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ABSTRACT: One biaxial experiment is performed on an ultra-thin specimen made of 17-7 precipitation hardened stainless steel.

An anti-wrinkling setup allows for the characterization of the mechanical behavior with Integrated Digital Image Correlation

(IDIC). A sensitivity analysis assesses the amount of data available but reveals a discrepancy between observation and model that

is interpreted as the occurrence of wrinkling in a confined boundary layer. From this observation, the identification is performed

on a refined region of interest where reliable data are accessible. The calibration of parameters of various constitutive equations is

performed. In particular, the identifiability of the so-called Hill-1948 model is analyzed.
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Introduction

For engineering design purposes, Tresca [35] or von

Mises [36] isotropic yield criteria are commonly used and

generally give satisfactory results. However, isotropic

plasticity of formed materials is not common and

anisotropy is the rule rather than the exception. Con-

sequently sheet metal anisotropy is a key issue to im-

prove manufacturing processes and mechanical designs.

Lankford et al. [19] proposed an experimental ratio to

characterize plastic anisotropy. Hill [15] and Dorn [11]

works have led to the first models of anisotropic plastic

flow. Their developments have been extended to describe

more complex behavior [16].

There are different experimental techniques for cal-

ibrating constitutive laws of metallic materials [17].

Among them cruciform samples have been considered.

The first set of works has dealt with geometries for which

the stress state is made as uniform as possible in the cen-

tral part [10, 8, 18, 38, 26]. Such geometries were vali-

dated experimentally [13]. Their main advantage lies in

the fact that strains and stresses are concentrated and vir-

tually uniform in the gauge section. When samples are

very thin, this route is difficult to follow since it implies

even thinner gauge sections.

The second route consists of performing biaxial ex-

periments on cruciform samples with no thickness vari-

ations. Consequently, the stress and strain fields are het-

erogeneous everywhere and inverse identification tech-

niques have to be used [3] in conjunction with full-

field displacement measurements (e.g., via Digital Im-

age Correlation [33]). Finite Element Model Updating

was performed to calibrate anisotropic plasticity parame-

ters [21, 34, 29]. It was also shown that Integrated Digital

Image Correlation could be used to tune von Mises plas-

ticity parameters [5] on such type of samples. This tech-

nique will be used herein to investigate plastic anisotropy.

The present study aims for the calibration of the so-

called Hill-1948 model [15, 2]. The latter is one of the

standard and most widely used model in nowadays com-

mercial finite element codes [30]. Integrated-DIC will be

utilized. It allows displacement fields and material pa-

rameters to be measured in only one single step [14, 20].

Elastoplasticity was also analyzed within such a frame-

work [25]. Réthoré [28] showed that such technique

was particularly robust for the identification of a dam-

age model. In the present work, a single experiment on

an ultra-thin biaxial specimen is performed and four con-

stitutive laws with increasing complexity are considered

to challenge the sought behavior. To enhance the rele-

vance of the model, all data (i.e., displacement fields and

reaction forces) are equitably weighted via a Bayesian

foundation [25, 5, 4].

The paper is divided into two main sections. First,
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the chosen constitutive models are introduced and the

integrated-DIC identification methodology is recalled.

The interested reader will find additional details in

Ref. [5]. Second, the biaxial experiment is presented in

which an anti-wrinkling device aims to prevent the out-

of-plane motions of the ultra-thin specimen. The iden-

tifiability of the chosen anisotropic plasticity model is

finally assessed in a two-step procedure.

Theoretical and methodological framework

Investigated constitutive laws

Four constitutive laws are investigated, namely, (A) lin-

ear and isotropic elasticity (with Young’s modulusE and

Poisson’s ratio ν), (B) linear kinematic hardening with

von Mises flow rule, (C) exponential kinematic hard-

ening with von Mises flow rule, and (D) linear kine-

matic hardening with quadratic yield criterion (i.e., the

so-called Hill-1948 model [15, 2]). The total strain rate

ε̇ is written in terms of elastic and plastic strain rates

ε̇ = ε̇el + ε̇pl where ε̇el is the elastic strain rate tensor

and ε̇pl the plastic strain rate tensor. The yield surface

J2(σ −X) = σy is defined such that J2 is the second

invariant of the stress deviator tensor,X the back-stress,

and σy the yield stress. As a first approximation, a linear

kinematic hardening model is chosen for the back-stress

rate [27]

Ẋ =
2

3
Cε̇pl (1)

where C is the hardening modulus. Under the assump-

tion of exponential kinematic hardening, the back-stress

becomes [12, 22]

Ẋ =
2

3
Cε̇pl − cX ṗ (2)

where C and c are material parameters, p the cumula-

tive plastic strain. Last, the quadratic anisotropic yield

criterion [15] is associated with the linear kinematic hard-

ening law (B). The latter criterion is an extension of the

von Mises criterion, and can be expressed in terms of

rectangular Cartesian stress components as

f2(σ) = H1(σ22 − σ33)2 +H2(σ33 − σ11)2

+ H3(σ11 − σ22)2 + 2H4σ
2
23

+ 2H5σ
2
31 + 2H6σ

2
12 (3)

where Hi are constants expressed with the normal yield

stress ratio (R11 = σ̄11/σy , R22 = σ̄22/σy , R33 =

σ̄33/σy) and those in shear (R12 =
√

3σ̄12/σy , R23 =
√

3σ̄23/σy , R31 =
√

3σ̄31/σy) both with respect to the

axes of anisotropy

H1 =
1

2

(
1

R2
22

+
1

R2
33

− 1

R2
11

)
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3

2

1

R2
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1
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R2
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1

R2
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− 1
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22
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3

2

1

R2
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,
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1

2

(
1
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+
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The computation being two dimensional (i.e., plane

stress), R31 and R23 are insensitive and set to 1 here-

after (and hence H4 = H5 = 3/2). One of the three

parameters H1, H2, and H3 must be chosen to decorre-

late its value from the yield stress and hence H1 = 1/2

is chosen. Therefore, only three additional material pa-

rameters, i.e.,H2, H3, andH6, remain to be determined.

Integrated-DIC

There are different approaches to DIC. The first one con-

sists of registering a series of independent zones of inter-

est [33]. Nowadays, such approach is called local DIC. It

will not be used herein. Global DIC is based upon conti-

nuity requirements over the whole region of interest [37].

One possible parameterization of the displacement fields

is provided by finite element shape functions [7, 32, 6].

Such approaches can be made fully consistent with fi-

nite element simulations by implementing so-called in-

tegrated approaches [20, 28, 25, 5]. In the following,

the identification of the material parameters will rely on

Integrated DIC where the unknowns are no longer the

displacement at each node but the sought parameters. It

is based on global DIC [6] that consists of the registration

of an image f in the reference configuration and a series

of pictures g in the deformed configurations. Assuming

gray level conservation, the registration problem consists

of minimizing the sum of squared differences between the

deformed image corrected by the measured displacement

u(x, t) and the reference image (written for each time t

independently)

χ2
f =

1

2γ2
fNΩNt

∑
t

∑
Ω

(g(x+ u(x, t), t)− f(x))2

(4)

with respect to the sought displacement fields u(x, t),

where x is any considered pixel. In this expression Ω de-

notes the Region of Interest (ROI), NΩ its area in terms

of the number of pixels it contains, and γf is the stan-

dard deviation (i.e., 2% of the dynamic range of f ) of the

white noise assumed to affect each image independently

(including the reference one, which is responsible for

the factor of 1/2 coming as a multiplicative term in this

functional). The load is also of importance for the identi-

fication because it increases the number of the measured

quantities and as a consequence diminishes the relative

uncertainty by enhancing the material parameters sensi-

tivities [4]. Thus, a second objective function, χ2
F , is

introduced

χ2
F =

1

NFNtγ2
F

{Fm − Fc}t{Fm − Fc} (5)

where {Fm} are the measured reaction forces and {Fc}

are the computed levels with respect to the chosen mate-

rial parameter set, NF the number of load cells for each

actuator,Nt the number of steps andγ2
F the load variance.

The identification based upon both observables, i.e., gray

levels and reaction force, is achieved by minimizing the

4 Journal: Strain – © 2017 The Authors
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global functional χ2

χ2 =
NΩ

NΩ +NF
χ2
f +

NF

NΩ +NF
χ2
F (6)

where the DIC and reaction force functionals have been

introduced in Equations (4) and (5) respectively. The

choice for the specific weight is issued from a Bayesian

approach whereby the noise characteristics imposes the

appropriate weights to be given to quadratic differ-

ences [4]. In particular, quadratic differences are to be

evaluated with a metric equal to the inverse noise covari-

ance.

In the following analyses, DIC measurements are

based upon a global approach in which finite element

discretizations are used to measure the displacement

fields [6]. Meshes made of 3-noded triangles are con-

sidered. The displacement interpolation is linear within

each element [20].

When using integrated-DIC, the displacement field

u(x, t, {p}) is parameterized with the sought material

parameters {p} that become the generalized degrees of

freedom. When a nonlinear behavior is investigated, the

dependence of the displacement fields with the material

parameters is nonlinear as well. Consequently, displace-

ment fields, reaction forces and the corresponding sensi-

tivities (i.e., first order derivatives of nodal displacements

and reaction forces with respect to the sought param-

eters) are computed via finite element simulations. In

the present case the commercial (implicit) finite element

code used is Abaqus standard [2]. It is driven by the mea-

sured displacements on the boundary of the considered

region of interest to compute the displacement fields and

reaction forces.

A Gauss-Newton scheme is implemented to minimize

the global functional by iteratively updating the mate-

rial parameters. This type of minimization scheme re-

quires the so-called Hessians to be computed (i.e., kine-

matic Hessian ([M ]DIC) for global DIC, kinematic

([M ]IDIC) and static ([H]F ) Hessians to be combined to

form the I-DIC Hessian ([H]IFDIC)). They correspond

to the search directions of the minimization algorithm

and their inverse is equal to the covariance matrix of the

identified material parameters. The interested reader will

find additional details on the implementation of such pro-

cedures in Ref. [5].

Analysis of biaxial experiment

This section investigates the mechanical behavior of a bi-

axial specimen, which is loaded with an electromechan-

ical testing machine, mini-ASTREE [5] (Figure 1(a)). A

triangular loading/unloading history is prescribed (Fig-

ure 1(b)) with load controlled mode. Prior to starting the

experiment, 10 images and load measurements are ac-

quired to assess the gray levels (γf = 233 gray levels)

and load (γF = 2.5 N) uncertainties. 16-bit gray scale

© 2017 The Authors – Journal: Strain 5
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images are acquired with a digital camera (pco.edge) as-

sociated with a telecentric lens (Figure 1(c)). The effec-

tive magnification is 12.5 µm per pixel or 80 pixels/mm.

The gray level uncertainty is γf = 233 gray levels. Last,

the load measurements and the image acquisitions are

synchronized.

(a)

load F1 (N)
0 100 200 300 400 500

lo
ad

F
2
(N

)

0

100

200

300

400

500

1,2 3

1,2,3

A

(b)

(c)

Figure 1: (a) Mini-ASTREE and its environment. (b) Pre-

scribed loading history F2 vs. F1 consisting of succes-

sive triangles of increasing amplitudes. (c) Specimen and

anti-wrinkling device (see the screws on the four corners)
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The studied material is a precipitation hardened stain-

less steel (17-7 grade), which is treated in TH1050 condi-

tion (i.e., austenite conditioning, transformation and pre-

cipitation hardening [1]). The sample thickness is 50 µm

where its initially guessed elastic properties and a stan-

dard yield stress originate from the steel manufacturer

database [1]. Figure 2 shows an EBSD orientation map

that reveals the material microstructure with the mea-

sured individual crystal orientations for the material in

the investigated condition. The grains are small with an

average size below 1 µm, which is more than 50 times

smaller than the specimen thickness.
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Figure 2: EBSD orientation map of the studied material in

TH1050 condition [1]

The main experimental challenge concerns the speci-

men thickness that leads to wrinkling if no precautionary

measures are taken. To maintain the surface flat in the

center region (crucial to perform 2D-DIC analyses) an

anti-wrinkling device is designed (see Figure 1(c)). It

consists in holding the specimen between two plexiglas

sheets maintained with four screws. The resulting pres-

sure applied on the specimen is set as low as possible and

aims to minimize the friction between the latter and the

two plexiglass sheets. To perform DIC analyses a ran-

dom speckle pattern is applied on the monitored surface.

A post-experiment analysis has revealed that no marks

have appeared on the plexiglass sheets and no paint loss

was observed during the tests.

First identification: large ROI

Figure 3 shows the horizontal displacement field u1 mea-

sured with global DIC associated with the three-noded

triangular mesh with linear interpolation (T3) at the max-

imum loading amplitude (point A, see Figure 1(b)). The

same mesh is used for DIC and most of the IDIC analyses.

© 2017 The Authors – Journal: Strain 7
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0-4.9  6.5
~ e1

e2

e3

Figure 3: Horizontal displacement fieldu1 at the maximum

prescribed load amplitude corresponding to point A of

the loading path of Figure 1(b). The displacements are

expressed in pixels (1 pixel↔ 12.5 µm)

The maximum measured displacement is equal to

6.7 pixels corresponding to 83 µm. Figure 4 shows the

strain field components ε11 and ε22 derived from the mea-

sured displacement field with DIC at pointA of the load-

ing path (Figure 1(b)). As expected the strains are con-

centrated near the four fillet radii and their amplitudes

remain small with a largest value of 1.2 % in accordance

with the sought objective, namely less than 1.5 %. How-

ever, numerous fluctuations are seen in the vicinity of

the four arm edges. An investigation of the DIC residual

map reveals that this trend does not originate from the

DIC routine (Figure 4(c)). The second hypothesis is that

the anti-wrinkling system is not perfect.

-0.01 0.02
 

(a)

 

 

0

50

100

150

200

250

(b)

Figure 4: (a) Strain field ε11. (b) Residual map in gray

levels at point A of the loading path (Figure 1(b)). The

dynamic range of the pictures is 16 bits (Figure 1(c))

The identification is achieved by minimizing the global

functional χ2. A sensitivity analysis is performed for

the Hill-1948 model (i.e., law D) as it possesses the

largest number of material parameters. Their initial val-

ues are gathered in Table 1 and correspond to literature

data [1, 23]. The analysis consists of the evaluation

of the kinematic ([M ]IDIC), static ([H]F ), and global

([H]IFDIC) Hessians with an initial numerical analysis

associated with the same mesh and the measured bound-

ary conditions with DIC.

In a Gauss-Newton scheme, the Hessian corresponds

to the matrix by which the parameter corrections are mul-

tiplied to decrease the right hand side residual vector. It

is a square matrix whose columns and rows correspond

to the set of sought parameters. In the present paper, the

8 Journal: Strain – © 2017 The Authors
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meaning of each row and column can be understood by

the material parameter indicated along the diagonal. It

is worth noting that log-scales are used to improve the

legibility of such type of representation. Consequently,

absolute values are reported. Figure 5 shows the Hes-

sians with a log10 scale. First, the kinematic Hessian

([M ]IDIC) has more influence on the identification than

the static Hessian ([H]F ) because their largest eigenval-

ues are separated by more than 3 orders of magnitude and

[H]IFDIC ≈ [M ]IDIC . Second, the hardening modu-

lusC is insensitive for both kinematic and static Hessians.

Conversely, the Poisson’s ratio (ν) has the highest sensi-

tivity followed by H1, H2, and H3 that account for the

anisotropic plastic behavior.

log10(|HIFDIC |)
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(c)

Figure 5: (a) Global ([|HIFDIC |]), (b) kinematic

([|MIDIC |]), and (c) static ([|HF |]) Hessians for Hill-

1948 model. A log10 scale is used
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The cross-correlation matrices associated with Hes-

sians are constructed by normalizing each Hij term of

the Hessian by the square root ofHiiHjj (no index sum-

mation). The correlations between the parameters are

depicted by such representation. Figure 6 shows that

the Poisson’s ratio has no correlation for the kinematic

Hessian. Furthermore, the material parameters are more

correlated to each other when looking at the static Hes-

sian. In that case, the images are crucial for two reasons,

namely, a greater sensitivity and less cross-correlations

of the material parameters. To conclude on the sensitiv-

ity analysis, the behavior is mainly driven by an elastic

behavior but small plastic strains occur near the four fillet

radii. It is worth noting that the material parameters E

and σy are correlated only based on kinematic data. The

two parameters affect the initiation of the plastic strain

by two means, i) the higher the level of Young’s modulus

the sooner the plastic regime sets in, ii) the lower the

yield stress the sooner the plastic regime occurs as well.

(Corp)ij =
(Cp)ij

√

(Cp)ii(Cp)jj
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Figure 6: (a) Global, (b) kinematic, and (c) static cross-

correlation matrices for Hill-1948 model
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Figure 7 shows the sensitivity maps for all material

parameters associated with Hill-1948 model at point A.

First, the sensitivity map corresponding to the Poisson’s

ratio ν has the largest sensitive area. Second, even though

plasticity is initially confined close to the fillet radii of the

specimen, the sensitivity fields show that a significantly

larger zone is concerned for identification purposes. Con-

sequently, although not fully optimal [4], the present ge-

ometry is chosen for simplicity reasons. These results

are in agreement with the previous conclusion and show

that the present approach is a powerful tool to summarize

a large quantity of data.

0-0.03 0.04
 

(a) E

0-0.061 0.057
 

(b) ν

0-0.061 0.057
 

(c) σy

0-0.0001 0.0001
 

(d) C

0-0.03 0.04
 

(e) H2

0-0.01 0.01
 

(f) H3

0-0.02 0.02

 

(g) H6

e1

e2

e3

Figure 7: Sensitivity fields for the parameters of Hill-1948

model for the component u1 (in µm) for a 2% variation
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The identification is performed with the four investi-

gated laws and Figure 8 shows the registration residual

history (χf ) for DIC and IDIC. The DIC residuals are

smaller than the IDIC residuals, which are almost identi-

cal for the four investigated laws. The fact that the resid-

uals decrease during unloading phases originates from

the quasi-elastic behavior. After unloading, the material

recovers almost everywhere its original shape.

0 50 100 150 200 250 300
1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

time step

χ
f

 

 

DIC A B C D

cycle 1 cycle 2 cycle 3

Figure 8: Global gray level residual history for DIC and

for the four constitutive models investigated with IDIC

Table 1 gathers the assessed material parameters for

the four constitutive laws. Their initial values (p0) are

chosen according to literature data [1, 23]. The same

Poisson’s ratio value is obtained independently of the

chosen constitutive model. The Young’s modulus is af-

fected when the model is elastoplastic. For the other

material parameters, their values remain equivalent be-

tween the three elastoplastic models and the assessed

anisotropic coefficients reveal an anisotropic plastic be-

havior. Regarding the residuals, the indicators χ and

χf are equal and the load residual χF decreases as the

constitutive model becomes more complex. Using an

elastoplastic model improves by 25 % the load residual.

However, it remains large in comparison to the noise level

(i.e., 10 times higher). The change of global residual is

small and there still is a model error. Last, the mate-

rial parameters are different from the reference values, i)

10 % lower for the Young’s modulus and ii) 10 % higher

for the yield stress.

12 Journal: Strain – © 2017 The Authors



On the identifiability of Hill-1948 plasticity model : M. Bertin et al.

Table 1: Identified parameters (a) and identification resid-

uals (b) via IDIC for the four laws over the entire loading

history cycle of the biaxial test (“1st — last” corresponds

to the first and last value of the residuals)

law E ν σy C c H2 H3 H6

GPa MPa GPa

p0 200 0.3 1300 10 10 0.5 0.5 1.5

A 200 0.33 — — — — — —

B 173 0.33 1500 10 — — — —

C 173 0.33 1500 10 10 — — —

D 166 0.33 1570 10 — 0.36 0.57 1.35

(a)

law χ χf χF

1st — last 1st — last 1st — last

p0 3.61

A 3.73—3.72 3.73—3.72 12.9—13.4

B 3.75—3.71 3.75—3.71 10.6—9.95

C 3.75—3.71 3.75—3.71 10.6—9.95

D 3.76—3.71 3.76—3.71 10.6—9.75

(b)

Figure 9 shows the measured and identified load histo-

ries for the four laws and for the two components F1 and

F2. First, the loads do not return to zero as prescribed

by the testing machine. Even if the assessed behavior

leads to an accurate description of the loading phases, the

model is unable to capture the unloading phases. This er-

ror explains why the load residuals are large with respect

to the noise level. The latter may originate from the anti-

wrinkling system that prevents the material to return to a

perfect unloaded stage due to friction. However, qualita-

tively speaking, the biaxial trend is well captured by the

elastoplastic models.
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Figure 9: Measured and computed load histories of (a) F1

and (b) F2

Figure 10 shows the uniaxial stress/strain responses

for laws B, C and D. Even though plastic anisotropy is

© 2017 The Authors – Journal: Strain 13
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marked, the overall load response remains similar for the

three models. This is due to the fact that plasticity is con-

fined in the connecting radii since the maximum equiv-

alent strain is less than 1.5 %. This level also explains

why there is no observed gain in using nonlinear harden-

ing (law C). Further, the Young’s modulus is 4 % lower

for model D in comparison with models B and C, which

compensates for the higher yield stress ratio in the 90 ◦

direction (Figure 10).
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Figure 10: Uniaxial stress/strain responses for the three

elastoplastic models

Figure 11 shows the horizontal component u1 of the

displacement field residual (difference between the IDIC

and DIC displacement fields) at point A (Figure 1(b)).

The highest differences are observed near the arm edges

and the latter is stable and symmetrically distributed. It

shows that the measured mechanical behavior does not

correspond to the numerical solution. One possible ex-

planation can be found in “line-tension theory,” which is

developed to account for easy wrinkling of thin elastic

membranes under compression [31]. The edges of the

arms that lie in the convex envelope of the free bound-

ary can be shown to be totally screened, with zero stress

tensor (and hence displaying a large propensity to wrin-

kle [9, 24]). Hence such regions, which precisely coin-

cide with the support of the most salient displacement

residuals, are not expected to be well described by the

bulk constitutive law and the anti-wrinkling device can-

not totally prevent such phenomena. However, after a

redefinition of the effective free boundaries, the elasto-

plastic description should hold. To test this hypothesis, a

second analysis is performed on a smaller ROI.

0-1.9  1.5

~ X

e1

e2

e3

Figure 11: Horizontal component u1 of the displacement

residuals (IDIC-DIC) for Hill-1948 model (displacement

differences are expressed in pixel, 1 pixel↔ 12.5 µm)
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Second identification: smaller ROI

A smaller ROI is investigated without the regions that are

impacted by wrinkling. Figure 12 shows the component

u2 of the displacement field at point A (Figure 1(b)) for

(a) DIC, (b) IDIC with law D, and (c) the displacement

field residual between the two. The IDIC analysis uses a

refined mesh to capture more precisely the elastoplastic

behavior in the vicinity of the four fillet radii. The results

show that the maximum value of the residual is smaller

by more than one order of magnitude than the solution

given by the larger ROI. This fact proves that the newly

chosen region is less affected by wrinkles, which may

prevent the identification of the material parameters.

0-2.6  2.6

~ Y

(a)

e1

e2

e3

0-2.6  2.6

~ Y

(b)

0-0.3  0.3

~ Y

(c)

Figure 12: Displacement field component u2 from (a)

DIC, (b) IDIC with law D, and (c) corresponding dis-

placement difference at point A of the loading path of

Figure 1. The displacements are expressed in pixels

(1 pixel↔ 12.5 µm)

Figure 13 shows the global Hessian ([H]IFDIC) and

its cross-correlation matrix. The Poisson’s ratio has no

longer the largest level of sensitivity (see the results

shown in Figure 5) but its influence is similar to the ma-

terial parameters E, σy , and H2. The smaller ROI cor-
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responds to a smaller area that reduces the identifiability

of the Poisson’s ratio.
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Figure 13: (a) Global Hessian ([|HIFDIC |]) in log10 scale

and (b) its cross-correlation matrix

Table 2 gathers the assessed material parameters for

the four constitutive laws. Different Poisson’s ratio val-

ues are obtained for the four constitutive models. For

the elastic model (law A), the Poisson’s ratio increases

because a “compromise” is made between the truly elas-

tic behavior and plasticity where the deformation is es-

sentially isochoric [5]. The Young’s modulus is in bet-

ter agreement with literature data [1, 23]. The residuals

slightly decrease as the law complexity increases and are

smaller by 30 % than those with the larger ROI. These re-

sults confirm that the anti-wrinkling device cannot totally

prevent such phenomena from occurring.

To assess mesh sensitivity, Integrated DIC analyses are

performed for Hill-1948 model (law D) with i) a refined

mesh with an average element size 20 % smaller than

the standard IDIC mesh size (D∗) and ii) a coarser mesh

equal to the one used for DIC (D∗∗). No significant

changes are observed in terms of global residuals. From

the static residuals it is concluded that the intermediate

mesh is the best even though all three mesh densities lead

to equivalent global residuals.

16 Journal: Strain – © 2017 The Authors



On the identifiability of Hill-1948 plasticity model : M. Bertin et al.

Table 2: Identified parameters (a) and identification resid-

uals via IDIC (b) for the four laws over the entire loading

history cycle and the smaller ROI.D∗ corresponds to the

computation with a finer mesh and D∗∗ to the DIC mesh

law E ν σy C c H2 H3 H6

GPa MPa GPa

p0 200 0.3 1300 10 10 0.5 0.5 1.5

A 200 0.35 — — — — — —

B 202 0.33 1300 10 — — — —

C 202 0.33 1300 10 10 — — —

D 206 0.32 1260 10 — 0.44 0.5 1.35

D∗ 206 0.32 1260 10 — 0.44 0.5 1.35

D∗∗ 203 0.33 1280 10 — 0.45 0.5 1.40

(a)

law χ χf χF

1st — last 1st — last 1st — last

p0 2.56

A 2.71—2.70 2.71—2.70 11.6—12.7

B 2.69—2.68 2.69—2.68 10.2—10.8

C 2.69—2.68 2.69—2.68 10.2—10.8

D 2.69—2.68 2.69—2.68 10.2—10.5

D∗ 2.69—2.68 2.69—2.68 10.2—10.4

D∗∗ 2.69—2.68 2.69—2.68 10.2—10.6

(b)

Regarding the load residual (χF ), the same improve-

ment is reached with an elastoplastic law, but the newly

chosen ROI does not improve their levels (i.e., 10 times

the noise level). The results obtained for the refined ROI

are closer than those obtained from the larger ROI. Fig-

ure 14 shows the sensitivity fields for Hill-1948 model

(law D). Their main contribution is close to the fillet

radii. Thus, the mesh size is of importance for identi-

fication purposes but a strong refinement (D∗) does not

improve the identification quality, even as compared to

the coarse mesh (D∗∗), as shown in Table 2. As already

shown in Figure 7, the sensitivity fields act on a signifi-

cantly larger zone than plasticity. This is due to the fact

that stress redistributions are induced by the development

of plasticity.
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Figure 14: Sensitivity fields for the parameters of Hill-1948

model and the component u2 (µm)

Figure 15 shows the uniaxial stress/strain responses for

laws B, C and D. Plastic anisotropy is less marked than

in the previous case (Figure 10). Again, the use of linear

kinematic hardening is sufficient in the present case since

the maximum equivalent strain is less than 1.5 %. The

Young’s modulus difference between laws B, C and D

is 2 %, which is very low. These levels remain close to

an elastic postulate (law A) due to the confined nature of

plasticity.
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Figure 15: Uniaxial stress/strain responses for the three

elastoplastic models

Conclusion

Four constitutive laws have been investigated with In-

tegrated Digital Image Correlation to analyze a biaxial

test on an ultra-thin sheet in precipitation hardened stain-

less steel. A dedicated anti-wrinkling system is designed
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and employed to prevent non uniform out-of-plane dis-

placements while loading and unloading the specimen.

The calibration is performed over the entire loading his-

tory accounting for 3 loading/unloading cycles. The four

laws lead to different residuals and the Hill-1948 model

provides slightly better results. Thanks to full-field mea-

surements, all the plane stress parameters that possess

enough sensitivity could be calibrated with a unique test.

Their validation via independent tests is one perspective

to the present study.

The analysis of the experiment revealed that the spec-

imen undergoes wrinkling on the connecting arms. The

identification suffers from this effect as shown in the kine-

matic residual fields. To address this issue a smaller

region of interest that focuses on the specimen center

but considers the four fillet radii where plasticity occurs

is chosen. The results show that this choice allows for

a better identification since the elastoplastic behavior is

less corrupted by experimental errors. Plastic anisotropy

provides slightly better result but does not appear as nec-

essary to predict the mechanical response of the investi-

gated material.

This study shows that experiments on ultra-thin spec-

imens may easily be affected by wrinkling. A full-field

measurement technique, however, may expose one to

meaningless identification. Thus, special care has to be

exercised to avoid or minimize such effects, and residuals

reveal very instrumental to detecting such difficulties. In

the latter cases, the versatility of the integrated approach

provides new pathways to tackle these problems.
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