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The interaction of solidification fronts with objects such as particles, droplets, cells, or bubbles is a
phenomenon with many natural and technological occurrences. For an object facing the front, it may
yield various fates, from trapping to rejection, with large implications regarding the solidification
pattern. However, whereas most situations involve multiple particles interacting with each other and
the front, attention has focused almost exclusively on the interaction of a single, isolated object with
the front. Here we address experimentally the interaction of multiple particles with a solidification
front by performing solidification experiments of a monodisperse particle suspension in a Hele-Shaw
cell, with precise control of growth conditions and real-time visualization. We evidence the growth
of a particle layer ahead of the front at a close-packing volume fraction and we document its steady
state value at various solidification velocities. We then extend single particle models to the situation
of multiple particles by taking into account the additional force induced on an entering particle by
viscous friction in the compacted particle layer. By a force balance model, this provides an indirect
measure of the repelling mean thermomolecular pressure over a particle entering the front. The
presence of multiple particles is found to increase it following a reduction of the thickness of the thin
liquid film that separates particles and front. We anticipate the findings reported here to provide
a relevant basis to understand many complex solidification situations in geophysics, engineering,
biology, or food engineering, where multiple objects interact with the front and control the resulting
solidification patterns.

I. INTRODUCTION

The interaction of particles with a solidification front
is a phenomenon encountered in numerous natural and
technological situations, such as the evolution of frozen
soils by frost heave or by ice lenses formation [1–8], cryo-
biology [9, 10], food industry [11] and materials science,
from alloy casting in presence of particles [12–14] to the
fabrication of bio-inspired composites [15]. When a parti-
cle suspension freezes, a solidification front interacts with
the dispersed particles by short range thermomolecular
forces induced by Van der Waals like interactions [16, 17].
Depending on the freezing conditions and characteristics
of the suspension, this interaction may affect the particle
distribution in the frozen phase in a number of ways and
thus yield a large variety of segregation patterns, with
important implications regarding the effective properties
of the resulting solid [18–21].

In most of the natural and technological occurrences
of freezing suspensions, multiple particles interact with
each other an with the front, sometimes forming ahead
of the front a dense layer of particles referred to as a
pile-up [22] or a build-up [12] of particles. Whereas this
layer may directly impact the trapping mechanism, little
work has been done so far to understand the interaction
of multiple particles with the front due to the inherent
complexity of the problem. In particular, the trapping
mechanism has long been studied by considering a single,
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isolated particle interacting with the freeze front, both
experimentally [22–25] and theoretically [13, 16, 17, 26–
37].

The objective of this study is to experimentally ad-
dress the solidification regime of a particle suspension
where multiple particles interact with the front, and use
its characteristics to improve the modeling of multiple
particles/front interaction.

For this, a unidirectional freezing experiment in a Hele-
Shaw sample is performed using a monodisperse particle
suspension. We focus on the steady state regime where a
compacted particle layer of constant width h is pushed at
a constant velocity V by the front. As the steady-state
width h of this layer is directly linked to the trapping
mechanism, its evolution with the velocity V provides a
mean to document it and question its modeling in the
presence of particles.

We thus build a mechanical model for trapping that
takes into account the presence of multiple particles
through the additional force exerted on an entering par-
ticle by the particle layer, following viscous friction and
pressure drop accross it. The particle layer width h then
provides an indirect measure of the mean pressure P̄T

exerted by thermomolecular forces on a particle entering
the front. The elaboration of this model is facilitated by
the absence of frozen fringes and thus by a homogeneous
distribution of hydrodynamical resistance throughout the
particle layer. Comparison of the resulting mean thermo-
molecular pressure to that predicted by existing models
of single particle/front interaction questions both their
relevance and their extension to multiple particles/front
interaction.
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Section II reports the experimental set-up and the
main observations and measurements. The model that
links the layer thickness h, the solidification velocity V
and the mean thermomolecular pressure on an entering
particle P̄T is exposed in section III. The resulting in-
direct measure of this pressure is reported in section IV
together with a comparison to the value proposed by the
single particle models. A discussion about quantitative
deviations and the extension of single particle models to
particle layers is drawn in Section V.

II. EXPERIMENT

A. Experimental set-up

The experimental set-up has been originally designed
to perform unidirectional solidification of binary solu-
tions in thin samples [38, 39]. In this setup, a sample
is pushed at a controlled velocity V in an imposed ther-
mal gradient G, and video microscopy is performed (see
Fig. 1) in the vicinity of the solidification interface to
follow its evolution.

The thermal field is set by top and bottom heaters and
coolers, electronically regulated to better than 0.1◦C by
resistive sheets and Peltier devices. Top heater and cooler
are designed and fixed to provide altogether a planar sur-
face on which the sample can slide, the thermal expan-
sion of the top heater being anticipated. Bottom heater
and cooler are then placed so as to sandwich samples,
not by rigid fixation but by using springs, so as to reduce
mechanical constraints and allow self-adjustment. An ex-
ternal circulation enables heat to be evacuated from the
Peltier devices and also from the set-up sides to minimize
thermal boundary perturbations.

The thermal gradient is set by both the gap between
heaters and coolers and their temperature difference.
Heaters and coolers temperatures are chosen so as to
place the melting isotherm in the center of the gap, both
to achieve an easier visualization of the solidification in-
terface and to minimize of the thermal gradient depen-
dence on the sample velocity V [38, 40]. The gap was 10
mm and the imposed temperatures 20◦C and −20◦C for
heaters and coolers and −10◦C for the circulating exter-
nal flow. A closed dry atmosphere helped avoid conden-
sation and ice formation.

Sample displacement is provided by a pushing device
held on a linear track (see Fig. 1). Regular translation
of the pusher is produced by a recirculating ball screw
mounted on a screw rotated at a controlled rate by a
microstepper motor. Vibration sources from the motor
rotation are minimized by the large number of steps (200
per turn) and of microsteps (32 per step), together with
the generation of Foucault currents to slow rotation at
the end of microsteps. This provides 6400 microsteps
per turn which, with a 5 mm screw pitch, yields an ele-
mentary displacement of 0.8 µm. Modulations of sample
velocities on a screw turn reduced to a sinusoidal part

with a relative magnitude δV/V less than 3% at most.
Regular solidification velocities could thus be applied up
to 50 µm·s−1.

Visualization of a part of the solidification front is
achieved by a CCD camera with time-lapse recording.
To minimize perturbations in the vicinity of the sample,
large frontal distances have been preferred. For this an
exploded optical chain with a 50 mm focal lens has been
used instead of a microscope. Magnification could allow
for the visualization of fields extended from 200 µm to
2 mm with a resolution limited by diffraction to about
0.2 µm. As the camera involved 1024×768 pixels, the nu-
merical resolution was thus in practice above the optical
resolution.

Two kinds of observations could be performed: in
transmission or in reflection. In transmission, the sus-
pension and the frozen phase appear grey but the parti-
cle layer is opaque, which forbids the observation of its
constituents. In reflection, the suspension and the frozen
phase still appear grey but the particle layer is bright,
which allows particles close to the sample surface to be
individually followed in real time. As in both cases, the
particle layer width was the same, we preferred the obser-
vation by reflection to provide access to some particle dy-
namics. In addition, some post-mortem complementary
observations were made by confocal microscopy (Leica
SP8, combined to a Leica DM6000 optical microscope)
to better visualize particle ordering in the vicinity of a
plate.

Samples were made of glass plates sandwiching the sus-
pension. Their dimensions (top glass 100×45×0.7 mm3

; bottom glass 150× 50× 0.8 mm3) have been taken long
and large enough to allow a large central zone (> 35 mm)
free of boundary effects. They were separated by cali-
brated spacers made of polypropylene sheets. After hav-
ing filled the samples with the suspension by capillarity,
they were sealed with cyanoacrylate and epoxy glue.

For binary solutions, the sample depth was usually cho-
sen close to the natural width of microstructures, about
100µm [38, 39, 41]. This enabled a single layer of mi-
crostructures to settle in the sample, thereby facilitating
visualization. Implications of confinement could be stud-
ied on dendritic sidebranching by experiment [38] or on
cell forms by 3d phase field simulations [42, 43]. Both
confirmed that microstructure layers grown in a thin, but
thick enough, sample were physically equivalent to those
growing in an unconfined environment. These findings
led us to choose the sample depth large enough com-
pared to both the typical sizes of ice microstructures
and the particle diameter. In addition, as multi-layers
of microstructures were allowed here, a sample depth of
125 µm has been adopted.

The suspensions, manufactured by Magsphere Inc.,
contained monodisperse polystyrene spheres of 3 µm di-
ameter and density 1.03, at volume fraction φ0 = 10% or
20%. Sphericity and monodispersity were confirmed by
confocal microscopy. The suspensions were stable over
months. Although they might sediment in the samples,
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Name Symbol Magnitude Unit

Dynamical viscosity µ 1.8× 10−3 Pa·s
Volumic latent heat Lv 3.3× 108 J·m−3

Melting point TM 273.15 K
Surface tension (with ice) σ 2.9× 10−2 J·m−2

Hamaker constant (water/PS) A 1.3× 10−20 J
Thermal conductivity (water) km 0.561 W·K·m−1

Thermal conductivity (PS) kp 0.115 W·K·m−1

Particle radius R 1.5× 10−6 m
Thermal gradient G 4× 103 K·m−1

TABLE I. The physical quantities used throughout the
manuscript.

the particles stayed disperse enough to be able to re-
distribute in the sample depth when encountering the
solidification front and its adjacent particle layer. Solu-
tal effects were investigated by filtering out the particles
using chromatography micro-filters. They led here to a
critical velocity of about 10 µm·s−1 for the morphological
instability of planar fronts.

The physical parameters of the experiment are given
in Tab. I.

FIG. 1. Sketch of the experimental set-up. A thin sample
sandwiched between heaters and coolers is pushed at a pre-
scribed velocity by a micro-stepper motor coupled to a linear
track. This allows solidification under controlled conditions
together with a real-time non-invasive visualization.

B. Observations and measurements

This study focuses on the velocity range 0.5 ≤ V ≤
20 µm·s−1with a special attention to velocities below the
critical velocity of a planar front (around 10 µm·s−1).
Therefore, most data will refer to a planar solidifica-
tion interface. Other velocities and/or particle diameters
yield different solidification patterns that will be reported
in a forthcoming paper.

A typical steady-state, obtained at V = 3 µm·s−1, is
displayed in Fig. 2. We observe a grey and bright layer
surrounded by the frozen phase (bottom) and the liquid
phase (top). The layers are separated by sharp bound-
aries. The frozen phase shows repetitive black striations
which refer to a phenomenon that is both time-dependent
and uniform along the front. This is reminiscent of the
segregation provided by the formation of ice lenses [44],
but a more detailed analysis will be required to state this
firmly. However, no implication of these striations could

be noticed on the rest of the system, especially on the
front shape or the width and the organization of the ad-
jacent bright layer. We shall therefore ignore them here.

The layer between the frozen phase and the liquid
phase corresponds to the compacted layer of particles
studied by Anderson and Worster [7, 44]. Its exis-
tence indicates that the velocity at which particles en-
ter the frozen phase is smaller than the growth velocity
V , thereby requiring an increased particle concentration
φ in steady-states to satisfy the particle flux balance in
the whole system. This agrees with direct observation
from confocal microscopy (Fig. 3) which reveals a close-
packing of particles.

In the vicinity of the front, the particle layer displays
bright patches with a broad size distribution. As revealed
by confocal microscopy, they correspond to ordered clus-
ters of particles near the plates (see Fig. 3) which likely
result from the long-range ordering induced by the planar
glass surface. The observations reveal that they evolve
with time in both shape and size with possible internal
reorganization responsible for cluster blinking (see Movie
S1, Supporting Information). These clusters, reminis-
cent of particle crystallization in suspensions [45], are
thus likely limited to the vicinity of plates. They there-
fore correspond to a visual artifact induced by the plate
with no prejudice on the remaining particle layer, both
in width and depth.

FIG. 2. Steady state at φ0 = 20% and V = 3 µm·s−1 showing
a dark frozen phase (bottom) followed by a grey particle layer
(middle) and the liquid suspension (top). The frozen phase
shows striations reminiscent of ice lenses. The particle layer
displays bright patches corresponding to an ordering of the
particles in the vicinity of the plates.

The cluster brightness could be related to particles. It
thus makes a definite difference with the frozen fringes
observed by Anderson and Worster on smaller parti-
cles [44]. In particular, their non-uniformity, their time-
dependence and their disconnection with the front refer
to features that do not fit with the current description
of the frozen fringes. In addition, no steady bright zones
similar to frozen fringes could be observed close to the
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FIG. 3. Confocal microscopy image of the compacted layer
of particles close to a sample plate. The particle diameter
is 1 µm. The particle layer shows close-packed arrangements
of particles into both disordered regions or colloidal crystals
of relatively large size. This noticeable geometrical order is
presumably imposed by the planar glass surface.

front. This supports the absence of frozen fringes in this
experiment.

Starting from the beginning of solidification, the parti-
cle layer grows linearly as displayed in fig. 4 in a series of
snapshots and in a spatio-temporal diagram (see Movie
S1, Supporting Information). Meanwhile, the frozen
phase behind the front appears dark, meaning that no
particle enters it, at least close to the sample plates.
This is confirmed by transmission observations, where
the brightness of the frozen phase proves that it contains
no particle in the whole sample depth. As the incoming
particle flux in the particle layer is V φ0, particle conser-
vation yields V φ0 = (φ − φ0)dh/dt where h denotes the
layer thickness, φ0 the particle concentration in the sus-
pension and φ its mean value in the particle layer. The
linear increase of h with t thus enables an indirect mea-
sure of the particle concentration φ in the layer. The fit
of its growth rate yields φ = 0.634 ± 0.007, close to the
random close-packing value φp = 0.637 and in agreement
with observation of clusters of particles in contact with
each other (Fig. 3). This determination supports previ-
ous assumptions [7, 44] and predictions [46] that a layer
of particles under such conditions is at the close-packing
concentration φp. It thus confirms that the denomination
”compacted layer of particles” is relevant. The growth of
the layer ends at a definite layer thickness which is thus
representative of the suspension and solidification con-
ditions. As only steady states will be addressed from
now on, we shall then still denote their permanent layer
thickness h in the remaining. This stop of growth means
that the entrance flux of particles in the frozen phase
now equals their incoming flux V φ0 in the particle layer.
It thus indicates that the steady state layer width h is
intimately linked to the repelling/trapping mechanism of
particles by the front. In addition, as it is simple and ac-
curate to measure, it thus stands as an ideal quantity to
indirectly probe the particle/front interaction mechanism

in this experiment.
Fig. 5 displays steady states obtained at various so-

lidification velocities V . They all show a similar kind of
patterns with a particle layer and a frozen phase possibly
displaying, at low velocities, bright patches and striations
respectively. The layer thickness h shows a continuous
decrease with the velocity V . This is documented for
two suspension concentrations φ0 = 0.1 and 0.2 in fig. 6,
where no dramatic change in the evolution of h can be
noticed for the two data points close or above the criti-
cal velocity of destabilization of planar interface, about
10 µm·s−1here.

The following sections of this article are devoted to
understand both this trend and its order of magnitude
so as to gain relevant insights on the underlying re-
pelling/trapping mechanism of particles by the solidifi-
cation front.

III. MECHANICAL MODELING

The particle layer refers to a self-organized steady state
in which the repelling/trapping mechanism plays a key
role. To access relevant information on it, we model the
mechanics of the particle layer, especially viewed from
the particles that enter the front. As in steady state the
forces applied on the particle equilibrate, the magnitude
of the short-range thermomolecular force could then be
deduced from the remaining forces.

Three forces apply on a particle close to the solidifica-
tion front (see Fig. 7) :

i) The thermomolecular force FT exerted by the so-
lidification front on an entering particle. It results from
Van der Waals interactions between the particle and the
front, through the fluid.

ii) The lubrication force Fl on an entering particle. It
results from viscous effects in the thin film separating the
particle from the front.

iii) The force Fµ exerted by the particle layer on an en-
tering particle. It results from pressure drop and viscous
stress induced by the fluid flowing across the particle ma-
trix. It is transmitted to an entering particle by contacts
along the particle matrix.

Whereas the two former forces push the particle to-
ward the front, the latter repels it. Their resultant will
be labeled F. These forces are addressed in more detail
below before we can deduce the thermomolecular force
from mechanical equilibrium.

A. Mechanical balance

For convenience, we shall consider the average over a
particle section πR2 of the z-components of these three
forces and their resultant on the thermal gradient direc-
tion ez = G/G. The corresponding pressures will be
referred to as P̄µ, P̄l, P̄T and P̄ respectively. They thus
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FIG. 4. Initial stage of solidification : φ0 = 20%, V = 0.5 µm·s−1. The corresponding movie is displayed in Supporting
Information, Movie S1. (a) - (d) Snapshots taken respectively 220, 3789, 5062 and 13720 s after beginning of solidification.
They show, from top to bottom, the suspension (grey zone), the particle layer (bright zone) and the solid phase (dark when
no particles are trapped (a to c), grey when some are (d)). (e) Spatio-temporal diagram provided by the juxtaposition at
increasing times of a cut of images taken at a fixed position. Space is reported on ordinates over 768 pixels corresponding to
3428 µm. Time is reported on abscissa over 1372 pixels corresponding to 13720 s. The times corresponding to images (a) to
(d) are indicated on the top of the diagram. The common slope of the bright lines displayed in the solid phase refers to the
advection of embedded particles at sample velocity V . The diagram shows that particles are first repelled, as revealed by the
dark zone behind the front. Meanwhile, the particle layer thickness increases until the particle capture by the solidification
front sets in (bright lines in the solid phase). The particle layer then reaches a steady state and a constant thickness.

satisfy the relationship P̄ = P̄µ + P̄l + P̄T, where P̄µ < 0,
P̄l < 0 and P̄T > 0 involve the following expressions :

1. Viscous force Fµ, P̄µ

In steady states, mass conservation of fluid and of
particles yields the following mean velocities for the
fluid, vf , and the particles, vp, in the front frame:
vf = −V (1 − φ0)/(1 − φ), vp = −V φ0/φ (Fig. 8).
As they differ, viscous stresses are generated on the
particle matrix. Regarding the fluid, they result in
a pressure drop ∆p across the particle layer, re-
ferred to as cryosuction.

From a mechanical point of view, this pressure drop
expresses the rate of momentum flux on the direc-
tion ez that is lost by the fluid and gained by the
particle matrix, by viscous stresses on the particle
surfaces. As the particle layer is close-packed, this
momentum is entirely transmitted to the entering
particles and results in a mean pressure P̄µ on each
of them. However, as particles occupy only a part
φ of a suspension section, the mean pressure on an

entering particle is larger than the pressure drop
and reads P̄µ = ∆p/φ. In particular, its excess
with respect to the pressure drop refers to the vis-
cous stresses that are also undergone by the particle
layer, in addition to the viscous drop itself.

Regarding hydrodynamics, the compacted layer
of particles behaves like a porous medium. In
addition, following the absence of frozen fringes
(Sect. II B), it may be considered as homogeneous.
Accordingly, its internal viscous dissipation may
be modeled by Darcy’s equation, µU = −kdP/dz,
where µ denotes the liquid viscosity, k the medium
permeability and U the flux of liquid volume in
the z-direction, viewed in the frame of the parti-
cle matrix. Taking into account the mean velocity
difference vf − vp between the liquid phase and the
particles and the part (1−φ) of a suspension section
occupied by the liquid, one gets U = (1−φ)(vf−vp)
and U = −V (φ− φ0)/φ.

Following the indirect measure reported in
Sec. II B, the particle concentration φ in the com-
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(a) (b) (c)

(d) (e) (f)

FIG. 5. Particle layer (grey zone) in steady states at φ0 = 20% and various front velocities V : 1, 2, 4, 5, 10 and 20 µm·s−1. The
layer thickness decreases with the front velocity. Below V = 10 µm·s−1, it shows white patches which correspond to clusters of
particles on the sample plates (a, b, c, d). As the location of the images is arbitrary, the variation of the front position within
the observation frame is meaningless.

FIG. 6. Evolution of the steady state thickness h of the par-
ticle layer with the front velocity V at particle concentrations
of the suspension φ0 = 0.1 and 0.2.

pacted layer of particles will be taken as that of
random close packing : φp = 0.64. As the sus-
pension concentration φ0 is smaller than φp, one
notices that U is negative, which means that liq-
uid flows from the suspension towards the front.
On the other hand, as the suspension is monodis-
perse and random, its permeability may be mod-
eled by the Kozeny-Carman relation: k(φ,R) =
(1 − φ)3/φ2R2/45. This yields a pressure drop
across the particle layer ∆p = µUh/k(φ,R) and
finally a mean extra pressure on the entering par-

FIG. 7. Sketch of the forces acting on a particle entering the
frozen phase: a thermomolecular repelling force FT exerted
by the solidification front (black arrow); a lubrication force
Fl induced by the liquid flow in the thin film separating the
particle and the front (red arrow); a force Fµ exerted by the
particle layer on the particle, as a result of the viscous friction
induced by a liquid flow through the particle matrix (green
dashed arrow). Blue curved arrows symbolize the liquid flow;
G recalls the thermal gradient and ez the direction of z-axis.
As particles are randomly distributed, their section by a plane
displays different radii and few contact points here, although
they actually share the same radius and are in contact with
each other.

ticles P̄µ = −µ|U |h/[φk(φ,R)].

2. Lubrication force Fl, P̄l

When a particle is displaced with respect to the
suspension, some fluid has to fill the freed volume.
For particles adjacent to the front, such a flow oc-
curs in the film that separates them from the front
(Fig. 7). Its thinness then induces, by viscous fric-
tion, a noticeable pressure drop at the base of par-
ticles which results in an attractive force between
them and the front. Referred to the cross-section



7

FIG. 8. Sketch of the system that shows the suspension, the
compacted layer of particles and the frozen phase. The mean
velocities of the fluid and of the particles with respect to the
solidification front are denoted vf and vp respectively. In the
suspension, they are both equal to the opposite of the solid-
ification velocity. However, in the compacted layer of parti-
cles, they differ following the rise of particle volume fraction,
thus resulting in viscous friction. As particles are randomly
distributed, their section by a plane displays different radii
although they actually share the same radius.

of particles, it corresponds to a mean pressure P̄l

on them.

Computation of P̄l may be performed in the frame-
work of Stokes flow and of the lubrication approx-
imation. The former yields this mean pressure to
be proportional to the velocity Vp of particles with
respect to the suspension : P̄l = −fVp. The latter
approximation yields the prefactor f to be deter-
mined with respect to the geometry of the film, i.e.
the front shape and the position of the particle with
respect to it.

In the following and in most models, attention is
focused on steady states of particles adjacent to
the front for which the relative velocity Vp with re-
spect to the suspension is constant. However, we
notice that the value of this velocity differs depend-
ing on whether the entering particle is isolated and
repelled by the front or immersed in a steady parti-
cle layer and thus eventually trapped by the front.
The former case is usually considered by models
and yields Vp = V . The latter case is the one which
applies here. It corresponds to Vp = vp + V or,
equivalently Vp = −U = |U |.

3. Thermomolecular force FT, P̄T

The thermomolecular force results from Van der
Waals like interactions between the front and a
particle. It is normal to the particle surface and

inversely proportional to the cube of the distance d
between a surface point and the front. It thus gives
rise to a thermomolecular pressure PT = A/6π d−3
where the Hamaker constant A depends on mate-
rials and solute.

Given the front shape and the position of the par-
ticle with respect to the front, the thermomolecu-
lar pressure may be integrated along the particle
surface to give the mean thermomolecular pressure
P̄T.

4. Thermodynamical equilibrium

To compute both the lubrication force and the ther-
momolecular force, the front shape must be deter-
mined for a given position of the particle with re-
spect to it. It follows the Gibbs-Thomson relation:

Lv t = PT + σκ (1)

where the pressure melting term induced by the dif-
ference of density between water and ice has been
neglected. Here PT, σ, κ and t = (TM−TI)/TM de-
note the thermomolecular pressure, the surface ten-
sion and curvature of the interface, and its relative
undercooling with (TM, PM) the temperature and
pressure of a reference state and TI the solid/liquid
interface temperature.

In a thermal gradient where TI ≡ GzI, this provides
a differential equation for the location zI of the in-
terface whose integration yields the front geometry,
given the position of the particle with respect to the
melting isotherm. Usually, numerical integration is
required to determine the front shape and thus the
channel geometry, especially when capillary effects
are handled [34, 37].

B. Mechanical equilibrium

Mechanical equilibrium reads: P̄µ + P̄l + P̄T = 0. It
applies to particles involving a constant velocity Vp, ei-
ther because they are repelled by the front or because
they belong to a steady particle layer displaying continu-
ous trapping. The present experiment refers to the latter
case for which Vp = |U | and thus P̄l = −f |U |. Introduc-
ing Uc = P̄T/f , the critical velocity for a single particle
(i.e. for h = 0), the mechanical equilibrium of an entering
particle then reads:

h
µ

φk
= P̄T (

1

|U |
− 1

Uc
) (2)

where we recall that the permeability k depends on φ
and R. This allows the determination of both the mean
thermomolecular pressure P̄T at the trapping transition
and the critical velocity Uc from the data set of steady-
state thicknesses h at various velocities U .

In relation (2), we notice that the left hand side de-
pends on the suspension properties φ and R whereas the
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right hand side seems at first glance to be independent
of them. This difference traces back to physics of the
repelling/trapping mechanism : part of it (the viscous
pressure P̄µ) refers to the suspension whereas the remain-
ing part (lubrication and thermomolecular forces P̄l and
P̄T) refers to the interaction of an entering particle with
the front. Thus, whereas the former deals with the whole
particle layer, the latter corresponds to short range forces
exerted in the very vicinity of an entering particle and
formally decoupled from the rest of the suspension. Fol-
lowing this picture, the repelling/trapping mechanism is
expected to remain the same, irrespective of the presence
of a particle layer, so that P̄T and Uc should be viewed
as independent of h. However, we shall show later on, in
section V A, that this corresponds to a first order approx-
imation with respect to the particle layer thickness be-
yond which there exists an indirect, hidden, link between
the trapping mechanism and the suspension conditions.

IV. RESULTS AND MEAN
THERMOMOLECULAR PRESSURE

We first report the evolution of the width h of the par-
ticle layer with respect to the relative velocity U . This
will provide an indirect measure of the mean thermo-
molecular pressure P̄T. To interpret its magnitude, we
then revisit the Rempel-Worster model [35] that refers
to the interaction and the capture of a single particle by
the front.

A. Particle layer thickness and mean
thermomolecular pressure

Figure 9 reports the particle layer widths h with re-
spect to the inverse relative velocity 1/|U |. It shows an
affine trend beyond U ≈ 1 µm·s−1 followed at lower ve-
locities by a departure towards a saturation. As the lat-
ter regime is confined to low velocities, it is much less
representative of the suspension solidification than the
former regime which englobes all velocities beyond. We
shall therefore skip it in the following and postpone its
analysis to a forthcoming paper.

Above U ≈ 1 µm·s−1, the affine evolution (2) followed
by data supports the mechanical modeling involving vis-
cous forces. In addition, the use of the relative velocity
|U | here instead of V as in figure (6) makes the the two
data sets φ0 = 0.1 and 0.2 collapse on the same master
curve. In particular, whereas their fitted slopes agree to
within 5% here, they would differ by about 30% if V was
used instead. As U corresponds to the relative velocity
of the fluid with respect to particles, this supports the
hydrodynamic origin of the forces which counterbalance
the thermomolecular force.

The slope and the intersection with the x-axis dis-
played in Figure 9 respectively provide estimates of the
mean thermomolecular pressure P̄T and of the critical ve-

locity Uc. However whereas the former determination is
accurate, the latter is largely sensitive to the distribution
and the uncertainty of data so that its determination can
only be quite approximate. Data yield P̄T = 1000±63 Pa
and an extremely large and imprecise critical velocity Uc
which must thus be overlooked.

The value found for P̄T, a kPa,stands two orders of
magnitude below the thermomolecular pressure PT0 at
the base of the particle evaluated for a usual expectation
of a nanometer thick film: PT0 = A/6πd−30 = 690 kPa.
To clarify this large difference, we turn attention towards
the modeling of the repelling/trapping mechanism pro-
posed by Rempel and Worster [35] and question its pre-
diction regarding the mean thermomolecular pressure P̄T

on an entering particle.

FIG. 9. Evolution of the particle layer thickness h with |U |,
the relative velocity of the fluid with respect to particles. The
axes refer to the variables µh/φk and 1/|U | to express relation
(2) by an affine relation with slope P̄T.

B. Single particle modeling and thermomolecular
constraint at critical state

The most recent modelings of the interaction between
a single spherical particle and the solidification front [34,
35, 37] provide the following integral expressions of the
z-component of the forces Fl and FT on a particle :

Fl = 2πR2 6µR2Vp

∫ π
2

0

sin(θ) cos(θ)

[∫ θ

π
2

sin(φ)

d3(φ)
dφ

]
dθ

(3)

FT = 2πR2 A
6π

∫ π
2

0

sin(θ) cos(θ)

d3(θ)
dθ (4)

Here θ denotes the zenith angle with the −ez direction
from the particle center and d(θ) the distance of the par-
ticle to the front on this direction (see Fig. 10).

The determination of Fl and FT and thus of the fea-
tures of the critical state at the trapping transition, re-
quires to derive d(θ) from the Gibbs-Thomson relation
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FIG. 10. Schematic diagram of a particle adjacent to the
interface in the constant film thickness assumption where
d(θ) ≈ d0 for θ ≤ θ0.

(1). When surface tension is neglected, this cannot be
handled analytically and requires numerical determina-
tions [35, 37].

Unfortunately, these numerical studies report a num-
ber of information on the velocity V cp and the minimal
distance dc0 to the front at the critical state, but do not
report on the mean thermomolecular force. However,
within some assumption regarding the geometry of the
channel separating particle and front, we may obtain an-
alytical relationships that provide a link between V cp , dc0
and FT or P̄T.

We consider below the Rempel and Worster assump-
tion following which the channel between the particle and
the front involves a constant width d0 up to an angle θ0
beyond which it suddenly dramatically increases. This
corresponds to a film climbing along the sphere and relax-
ing to a plane at a turning point, i.e to a concave-convex
front shape around the particle (see Figure 10). This
configuration echoes the change of front shape induced
by the ratio of thermal conductivities kp/km between the
particle and the medium. In particular, numerical studies
by Park, Golovin and Davis [37] have shown that, for our
parameters γ = TMσ/LvGR

2 = 2.68 and kp/km = 0.205,
the front shape assumes a concave-convex shape which
fits the assumption of the Rempel-Worster model.

Within this constant film thickness assumption, d(θ) =
d0 for θ < θ0 and d(θ) =∞ beyond, the integrals (3) and
(4) can then be determined. Anticipating a small value
of θ0, they yield, for θ0 � π/2 :

P̄T =
A
6π

θ20
d30

(5)

P̄l = −3

2
µR2Vp

θ40
d30

(6)

At mechanical equilibrium, both yield:

θ20Vp =
A
6π

2

3µR2
(7)

On the other hand, the numerical determination of Rem-
pel and Worster [35] yields for the film thickness dc0 and
the velocity V cp = Vp(d

c
0) at the critical state of the trap-

ping transition :

V cp = vcp

(
A
6π

)2/3
σ1/3

6µR4/3
(8)

dc0 = δc0

(
A
6π

R

σ

)1/3

. (9)

with, for the present parameters of the suspension (γ =
2.68), vcp ≈ 0, 95 and δc0 ≈ 0.95.

Our goal is now to obtain from this an evaluation of the
mean thermomolecular pressure P̄T at the critical state.
For this, we use the relation (7) to determine the critical
value θc0 of θ0 which, together with dc0, then provides from
(5) the value of P̄T in the critical state. We obtain:

θc0
2 =

4

vcp

(
A
6π

)1/3

(σR2)−1/3 (10)

P̄T =
4

vcpδ
c
0
3

(
A
6π

)1/3

σ2/3R−5/3 (11)

Relation (11) may be used here to provide an order of
magnitude of the mean thermomolecular pressure ex-
erted on a single entering particle in conditions similar
to our experiment. It yields P̄T = 208 Pa with, from
relations (8) (9), V cp = 12.29 µm·s−1and dc0 = 3.1 nm.
The latter value yields a thermomolecular pressure of
PT0 = 22.5 kPa at the base of the particle and up to
the angular position θ0 in the present constant thickness
model. The large relative difference between P̄T and PT0

then means that PT0 is indeed applied over a small angle
θ0. This is confirmed from relation (10): θc0 = 0.096 rad
in the critical state.

V. DISCUSSION

The experimental results as well as their comparison
with the Rempel-Worster model [35], hereafter called RW
model, yield both qualitative and quantitative outcomes.

We first notice that the mean pressure P̄µ on par-
ticles in the compacted layer is lower than the mean
thermomolecular pressure P̄T ≈ 1 kPa. It is thus sig-
nificantly smaller than the pressure threshold of about
10 kPa [47, 48] above which a particle layer would turn
aggregated [7, 44]. Accordingly, the particle layer, al-
though compact, may be considered as dispersed, i.e.
composed of freely moving particles, as confirmed by di-
rect observation (see movie in supplementary material).
This supports the modeling of trapping based on individ-
ual particles rather than on a cohesive layer.

On a qualitative level, the affine relation of h with
1/|U | supports the relevance, at least at the dominant
order, of the mechanical model involving a viscous force
proportional to hU , a lubrication force proportional to U
and a constant thermomolecular force.

On a quantitative level, the measured mean thermo-
molecular pressure P̄T ≈ 1 kPa is found five times



10

greater than in the constant film thickness RW model,
P̄T = 0.2 kPa. However, both appear much smaller than
the thermomolecular pressure PT0 = 22.5 kPa exerted in
this model at the base of the particle and in the whole
constant thickness film. This large difference means that
our experiment supports the main feature of the particle-
front interaction worked out in the RW model: a very
large thermomolecular pressure exerted on a very small
part of the particle surface.

However, beyond this agreement, the factor five differ-
ence between the magnitudes of the mean thermomolec-
ular pressure deduced from experiment or predicted by
the RW model questions the fine modeling of the re-
pelling/trapping mechanism. In particular, an impor-
tant difference between experiment and model is that our
experiment addresses a particle layer whereas the RW
model concerns a single isolated particle. This yields in
the experiment an additional force on an entering par-
ticle that is not involved in the RW model: the viscous
force generated on the whole particle layer. We inves-
tigate below its implication on critical state features at
the trapping transition as well as on the other possible
origins of the factor five difference regarding the mean
thermomolecular pressure.

We thus address the main differences between the RW
model and the experiment so as to interpret their quan-
titative discrepancies. Some are fundamental: the im-
plication of a particle layer on the film thickness. Some
refer to a difference of parameters: the Hamaker constant
(or εS in [35]) and the difference of thermal conductivity
between particles and water. We review them below and
determine the sense and the order of magnitude of their
implication on P̄T.

A. Particle layer effect on film thickness

We address here the effect of the particle layer on the
characteristics of the critical state of the trapping transi-
tion. On a particle adjacent to the front, the mechanical
balance of forces yields, from section III A, a resultant
mean pressure :

P̄ = − µ

φk
h|U | − fVp + P̄T (12)

Following the Gibbs-Thomson relation (1), the geom-
etry of the channel separating the entering particle and
the front may be parametrized by its thickness d0 at the
base of the particle. Accordingly, the integrals involved
in the lubrication and thermomolecular forces (3) (4) ap-
pear as functions of d0 : f ≡ f(d0), P̄T ≡ P̄T(d0).

The equilibrium states, P̄ = 0, may refer either to
repelling or to trapping. The transition between them
corresponds to a critical state. It may be reached on a
single particle by increasing the solidification velocity V
or, in the present experiment where many particles are
involved, by increasing the particle layer h. The crite-
rion for the transition may be obtained by considering

the implications of fluctuations of the film thickness pa-
rameter d0 : a reduction of d0 will enforce trapping if
the resultant dP̄ is negative ; it will enforce repelling if
dP̄ is positive ; at the transition between these regimes,

dP̄ thus vanishes, so that Vp = P̄T
′
/f ′, where the prime

denotes the first derivative with respect to d0.
This relation shows that d0 and Vp are linked on the

critical states for trapping. It thus applies to the steady
states of the particle layer on which the layer thickness h
and Vp = |U | are related one to the other (see Figure 9).
Altogether, this shows h and d0 are linked together : the
additional force exerted on an entering particle by the
compacted layer modifies the thickness of the film that
separates it from the front. As a consequence, the mean
thermomolecular pressure P̄T on it should raise accord-
ingly.

To evaluate the order of magnitude of this multiple
particle effect on d0 and P̄T, we may consider the ana-
lytical determinations of PT and f derived when surface
tension is neglected [34, 37]. They correspond to polyno-

mial expressions [49] from which Vp(d0) = P̄T
′
/f ′ may be

deduced. Denoting, as in section IV B, the critical veloc-
ity for single particle trapping by V cp and its critical film
thickness by dc0, it then appears that, down to V cp /10,
the relationship between Vp and d0 may be approached
by Vp = V cp [1− 3/2 (1− d0/dc0)]. In our experiment, as a

vanishing layer thickness was obtained for V ≈ 20 µm·s−1
at φ0 = 0.2, i.e for U ≈ 14 µm·s−1, one may estimate V cp
at about 15 µm·s−1. In comparison, the domain on which
the determination of P̄T has been obtained stands at ve-
locities around V cp /5 for which d0 is decreased by a half,

and the mean thermomolecular pressure P̄T raised by a
factor 40.

Although this estimation stands for a vanishing sur-
face tension, it indicates that, in our experiment where
a particle layer is involved, the measured mean thermo-
molecular pressure P̄T on an entering particle is likely
raised by a factor of several tens in comparison to its
value on a single isolated particle.

B. Hamaker constant

Models of particle trapping are based on a numeri-
cal determination of the front shape from the Gibbs-
Thomson relation (1). Three kinds of effects then
affect the front position: (i) the effect of the ther-
mal gradient given the front undercooling; (ii) capil-
lary effects on undercooling; and (iii) thermomolecular
pressure on undercooling, the solutal effect being ne-
glected. These effects are respectively conveyed by the
three variables G, σ and A or equivalently by two non-
dimensional parameters, γ = σTM/LvGR

2 and either
ε = (ATM/6πLvGR4)1/4 [34, 37] or εS = (A/6πσR2)1/3

[35] depending on studies.
However, the numerical solutions of these models are

provided in terms of graphs parametrized by only one
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of these parameters, γ [34, 35, 37]. In particular, the
RW model [35] on which the analysis of Section IV B
relies, provides evolution of non-dimensional velocity and
film thickness at εS = 10−3 whereas our experiments are
conducted at εS = 2.9× 10−3. As εS scales as A1/3, this
may be interpreted as an Hamaker constant 2.93 ≈ 25
larger in experiment than in simulations. Equivalently,
this means that the net thermomolecular pressure P̄T

that should be expected from a more accurate modeling
should be increased accordingly.

In particular, assuming that the non-dimensional vari-
ables δc0 and vcp are constant under this variation of A,

relation (11) states that P̄T scales as A1/3, i.e. as εS, and
should therefore be enhanced by a factor 251/3 ≈ 2.9.

C. Thermal conductivity differences

Particles are made of polystyrene of a lower thermal
conductivity kp = 0.115 than that of water km = 0.561.
The resulting modification of the thermal field in their
vicinity tends to reject the solidification front away from
the particle and form a bulge below the particle. This
would dramatically increase the film thickness d and de-
crease P̄T. However, this tendency is partly balanced
by capillarity which acts so as to flatten the front. For
our experimental parameters (γ = 2.68, kp/km = 0.205),
the outcome appears as a concave-convex interface which
follows the particle shape up to a turning point where it
relaxes towards the planar front [37]. This provides a
film thickness somewhat constant over an angular sector
below the particle and beyond which it sharply increases
(see Figure 10), in agreement with the geometric features
of the modeling considered by Rempel and Worster [35]
and used in section IV B.

The implication of a thermal conductivity mismatch
has been addressed by Park, Golovin and Davis [37] on
both the velocity V cp and the film thickness dc0 but not
the mean thermomolecular force. However, it may be de-
duced from the former variables within the assumption
of a constant film thickness over an angular sector θ0, us-
ing the analysis provided in section IV B. Following the
numerical results of reference [37], the change at γ = 1
of the ratio kp/km from 1, as implicitly considered up
to now, to 0.1 (resp. 10) yields an increase of V cp by a

factor 7.8 (resp. 4.3 × 10−2) and of dc0 by a factor 1.7
(resp. 0.5). Accordingly, for the experimental parame-
ters kp/km = 0.205, γ ≈ 1, one may estimate, by a power
law extrapolation, the corresponding increase factors for
Vc and dc0 as α = 3.94 and β = 1.45 respectively. Fol-
lowing relation (7), this implies a reduction of θ20 by the
factor α and thus, from (5), a reduction of P̄T by a factor
αβ3, i.e. about 12.

D. Synthesis

The value P̄T = 208 Pa deduced in section IV B from
an extrapolation based on the RW model for a single
particle needs thus to be corrected by definite factors
for several reasons : i) a fundamental reason relative to
the particle layer interplay with the critical state features
(factor ≈ 40) ; ii) parameter shifts relative to the param-
eter εS (or to the Hamaker constant) in [35] (factor 3)
and to thermal conductivity differences between particle
and water (factor 12−1). Altogether, this yields a reeval-
uation of the P̄T estimate by a factor about 40 × 3/12,
i.e. about 10.

This moderately large factor illustrates that several ag-
onist and antagonist phenomena take part in the design
of the film which separates the particle and the front
and, thus, in the net thermomolecular pressure applied
on the particle. The correction factor, of order 10, agrees
with the observed difference between the experimental
measure of P̄T (≈ 1.0 kPa) and its primary estimation
by modeling (≈ 0.2 kPa). On the other hand, it is weak
enough to maintain a large gap between such estimations
and that of the thermomolecular pressure at the base of
an entering particle (≈ 20 kPa), thereby corroborating
that a small part of the particle surface supports the
main thermomolecular pressure.

These results support the thickness of the particle layer
as a relevant indicator of the physical conditions experi-
enced by the entering particles. Interestingly, we notice
that this variable involves a macroscopic magnitude as
well as a statistical nature implied by the large number
of particles hold in the layer or entering to the front.
Altogether, it thus provides a macroscopic probe of the
averaged trapping mechanism on a solidification front.

VI. CONCLUSION

This study addressed the solidification of suspensions
below the trapping velocity of single isolated particles.
Particles were found to accumulate in a particle layer
whose thickness growth rate reveals its close-packing.
This implies multiple particle interactions both in the
particle layer and with the front.

At any velocity, particle trapping occurred for a suffi-
ciently large thickness of the layer. It then compensated
particle accumulation and made the layer growth stop.
We focussed attention on this steady-state layer thickness
to provide insights into the multiple particle interactions
and the resulting particle trapping mechanism.

Two kinds of multiple particle effects have been iden-
tified. In the compacted particle layer, viscous friction
on the particle matrix and the associated fluid pressure
drop induce an additional force on particles which favors
trapping. On the other hand, at the level of a particle
entering the front, this additional force leads a reduction
of the film that separates particle and front with a cor-
responding raise of the repelling thermomolecular force
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exerted by front on particles.

A quantitative study was provided by a mechanical
model on particle adjacent to the front which includes
the additional force induced by the particle layer. It pro-
vided a mean thermomolecular pressure on an entering
particle that is low compared to that exerted at its base
and large compared to that proposed by models for a
single isolated particle. The former feature means that
a small part of the particle surface undergoes a large re-
pelling from the front, the film between them thus enlarg-
ing quickly beyond. The latter statement was explained
by the reduction of film thickness in response to the ad-
ditional force induced by multiple particle effects.

Altogether, the present study thus evidenced the ef-
fects of multiple particle interactions on particle trapping
by solidification fronts. In particular, it clarified the for-
mation of a compacted layer of particles ahead of the
solidification front and pointed out its role and its ef-
fect on the trapping mechanism. For the present particle
features and solidification conditions, the solidification
front was mainly planar and the particle layer disperse
; for other particle diameters or solidification velocities,

some patterning could occur in either the particle layer,
the front or the frozen phase and the layer could turn ag-
gregated. As all these events largely result from multiple
particles interaction with the front, the findings reported
here will thus provide a relevant basis for understanding
their origin and their inner mechanisms.
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