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RESUME. Dans ce travail, nous étudions I'existence des solutions positives pour un probléme aux
limites en plusieurs points pour une équation différentielle du second ordre avec retard. Sous cer-
taines conditions de croissance sur la non-linéarité, et moyennant le théoréme du point fixe de Leray-
Schauder, on obtient des conditions suffisantes pour I'existence d’'une solution non friviale, ce qui
améliorent les résultats de J. Chen et al. [3].

ABSTRACT. In this work, we investigate the existence of positive solutions for a multi-point boundary
value problem for a second order delay differential equation. Under certain growth conditions on the
nonlinearity, and by the mean of Leray-Schauder fixed point theorem, sufficient conditions for the
existence of nontrivial solution are obtained, which improve the results of J. Chen er al. [3].

MOTS-CLES : Solution positive, Equation différentielle & retard, Probléme aux limites en plusieurs
points, Théoréme de point fixe de Leray-Schauder.
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1. Introduction

The boundary value problems for delay differential equations arise in a variety of
areas of applied mathematics, physics and variational problems of control theory [4].
Recently, many researchers have done a great deal of research works upon boundary value
problems of lower order differential equations with delay, and some interesting results
were produced, see for example [1], [2] and [6]-[9].

In this work, we study the existence of positive solutions of the following nonlinear multi-
point boundary value problem with delay

=0, t €1[0,1],
u(t) = Bu(n), —7<t<0, [1]

whereO<T<1,0<n<1,0<a<%and0<5<
positive real parameter.

The paper is organized as follows, in section tow we give definitions and preliminaries,
and in section there we give our main results.

1170;7” are constants, and \ is a

2. Preliminaries
In this section we give some preliminary results.

Definition 1
u(t) is called a positive solution of (1) ifu € C[—7,1]NC?(0,1), u(t) > 0fort € (0,1)
and satisfies (1).

Lemma 1
Let 3 # 111—0‘77’7 Then fory € C([0,T], R), the boundary value problem

u"(t)+y(t) =0, tel0,T], [2]
u(0) = Bu(n), u(l) = au(n) [3]
has a unique solution 1
u(t) = /0 G(t, s)y(s)ds [4]
where
G(t,s) = g(t,s) + a _ﬁ;])(oi%ﬁ)t_ n)g(m s) [5]
and

_f s(1-1%), 0<s<t<1,
g(t’s)_{ tl—s), 0<t<s<l.



PROOF. — From equation (2), we have

u(t) = u(0) + v’ (0)t — /0 (t—s)y(s)ds := A+ Bt — /0 (t — s)y(s)ds
with
A

u(0) = 4,
A+ Bn— fon(n — s)y(s)ds

u(n)

and )
u(l)=A+ B — /0 (1 —s)y(s)ds.
From u(0) = fu(n), we have
(1=p)A =By =5 [ - s)u(s)ds.
0

From u(1) = au(n), we have

(I1-a)A+B(l—an) = /0 (1 —=29)y(s)ds — a/on(n — s)y(s)ds.
Therefore,

_ Bn L sl 3 s
A_(l—an)—ﬁ(l—n)/o(l Jy(s)d (1—an)_ﬁ(1_n)/0(77 Jy(s)d

and

= 1-5 1 - s)ds — «—f ! —s)y(s)ds
= Ty Jy 0 e Gy, (e

From which it follows that

= ﬂn 1 — S sS)as — ﬂ ! — S s)as
ult) = (1—an)—6(1—77)/o(1 Jy(s)d (1—an)—ﬁ(1—n)/o(n Jy(s)d

(1-p)t ! (a— B)t n
T - B0 ) /0 A= sh()ds = T =B =) /0 (n = s)y(s)ds

- / (¢~ s)y(s)ds

(B-—a)t—p
(1—an) =B -n

= —/0 (t —s)y(s)ds + ) /0 (n — s)y(s)ds

(1-8)t+8n !
T an) 2B J, (Sl

[ B+ (a— Pt '
= [ ottty + O [y sus




Then, u(t) = fol G(t, s)y(s)ds. The function u presented above is the unique solution to
the problem (2), (3).

Lemma 2
Let0 < a < Land0 < p < 111—0‘7;7 Ify € C([0,1], [0,00)), then the unique solution u
of the problem (2), (3) satisfies
u(t) >0, telo,1].
PROOF. — We know that if "/ (¢) = —y(¢t) < 0fort € (0,1), u(0) > 0 and u(1) > 0,
then u(t) > 0 for ¢ € [0, 1]. We have
- n 1
0) = — ds + / 1- d
" T ) / WO T sy fy (T
S erre vl RUBBIOTETY RIER MO

1
* (1—an) —B(1—n) /n (1= s)y(s)ds
2 ! Bn !
T (I—ap)—B(l-n) [/0 s(L—n)y(s)ds] + T — /17 (1— s)y(s)ds > 0

and

7_1_5 B-a)-p8 77_ s)ds
a = - [a S e | @=ows)a

e | -

) . B /On(l — 8)y(s)ds + /On(n — 5)y(s)ds]
(1—an) gﬁ(l ) [774 (1= s)y(s)ds +/O (n — s)y(s)ds]
I GRS fﬂ(l ) /0 s(1—n)y(s)ds > 0.

Then, u(t) > 0Vt € [0,1].

+

Lemma 3 The function g has the following properties
(1) 0<g(t,s) <s(l—s)=g(s,s) Vt,se][0,1].
(ii) Let 6 € [0,1]. Then, fort € [0,1 — 6] and s € [0, 1], we have

g(t,s) > min{t,1 — t}g(s,s) > Og(s, s).



PROOF. — For 0 < s <t < 1, we have
0<g(t,s)=s(1—1t) <s(l—s)=g(s,s).
And for0 <t < s <1, we have
g(t,s) =t(1 —s) <s(l—s)=g(s,s).

Thus (¢) holds.
If s = 0 or s = 1, we show that (i7) holds.
For0 < s <t<1ands # 1 wehave

glt,s) _ t(L—s)

g(s,s)  s(l—3s)

®w |
\Y]

t Vtelo,1].

For0 <t < s < 1ands # 0 we have

g(t,s) _ s(1—1¢) _ (1-1)
g(s,s)  s(1—s) (1—y¢)

>(1-t) telo1].

Then
g(t,s) > min{t, 1 — t}g(s, s).

Thus, there exist § €]0, 3] such that

Thus (i7) holds.

Lemma 4 The function G has the following properties
(i) G(t,s) >0 Vi, se€[0,1],

max{«, 5}
(I—an) =B -mn)

(i) min  G(t,s) > kag(s,s) Vt,s € [0,1] where 6 € (0, 3) and

(i7) G(t,s) < kig(s,s) Vt,s€[0,1]andks =1+

9<t<1—6
B B+ min{(a — B)8, (a — B)(1 —0)}
R =01+ (1—an) —B(1—n)
PROOF. —

() From equation (5) and () of Lemma 3, we get

G(t,s) > 0Vt,s € [0,1].



(73) By equation (5) and (¢) of Lemma 3, we have

B+ (a—p)t g
(1 —an) - B —-n)

G(t,S) = g(t,S) + (7775)

max(a, () B ‘s
S g(S,S) + (1 — 0”7) — B(l — n)g(sas) - klg( ’ )

(¢9¢) From (47) of Lemma 3, for ¢ € [0, 1 — 6] we have

G(t,s) = glt,s)+ a _ﬁo:;)(oi_ﬁ(ﬁl)t_ n)g(n, s)
> fg(s, s) + B+ mlrz‘g(f ;n)) (( ))(1 - 6)}99(5, s)
B+ min{(a — B)0, (a — B)(1 —0)} _
> 01+ d—an) - B =) g(s, ) = kag(s, s).

Lemma 5 Ify € C([0,1]) and y > O, then the unique solution u of the boundary value
problem (2), (3) satisfies m<1{1 eu(t) > v||lu|ly where ||ul]1 := sup{|u(¥)|; 0 <t < 1}

ka

and vy := R

PROOF. — For any t € [0, 1], by Lemma 4 we have

/ G(t, 5)y(s)ds < ki / s, shu(s)ds,

thus ||ul|; < k1 fol g(s, s)y(s)ds. Moreover, from (4i7) of Lemma 4 for ¢t € [0,1 — 6], we
have

1
/ G(t s)ds >k2/ g(s,8)y(s)ds > @||u||1
0 k1

Theref > .
erefore egrglgl?—eu( ) > )|l

By Lemma 1, we can show that the BVP (2), (3) has a solution u = w(t) if and only if u
is a solution of the operator equation v = T'u, where

ﬁu(n)7 —T < t S 07
1

Tu(t) = )\/0 G(t,s)a(s)f(s,u(s —7))ds, 0<t<1.

We assume the following hypothesis :



(Hl) f € O([Ov 1] X [0700)7 [0,00)),
(H2) a € C([0,1];[0,00)) and there exists to € (0, 1) such that a(tg) > 0,

Let define,
t,u)

f%:=limsup max Z——=, £ := limsup max
u—0 t€[0,1] u u—oo t€[0,1] u

f(t,w)

1

M, :—B/OTg(s,s)a(s)ds—i—/T (s, s)a(s)ds and Mo = /Olg(s,s)a(s)ds.

The proof of our main results is based upon an application of the following Leray-Schauder
fixed point theorem.

Theorem 2.1 (/5])
Let Q) be a convex subset of a Banach space X, 0 € Q and ® : Q) — Q be a completely
continuous operator. Then either

1) ® has at least one fixed point in 2, or
2) the set {x € Q/x = u®x, 0 < p < 1} is unbounded.

3. Main results
Let X = C[—, 1] be a Banach space with norm ||u|| = sup{|u(t)|: —7 <t < 1}.

Theorem 3.1
Assume (Hi) and (Hs) hold. If f° < oo, then the boundary value problem (1) has at
least one positive solution.

PROOF. — Choose € > 0 such that (f°+€)Ak1 M7 < 1. Since f° < oo, then there exists
constant B > 0, such that f(s,u) < (f° + €)u for0 < u < B.
Let
= — > < i > .
Q= fu fue O-r 1), u 0, Jul < B, min_u(t) > ]ul)

Then €2 is a convex subset of X.

For u € €2, by Lemmas 2 and 5, we know that T'u(t) > 0 and 0<rgl<illa H(Tu)(t) > Y| Tu|.

Moreover,

1
Tu < )\kl/ g(s,8)a(s)f(s,u(s —7))ds
0 1
< MO+ ok /0 g(s, 8)a(s)u(s — 1)
= MO+ o)k (/OTg(s, s)a(s)Bu(n)ds + /

1

o5, alsyu(s — 7)ds)



T 1

A + o)l (ﬂ | st atsyis + [

T
[ul < B.

IN

g(s,s>a<s>ds) Jul

A

Thus, | Tu|| < B. Hence, TQ2 C .

We shall show that T is completely continuous.

Suppose u, — u (n — o0) and u,, € 2 Vn € N, then there exists A/ > 0 such that
[un|| < M.

Since f is continuous on [0, 1] x [0, M], it is uniformly continuous.

Therefore, Ve > 0 there exists § > 0 such that | — y| < § implies | f(s,x) — f(s,y)| <
eVs € [0,1], z,y € [0, M] and there exists N such that ||u,, — u|| < § forn > N, so
|f(s,un(s —7)) — f(s,u(s —7))| <e,forn> N and s € [0, 1].

This implies

|Tun(t) — Tu(t)] < )\kl/o g(s,8)a(s)|f(s,un(s — 7)) — f(s,u(s — 7)|ds
)\ekl/o g(s, s)a(s)ds.

IN

Therefore T' is continuous.

Let D be any bounded subset of {2, then there exists v > 0 such that ||u|| < ~ for all
ueD.

Since f is continuous on [0, 1] x [0, 7] there exists L > O such that | f(¢,v)| < LV(¢,v) €
[0, 1] < [0,7].

Consequently, for all u € D and ¢ € [0.1] we have

Tu(t)]

IN

[ " (s, a(s) (s, uls — 7))ds

Ak L fol g(s, s)a(s)ds.

IN

Which implies the boundedness of T'D.
Since G is continuous on [0, 1] x [0, 1], it is uniformly continuous.
Then Ve > 0 there exists 6 > 0 such that |t; — t2] < 0 implies that |G(t1,s) —

1
G(te,s)| < e€Vs € [0,1]. So, if w € D, |Tu(t:) — Tu(ta)] < /\/ |G(t1,8) —
0

G(ta, 8)|a(s)f(s,un(s —7))ds < /\Le/ a(s)ds.

From the arbitrariness of €, we get the quicontinuity of TD.

The operator T is completely continuous by the mean of the Ascoli-Arzela theorem.
Foru € Qand u = pTu, 0 < p < 1, we have u(t) = pTu(t) < Tu(t) < B, which
implies ||u]| < B. So, {z € Q/xz = uPx, 0 < p < 1} is bounded.

By theorem 2.1, we deduce that operator 7" has at least one fixed point in 2. Thus the



boundary value problem (1) has at least one positive solution.

REMARK. —
The conditions of Theorem 3.1 are weaker than those of Theorem 3.1 in [3].

Theorem 3.2
Assume (H1) — (Hg) hold. If f*° < oo is satisfied, then the boundary value problem (1)
has at least one positive solution.

1
PROOF. — Choose € > 0 such that (f*° + e)\k1 M; < 3 Since f*° < oo, then there

exists constant N > 0, such that f(s,u) < (f*° + €)u foru > N.
Let B > 0 such that
B> N+ 1+ 2 k1 My max f(s,u).
0<s<1
0<u<N

Let

= - > < i > .
Q= {u/ue Clor,l), w>0, |lul < B, min_ u(t)> ]}

Then €2 is a convex subset of X.

For u € Q, by Lemmas 2 and 5, we have Tu(t) > 0 and 9<In<i{1 G(Tu)(t) > || Tul.
<t<1-

Moreover, for u € €2, we have
Tut) = A [ G(t,$)a(s) (s, u(s — 7))ds
< [ g5, s)als) Fs,uls — 7)ds
Y ( / oy 905 $00(5) s = )

+ /,12_{56[0,1]/u<N} 9(s,s)a(s)f(s,u(s — T))ds>

1 1

< Mg /0 g(s,s)a(s)(f"o—l—e)u(s—T)dS—i—/O g(s,s)a(s) O<max<1 f(s,u(s —7))ds
0<u<N

< (=405 [ ottt [ atsshae)as] ful

+/0 g9(s,s)a(s)  max  f(s,u(s —7))ds

0<s<1
0<u<N



< AMf™® 4+ e)ki M B+ Mk Mo max f(s,u(s—1)) <
0<s<1
0<u<N

Thus, ||[Tu|| < B. Hence, T2 C .

We can show that 7" : 2 — 2 is completely continuous.

Foru € Qandu = pTu, 0 < p < 1, we have u(t) = puTu(t) < Tu(t) < B, which
implies ||u|| < B. So, {z € Q/z = uPx, 0 < p < 1} is bounded.

By theorem 2.1, we show that the operator 7" has at least one fixed point in €.

Thus, the boundary value problem (1) has at least one positive solution.

REMARK. —
The conditions of Theorem 3.2 are weaker than those of Theorem 3.2 in [3].
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