7 =wvj +7; - B(0,1) (remind the balls VI
were defined in Proposition 2.2.2). i - V7 will denote the ball of same center as
V7 and with quarter of radius.

We fix po € T such that II(po) € {[z1, 22, 23] : 23 # 0} and DII,, is invertible.
There exist invertible matrices M, ..., M,, such that for every j :

—1 —1
(DH*l)Hoao)"(DHpo'A-(DH*)mpo)) 'Mj'(DHpo-A(DH*l)n(po)) -Dllp, = v;

Then, by continuity we have :
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10.
11.
12.

Lemma 4.2.2. There exists a ball B = B(T, A) C T (remind we have fized

euclidean coordinates on T ) where 11 is invertible such that II(B) € {[z1, 22, 23] :
23 # 0}, a constant o’ = o'(T, A) > 0 and n balls V1, ..., Vs, C Mata(C) with :

- _ _ -1 _ -1 1 _ .
Vpi € B, (DI 1)H(P1)‘<DHP2'A'(DH I)H(Ps)) 'VJ"(DHM'A'(DH I)H(Ps)) DIy € Z'VJ

Lemma 4.2.3. Reducing B if necessary, there exists a constant o' = o'(T, A) >
0 such that for every w with ||w|| = 1, we have :

inf ||[D(ITo AoTT ")) (w)|| > o’ - (sup || DITy||) - [|A|| - (sup [[(DTT™)p)
peB peB pe®

Proof. We take :

1 inf(Sp((D(ITo Ao T )npy))
2" (supyeq 1DIL[]) - [[AT - (Supye (DT Dol

/
g

and the condition holds reducing the size of the ball B around py if necessary. [

We fix such a ball ‘B, a constant ¢’ > 0 and n balls Vi, ...,V,, C Mata(C) of

centers U1, ..., Up,.

. We will use the following notation :

Notation 4.2.4. In the following, we still denote ||M|| the norm ||.||2,2 of a
fized matriz. We will denote :

||DI|| = sup || DILy|| and [[DII™"|| = sup [|(DIT )|
peDB peDB

. We fix B = B(T, A,B) a ball included in TI(B). There exists some constant

¢ > 0 such that for every ball B C B of radius r, o'(B)n B contains a ball of
radius ¢ - r. We fix such a constant .. We take the restriction of ||.||rs on B.
Since B € {[21, 22, 23] : 23 # 0}, this restriction is equivalent to the euclidean
metric on {[z1, 22, 23] : 23 # 0}.

. We fix the integer m = d and the reals 1,12 > 0 given by Lemma 4.1.3

associated to the balls Vi, ..., V,, C Matz(C).

. We fix the constants :

p=p(m)>0and o =0(m)>0

given by Lemma 4.1.1 associated to the integer m = d, the ball B and the two
reals Y1, 2.

. We take a constant & = (T, 11, V;, A, 0,0’) satisfying the following inequality :

o - |IAlI” 1Al )
2([I1=|gz2 - [[DI]]" 20 - || DIL||2 - [| DT |3

1 . .
0<€é< 7 minigi<nt; - min(

From 4.2.7 and 4.2.8, Lemma 4.1.3 gives us a new constant v = v(m,§) > 0.
Corollary 2.1.8 gives us a constant N(45).

We fix a constant d* defined as follows. Let us point out that for any Lattés
map L of algebraic degree d’ coming from an affine map £ on T, of linear part
aA, the equality of the two topological degrees gives : (d')? = |a|* - |det(A)|>.
There are (d')? = |a|* - |det(A)|? disjoint preimages of the torus T by the affine

map L of volume Let us denote vol, the volume of a ball of radius

vol(T)
la]?-[det(A)[2 X
r. Let us take d* such that both (d')? - Tovat > (L2 N(¥2)* and (d")* >
100 - maxaeqy,,,,o. |det(A)|? (remind that ¢ was defined in 4.2.6). In particular,
this last condition implies that for any Lattés map of algebraic degree d’ > d*,

we have |a| > 2.
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13.

14.

4.3

15.

16.

17.

18.

19.
20.

i was defined in Proposition 3.2.1 and K in Proposition 3.3.1, we fix ng =
E(@) +1. We fixd? = dn g +100 (this integer was also defined in Proposition
3.2.1). We fix d* = 2K.

We fix d = max(d', d?, d*).

Fixing the constants relative to the Lattés map

Let L be a Lattés map L = [P : P2 : P3] of degree d’ > d associated to an
affine map on T of linear part aA.

According to Proposition 3.2.1, in the coordinates [z1, 22, z3] which were fixed
in 4.2.3. we have that :

P3(21732’Z3) = H ﬁs,j(2’1722723)

1<j<J

with Ps; irreducible and deg(P3;) < i = i(T?) for J > j > J —m — 2K + 1
(remind that K was defined in Proposition 3.3.1). In plain words, the last
factors of the product have degree bounded by a constant ¢ depending only on
the chosen torus T. We will consider the restriction of L to {[z1, 22, 23] : 23 #
0} N L™ ({[z1, 22, 23] : 23 # 0}). We have :

?1(’21"2271) P2(217Z271)
Ps(z1,22,1) Ps(z1,22,1)

L(z1,22) = (
We denote Pi(z1,22) = ﬁi(zl, z2,1).
There exists a periodic point p. of period np. (which is a multiple of ordpattes)
which belongs to the postcritical set of L, according to Proposition 3.3.1, we
fix it once for all. We call ¢ the point of the critical set such that p. is in the
orbit of ¢ and we have n. + npc < K according to Proposition 3.3.1, where K
is independent of the choice of T and L. Since p. is repelling, we can suppose
that c is the only critical point in {c, L(c), ..., pe, ..., L™ (p.)}. We choose
homogenous polynomials of degree 1 denoted by Q1, ..., Qn,+n,.—1 such that :

Q1(c) = Q2(L(¢) = . = Qn.(pe) = Quetnpe—1 (L™ (pe)) =0 (4)
It is possible to take these polynomials such that at least one of the coefficients
of z1 and 22 is non equal to 0 so we take the polynomials with this property.

Putting

Py(21,22) = II P (21, 22),
J=2(nc+npe)—m+1<5<J

let us denote by h the rational function defined by :

H15j§n6+npc—1(Qj(Zl7 z2,1))?

h(z1,20) = L
(21, 22) Ps(z1, 2z2)

We denote : h(II(po)) = |A(II(po))|e®*.

We choose the ball B C B of radius larger than p according to Lemma 4.1.1
applied to the ball B chosen in 4.2.6 and to the the constants m, 1, chosen
in 4.2.7. We pick a ball B8 C II"*(B)N'B (remind that B was defined in Lemma
4.2.2). According to 4.2.6, B can be taken with its radius equal to ¢ - p and
this bound on its radius (not the ball itself, but the bound on its radius) is
independent of L. Since d’ > d > d* with (d*)?- 1(;?]1(;1'&) > (L0 N(¥2))*, there
are at least (2 - N(¥2))* preimages of B by the affine map £ inside % which
form a grid of balls.
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21. We fix the polynomial map H = H(Wi, ..., Vs, B, ) of C? of degree m = d and
(n 4+ 1) balls By, ...,B, C B given by Lemma 4.1.3 and corresponding to this
ball B and the value 8y = 61 — 2arg(a) where 61 was defined in 4.3.19. Each of
them has its radius larger than v times the radius of B. We take (n + 1) balls
Bo C BN (By), ..., B, C B NI (B,) of radius ¢ - (v - rad(B)). Then the
quotient md((%%)) is equal for each j € {1,...,n} to = (;’a:i?%(m) v ("p‘)) =v. Let

us point out that this bound on the radius is still independent of L.

4.4 Creating a correcting IF'S

Notation 4.4.1. In the following we construct three holomorphic families of holomor-

phic maps of P*>(C) which are successive perturbations of L : L' = L.,, L" = LY .,
and L' = L[| ., ., where e1,e2,e3 € D. We have Ly = L, Lo = L., and
LY .0 = LI .,. We often forget the €; and just denote L/,L”,L'” for simplicity

when there is no risk of confusion.

Notation 4.4.2. We consider the ¢ = q(d) preimages of I1(B) under L included inside
II(*B) and the corresponding local inverses (g;)i1<j<q of L. We denote by (G;)1<j<q the
corresponding maps on B. For further perturbations L', L'', L' of L, we consider the
analogous objects and we call them (9})1<j<q, (95 )1<i<q, (97 )1<i<q and (G})1<j<q,

(G h<ji<ar (GF)1<i<a-
In the following, we will see that (G7")1<j<q is a correcting IFS.

Notation 4.4.3. In the following, we will consider the continuation p(L’) (resp.
p(L"),p(L"")) of the periodic point p.. This one is well defined according to the im-
plicit function Theorem since p. is repelling. In fact, for the successive perturbations
that we will consider, we will always have p(L') = p(L") = p(L"") = pe.

Proposition 4.4.4. Let L be a Lattés map of degree d' > d coming from an affine
map on T, of linear part aA. Let L = (Pl, e 2) be the expression of L in the chart

{[z1, 22, 23] : 23 # 0} defined in 4.2.3. Then the family of rational maps (L., )e, where
L'=L, = (51, 22 s defined by :

P37 Py
P{(zl, z2) =P (Z1, 22) + €1h(21, ZQ)Pg(Zl, ZQ)Hl(Z17 22) (5)
Py(21,22) = Pa(21, 22) 4+ e1h(21, 22) Ps(21, 22) Ha (21, 22) (6)

where h was defined in 4.3.18, H in 4.3.21 and 1 € D is such that :
1. For everyei €D, L' = L, extends to a holomorphic map of P?(C) of the same
degree as L and (L,)<, is a holomorphic family of holomorphic maps of P?(C)
2. p(L') = pe is periodic for L' and is in the forward orbit of ¢ : p. = (L¢,)"™(c)
and (LL,)"¢(pe) = pe. Moreover D(LL,)c = D(L)c, - ,D(L’El)(Lél)npc Lpe) =

DLanc—l(pc) for every e1 € D

Proof. Let first remark that since Ps; admits at least ny = (E(w) + 1) fac-
tors of degree bounded by ¢, the degrees of hPsH; and hPsHy are bounded by
deg(P1) = deg(P2). Since the property of being a holomorphic mapping is open,
L’ is a holomorphic mapping for sufficiently small values of ¢;. For simplicity we will
suppose that this is true for £; € D after rescaling if necessary. Since €1 is just a linear
factor, (L., ), is a holomorphic family of holomorphic maps of P?(C). Thus item 1 is
proven. Item 2 is a consequence of the quadratic terms Q? in h (see 4.3.18). O

Proposition 4.4.5. Let L be a Lattés map of degree d' > d coming from an affine
map on T, of linear part aA. We are working in the chart {[z1, z2, 23] : z3 # 0} defined
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i 4.2.3. In this chart, L = (%, %). Let L’ as in Proposition 4.4.4. Then there exists

t > 0 such that for every 0 < p < n, for every real 0 < &1 < 1, there exists a ball
B, C B C C? of radius rad(Bp) > v - rad(B) and a neighborhood X., of L' in Holy
such that for every L' € X, if j is such that G}'(B) C B, then G} is quasi-linear
of type (te1,p) (remind that the notion of type was defined in Definition 2.5.1).

Proof. In the following, we omit the index j on gj;, g5, G; and G and we take 0 <

€1 < 1. Let us remind we work in the chart : [21, 22, 23] — (%,%2) on P?(C). We first

show the result for L'. We have for every p € BN G’ (B) :
DGy = DGy = DI, n(5)) - Doingp) - DIy = DL 1y, - Dgrngy) - DIy =

(DL rpyy = Pgtipy)) - Dfie) - Dy + DI 1y, - (Diiey — Dgnipy) - DIL,

with :
1
Dixgyy~Donp) = (L (DLgqnipy) " Dler-h-H)gn ) (DLymn) ' —(DLymy)

—(DLgnpy) ™" - 1D (h-H) gu1py) (D Lgqripy) ™" + ol1)
D(h.H) gy = h(g(Il(p))) - DHyerpy) + H(g(IL(p))) - Dhg(rip))
Then we have :
Dg / —Dgy =m +m2+ 13 +o(e1)

where 171 = (Dl_[f,1 DH Dg{-[(p) - DII, and :

o/ (T1(p))
—DI 110 - (DLgauigey) ™" - €1 - H(g(T(p))) - Dhguapy) - (PLguupyy)” " - DTy
—DIT, 51y - (DLgmey) ™" €1 h(g(T(p))) - DHy(ri(p)) - (DLgauipy) ™" - DIT,

Lemma 4.4.6. For any p € BN G'(B) we have :

q(H(p)))

1 j
N3 € W “e1 - [h((po))| - V/

Proof. This is due to the fact that H has been taken in 4.3.21 so that —w .
D(H) g(11(py) belongs to W -V; and by the definition of V; (see Lemma 4.2.2). [

Lemma 4.4.7. We have : ||ni]| < ﬁ g1+ |h(I(po))| - mini<j<n 7j

Proof. Since 2-|H| < £ (by Lemma 4.1.3) and by Lemma 4.2.3 for every p € BNG' (B)
we have :

. 1 [h(g(TI(p))).€
')~ a@EDI < T 46 T )]

e - [R(g(Il(p)))] - €
o' - lal - [|A][ - [[ DII][ - [[ DIT=]]

N

Then we have :

[lml] = ||(DH;1(H()J)) DHg(H(p))) Dgﬁ(p) - DILy||
< ||DHg "(T1(p)) DHg_(ln(p))H ~|[Dgnpll - 11|
e1 - [h(g(I1(p)))| - € -1 /
< [l ez - [[ Dy || - [ DI
o’ - lall|Al[ - || DIL|| - || DII=H| ¢ e
£1 - 2[h(I(po))| - € -1 1 -1
< — - [T ez - ( - [|DIO[| - || DI [) - || DIL|
o’ - la| - ||A[| - [[DIL]] - [[ DI 1]  Hal - []4]]
1 .
< TeE o |h(IL(po))| - mini<;j<nr;
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by the inequality on £ (see 4.2.9). O
Lemma 4.4.8. We have : ||n2]| < ﬁ.51.|h(ﬂ(po))\.min1§jgn T,

Proof.

IA

IDIH |- |[DL7H | - ex - |1H[ - [| DRI ||DLTH] - || D1
o

la] - [[A]|
1

1 3 —13
= —— g -&-—— .||p|® - ||DII -||Dh
R e L [ i P2

||l

IA

2
om- ( i I ) €D - [P

1

W -e1 - [h(I1(po))| - mini<;<nr;

by the inequality on & (see 4.2.9) and ||Dh(2)|| < o - |h(2)| < o - 2|h(II(po))| for z € B
by inequality (1) of Lemma 4.1.1. O

The three previous lemmas imply that on B NG’ (B), DG, — DG, belongs to t- V7
with + = SUA0TGoNl
there exists a neighborhood X., of L’ in Holy such that for every sufficiently small
perturbation L'’ € X;, of L', if j is such that G;(B) C B, then G’ is quasi-linear of
type (te1,p). The proof of Proposition 4.4.5 is complete. O

Then by continuity, for a given &1 (and then a given L'),

4.5 Well oriented postcritical set

Notation 4.5.1. We fiz pc a point of IT"(p.) (remind that the periodic point p. was
defined in Proposition 3.3.1) .

Notation 4.5.2. We denote by PCrit(L) the postcritical set of L, this is the set
PCrit(L) = U, »o(L)"(Crit(L)) where Crit(L) is the critical set of L. The notation
will be the same for perturbations L', L",L".

We pick a vector wi and a value 6 satisfying Property (P) of Corollary 2.1.8. Still
according to Corollary 2.1.8, there exists an open set of admissible values for w; so
we choose to take it in the following way. The map £"<°*44) is an affine map on
the torus T of linear part a"peord(A) | gnpe-ord(4) _ npeord(A) I;L”c = g"eeord(4) I
with |a| > 2 (see 3.2.12). Points with dense forward orbit for £"7¢*"4(4) are dense
in T. Moreover, since ny. divides npe - ord(A), pec is a fixed point of L£m#e A We
pick w; such that pc 4 m(w) is a point of dense forward orbit for £»¢°*4(4) (remind
that 7 : C*> — T is the natural projection). Since the linear part of Lrveerd(4) g
a"rerord(A) LT and pc is a fixed point of L7 or4A) we have that the whole forward
orbit of pc + 7(w1) under L£7reor4A) g contained in the line going through pe and
pc + m(w1). In particular, this line is dense in the torus T. We pick w2 such that
(w1, w2) is a basis of C? and 7(w2) is not tangent to TI~*(PCrit(L)) at pc.

Here is the main result of this subsection :

Proposition 4.5.3. Let B be as in 4.3.20. There exists a neighborhood W(L) of L
in Holy such that : every map L' = L., as in Proposition 4.4.4 is accumulated by
maps LY/ ., ., = L"" in W(L) such that there exists a component I' C II~*(PCrit(L""))
whose restriction to B is a (0, w1 )-quasi-diameter (remind that this notion was defined

in Definition 2.1.5).
The following lemma is well known.

Lemma 4.5.4. Let £ be a linear automorphism of C? and T' C C? a complex subman-
ifold through 0 such that :
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1. the eigenvalues A\, pu of £ are such that |A| > |pu| > 1. Let wa and w, be the
respective eigenvectors.

2. wy s transverse to I' at 0

Then, ()Zk(F))kzo converges uniformly to the line C - wy in the C-topology.

Proof. We can take wy = e; and w, = e2. The eigenvector w,, of i is transverse to I at
0. Then locally I is a graph y over a small disk D, C D : {(¢,v(t)) : t € D,)}. For every
EeN, e5({(t,v(@) :t € D,)}) = {(\*-t, " -~(t)) : t € D, }. Since [A| > 1, for large k,
we have D C A\¥ - D,. Then £°({(t,v(t)) : t € D,)}) contains {(s, u* “v(5%)) : s € D}
But there exists C., > 0 such that |y(t)| < C -t near 0. Then u* (5F) < Cy - (&)*
converges uniformly to 0 on D,. Then, for every ¢ > 0, there exists k such that
£E({(t, (1)) : t € D,)}) contains {(s,5(s)) : s € D} = {(s, u* 'y()\k) : 5 € D} with
|7(s)] < @'. Then by the Cauchy inequality this implies that |(7)’(s)] < O

Notation 4.5.5. We denote for every (A, u) € (C*)? by Diag, ,, the following map
from C? to C? :
Diagk’u s (z1,22) = (N z1,p 22)

Lemma 4.5.6. The linear part A € Grates of L is diagonalizable.

Proof. Since Grattes is a finite group, we have that A is of finite order. In particular,
A°rd(Craties) — [, Then R(A) = 0 where R(X) = X°"d(CrLattes) _ 1 has simple roots.
Then A is diagonalizable. O

Lemma 4.5.7. Let (f:).cps be a holomorphic family of holomorphic germs defined in
a neighborhood U of 0 such that for every e € D*, D(f:)o is diagonalizable and 0 is a
repelling fized point for f.. We denote by A(e), u(e) the eigenvalues of D(fc)o and by
wx, wy the associated eigenvectors. We suppose that in the family (f:).cps, wx = w1
and w, = ws are constant. We suppose that |A(0)[* > |u(0)] > |M(0)|. Then there
exists a neighborhood U' C U of 0 and a neighborhood V of 0 in D® such that for every
e €V, f- is holomorphically linearizable in U’ : there exists a holomorphic map py.
defined on U’ such that :

Diagy ey, u(e) © Pt = Pf. © fe
Moreover, @5, varies continuously with € in the C° topology.
The proof will be based on the following well known result (Theorem 6.2.3 in [17]).

Proposition 4.5.8. Let F' be an invertible map with repulsive fixed point 0. Suppose
that the eigenvalues A,y of DFy satisfy the condition |\|*> > |u| > |\ > 1. Then F is
holomorphically conjugate to Diag, ,.

The following lemma will be used to compare ¢y, and II :

Lemma 4.5.9. Let F be an invertible map in a neighborhood of 0 with a repelling
fized point at 0. Let us denote the eigenvalues of DFy by A, u. Let us suppose that o1
and @2 are two holomorphic maps conjugating F' to Diag, ,. Then @10 (pz_l is linear.

Proof Let us write x = @1 0 ;" = (x*, x?) and ¥’ (2) = k1 X, - 2 where 2% =

281 282 and j € {1,2}. We have that ¥ commutes with Diag, - Then :

A Z Xk - 2" Z X5 - (Diag, ,(2) ¥ and - Z Xi- 2" = Z Xi - (Diag%#(z))k

|k|>1 |k|>1 [k|>1 [k|>1

In particular, since A,y # 1 this implies that x} = x7 = 0 for every |k| > 1. O
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We now prove Lemma 4.5.7.

Proof of Lemma 4.5.7. We take a neighborhood V of 0 in D? such that for every ¢ € V
we have that |A\(e)|? < |u(e)] and |u(e)|* < |A(¢)|. Tt is a consequence of Theorem 6.2.3
of [17] (this result goes back to Poincaré) that for every e € V, f. is holomorphically
linearizable at 0 in some neighborhood U, of 0. We show here that the linearizing map
;. varies continuously with ¢ in the C° topology. This will imply in particular that
the neighborhood U, can be taken uniform U’ in «.

For this we follow the proof of Theorem 6.2.3 of [17] and its notations (we just re-
place the A of the original proof by C to avoid confusion with the linear part of the
Lattés map). The proof is divided into 3 steps.

The first step itself is divided into two steps. The first one is a linear change of
coordinates that we will denote by ¢, which locally conjugates fe to (z1,22) —
ANzi+..op-z2tv-z14+...)=AN-21+C(),p-22+v-21+...). pun is not
unique but it becomes unique if wi is sent on e; and wsz is sent on e2. Thus this
map @iin = @iin(fe) is uniquely defined and varies continuously in the C° topology.
The second one is a change of coordinates that we will denote ¢1(2) = (©1(21), 22)
such that ¢1(z1) = 21 + 3,20 ﬁ -C(fF(21)). There exists a constant K such that
|C(21)] £ K|z1]? for every map f. with ¢ € V (reducing V if necessary). Since o1
is the sum of a normally convergent series whose terms all vary continuously, i and
then 1 0y vary continuously in the C° topology. After these two changes of coordi-
nates, f- is reduced to the form (21, z2) — (A-21, g(21, 22)) with g varying continuously.

In the second step, one defines some infinite product v(z) = [[{25(1 + B(F"(2))
where 59792(,2) = pu(1+ B(z)). We have |B(z)| < K'|z|* and reducing V if necessary,

we can suppose this estimate is true for every € € V. Then + is normally convergent
and varies continuously. The map 1) such that gTw = ~v then still varies continuously,
just as ¢2(z) = (21,%(z)). After this third change of coordinates, f. is reduced to the
form (z1,22) — (A - 21, - 22 + h(z1)) with h varying continuously.

Finally, the last change of coordinates 3 is of the form (z1,7(2)) with n(z) = z2+4q(z1)

and q(z1) = q1 - 21+ g2 - 27 + ... with ¢; = % for each j > 2. Since h varies continu-

ously, so do the coefficients g; for j > 2. When A = A(e) # u(e) = p, we set g1 = hjx.

If X = M) = p(e) = p, we have hy = 0 because D(f:)o is diagonalizable (see Tl?],
p213). Then we can extend ¢1 by continuity and by Lemma 4.5.9, one gets the only
value of g1 for which w; is sent on e; and w2 on ez under D(p3 0 Y2 © Y1 © Yiin)o-
Finally, g1, g, n and @3 vary continuously. Setting ¢; = 3 0 w2 0 V1 0 Ylin, fe is
holomorphically linearizable by ¢y, for every e (because D(f:)o is diagonalizable) and
@y, varies continuously in the C" topology. ]

Remind that c is a point of P?(C) which was defined in 4.3.17 and that the notation
p(L") was introduced in Notation 4.4.3. In the following lemma, we perturb L' = L,

into L = L, ., to ensure that the critical point c is not singular.

Lemma 4.5.10. There exists a holomorphic family of holomorphic maps of P?(C)
denoted by (L7, .,)(c,,e0)en? Such that :

/

1. for everye1 €D, LY, o = LL,

"
€1,€2

2. pe 1s in the postcritical set of L
pe for e2 #0
3. p(LZ, c,) = pe is periodic for LY, .,

(L2, )" (e) and (LZ, ;)" (Pe) = pe

and the postcritical set is not singular at

and is in the forward orbit of ¢ : p. =
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4. D((L

€1,€2

)npc )Pc = D(anc )pc

Proof. We first make an invertible linear change of coordinates so that in the new
coordinates [z1,z2, 23], the point ¢ is equal to [0,0,1] and the point L(c) is in the
chart {z3 # 0}. We choose homogenous polynomials of degree 1 in the variables
1, T2, 3 denoted by Ra,..., Rnc+npc_1 such that :

Ra(L(c) =+ = Rn.—1(L"7(¢)) = Rnc(pe) = -+ = Ructmpe—1 (L™ (pe)) =

RQ(C) 7é 0,--- 7R’ﬂc*1(c) # 0, R’ﬂc(c) # 0,--- 7Rnu+npc*1(c) # 0

This is possible since ¢, ..., L™ (p,) are distinct. We denote :

yi(z1, x2) = H (Ry(21,22,1))*

2<k<nc+npc—1

In {z3 # 0}, the critical set of L’ is the set {Jac(P’) = 0} where Jac(P’) is equal to
opP] 9Py  9Pf 9P

. The critical set at ¢ is not singular if the gradient of the map

1 : Oxo Oxo o1
oP{ 9P, 9P{ 9P, . . . e
(z1,22) = F.b - 5.2 — Gak * 54 is non zero at ¢, in particular if :

O (Gac(Py)(e) = LEL OB 0PI 0P O°PL 0Py OP{ O°P;
oz, T 0x2 Ozy | Oxry Ox10r2 Or10za Ox1  Oxa 022

£0

If this is the case, there is nothing to do and we can take L’ = L’. Let us suppose
this is not so. We distinguish two cases.

9P}

o # 0. For every €2 € C we consider the follow-

D L . 1"l 1" pl
= = 22 = P, =
L' = ( ) with Py = P}, P}y = P}

7y pIT
PS PS

First case : we suppose that

ing perturbation of L’ defined by LY, .,
and :
P{'(z1,22) = P{(x1,x2) + €2 - 71 (1, 22) - 27

Because of the choice of the degree d in 4.2.13 and 4.2.14, we have deg(P;’) < deg(P;).
Since the property of being a holomorphic mapping is open, L” is a holomorphic
mapping on P?(C) for sufficiently small values of e2. Then, item 1 is obvious. Be-
cause of the quadratic terms R? in the definition of 71, ¢ stays preperiodic (with the
same periodic orbit p(Lf| .,) = pc) for L7, .,, this implies item 3. Still because of
the quadratic terms RZ in ~; we have that D) (LY, e,) = Di(LL,) = Dr(oL,

s Dipynpe=1p) (L) e3) = D pynpe—10,y(Ley) = D(pynpe-1(,, )L, so we both have
that p. is in the postcritical set of LY, ., and that item 4 is true. Moreover we have
D.L" = D.L so c is still critical. The only second order partial derivative which

2 p// 2 p/
depends on ¢ is : 88:21 (c) = 68:21 (¢) +2-vi(c) - e2 with v1(c) # 0. Then the map
1 1

€9 > 8%1 (Jac(P"))(c) is an affine map in &2 of non zero coefficient equal to 2-v1 (c)- g—f;.

Then, it is non zero for €2 € D*. This implies that the critical set is not singular at
c. Then there is a component of the critical set at ¢ which is not singular. Since DL,

. 7DLLn,pc—l(pc) are not singular, there is a component of the postcritical set at p.
which is not singular. Thus item 2 is true.

Second case : we suppose that % = 0. For every €2 € C we consider the following

perturbation of L' defined by L/, ., = L = (% i—;) with P = P} and :

P'(z1,72) = P{(z1,72) + €2 - 71 (21, T2) - 71

P (z1,22) = Py(x1,m2) + €2 - 1 (w1, 22) - 2122

Because of the choice of the degree d in 4.2.13 and 4.2.14, we have deg(P}’) < deg(P;)
and deg(Py') < deg(P;). Since the property of being a holomorphic mapping is open,
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L" is a holomorphic mapping for sufficiently small values of e2. Then, item 1 is obvious.
As in the first case, items 3 and 4 are true and p. stays postcritical. We have :

D.L" = D.L' 4+ &2 -7(c) - (1 0)

0 0
. . oP) ’ opr{ apP; 9P| 0P
Since at the point ¢, we have both 772 = 0 and Jac(P')(c) = 5.1 5.2 — 5% " 5.2 = 0,
this implies that we still have Jac(P")(c) = 0 and the point c is still critical. The only

. o . ... o%pYy _ 8%p4
second order partial derivative which depends on €5 is : B21055 (c) = Se102; (e)+71(c)-

€2 with v1(c) # 0. Then the map ez — 6%1
in e2 of non zero coefficient of degree 2 equal to (y1(c))?. Then, rescaling if necessary,
it is non zero for e2 € D*. As in case 1, we conclude that item 2 is satisfied. This

concludes the proof of the proposition. O

(Jac(P""))(c) is a polynomial of degree 2

Remind that wy and ws were defined just at the beginning of this subsection. The
notation p(L") was introduced in Notation 4.4.3. In the following lemma, we perturb
the periodic orbit p. in such a way that we can choose the two eigenvalues at this
periodic point .

Lemma 4.5.11. There exists a holomorphic family of holomorphic maps of P*(C)
denoted by (L] )(er.e2,5)eD3 Such that :

€1,€2,€3
—rn
0 — le,EQ

1. for everyei,e2 €D, LY

1,62,

2. p(L"") = pe is periodic for L' ((L"")"°(p.) = p.) and is in the postcritical set
of L' (pe = (L"")"(c))

3. if e3 > 0, then the eigenvalues \, p of D(L"' )" at p. are such that : |u|* >
IAl > [ul

4. the eigenvector w,, associated to p at pe is equal to DIlyc(w2) and then transverse
to the postcritical set at pe

5. the eigenvector wx associated to \ at pe is equal to DII,c(w1)

Proof. We first make an invertible linear change of coordinates so that in the new
coordinates [y1,y2,ys], the point p. is equal to [0,0,1] and the point L(p.) is in the
chart {ys # 0}. We choose homogenous polynomials of degree 1 in the variables
Y1,Y2,Y3 denoted by Sl, ey Snc—h SnC.H, ceey Snc.»,.npc_1 such that :

S1(c) = S2(L(c)) =+ = Sno—1(L" () = Snes1(L(pe)) = -+ = nc+npc—1(L"’”(_1)(Pc)) =0
9
S1(pe) 0, Sa(pe) #0,-++ , Sne—1(pe) # 0, Snet1(Pe) # 0, Sngtnpe—1(e) # 0

(10)
This is possible since ¢, ..., L™ (p,) are distinct. We denote :
vy y2) = [T (Siyr,02,1))°
J#nec
For every €s, ki € C we consider the following perturbation of L” defined by L7, ., ., =
L" = (§r, Fr) with P{" = P{ and :

P{"(y1,y2) = Pl (y1,y2) + €3 - v2(y1,y2) - (K191 + Kay2)

Py (y1,y2) = Py (y1,y2) + €3 - Y2 (y1, y2) - (Kay1 + Kaya)

We are going to choose carefully the coefficients k; in order to control the differential
D((L"")"»¢)p,. Because of the choice of the degree d in 4.2.13 and 4.2.14, we have
deg(P;") < deg(P/’) and deg(Ps") < deg(Py'). Since the property of being a holomor-
phic mapping is open, L" is a holomorphic mapping on P? (C) for sufficiently small
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values of 3. Then, item 1 is obvious. Then, because of the quadratic terms S? in
V2, it is clear that c stays preperiodic (with the same periodic orbit p.) for L'” and
DrpoL" = DrpoL, -+, D L'" =D L. This shows item 2. In the
chart {ys # 0}, we have :

Lmpe=1(p,.) Lmpe=1(p,.)

Dch/// _ DchH Yeg- '72(179) . (Iil Ii2)
K3 Ka

with y2(pe) # 0. We ha.ve Drpe) L = DrpoLy -+, Dpnpe=1(,, L = DL"PCfl(pc)L'
We also have the equality : Dy L-...- Dpnpe-1,0L = a"?e - I> because the period n,,
is a multiple of the order of A (see Proposition 3.3.1). Then we have :

Dy (L") = a"re - (I + &5 - 1 (pe) - (Z; Zi) Dy, L))

Let us denote by M the matrix whose two columns are DII,(w1) and DII,(w2). We

choose :
K1 k2 1 1 0 -1
= .M - MY (D. L
(“3 “4) ~2(pe) (0 0) (Or. L)
Then :
Dpc (L///)npC —a™< . M - (1 4(‘)63 (1)> . M—l
This equality implies that items 3,4 and 5 are satisfied and this ends the proof of the
proposition. O

We are now able to prove Proposition 4.5.3.

Proof of Proposition 4.5.3 . We consider the holomorphic family of holomorphic maps
(L] e5.25)(e1,e2,e5)eD3- According to Lemma 4.5.11, every L7 ., .. is diagonalizable
and admits w; and w2 as eigenvectors. Then according to Lemma 4.5.7, we can take
some uniform open set set By, C ]P’z((C)7 some ball Bj;,, such that there exists pp/m
defined on By, with values in By, C C? such that L' is linearizable by @pm : Biin —
Biin. Moreover s varies continuously with L"”’. We denote by 9B;;, some ball in

It (Blm) CT.

Lemma 4.5.12. Let I be the diameter of Biin of direction w1. Then there exists ng
such that U, <<, L™(T") contains a (0,w1)-quasi-diameter of B.

Proof. Uy<p<yoo £7(I) is dense in T by the choice of wi. Then there exists no such
that U, <<, £" (T') contains a (0, w1 )-quasi-diameter of B. O

From Lemma 4.5.9, we know that ¢z, o IT is linear. Rewriting this result in P?(C)
we have :

Corollary 4.5.13. Let T be the diameter of Biin of direction (pr o I1)(w1). Then
there exists no such that Hfl(UKan0 L™ (7' (T") N B) contains a (0,w:)-quasi-
diameter of 8. -

By continuity of L"’ +— ¢ (see Lemma 4.5.7), we have the following perturbation
result :

Corollary 4.5.14. There exists ' > 0, some neighborhood Wa(L) of L in Holy
and an integer no such that for every (', (¢r o I1)(w1))-quasi-diameter T of Biin,
for every L' € Wy(L), we have that Hil(Ul<n<n0 (L") (¢ (")) NB) contains a
(0, w1)-quasi-diameter of B.
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Remind that w» is not tangent to II~!(PCrit(L)) at pc. We can take a neighbor-
hood Ws(L) of L such that every map in Ws(L) for which pc is in the posteritical
set still satisfies this condition. We consider W(L) = Wi (L) N W2(L) N Ws(L). Since
the conclusions 1,2,3 and 4 of Lemma 4.5.11 are satisfied, according to Lemma 4.5.4,
there exists a disk T included in the postcritical set of L' such that II~*(T') contains
a (0, w1)-quasi-diameter of By;,, (remind 6’ was defined in Lemma 4.5.14). According
to Lemma 4.5.14, U, <, <., (L")™(IT~*(T")) contains a (6, w)-quasi-diameter of B so
the conclusion follows. O

5 Proof of the main result

We consider the perturbations L in W(L) as in the previous subsection and such
that L' = L] , ., € X, (the neighborhood X, of L., was introduced in Proposition
4.4.5, all maps in X., have a correcting IFS). Let us consider the union of all the sets

Gi'(3B) C Bfor1l < j < ¢ (remind that G}’ was defined in Proposition 4.4.5). Reducing
W(L) if necessary, by continuity it contains a grid of balls G' = (u',0',ng,r") with
rt > 2 (see 4.3.20).

Proposition 5.0.15. There exists an integer d (depending only from T) such that for
every Lattes map L inducing an affine map on T of linear part aA, every map L' as
given in Proposition 4.5.3 is such that :
1. Uy<j<q 97 (B) contains a grid of balls G' = (u', o' ng,r!) with ¢ = 2ng +1)*
such that each G}’ (B) contains a ball of G*
2. the contraction factor of the IFS (G1",...,Gy") is |a| > 2
3. there exist (n + 1) balls Bo, B, ..., B, C B of relative size larger than v, such
that the §-parts of Bo, B, ..., B, are included in the hull of G, and satisfying

the following property : for 1 < j < q such that G}’ (B) C Bp, Gj' = (A+h ) is
quasi-linear of type (x,p) with x < z(u') . Moreover, U1<]<q ”’( ) contains

a grid of balls I‘1 = (u! op,nG s') for each 0 < p < n with s' > v
1
4. na > 12 N(45)
1
5. lal - R-maxi<;<q(11G7"llc2) < 555
6. there exists a (0,w)-quasi-diameter of B inside T~ (PCrit(L"))

Proof. The first item was stated before the proposition. The second one comes from
4.2.12 and the fourth one from 4.3.20. The fifth one can be obtained from a reduction
of W(L) if necessary. The last one is a consequence of Proposition 4.5.3. We show
the third item. The existence of the balls B, of relative size v is a consequence
of Proposition 4.4.5. The inclusions Bo,B1,..., B, C B and the inequality on ng
ensure that there are sufficiently many G}’ () so that the 3-parts of Bo, B1, ..., Bn
are included in the hull of G*. Let us now consider the (n+1) sets Uj<, G5 (Bp) CB
for 0 < p < n. Reducing W(L) a last time if necessary, by continuity each of them
contains a grid of balls 1—\11) = (ul, 0110, na, 81) with s* > v - r'. The property stated in
item 3 is also a consequence of Proposition 4.4.5. O

The intersection (;-, G;(II(*B)) is in the Julia set of L. Since ;- G;(I1(B)) is a
basic repeller, it is a consequence of Lemma 2.3 of [9] that (5, G;"(II(B)) is in the
Julia set of L' for sufficiently small perturbations L'” of L. According to Proposition
2.4.1 (beware that the maps g;” in our case correspond to the maps G; of the proposi-
tion), we can conclude this gives us persistent intersections between the Julia set and
the postcritical set. This is true for every L”’ defined as before and we know that
L is accumulated by such maps inside Holy . By [3]| (see Proposition 2.5 of [9] for a
result in our case), we know that persistent intersections between the postcritical set
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and a hyperbolic repeller inside the Julia set imply the presence of open sets inside

the

bifurcation locus. Since they are only finitely many A € Gpattes for a given torus

T, d is well defined. This proves the final result.
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