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Abstract. We establish the Level-1 and Level-3 Large Deviation Principle (LDP) for invariant measures

on

shift spaces over finite alphabets under very general decoupling conditions for which the thermodynamic
formalism does not apply. Such decoupling conditions arise naturally in multifractal analysis, in Gibbs states
with hard-core interactions, and in the statistics of repeated quantum measurement processes. We also prove
the LDP for the entropy production of pairs of such measures and derive the related Fluctuation Relation.

The proofs are based on Ruelle—Lanford functions, and the exposition is essentially self-contained.
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1 Introduction

This work concerns the Large Deviation Principle (LDP) for a class of invariant probability measures
on shift spaces over finite alphabets. We prove:

1. The LDP for averages of continuous random variables (Level-1 LDP).

2. The LDP for empirical measures (Level-3 LDP).

3. The LDP for the entropy production of pairs of probability measures (Fluctuation Theorem)
together with the corresponding symmetry (Fluctuation Relation).

The class of invariant probability measures we shall consider are characterized by certain decoupling
properties that are described in Section 2.2. The nature and generality of these decoupling assump-
tions exclude the application of the thermodynamic formalism as in, for example, [16, 33, 22, 11, 8].
The technical route that proved effective is based on Ruelle-Lanford functions.

In this paper, we mean by Fluctuation Theorem (FT) the LDP for the entropy production observable,
and Fluctuation Relation (FR) refers to the Gallavotti-Cohen symmetry (1.2) satisfied by the rate
function governing the FT. The FT will be established for general pairs of measures (subject to
decoupling assumptions), whereas the FR further requires the two measures to be related by some
form of involution (including, but not limited to, time reversal; see Definition 2.5).

We now discuss how our results fit in the existing literature, with special emphasis on Part 3 above,
which is the original motivation for this work and its most novel part. No knowledge of the works
cited in this introduction is required to understand our results and their proofs, as our exposition is
essentially self-contained starting from Section 2.

Part 3 extends and complements the results of [3] in the spirit of the recent work [8], and the reader
may benefit from reading introductions of [3, 8] in parallel with this one. Both works [3, 8] concern
the FT and FR in the context of dynamical systems (M, ¢), where M is a compact metric space
and ¢ : M — M a continuous map. However, the scope, details of the setting, the assumptions,
and the technical aspects of the two works are quite different, and we start by describing them
separately.

In [3] the metric space M was taken to be A", where A is a finite alphabet and ¢ is the left
shift map. A ¢-invariant probability measure [P of interest arises through a repeated quantum
measurement process generated by a quantum instrument on a finite-dimensional Hilbert space (we
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recall the precise setup in Example 2.26). The time-reversed instrument and measurement process
yield another probability measure P, and the object of study is the entropic distinguishability of
the pair (P, @) that quantifies the emergence of the arrow of time in the repeated measurement
process. Denoting by P, and @t the marginals of these measures on the first ¢ coordinates of A",
the entropic distinguishability is quantified by the sequence of entropy production observables
or = log dijt, teN.
dPy

The statement of the FT is the LDP for the sequence of random variables (t_lcrt)tzl with respect
to the measure IP. The main application of the FT concerns hypothesis testing of the pairs (P, @t)
as t — oo. The corresponding error exponents (Stein, Chernoff, Hoeffding) quantify the emergence
of the arrow of time. The proofs in [3] follow a strategy that goes back to [25] and are centered
around the so-called entropic pressure defined by

1

e(a) = lim —log [/ eo“”dIP’t] , a € R. (1.1)
t—oo t

If the limit exists, and is finite and differentiable for all a € R, then the FT follows from the

Gartner—Ellis theorem, with a rate function I that satisfies the FR

I(—s) =1(s) + s, s €R. (1.2)

The difficulty with this strategy is that the measures [P and P that arise through repeated quantum
measurement processes often do not satisfy the usual Gibbsian-type conditions that allow the
application of the thermodynamic formalism and ensure the existence and regularity of the entropic
pressure defined in (1.1). In this case the Gibbsian-type conditions are naturally replaced by a
decoupling condition motivated by [15, Proposition 2.8], which is generalized in Section 2.2 below
under the name selective lower decoupling. Under those decoupling conditions the measures P and
P can exhibit a very singular behavior from the thermodynamic formalism point of view. In [3] a
restricted form of selective symmetric decoupling (see Section 2.2) has been employed to develop a
subadditive thermodynamic formalism that leads to the proof of the existence and finiteness of the
limit (1.1) for a € [0, 1] and the differentiability of e on (0, 1). That sufficed for the proof of the
local LDP on the interval J = (¢/(07), e/(17)) (via the local Gértner—Ellis theorem), the validity
of (1.2) for s € J, and the development of hypothesis testing. It was however clear that this route
cannot be used for the proof of the global LDP and FT since the assumptions of [3] allowed, for
example, for situations where e(a) = +oo for o & [0,1] and |/(07)] = |€/(17)] < oo; see the
rotational instruments in [2].

The work [8] concerned the FT and FR for general dynamical systems (M, ¢) with a compact
metric space M and a continuous map ¢, under minimal chaoticity assumptions (expansiveness
and specification). The proof of the FT bypassed the use of the Géartner—Ellis theorem, hence
lifting the regularity requirement on the entropic pressure e. Instead, a Level-3 LDP for empirical
measures is established following a strategy that goes back to [16, 33] and has been used in a similar
context in [11]. The key steps of the proof are based on application of the Shannon—McMillan—
Breiman/Katok—Brin theorem in the ergodic setting and an entropic approximation argument. After
that, a fluctuation relation for the rate function governing the Level-3 LDP is obtained,' and a
contraction argument yields the Level-1 LDP and the familiar FR and FT. This route has proved to
be very robust and allowed for the proof of the FR and FT in circumstances that were previously
unreachable: in phase transition regime, for discontinuous entropy production observables, and in

'We also obtain this Level-3 fluctuation relation in (2.19), although in the present paper the usual FR (for the entropy
production observable) is not derived from it.
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the asymptotically additive thermodynamic formalism setting. However, in spite of their generality,
the assumptions of [8] did not cover the decoupling conditions of [3]. An obvious question is
whether the results of [8] could be extended to the setting of [3] with possibly an alternative
technical approach. One of the goals of this work is to achieve that.

We shall work with pairs of invariant probability measures (PP, ]?D) on M = AN which are more
general than those considered in [3], and not necessarily related to each other by time reversal. We
shall establish LDPs and FRs that in particular extend those of [8] to the setting of [3].

The derivation of the LDPs in this work is very different from the one in [8]. Here we use the
method of Ruelle—Lanford (RL) functions that goes back to [38, 24].> The method was then used
in [1], and further developed in [27, 28, 26, 34]; see also [30]. The main ideas of the method
are also exposed in [9, Section 4.1.2], although the terminology Ruelle—Lanford does not appear
there. The method of RL functions provides a unified approach to the Level-1, Level-3, and entropy
production LDPs, and no application of the contraction principle is needed (in other words, the
different levels are independent, although their respective proofs have common threads).® We are
not aware of any previous use of RL functions in the study of entropy production. After that, the
FR is proved under the assumption that [P and P are related by a suitable involution. It should be
added that our application of the RL function method is specific to M = AY (with straightforward
extensions to M = ANd and M = AZd), and at the moment the method does not extend to the
general setting of [8].

The paper is organized as follows. In Section 2 we describe our general setting, state our assumptions
and our main results, and discuss several examples. For reasons of space, the detailed discussion of
examples related to quantum measurement processes is postponed to [2], which is a continuation of
[3] and this work. The general construction leading to the proof of our main results together with a
presentation of the method of RL functions is given in Section 3. The proofs of the main results are
presented in Sections 4, 5, and 6. In the appendix we describe further applications (in particular to
weak Gibbs measures, which do not fit directly into our assumptions) and develop a prototypical
example of hidden Markov chain where the present method applies but not those of [8] and [3].

We finish with the following general remark. The RL functions method turned out to be surprisingly
effective for our purposes. Although this method is both very powerful and natural, it appears to
be a lesser used route to LDPs. Even in the cases where the respective LDPs are well known, this
approach gives a new perspective on the results and their proofs. The assumptions under which
the method is used here are different from the ones existing in the literature, and we hope that the
essentially self-contained presentation given in this paper will facilitate its future applications.
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2 Preliminaries and main results

2.1 Setup and notation

Let A be a finite set and let* = A" be the set of sequences w = (w;) jen Whose elements belong
to .A. We denote by ¢ : @ — 2 the left shift defined by p(w); = wj41 for j € N. We write also
Q; = AN with [1,4] = [1,¢4] NN, and call w = (w1, ..., w;) € Q a word of length |w| = t.
Given a sequence w € 2 and two integers m < n, we et Wy, ] = (W, - - - , Wy ), and similarly for
w € Q if m < n < t. The set of words of finite length is denoted by Qg,, = UteNo Q;, with the
convention that Qy = {k}, where k is the “empty word” (|x| = 0). Given u, v € Qgy, uv € Qgy
denotes the natural concatenation of v and v, which satisfies |uv| = |u| + |v|. For the empty word
k and any w € Qgy, WKk = KW = w.

The set €2 is endowed with the product topology and the corresponding Borel o-algebra F. We
denote by C'(2) the usual Banach space of real-valued continuous functions on €. The set P(£2) of
Borel probability measures on €2 is endowed with the weak topology.® We shall write Q for generic
elements of P(£2) and use the symbol IP for the probability measure that will be fixed throughout.
Q € P(9) is p-invariant, or invariant for short, whenever Q o p~! = Q. We denote by P,,(2) the
set of invariant elements of P(§2). For Q € P(Q) and f € L'(Q) we write

(0 = [ ra0

Given a word w € €; with ¢ € N, we introduce the cylinder set C,, = {w € Q : wpy 4 = w}. We
adopt the convention that C,, = (2 for the empty word «, and we denote by (F;):cn, the filtration
generated by the cylinder sets.°

For any Q € P(2) and any ¢ € N, Q; denotes the restriction of Q to F;, which we identify with a
function on €2, in the natural way:

Qi(w) =Q(Cw) = Q(w),  w ey,
where the expression Q(w) is used by a slight abuse of notation. Consistently with the convention
that C,, = 0, we have Q(k) = Qo(k) = 1.

Throughout the paper, we fix an invariant probability measure P € P, (2), which will be subject to
some assumptions below. We write

Q" =suppP = {w € Q: P(wpy ) > 0 forall t € N} (2.1
and notice that Q™ is a subshift, i.e., a closed subset of {2 satisfying p(QT) = Q. Fort € N, let
Q ={we Q:Py(w) >0} and set QO = Uren, Q) = {w € Qgn : P(w) > 0}. The set Q.

is a language’ in the sense that for each w € Q;{n the following holds: (1) each subword of w is
also in an and (2) there exist non-empty words u, v such that uwov € an.

Finally, we use throughout the conventions that log 0 = —o0, and 0log 0 = 0.

*We adopt the convention that N = {1,2,3,...} and Ng = NU {0}.

>This topology is metrizable and P(2) is a compact metric space.

®Notice that F; is the finite algebra generated by the elements of {C., : w € Q¢}.

’See for example [29]. The notions of subshift and language are not crucial in our study; they will only be used to
discuss how (weak) Gibbs measures on subshifts fit into our assumptions (see Example 2.21 and Appendix A.3).
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2.2 Assumptions

We now introduce a set of decoupling assumptions on P (which are not in force throughout). Without
further saying, we shall always assume that the sequences (73)ien C No and (¢¢)ren C [0, 00)
which appear in these assumptions satisfy

which we write as of now ¢; = o(t) and 7, = o(t).

The assumption that will play the central role in our work is

Selective Lower Decoupling (SLD). Forallt € N, all u € Q; and all v € Qgy, |v| > 1, there
exists £ € Qgn, [&| < 7, such that
P(uév) > e “P(u)P(v). (2.2)

(Note that we take |¢| < 1, and not |§| = 74, this is crucial).
In order to refine some of the results (see Theorem 2.13), we will sometimes also assume

Upper Decoupling (UD). Forallt € N, all u € Qy and all v € Qgy, |v] > 1,

sup P(uév) < e“P(u)P(v).
€eqs,

Some of our results involve a pair of measures (P, IF’), where P is as above, and P € P,(£2) is

another invariant probability measure. When we consider a pair (P, IF’), we always assume the
following absolute continuity condition:

P, < P, forallt € N. 2.3)

Interesting cases include when P is the uniform measure® on €2, and when PP is obtained from some
transformation of P (see Definition 2.5). This leads to our final assumption that concerns the pair
(P,P):

Selective Symmetric Decoupling (SSD). Forallt € N, all u € and all v € Qpn, 0] > 1,
there exists € € Qgn, |€| < 71, such that for both P* = P and P* = P we have
e P (u)PH(v) < P(uév) < ePF(u)PF(v). (2.4)

(Note that this is the same & for both P and ]/PS).

Remark 2.1. The same sequences (¢;)¢cn and (7¢)¢cn are used in the different conditions above.
This results in no loss of generality. This is obvious for ¢;, while for 7; the argument is slightly
more involved. It is immediate that for (SLD) and (SSD), 7, can always be replaced by some
7/ > 7. The same is true of (UD), since we have for all £ € 2 that § = ¢'b for some ¢’ € Q,
and b € (g, and then

P(uév) = P(u&'bv) < e“P(u)P(bv) < e“P(u)P(v).
Remark 2.2. (SLD) is implied by the seemingly weaker condition that

> P(ufv) > e tP(u)P(v)

£€Qfn |£|§Tt

8That is, @t(w) = |Qt|_1 for w € €.
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for some ¢, = o(t). In this case (2.2) is easily shown to hold® with ¢; = ¢} +log(3>"Tt |A*) = o(?).
Similarly, (UD) implies the seemingly stronger assumption that

> P(uv) < e“P(u)P(v)

£,
if we choose ¢; = ¢; + log(]A|™) = o(t).

Remark 2.3. Unless 7, = 0, (SSD) does not imply (UD), since the upper bound in (2.4) has to be
satisfied only for the “selected” £. (SSD) does, however, imply (SLD) for both P and P, with the
additional information that we can choose the same & for both [P and P. On the other hand, in order
to have (SSD), it is enough to have (UD) for both IP and P as well as (SLD) for both P and P with
the same ¢ (in general ¢; and 7; have to be increased, see Lemma A.1).

Remark 2.4. The measure PP is not assumed to be ergodic. One can show, however, that it is
ergodic if, for example, (SLD) holds with sup, 7+ < oo and sup; ¢; < oo (see Lemma A.2).

One special case of interest is when P is related to P by a transformation defined as follows.

Definition 2.5. For eacht € N, let 0; : Qs — 4 be an involution. Assume that the sequence
O = (0y)ten is such that one of the following holds for some involution u : A — A:

1. 0 (wy,we, ..., w) = (u(w),u(ws),...,u(w)) foreacht € N, w € Qy;
2. Oy(wr,wa, ..., w) = (w(wy), u(wi—1), ..., u(w)) foreach t € N, w € .

For each Q € P,(2), we denote by ©Q the invariant measure on ) obtained by extending the
family'® of marginals ((©Q);)sen, where (OQ); = Qy o 6;.

We shall see below that when P = OP for some O as above, the FT rate function satisfies the
celebrated Fluctuation Relation [13, 14, 19, 18, 17].

Remark 2.6. By the absolute continuity assumption (2.3), in order for the choice P =OPtobe
allowed, © and P must be so that Py < (OP), for all t € N. Since 6, is an involution (and hence
a bijection), the support of P; and that of (OP), (as subsets of {2;) have the same cardinality, and
hence P = OP implies that P; and @t are equivalent for all £.

We finish with several comments on the relation between the decoupling assumptions described in
this section and those to be found in the literature.

e Our decoupling assumptions are related to those in [34, Definition 3.2] (restricted to one-
sided shift spaces). In view of Remark 2.1, the upper decoupling assumption is the same. Our
(SLD) condition is weaker than the lower decoupling condition in [34], as we allow [£| < 7y
instead of || = 7. This weaker condition covers some important classes of measures (see
the examples below), which are not covered by any result in the literature, as far as we are
aware. The Ruelle-Lanford estimates, which are done in the spirit of [34], are noticeably
complicated by the fact that we allow |£| < 7; in the (SLD) condition.

e The main feature of our (SLD) assumption, i.e., allowing |£| < T, is reminiscent of some
variants of the specification property for subshifts of 2, which allow for similar “flexibility”
(see for example [36, 37, 40, 35]). Specification properties are conditions on the structure
of the subshift (viewed as a metric space in itself), not on measures defined on it. We shall
discuss Gibbs states and (weak) Gibbs measures whose supports satisfy such “flexible” forms
of specification property in Examples 2.21, 2.23 and in Appendix A.3.

We use that for any finite set A, Y owea f(@) <Al maxgea f(z).
"%0One easily shows that both conditions imply that >°, 4 Qe1100:41(wa) = 3, 4 Qep100i41(aw) = Qroby(w),
which, by Kolmogorov’s extension theorem, guarantees that such an invariant extension exists.
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e A property similar to (SLD) (with 7¢ and ¢; independent of ¢) was observed to hold for some
products of matrices in [15, Proposition 2.8], and some parts of our construction are similar
to [15]. See Example 2.25 below.

e To the best of our knowledge, the only assumptions similar to (SSD) to be found in the
literature are in [3], with ¢; and 7; not allowed to depend on ¢ (see Assumptions (C) and (D)
therein, and Example 2.26 below).

2.3 Main results

We endow R¢ with the Euclidian structure and denote by |+| and (-, ) the corresponding norm and
inner product. Given a function f : Q — RY, we write || f| = sup,,cq | f(w)| and introduce

t—1

Sifw) =3 f(pw), teN.

s=0

Let us recall that in the standard LDP terminology, a rate function is always assumed to be lower
semicontinuous, while a good rate function has, in addition, compact level sets. The next result
follows from Propositions 4.2 and 4.3 below.

Theorem 2.7 (Level-1 LDP). Assume (SLD) and let f € C(Q,R%).
1. Forall o € RY, the limit

1
T o (0, Se f)
¢f(a) := lim ; log <e , P’>

t—o0
exists, is finite, and the mapping o — q¢(«v) is convex and || f||-Lipschitz.

2. The sequence of random variables ( %St f)ten satisfies the LDP with a good convex rate
function Iy, in the sense that for every open set O C R? and every closed set T' C RY,

1 1
ool 1 >
hgg}lf " log P <tStf € O) > ;gglf(a;), 2.5
: 1 1 .
limsup — log P <Stf € F) < —inf I¢(z). (2.6)
t—soo t zel

Moreover, Iy is the Fenchel-Legendre transform q;i of qy, i.e.,

If(z) = g (z) = S;l{gd((aw) —qp(a)),  zeR”

We define the entropy production observable over the time interval [[1, t] by

dP
o = log —*, (2.7)
dP;

which is F;-measurable and well defined P;-almost surely since Py < I@t. The next result follows
from Propositions 5.1 and 5.2.
Theorem 2.8 (LDP for entropy production). Assume (SSD).
1. Forall o € R, the limit"! .
q(a) := lim n log (e“7t,P) (2.8)

t—o00

"Note that the sign of « in (2.8) is different from that in (1.1). See Remark 2.9.
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exists and defines a closed proper convex function'? on R taking its values in (—o0o, oco|. In
particular q(0) = 0 and q(—1) < 0, so that q is non-positive (and hence finite) on [—1,0].

2. The sequence of random variables (%Ut)teN satisfies the LDP with a convex rate function [
in the sense that for every open set O C R and every closed set I" C R,

1 1
el 1 > _
htrggjlf . logP (tat € O> > é}gg I(s), (2.9)
. 1 1 .
limsup — log P <at c F> < —inf I(s). (2.10)
t—soo T t sel’

Moreover, I is the Fenchel-Legendre transform q¢* of q, i.e.,

I(s) = ¢"(s) = sup(as — q(a)), seR. (2.11)
a€cR

3. If q is finite in a neighborhood of 0, then I is a good rate function.
4. If P = 0P for some © as in Definition 2.5,'3 then q satisfies the symmetry

¢(—a) = q(a—1), a € R, (2.12)
and I satisfies the Fluctuation Relation (also known as the Gallavotti—-Cohen symmetry)
I(—s) =1(s)+ s, seR. (2.13)

Remark 2.9. In the physics literature, it is more common to work with e(«) = ¢(—a) as in (1.1).
Then (2.11) and (2.12) read respectively

I(s) =— ;IelfR(as +e(a)), s e R,

e(a) =e(l — a), a € R.
This is relevant for the applications to hypothesis testing that are discussed in Section 2.4.
The following remark gives a sufficient condition for ¢(«) to be finite for all o € R.

Remark 2.10. Assume that, in addition to (SSD), we have forall ¢t € N, allu € Qs and all v € Qg
|v| > 1, that both P¥ = P and P¥ = P satisfy

P! (uv) > e~ P (u)PF(v). (2.14)

Let moreover ¢ be the minimum of all the non-zero values achieved by P(a) and P(a) for a €
A. Then, for all w € QF, we find Pf(w) > e~ ¢DePh(e,) ... Ph(wy) > e Her—loge)  Aga
consequence, we obtain that sup;ey Sup,, e+ [t~1o¢| < oo, which implies in particular that ¢(c)
is finite for all o € R.

Remark 2.11. If P is the uniform measure, then %at = % log P; + log |.A|. Assuming (SSD) (note
that (2.4) trivially holds for PP), Parts 1-2 of the theorem above apply. We then have

1
r(a) := lim 7 log <e°‘1°gpt,]P’> = q(a) — alog|Al, aeR,

t—o00

12j e., it is convex, lower semicontinuous and not everywhere infinite.

3The (SSD) assumption of the theorem is still in force.
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and r inherits the properties of existence, convexity and lower semicontinuity of g. Moreover,
1 log IP; satisfies the LDP with convex rate function J(s) = I(s + log |.A|), which can be identified
with the Fenchel-Legendre transform of r. Part 3 extends in an obvious way to J and r. In order
to apply the discussion of Remark 2.10, it suffices to verify (2.14) for [P, since (2.14) is trivially
satisfied for the uniform measure P. Note also that r is related to the Rényi entropy of P, since

Remark 2.12. By the Shannon-McMillan-Breiman (SMB) theorem,'* the limit
. ] 1
H(w) == - Jim n log Py (wy1,4))

exists P-almost surely and in L*(P), H o ¢ = H, and [, HAP = h(P), where h(P) is the
Kolmogorov—Sinai entropy of P. Thus, in the case when P is the uniform measure, Theorem 2.8
provides the LDP counterpart to the SMB theorem, and establishes the result that was originally
intended for the fourth installment in the series of papers initiated by [3].

We now turn to the Level-3 LDP. The sequence of empirical measures (jit):en is defined by
=
pi(w) = - ;aws(w) eP), weQ, teN.
We also recall that the relative entropy of two probability measures Q and Q' on a measurable

space (X, F) is given by

J:
Ent(Q'|Q) = ¢ /x dQ

+ o0 otherwise.

)@ Q<@
(2.15)

In what follows, we always assume that P(£2) is endowed with the weak topology and the corre-
sponding Borel o-algebra. The next result follows from Propositions 4.2, 6.1, 6.3, and 6.4.

Theorem 2.13 (Level-3 LDP). Assume (SLD).
1. Forall f € C(Q,R), the limit

Q(f) == lim %log <eSff,IP’> (2.16)

t—o00

exists and defines a convex, 1-Lipschitz function on C'(2, R).

2. The sequence of random variables (ji)icn satisfies the LDP on the space P()) with some

good" convex rate function 1, i.e., for every open set O C P(Q), and every closed set
I'c P(),

1
| o
liminf - logP (u: € O) 2 &gﬂ(@),

1
lim sup logP(ue € 1) < _(éléfl; [(Q).

t—o00

"“For this result no assumptions are needed; the SMB theorem holds for any P € P, ().
SNotice that goodness follows from lower semicontinuity since 7 () is compact.
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Moreover, 1 is the restriction of the Fenchel-Legendre transform Q* of Q to P(f?), i.e.,

[(Q) = sup ((f,Q—-Q()), QeP1), (2.17)

FeEC(QR)

and satisfies 1(Q) = 400 for Q € P(2) \ P, (£2).
3. Assuming (UD) (in addition to (SLD)), we have for any Q € P, (2) that

1
[(Q) = lim EEnt(@t| Py), (2.18)

and 1 is an affine function of Q € P, (12).

4. Assume again (UD) and (SLD). Assume moreover that P = P for some © as in Defi-
nition 2.5. Then, for any Q € P,(2) such that (©Q); and Q; are equivalent for all t,
I[(Q) < 400, and [(©Q) < +o0, the following Level-3 fluctuation relation holds:

1
— (o1, Q). (2.19)

1(6Q) - 1(Q) = Jim ;

Remark 2.14. Note that in general, the identification (2.18) is not possible for Q € P(£2) \ P, (£2);
for such measures the left-hand side is infinite, but the right-hand side need not be.

Remark 2.15. The right-hand side of (2.19) is interpreted as the mean entropy production of the
pair (P, P) w.r.t. Q. For a discussion of the Level-3 fluctuation relation (2.19), we refer the reader
to [8, 7].

Remark 2.16. As mentioned, the Level-1 LDP of Theorem 2.7 can of course be retrieved from
the Level-3 LDP by using the contraction principle. In our proofs, however, the Level-1 LDP
is established first, and then the Level-3 LDP is proved independently (although the two proofs
have many common points). A natural question is whether, as in [8], the LDP for the entropy
production can be retrieved by “approximate” contraction from the Level 3, and if then (2.13)
follows from (2.19). We are not aware of a way of doing so at the level of generality of (SSD), as
o may be highly “non-additive” (see Example 2.24). A contraction argument along the lines of [8]
is, however, possible if (SSD) holds with 7, = 0, since in this case, in the terminology of [8], o; is
asymptotically additive.

Remark 2.17. Assuming (SLD), the following Level-2 LDP holds: the sequence

1 t—1
<t > 5ws) C P(A)
s=0 teN

satisfies the LDP with respect to a good convex rate function /2, which can be expressed as

Ir(v) = sup (Z fla)v(a) - Q(f)) ,  vePA,
acA

feC(A)

where Q(f) is as in (2.16) (viewing f € C(.A) as a function on €2 depending only on wy). This
result can be obtained in three different ways: (1) by applying the Level-1 LDP to some well-chosen
RA-valued function, (2) from the Level-3 LDP by the contraction principle, or (3) independently of
the others LDPs by applying the Ruelle-Lanford functions method directly. We shall not discuss
the Level-2 LDP any further.
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Remark 2.18. Although the work [3] was focused on the LDP for entropy production for pairs of
probability measures P and O obtained from repeated quantum measurement processes, with ©
as in Case 2 of Definition 2.5, the method of proof extends to the general setting of this paper and
yields the following: (a) Theorems 2.7 and 2.13 hold'® assuming (UD) and (SLD) with 7; and ¢;
that do not depend on ¢; (b) a local version of Theorem 2.8 holds assuming (SSD) and (UD) (for
both IP and ]@) with ¢; and 7; that do not depend on ¢; (c) Theorem 2.8 holds assuming (SSD) with
7+ = 0 and with ¢; that does not depend on ¢. In this context, see Example 2.24.

2.4 Hypothesis testing

An important application of Theorem 2.8 concerns asymptotic hypothesis testing of the pairs of
measures (P, P;) as t — oco. The discussion of this point is nearly identical to the one presented in
Section 2.9 of [3] (see also [8, 7, 6]), and we shall only briefly comment on a few changes that are
needed due to the generality of our setting.

Unless P = OP, the function o — e(a) = q(—«) that controls the Chernoff and Hoeffding error
exponents does not need to satisfy the symmetry e(a) = e(1 — «). In this case the upper and lower
Chernoff exponents ¢ and ¢ satisfy!’

¢=c= min e(a).
a€l0,1]

The formula for the Hoeffding error exponents (Theorem 2.13 in [3]) remains unchanged. We also
remark that although the analysis of the Chernoff and Hoeffding error exponents presented in [20]
(and used in [3]) required the function e to be differentiable on the interval (0, 1), this assumption
was used only through the application of the induced local LDP for the entropy production.'®
In case e exists but is not necessarily differentiable, and if the required LDP with a convex rate
function is established by other means, as is the case in Theorem 2.8, then the analysis of [20]
carries through without changes; see [6] for details.

The interpretation of all three types of exponents (Stein, Chernoff, Hoeffding) in terms of hypothesis
testing and support separation of the pairs (P, @t) ast — oo as presented in [3] remains unchanged.
Obviously, the support separation is linked to the emergence of the arrow of time only in Case 2 of
Definition 2.5.

2.5 Examples

We start with five examples where our results apply, but for which the conclusions are well known
and have been reached in the literature by other means. We believe however that in all these cases
the Ruelle-Lanford functions method presented here offers a different perspective on the resulting
LDPs.

Example 2.19. Bernoulli measures. Let P be a probability measure on A, and define'® the
measure P by P (w) = Hl 1 P(w;), w € . Then obviously (UD) and (SLD) are satisfied with
w=0and ¢, =0. If P is defined similarly for some probability measure Pon A, then (SSD) also
holds with the same sequences (73):cn and (¢;)¢en, and all our results apply provided that P < P.

1By adapting the proof of [3, Theorem 2.5] to the case where o, is replaced by Sy, f for any function f depending on
finitely many variables, one verifies the assumptions of [22, Theorem 2.1], which yield the Level-3 LDP.

'If the symmetry holds, as in [3], then obviously ¢ = ¢ = e(1/2).

18The local LDP followed by an application of the Girtner—Ellis theorem.

See [24, Section A.4] for a pedagogical exposition of this case.



13 Large deviations and fluctuation theorem

Example 2.20. Irreducible Markov processes. Let P € P, (£2) be a Markov process. Then (UD)
holds. Assume furthermore that it is irreducible (i.e., that for all a, b € A, there exists £(*?) € Qg
such that P(a£(@?b) > 0). Then (SLD) holds. If, in addition, Pe P,(€2) is another Markov
process such that Py < @2 (hence P s also irreducible), then (SSD) holds. See Lemma A.3 for the
proof of these claims. Note that no aperiodicity condition is required; if the Markov process P is
irreducible and aperiodic, then (2.2) also holds with the condition |£| < 7; strengthened to |£| = 7.

The next example consists of (weak) Gibbs measures, which have been studied extensively, and for
which the LDPs and FR have been obtained via the thermodynamic formalism (see for example
[44, 42,43, 35,7, 8]).

Example 2.21. Gibbs and weak Gibbs measures on subshifts. Assume that the subshift QO
satisfies the following weak specification property:*° for all u,v € an, there exists £ € an,
€] < 7}y such that uév € Q. Assume moreover that P is a Gibbs measure for some potential
feC(h),ie., that forsome p € R,d > 0and allw € QF,

e TSI < Py (wy, .. wy) < BT, (2:20)

Then it is easy to realize that (UD) and (SLD) are satisfied with 7; as in the above specification
property and ¢; = 3d + 7¢||f — pl|. Moreover, (SSD) is satisfied if one of the following conditions
holds: (a) P = OP with © as in Definition 2.5 and Gt(Q;r ) = Qf ; (b) P is also a Gibbs measure
(i.e., satisfies (2.20) for some f and p, and all w in the support QT of ). More generally, we say
that P is a weak Gibbs measure if (2.20) holds with d replaced by d; = o(t). In this case, the
decoupling assumptions above do not hold in general.>! However, we show in Appendix A.3 that
our results can easily be adapted to this case.

An interesting special case of Example 2.21 is:

Example 2.22. $-shifts. Consider the $-shift for some 5 > 1 (see [37] and references therein).
The weak specification property described in Example 2.21 is satisfied for Lebesgue-almost all
B > 1 (see the discussion after Corollary 5.1 in [37]; the quantity defined in equation (5.9) therein
plays the role of 7;), and hence for such 3’s our results apply to any (weak) Gibbs measure.

We next turn to Gibbs states. Such measures satisfy at the same time our decoupling assumptions
and the weak Gibbs condition.

Example 2.23. Gibbs states in 1D. Let IP* be an invariant Gibbs state (in the Dobrushin—-Lanford—
Ruelle sense, see for example [39, 41, 11, 28]) for some absolutely summable interaction on the
full two-sided shift .AZ. Then the marginal P of P* on the one-sided shift AN satisfies (UD) and
(SLD) with 7 = 0 [28, Lemma 2.9]. If one considers also hard-core interactions, i.e., if P* is an
invariant Gibbs state on a subshift M of AZ, then the proof can be adapted provided M satisfies the
following condition:* for all 7),w € M, and all ¢ € N, there exists 7/ € M such that wy; ;) appears
in T’fL 1-+7,» and such that n; = ni foralli € Z\ [1,¢ + 7]). The discussion of (SSD) in this setup is
similar to the (weak) Gibbs case discussed in Appendix A.3.

2A typical example would be a subshift of {0,1, Q}N where the only restriction is that for each ¢ € N, every

VT2

occurrence of the word 01*0 must be followed by the word 2! J. Then the weak specification property is satisfied

with 7 = |V%].
2 As discussed in Appendix A.3, our decoupling assumptions are not comparable with the weak Gibbs property.
22This condition is slightly more “flexible” than Condition D in [39, Section 4.1] in the sense that the position
where wyy ;) appears in nfu +r,) may depend on w (for fixed ?).
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The LDPs and FR for Gibbs states have also been obtained using the thermodynamic formalism
[11, 16, 33, 8, 7], and the proofs therein do not require [P to be p-invariant. The condition on M
spelled out in Example 2.23 seems to be slightly more general than those found in the literature on
Gibbs states.

We now turn to examples which genuinely require the full generality of our assumptions.

Example 2.24. A class of hidden Markov chains. In Appendix A.2 we describe a prototypical
pair of hidden Markov chains, which satisfies (SSD) with 7; = 1 and sup; ¢; < oo, and for which
the function ¢ defined in (2.8) displays different types of singularities. Depending on the parameters
of the model, one can have that:

e ¢ is finite but not differentiable everywhere on R;
e there exists v, > 0 such that ¢ is finite (and even analytic) on (—oo, ;) and infinite on
(cvx, 00), with either
- limaga, q(o) = q(a) = +00;
- g(aw) < o0 and ¢/ (o) = +00;% or
- q(a) < ooand ¢/ () < oc.

This leads to situations where either or both [8] and [3] fail to apply, or to give the global LDP in
Theorem 2.8. This example illustrates how “non-additive” (or “non-extensive” in physical terms) oy
can be under our assumptions, in the sense that the sequence (¢ ~!o¢(w))sen may be unbounded for
some w € §2. A closely related, and physically relevant, example of rotational quantum instrument
will be discussed in [2].

The following example arises naturally in multifractal analysis, see [31, 32].

Example 2.25. Matrix product probability measures. Let M : A — My (R) be a map taking
values in the algebra of real NV x N matrices that satisfies the following assumptions:

(A1) The entries of M (a) are non-negative for all a € A.
(A2) The matrix S = >, 4 M(a) and its transpose ST satisfy

Sv = v, STw = \w

for some A > 0 and vectors v, w € R with strictly positive entries.

For each t € N we define a probability measure P on €); by

1
Py(wy, ..., w) = ﬁ (w, M(wy) - M(w)v) .
One easily verifies that there exists a unique P € P (£2) whose family of marginals is given by
(P4 )+en. We shall call such P the matrix product measure associated with the triple (M, v, w). We
have:

e (UD) holds for P with 7w = 0, and sup, ¢; < oo.

e If the entries of M (a) are strictly positive for all a € A, then (SLD) holds with 7, = 0 and
sup; ¢ < 00.

e If for some a € A all the entries of M (a) are strictly positive, then (SLD) holds with 7, = 1
and sup, ¢; < oo (by taking £ = a in (2.2)).

“Here and below ¢’ (o) denotes the left-derivative of ¢ at a..
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e Suppose that for all a € A some entries of M (a) are vanishing. If the matrix S is irreducible,
i.e., for some r € N the matrix (I + S)" has strictly positive entries (here I denotes the
identity matrix), then (SLD) holds with 7 = r and sup, ¢; < oco. Note that if S is irreducible,
then (A2) automatically holds and P is ergodic. It is easy to construct examples of M for
which (A1) and (A2) hold, S is not irreducible, and (SLD) fails.

eletM: A M ~(R) be another map satisfying (A1) and (A2), and let P be the induced
probability measure. If the matrix ) . , M(a) ® M (a) acting on RY @ R¥ is irreducible,
then (SSD) holds for the pair (P, I/EB) with 73 and ¢; that do not depend on ¢ (by an adaptation
of the proof of Proposition 2.6 in [3]; see also [2]).

e If O is as in Definition 2.5 and P = OP, then in Case 1 (of Definition 2.5), the measure
P is the matrix product measure associated with (]/\4\ , v, w), where M (a) = M(u(a)), and
in Case 2 the measure P corresponds to (J/W\ ,w,v) (note the order of w and v), where
M{(a) = M7 (u(a)).

e The quantity g(«) in (2.8) is finite for all . Indeed, since all the non-zero entries of the
matrices at hand are bounded below by some constant ¢ > 0, the integrand in (2.8) increases
at most exponentially in ¢ on the support of P.

For reasons of space we postpone the detailed discussion of various concrete examples of matrix
product probability measures to [2].

As a final example, we recall here the setup of the quantum instruments studied [3], as these
were our initial motivation. We note that any matrix product measure can also be obtained by a
well-chosen positive instrument (see [2]).

Example 2.26. Positive instruments. Let 7{ be a finite-dimensional complex Hilbert space and
denote by C = B(H) the x-algebra of all linear maps A : H — H equipped with the inner product
(A,B) =tr(A*B). Let ® : A — B(C) be a map satisfying the following assumptions:

(B1) The map ®(a) is positive®* for all a € A.
(B2) Themap S = > . 4, ®(a) and its adjoint S* satisfy

Sl =xv,  S¥pl = Ap

for some A > 0 and strictly positive v, p € C.
For each t € N we define a probability measure [P on €2; by

1

= Wtr(p@(wﬁ o0 ®(w))lv]).

Pt((/.)h.. . ,O.)t)

One easily verifies that there exists a unique P € P (£2) whose family of marginals is given by
(P;)ten. We shall call such IP the positive instrument process associated with the positive instrument
(®,v,p). If ®(a) is completely positive> for all a € A, v is the identity map, and A = 1, then (®, p)
is called a quantum instrument and P describes the statistics of the repeated quantum measurement
process generated by (®, p); see [3] for additional information and references regarding quantum
instruments and induced processes.

We have:
e (UD) holds for P with sup, ¢; < oo, [3, Lemma 3.4].

@ ¢ B(C) is positive if ¥[X] > 0 for any X > 0.
Y € B(C) is completely positive if for all k € N the map idx ® ¥ € B(B(C*) ® C) is positive, where idy is the
identity map on B(CF).
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e If ®(a) is positivity improving?® for all a € A, then (SLD) holds with 7, = 0, sup; ¢; < oo.

e If ®(a) is positivity improving for some a € A, then (SLD) holds with 7, = 1, (by taking
& =ain (2.2)), and sup, ¢; < oo.

e Suppose that none of the ®(a)’s is positivity improving. If the map S is irreducible, i.e., for
some 7 € N the map (2 + S)" is positivity improving?’ (2 denotes the identity map on B(C)),
then (SLD) holds with 7 = r and sup, ¢; < oo. We remark that if S is irreducible, then (B2)
automatically holds and IP is ergodic.

o letd: A B (C) be another map satisfying (B1) and (B2), and let PP be the induced positive
instrument process. If the map > . , ®(a) ® ®(a) acting on C ®C is irreducible, then (SSD)

holds for the pair (P, @) with 7; and ¢; that do not depend on t; see [3, Proposition 2.6].28

e If O is as in Definition 2.5 and P = OP, then in (;ase 1 the measure P is the Eositive
instrument process associated with (®, v, p), where ®(a) = ®(u(a)). In Case 2, P is the
positive instrument process associated with (®, p, v), where ®(a) = ®*(u(a)).

e Unlike for matrix product measures, we do not have in general that ¢(«) < oo for all € R.

See the rotational instruments in [2].

Again, for details and discussion of concrete examples we refer the reader to [2].

3 General constructions and abstract LDP

We start with some further notation and conventions that will be used throughout the paper. A
function f on € is F;-measurable if and only if f(w) depends only on w1, . .., w;. We identify the
space of F;-measurable functions and the space®® C'(€2;) in the obvious way, and for such functions
we write f(w) and f(wy,...,w:) interchangeably. The space Cfy(€2) consisting of all functions
which are F;-measurable for some ¢ is dense in C'(€2).

By this identification, any function f € C(£2;) is associated with a F;-measurable random variable
on (2, F,P). Conversely, any F;-measurable real-valued random variable f on (2, F,P) is
associated with a function f € C(€2;"), and can be extended to a function in C () by defining
f(w) arbitrarily for w € €; \ ©;". We note that with this convention, (f,P) = Zweﬂj fw)P(w).
These considerations extend to R%-valued functions, and the corresponding spaces are denoted by
C(Q,R%) and Cg, (2, RY).

Following these conventions, the quantity o; defined in (2.7) can be expressed as

P
oi(w) = log At(w), w € Qf, (3.1)

Pt(w)

which is well defined since P; < @t.

%9 € B(C) is positivity improving if ¥[X] > 0 for any non-zero X > 0.

*’See [12, Section 2.1].

Bt is easy to realize that Assumption (C) in [2] together with (UD) imply (SSD), see also [2].
PSince Q is endowed with the discrete topology, all functions on §2; are continuous.
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3.1 Construction of 1, ,

For any pair (t,n) € N? with t > n, we define®

t r _

where (7,,)nen is the integer sequence introduced in Section 2.2. Observe that NV is even. An
important inequality following from the above definition is

t
— — 2 < (¢ <t
which implies that
t'(t 2 1
lim lim sup tn) _ 1| < lim limsup LI S R (3.3)
n—=00 ¢t 00 n—=00 {00 t n 1+ Tn/n

For each . € N, we define the decoupled measure P(™) = (IP,,)*N (which is ¢"-invariant, but not
w-invariant). For ¢ = mn + j with 0 < j < n, the marginal Pgn) is given by

m—1
]P)in) (w) = (H IP)n(w[kzn—&-l,(l~c-|—1)n])) Pj(w[mn-i—l,mn—i-j])a
k=0

where the last term is 1 if j = 0. We also define

Ay = (N ={w € U : Po(Wpns1, (k1)) >0, k=0,1,...,N — 1}, (3.4)

which is the support of IP’E,"). Note that obviously Q;? C Ay

The main result of this subsection is the following proposition that provides a way to compare the

two discrete probability spaces (€, P E, )) and (4, Py).

Proposition 3.1. Assume (SLD). For any pair (t,n) € N? with t > n, and with N and t' defined
by (3.2), there exists a map 1y, 1 : Qp — § such that the following holds.

1. There exists g(n,t) > 0 such that

Moyt < I Py, 3.5)

1
lim li Zg(n,t) = 0. 3.6
Jim_ lim sup tg(m ) (3.6)

2. Assume furthermore (SSD). Then 1,, ; can be chosen so that, in addition to the above,

N-1
1
nh_}n;o lutisogpf;élj{)tl ot(Ynt(w)) — kZ:O Un(w[kn-‘rl,(k—l—l)n]) = 0. (3.7

Remark 3.2. For further reference, we make the immediate observation that (3.5) is equivalent to
the fact that for all A C Qy,

Py (4) < IOP (1, 4(4)), (3.8)

and to the fact that for each function i : €, — [0, c0) we have
S h(na(w)PSY (w) < 90 37 h(w)Py(w). (3.9)

wey, we

| z| = max{n € Z : n < x} denotes the floor function.
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Remark 3.3. It follows from (3.8) that ¢, (Ay) C Q;r In particular, all the quantities in (3.7) are
well defined (see (3.1)). Note that the map 1), ; is in general neither injective nor surjective. There

will be two contributions in g(n,t): one coming from the ratio P (1, ¢(w)) /P§7)(w), and one
coming from the maximal number of points w € €y which share the same image 1, ;(w) € €.

Remark 3.4. The structure of v, ; here is very similar to a construction used in Section 2 of [15]
in the context of products of matrices.

We start with two technical lemmas.

Lemma 3.5. There exists a constant C such that the following holds. For all t,k € N and all
v € Qy, there exists b € Qy, such that

P(bv) > P(v)e “F. (3.10)
Assuming (SSD), b can be chosen so that, in addition to the above,

P(bv) > P(v)e " (3.11)

Proof. The first statement holds with C' = log |.A

, since for all v € Q; we have

P(v) = P(bv) < |AlF P(bv).
(v) bg;k(v)_\ \grelgf(v)

The second statement is less trivial because (3.10) and (3.11) have to hold for the same b. Fix a
symbol a € A such that Py (a)P;(a) > 0 (which is possible by the absolute continuity condition
(2.3)). We claim that the result holds with C' = ¢; — log(PPy(a) A @1(a)). Assume first that &k = 1.
Then for all v € €y, there exists £ € Qg such that || < 7, and

Pt (atv) > e 1P (a)PF(v) > e C“PF(v)
for both P* = PP and P¥ = P. Now, let b = a if |¢| = 0, and b = & otherwise. We then have
P#(bv) > PH(afv) > e “PH(v),

which shows that both (3.10) and (3.11) hold in the case &£ = 1. The general statement follows by
induction on k. O

The following lemma is immediate.

Lemma 3.6. Let (X1, P1) and (X2, P2) be two discrete probability spaces (each with its discrete
o-algebra). Let 1) : X1 — Xo be a mapping which is at most r-to-one, and assume that P} (w) <
cPa(¢(w)) for some ¢ > 0 and all w € X,. Then

Po 1/1’1 < crP;.

We can now prove the main result of this subsection.

Proof of Proposition 3.1. The map 1, ; : {2y — € is constructed as follows. For w € €y, we

write w = wlw? ... w" with w’ € Q,,, and define

Yni(w) = bw'etw?e? . wN TN TN (3.12)
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for some &%, b € Qg to be chosen below that will satisfy |¢7| < 7, and

N-1
pl=8:=t—t' - |¢|
i=1

(which may be zero), so that |¢,, ;(w)| = t. Observe that
t—t'>5>t—N(n+m,)>0. (3.13)

Using (SLD), we first choose £V ~! such that |¢V~1| < 7,, and

P (wN 1N 1yN) > e P (w1 P (w) |
Next, we choose £V~2 such that |¢V~2| < 7, and

P (wN 2N 2N 1N =1y N} > g=enp (1pN=2) P (N —1eN =1y N)
> e 2P (wN*Q) P (wal) P (wN) .

Continuing this process, we choose £V=3 ... ¢! such that |¢f| < 7, and
P (w1£1w2£2 .. .wN_lgN_le) > o~ (N-Denp (wl) P (w2) - P (wN) = e~ (N=Denp(n) (w).

Finally, if 6 > 1, we choose b € 5 so that (3.10) holds with v = w!&Mw?¢2 .. wN TN 1N
and k = ¢, so that

If § = 0, we choose b as the empty word, and the above also holds. Next, (3.13) implies that
(N—-1)c, +C6 < (N —1)ep + (t —t)C =: g1(n, t),

and so
P(thnt(w)) > 91 WIPM) (1), (3.14)

The mapping 1, + is not injective. In order to retrieve w € Qp from v, ;(w), it suffices to know
the length of £', ..., ¢V ~1, and there are at most (7, + 1)V ~! possibilities. Thus, Y. 18 at most
(7 + 1)N~1-to-one. By Lemma 3.6, we obtain (3.5) with

9(n7t) = gl(nat) + (N - 1) log(Tn + 1) < gl(nvt) + N7y.

To finish the proof of Part 1, observe that since ¢t > t' = nIN, we have

t n t n

which by (3.3), shows that (3.6) also holds.

To prove Part 2 of the proposition, assume (SSD) and let w € Ay. We then proceed exactly as
above. By (SSD) one can choose ¢', ..., £V~ such that

e~ (N—Denpt (wl) P (w2) ., (wN) < Pt (w1§1w2£2 .. walngle)
< e(N=Dcnpt (wl) Pt (w2) O o (wN)

for both P¥ = P and P¥ = P. Note that all quantities here are positive, since w € Ay implies, by
definition, that all the w’ are in the support of P,,, and hence in that of P,, by (2.3).
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Defining § as above and choosing b € (25 as in Lemma 3.5 (with b = x if § = 0), we obtain
that ¢, ;(w) defined by (3.12) satisfies

e~ (N=1)en=Cépt (wl) ... pt (wN) < PH(hn s (w)) < eN—1)ca1pt (wl) ...t (wN) )
Recalling definition of o; and o, and using the inequality
(N =1)en < (N =1)en + C6 < g1(n, t) < g(n,1),
we finally obtain

ot (n,t(w ch < 2¢(n,t),

which implies (3.7). This completes the proof of Proposition 3.1. O

3.2 Ruelle-Lanford functions

Let X be a locally convex Hausdorff topological vector space endowed with its Borel o-algebra.
Let Nj be a neighborhood basis of 0 € X, so that N, = Ny + x is a neighborhood basis of z € X.

Given a sequence (2;)en of X -valued random variables on (€2, F, P), we define the following two
non-decreasing set functions on the Borel sets of X:

t—o00

s(A) = lim mf ; logP (zt € A)

; (3.15)
S(A) = limsup — 10gIP’ <zt € A>
t—o00 t
Definition 3.7. Assume that for all x € X, we have
inf s(G) = inf S(G). (3.16)

GEN, ™~ GeNg

Then, the function s : X — [—00, 0], whose value s(x) is defined by the two expressions in (3.16)
for each x € X, is called the Ruelle-Lanford function of the sequence (z;)sen.>"

When defined, the function s is upper semicontinuous. Indeed, for all x € X and € > 0, there
exists G € N, such that 3(G) < s(z) + ¢, and for each 2’ € G there exists G’ € N, such that
G’ C G. Tt follows that s(2') <3(G') <3(G) < s(x) +e.

We now give sufficient conditions for the Ruelle-Lanford function to exist.

Definition 3.8. We say that the sequence (2¢)ten is admissible if for all 1, z9 € X and for every
neighborhood G of x := 2x1 + :cg, there exist G1 € Ny, and Gy € N, such that

s(G) > 5(Gh) + *§(G2)- (3.17)

l\D\H

Proposition 3.9. Let the sequence (z;)icn be admissible. Then (3.16) holds for all x € X, so that
the Ruelle—Lanford function s is well defined. Moreover, (%zt)teN satisfies the weak LDP with
convex rate function —s, in the sense that for every open set O C X,

5(0) > sup s(x) (3.18)
ze0

3IThe two infima in (3.16) are independent of the choice of the neighborhood basis AV of z, and hence so is s(x).
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and that for every compact set I' C X,

5(I") < sups(z). (3.19)
zel

If, in addition, the laws of (%Zt)teN form an exponentially tight family?, then —s is a good rate

function, and (%zt)teN satisfies the LDP, i.e., (3.19) holds for any closed set " C X.

Proof. For the reader’s convenience, we include a complete proof, although this is a classical result
(see [34, Proposition 3.5] or [9, Lemmas 4.1.11 and 4.1.21]). First, the special case x = x1 = x2 in
(3.17) immediately implies that the two infima in (3.16) are equal, so that s is well defined. Next,
if © = 221 + 1z, then (3.17) yields s(x) > 3 (s(z1) + s(x2)). Since s is upper semicontinuous,
this inequality implies that s is concave (by a bisection method).

We now turn to the LDP. The lower bound (3.18) is immediate. Indeed, for any open set O C X
and every z € O we have z € G C O for some G € N, so that s(O) > s(G) > s(x). Since this
holds for all x € O, we obtain (3.18).

The upper bound (3.19) is more involved. Let I' C X be closed, and let ¢ > 0. It suffices to
prove (3.19) in the following two cases.

e Case 1: the laws of (%zt)teN are exponentially tight. Then, there exists a compact set K
such that 5(K¢) < —1/e. We let then Gy = I' N K€. Thus, for each x € Gy, we have
s(z) < —1/e.

e Case 2: I' is compact. Then we let G = ().
Observe that in both cases " \ G is compact. For each x € T\ Gy, there exists G(z) € N, such

that 3(G(z)) < s(w)+e < supyer s(y) +¢. Now, {G(z) : @ € T'\ Go} is an open cover of I'\ Gy,
and by compactness one can extract a finite subcover {G; : i = 1,...,n}. Since I' C J!" , G;,
one has

t—o00 i=0,...,n zel

5(I") < limsup % log (ZP (% € GZ>> < max 3(G;) < max(—1/e,sups(z) + ¢).
i=0

Sending € — 0 completes the proof of (3.19).

Finally, we show that exponential tightness implies the goodness of the rate function [ := —s
(see for example [9, Lemma 1.2.18]). Leta € R, and let L, = {x € X : I(z) < a} be the
corresponding level set (which is closed by lower semicontinuity of /). Assuming exponential
tightness, there is a compact set K such that 5(K¢) < —a, and applying (3.18) to O = K¢ yields
infcxe I(x) > a. Thus, L, C K, and hence L, is compact. O

3.3 Compatible observables

In this subsection we assume (SLD), so that the map 1, ; is well defined and Part 1 of Proposition 3.1
holds. Moreover, N = N(t,n) and ¢’ = t/(t,n) are as in (3.2) and Ay is as in (3.4). Finally, for
x € X = R? we choose the neighborhood basis N, = {B(z,¢)}c~0, where B(z, €) denotes the
open ball of radius ¢ in X, centered at x.

Definition 3.10. Let X = R? and let (2);en be a sequence of X -valued random variables on
(Q, F,P). We say that (z;)ien is ¥-compatible if z; is Fy-measurable for each t, and the quantity

N-1

1
h(n,t) == — sup |z¢(¢n(w)) — E 2 (Wikn+1,(k+1)n])
t wEAt/ k=0

32This means that for any e > 0 there exists a compact set K such that 5(K¢) < —1/e.
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satisfies
lim limsup h(n,t) = 0. (3.20)

n—=00  t o0

Proposition 3.11. Let (2;)icn be a sequence of 1)-compatible R%-valued random variables on
(Q, F,P). Then the following holds.

1. Forallz = %xl + %562 eRYand 0 < € < £, we have

s(B(w, ")) > 35(B(a1,)) + 55(B(r2,)).

In particular, (z;)ten is admissible and the conclusions of Proposition 3.9 hold.

2. There exists a sequence (7V;)ieny With ¢ — 0 such that for all € > 0, all t € N and all
z e R

1
~logP (ﬁ € B(:E,E)) <+ sup s(y), (3.21)
t t yEB(w,e+(1+]2l)7)

where s is as in Definition 3.7 and Proposition 3.9.

Proof. We shall prove that there exists a sequence (7¢)en With ¢ — 0 such that for all € > 0, all
teNandall x = %xl + %acg € R?, we have

1 2 1 Zt
— il + = il < +(1+ + . 3.
57 log P ( ; € B(x, s)) 57 log P ( ; € B(:Eg,S)) < s(B(z,e+ (14 |x))%)) + 1. (3.22)

This relation yields both Part 1 and Part 2 of the proposition. Part 1 follows by taking the limit
t — oo and using that, for fixed x, we have

1+ |z <& —¢

for ¢ large enough. For Part 2, we take x1 = x2 = x in (3.22), and by (3.19) we obtain (3.21) with
the ball B(x,c + (1 + |z|)v:) replaced by its closure in the right-hand side. Replacing ~; with
v + t~1, we then obtain (3.21).

To prove (3.22), let z = 21 + 325 € R? and ¢ > 0. In the following, j(k) = 1 if k is odd,
j(k) = 2if k is even, and we write I;, = [kn + 1, (k + 1)n]. By assumption, for any w € Ay,

1zt(wn,t(w)) —x| <

n '~ [z (wr,) t’

n Ik
< |— — - —
<13 ( - fL‘) +h(n,t)+|x|<1 t)

k=0

N—-1

n zn(wr,) '

-1 X ()| im0+l (1- 7).

where the last equality holds because NV is even and x = %xl + %1’2. Using further that § < %
leads to

N-1
Zn w[k . ‘
Zj(k)

1 1
2t (Ynp(w)) — x| < N

+ h(n,t) + |2 (1—’?).

k=0

3Note that the bound is uniform in both ¢ and z. This will be crucial in the proof of Proposition 5.2 below.
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Let u, = n~! 4 limsup,_, ., max (h(n,t), 1 %) By (3.3) and (3.20) we have u, — 0. In
addition, for each fixed n, there exists ¢o(n) such that for all ¢ > to(n),
N—

,_l

Zn wIk

- Zt(¢n,t( -

1
<
- N

k=0
and hence

N-1
1 1
Yt (,ﬂ) {w €Ay Ezn(wjk) € B(xj(k),e)}> C {w €Qf: Ezt(w) € B/}’

where B" = B(z,e + (1 + |z|)uy,). Using (3.8) and translation invariance, for all ¢ > ¢o(n) we

derive
z Nt 1
P (% S B/> > Py (ﬂ’n,t (m {w e Ay ﬁzn(wlk) S B(%(m,é)}))

k=0
N-1

N 1
> eig(n’t)]P)E/ ) ( ﬂ {U} S At/ : ﬁzn(wfk) € B(x](k)’g)}>

k=0
(pn (%” e B(mg,e))>

= e790 (P, (%" € B(r1.9)))

Using also that % < % and sending t — oo, we obtain

wlz
wlz

1 Zn 1 z
s(B(a,e+ (1 + |a])uy)) > 5-logP (; c B(ml,e)) + 5 logP (f c B(xQ,e)) e

where u}, = lim sup,_, , £ (n ) . By (3.6) we have u], — 0. Defining 7,, = max(uy,, u,,) completes

the proof of (3.22). O

Lemma 3.12. Let (2;)en be a sequence of \-compatible R%-valued random variables on (0, F,P).
Then, for all o € RY, the limit

¢(a) := lim %log <e(a’zt),IP’>

t—»00
exists and takes value in (—o0, 0]. Moreover, the function R > o +— q(a) is convex and lower

semicontinuous.

Proof. Let h(n,t) be as in Definition 3.10, and consider
At(a) — <e(0¢72t)7]P)> .

For each finite ¢, the map « — A;(«) is continuous. Recall that by definition of ¢)-compatibility,
zn, 18 Fp-measurable. Thus, by invariance and (3.9),

N—-1
(An(a))™ =3 exp{z (avZn(wwnﬂ,(kmn]))}P§7)(w)

wEA k=0
< eIt 3 gl DB (o)
wGAt/
< eIt ™ oW (1)
wer

_ e\a|th(n,t)+g(n,t)At(a).
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It follows that

1 N t 1¢ t
Liog A4(0) > Ntog An(a) — lala(n,t) — L8 18000 4 (a) = laln(n, 1) — 2021
t t t nt t
By (3.3), (3.6) and (3.20), there exists d,, — 0 such that
1 1
litm inf n log Ai(a) > — (14 6,) log Ap () — (1 + |a])6s, - (3.23)
—00 n

Taking now the lim sup as n — oo yields

1 1
litm inf — log Ay(a) > limsup — log A, (),
—

o~ t n—oo T

and so ¢(«) exists. Combining this with (3.23), we derive

neN \

¢(a) = sup <1 (146, log An(a) — (1 + |a|)5n> |

It follows that g(ar) > —oo for all & € R, and since the right-hand-side is a supremum over a
family of continuous functions (with respect to o), we also derive that g is lower semicontinuous.
Finally, it follows from Holder’s inequality that the functions o — % log A;(«) are convex and,
hence, so is the limit g. O

4 Level-1 LDP
In this section we assume again (SLD). Thus, Part 1 of Proposition 3.1 holds, and again N =
N(t,n) and t' = t/(t,n) are as in (3.2).

Lemma 4.1. Let f € C(Q,,R?) for some r € N and set z; = S;_,1f. Then, (2)en is
y-compatible. (We take the convention that Sjf = 0if j <0).

Proof. Clearly z; is F;-measurable. Recall that by its definition (3.12), v, ; is expressed as

Ut (W) = bwp € Wg1,20) 87 - - EN T O 1)t 1,N)s wE Q.
For n > r and ¢ large enough, we have
1 N-1
h(n,t) = - sup |2t(¢nt(w)) — 20 (Wkn41,(k+1)n))
weAy k=0
1 t—r N—-1n—r
= sup Zf(SOS(wn,t(w)) - Z Zf(‘ﬂs(w[kn+1,(k+1)n]))‘
weAy |5=0 k=0 s=0
t—t'+N t
<We—rir-nm-remy <=5 < (-4 ).

where the first inequality follows from the observation that all the terms of the iterated sum are also
present in the first sum. By (3.3), it follows that (3.20) holds, and so (z;)¢cn is ¥-compatible. O

Proposition 4.2. For all f € C(Q,R?) and all o € R, the limit
1
— 13 — (Q,Stf) >
¢f(a) := lim . log <e P

exists and is finite. Moreover, the map (f, o) — q¢(«) is convex in both arguments,
with respect to f, and || f||-Lipschitz with respect to .

a-Lipschitz
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Proof. For each ¢, the function

1
(o, f) — Zlog <e(a’5tf),}P’>
has the convexity and Lipschitz properties stated in the proposition (convexity follows again from
Holder’s inequality). By Lemmas 3.12 and 4.1, for every r € Nand f € C(Q,, R?), the limit
1 1
lim glog <e(°"5tf),]P’> = lim ;log <e(a’5f—r+1f),IP’>

t—00 t—o00
exists and is finite for all « € R%. Thus, g7 () exists for all f € Cgy (2, R?) and o € RY. Since
Can (2, RY) is dense in C(£2, R?), the |a|-Lipschitz continuity in f implies that the limit also exists
for all f € C(Q,R?). The convexity and Lipschitz properties are preserved in the limit. O

Proposition 4.3. Let f € C(Q,R?) and set z; = S f. Then, (2;)sen is admissible and the laws of
(%Zt)teN are exponentially tight. Thus (%Zt)teN satisfies the LDP (see (2.5) and (2.6)) with good
convex rate function Iy, where Iy is the Fenchel-Legendre transform of q;.

Proof. We first prove the admissibility claim, with X = R%. Let z = %xl + %xg € R and let
€ > 0. Since f is continuous, for § = ¢ /6 there exists an integer r > 1 and an J,.-measurable
function f such that || f — f|| < 4. Define now z; = S;_, 41 f, which is F;-measurable. We have

1 1 1 1
| - L5

TR
By Lemma 4.1, (Z;)cn is ¥-compatible. Denote by 5 and s the functions defined in (3.15), and let
5 and s be the corresponding functions defined for z;. As a consequence of Proposition 3.11, we
have

r—

1
1141 @.1)

<d+

5(B(x1,e — 39)) n 5(B(x2,e — 35))'

3(B(x,e — 20)) > 2 > > 4.2)

Using (4.1), we obtain that for ¢ large enough,

P (1% € B(x, 5)) > P <1'z} € B(a,e — 25)) ,

1. 1
P <tzt € B(wzi,e — 35)> >P (tZt € B(wi,e — 56)> .
By combining this with (4.2), we obtain that
s(B(xz1,e —59))  s(B(xe,e — 59))
+ .
2 2

Hence, (2;)sen is admissible. Since [|32|| < || f|| for all ¢, the laws of (12;);ciy are exponentially
tight. Thus, by Proposition 3.9, the LDP holds with good convex rate function [ (which is equal to

—s in the notation of Definition 3.7). We now denote by [ }k the Fenchel-Legendre transform of I,
and by q;Z the Fenchel-Legendre transform of ¢q;.

s(B(x,e)) >

In order to identify I; and q}i (see [9, Theorem 4.5.10] for a similar argument), we use Varadhan’s
integral theorem and the convexity of I7. For a,u € R% let ¢o(u) = (c,u) (which is continuous

as a function of u for fixed «), and let P; be the distribution of %zt. We have

1
¢f(a) = lim log/ ORI AM)
Rd

t—oo t
Since for any v > 1 we have g¢(ya)) < oo by Proposition 4.2, the conditions of Varadhan’s theorem
(see [9, Theorem 4.3.1] or [10, Theorem 2.1.10]) are met, and we obtain gy (a) = I} (). Since this

is true for all & € R? and since I ¢ 1s convex and continuous (in particular, lower semicontinuous),
we find [ = q}i, which completes the proof. O



Cuneo, Jaksic, Pillet, Shirikyan 26

5 LDP for entropy production

In this section we assume (SSD), so that ¢y, ; is well defined and Parts 1 and 2 of Proposition 3.1 hold.
In particular, (3.7) shows that (%at)teN is Y-compatible and hence admissible by Proposition 3.11.

Proposition 5.1. The limit
15 1 Qo
q(a) :== th_glo n log (€%t P)

exists for all a € R and takes value in (—oo, o0]. The function q is lower semicontinuous and
convex. We have q(0) = 0 and q(—1) < 0, so that q is non-positive (and hence finite) on [—1,0].

Proof. Since (%Ut)teN is admissible, we find by Lemma 3.12 (with d = 1) that ¢ exists, takes value
in (—o0, 00}, and is lower semicontinuous and convex. We have obviously ¢(0) = 0. Moreover,

1 o 1 Py (w) 1, =
;log <e ,]P’> = Zlog 29; Pt(w)]pt(w) = ElogIP’t(Qt ) <0,

well,

and so g(—1) < 0. By convexity, ¢ is non-positive (and hence finite) on [—1, 0]. This completes
the proof. O

In the sequel, we denote by I'* and ¢* the Fenchel-Legendre transforms of I and q.

Proposition 5.2. The sequence (%Ut)teN satisfies the LDP (see (2.9) and (2.10)) with a convex rate
function I given by 1(s) = q*(s) for all s € R. Moreover, if q(«) < oo for all « in a neighborhood
of 0, then I is a good rate function.

Proof. Since (%at)teN is admissible, it satisfies by Proposition 3.9 the weak LDP with convex rate
function I. To strengthen the result to the LDP (i.e., to show that (2.10) is true also for unbounded

I"), we separate the following two cases (recall that g is finite and non-positive on [—1, 0], and that
q(=1) <0 = g(0)).
e If g(ar) < oo in a neighborhood of the origin, a standard application of Chebychev’s
inequality shows that the laws of (%at)teN are exponentially tight, so that the weak LDP is
in fact the LDP, and I is a good rate function.

o If g(a) = oo for all @ > 0, then we have lim,_, o, ¢*(z) = 0. The identification I = ¢*,
which we prove below, implies that lim,_, ~ I(x) = 0 (in particular I is not a good rate
function). We now show that the LDP still holds. If I" is a closed set such that supI' = +o0,
then inf,cr I(xz) = 0, and hence (2.10) is trivial. Assume on the contrary that I' is a
closed set such that supI" < oo (but possibly inf I' = —o0). Then, since g(—1) < oo,
Chebychev’s inequality provides the necessary exponential tightness on the negative half-line
in order to show (2.10) (by a minor and standard adaptation of the argument in the proof of
Proposition 3.9).

We now turn to the comparison of I and ¢*. If g(a) < oo for all € R, we can proceed exactly as
in Proposition 4.3, by using Varadhan’s theorem to obtain that ¢ = I*, and then the convexity of 1
to obtain that [ = ¢*. However, in the general case, more specific estimates are required in order
to show that ¢ = I'*. We split the proof of this identity into three steps. Steps 1 and 3 are almost
identical to the proof of Varadhan’s theorem (see [9, Theorem 4.3.1] or [10, Theorem 2.1.10]),
although our assumptions are slightly different. Step 2, however, is quite specific to our setup (see
Remark 5.3 below).
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Step 1: ¢ > I'*. We denote by P, the law of t~'oy. For any z, « € R and € > 0, we have

1
g(a) > liminf = log / o'V Py(dy)
¢ lz—y|<e

t—00
|
> (ax — |ale) + liminf — log P((x — e, +€))
t—oo ¢

> (ax —|ale) = inf I(y) > az — |ale — I(x).
lz—y|<e

Letting ¢ — 0, we get ¢(«) > ax — I(x). Since « and z are arbitrary, we obtain ¢ > I*.

Step 2: Tail estimates. Let
1
aty = lim ﬂ
r—too I

By convexity these limits exist, and since [ is non-negative we have a4 € [0, co]. Moreover,
since 0 > ¢(—1) > I*(—1) = sup,er(—2 — I(x)), we actually have a_ € [—o0, —1], and in
particular .~ < ovy. Let @ € (a—, ;) and set § = § min(1, |a — a_|,|a — a4 |). Then there
exists ¢ > 0 such that

I(z) > ax + d|z| —c forallz € R.
Using this and (3.21) we find

1
“log P((k— 1,k +1)) < — inf I
n 0g t(( )) M yeB(k,11+n(1+\k\)%) )

< —ak —6|k| +  + k|,

where v; — 0, and the constants ¢/, ¢’ are independent of ¢ and k. It follows that, for all ¢ large
enough,

P((k =1,k +1)) < exp((~ak = §[k| +¢)t),

whence there exists C' > 0, depending only on «, such that for all K > 0,

Ry :=limsup ! log/ e Py(dx) < —Ké + C. (5.1
t—00 |z|>K 2
Step 3: ¢ < I*. If o ¢ [a—, oy ], we clearly have I*(a) = +00 > ¢g(a). It therefore remains to
show that ¢(«) < I*(«) for all @ € [, ay]. Since both I* and ¢ are convex, lower semicon-
tinuous functions, it is enough to consider @ € (a—_, ay). We now fix o € (a—, ), € > 0 and
K > 0. Forall x € [— K, K], there exists an open neighborhood G, such that

inf I(y) > (I(x) —e)Aet, sup ay < ax + €.
yeGy yeGy
We extract a finite subcover {Gy,, ..., Gy, } of [-K, K] and write

1 1
lim sup i log/ e Py(dy) < lim sup n log (eamiJrstPt(Gxi))
Ga,

t—00 t—00
<azi+e— (I(x;)—e)Ae?
= max (ax; — I(2;) + 26, az; +e—e ')
< max (I*(a) + 2¢, [a| K + ¢ —e1).
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It follows that

1 n
q(a) < limsup - log / e Py(dx) + Z/ e Py (dx)
t |z|>K i=1 Y Gz,

t—o00

< max {Rg, I*(a) + 2¢,|a|K +e—e '},

Sending ¢ — 0 shows that ¢(«) < max(Rg,*(«)). Finally, sending K — oo and using (5.1)
yields ¢(«) < I*(«), which completes the proof. O

Remark 5.3. The tail estimates in Step 2 above are equivalent to the statement that ¢(«) < oo for
all « € (a—, ay), which is obviously a necessary condition in order to have ¢ = I* . The uniform
bound (3.21) is crucial in Step 2. An instructive example of what can go wrong without it is given
by the family of distributions

dP,
—t—-- e_tz)\/t/we_m2 +

T e (0¢(x) + 6_4(x)), teN,

DN |

which satisfies the LDP with rate function I(x) = 2. Here a4 = 400, while**

1
q(a) = lim tlog/eto‘th(dx) = 042/4 + 0011\04|>1'

t—o00

One now easily checks that ¢ and I* coincide only on [—1, 1], and that I and ¢* coincide only on
[—1/2,1/2].

Lemma 5.4. If P = OP with © as in Definition 2.5, then q satisfies

¢(—a) = q(la—1), a € R, (5.2)
and I satisfies the Gallavotti-Cohen symmetry

I(—s)=1(s) + s, seR. (5.3)
Proof. Recalling that 6; = 0, ! and that 6, leaves Qf invariant (see Remark 2.6), we find

(e By = 3 Blo)Bi(w) = 3 P (0y(w)) B (01 (w))

wey wey
= 3 B (w) = (707 P,
weQ;

which yields (5.2). Although one can derive (5.3) from (5.2) and the identity I = ¢*, we provide
here a direct derivation based on the LDP and the following transient fluctuation relation (see [8]

and references therein): using that o o ; = —oy, we find
1 ~
P, (tat = s) = Z Py (w) = Z Py (w)
weQ ot (w)=ts weQ 0t (w)=ts
= > PP (0,(w)) = > PP, (w)
weQ 0y (8¢ (w))=ts weQ oy (w)=—ts

1
= elP, (tat = —s) .

3*The quantity 1jo>1 is equal to 1 if || > 1 and to 0 otherwise.
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From this we obtain that, for all ¢ > 0 and s € R,

<e.

.1 1 o1 1
htrgggfglog}?t <tot € B(s,e)) — hggégf n log P, (tat € B(s,e)) -5

By the construction of the rate function I, sending ¢ — 0 gives |—I(s) + I(—s) — s| = 0, which
is (5.3). O

6 Level-3LDP

6.1 Main result

In this section, we assume (SLD) and prove Theorem 2.13. For technical reasons (in fact, in order to
invert a Fenchel-Legendre transform in the proof of Proposition 6.1 below), we consider a slightly
more general situation, viewing p;(w) := % Zi;t s (w) as an element of the space X = M(Q2)
of signed Borel measures on 2. We endow M (€2) with the weak-x topology with respect to the
natural pairing®

<f,u):/fdy, veME), fec).

Recall that C'(Q2) is endowed with the topology of uniform convergence. With these topologies, the
spaces M(2) and C'(2) are the continuous dual of each other (with the natural identification). The
induced topology on P(€2) is the weak topology that we have considered so far.

We shall show that for every open set O C M (£2) and every closed set I" C M (),

1
ool > _
htlgg}f ; logP (u; € O) > Ullelgﬂ(V), (6.1)
1
limsup - logP (i € T) < — inf I(v), (6.2)
t—oo t vell

where [ is given by (2.17) on P(€2), and where [(r) = +o00 on M(2)\ P(2). Since pt(w) € P(2)
for all w, this will immediately imply the LDP on P(€2) in Theorem 2.13.

For f € C(f2), let
Q(f) = lim %log <eStf ,IP’>. (6.3)

t—o00
By Proposition 4.2 (in the special case d = 1, &« = 1), the limit (6.3) exists and is finite, and the
function @ is convex and 1-Lipschitz .

Proposition 6.1. The sequence (ju;)icn satisfies the LDP with respect to the weak-x topology
on M(QY) for some good rate function I (see (6.1) and (6.2)). Moreover, 1 is the Fenchel-Legendre
transform of Q, i.e., for allv € M(Q),

Iv)= sup ((f,v)—Q(f)). (6.4)

fEC(QR)

Finally, I(v) = +oo for all v € M(2) \ P,(12).

Proof. We set z; = tju;, and we define S and s as in (3.15). We first show that the sequence (2;):cn
is admissible. A neighborhood basis of v € M((2) is given by

N, = {G(V,f,a) = e M) |(fu—1) <e}:e>0,feCQRY),d> 1}.

3We shall reserve the symbols P, Q for the elements of 7(£2) and denote by i, v the elements of M ().
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We immediately have

Pa(w) = (@) € G fre) == 15if(w) € BU(Sw)2).

Fix now v = %1/1 + %VQ € M(Q), and consider a neighborhood G(v, f, ) of v. Letx = %xl + %xz
with x; = (f,v;). Since (Stf)ien is admissible by Proposition 4.3, there exists ' > 0 such that

o1 1
(G ,9) = timint $log P (157 € Bl )

1 1 1 1
> limsupQ—log]P’ <t5tf € B(x1,€/)> + lim sup % log P (tStf € B(xg,el)>

t—o00 t t—o0

1 1

- §§<G(V17 f? 5/)) + §§<G(V27 f7 5/))'

This implies that (z;):en is admissible. Moreover, since 1, belongs to the compact subset P(€2) for
all ¢, the laws of (%zt)teN trivially form an exponentially tight family, so that by Proposition 3.9,
¢ satisfies the LDP with good convex rate function I defined by

RS e A

We now show that [(r) = 400 when v ¢ P,(12). Since y; € P(£2), and since P(€2) is closed, one
immediately obtains I(v) = +oo if v ¢ P(Q). Now, if v € P(£2) \ P, (2), one can find a function
g € C(92) such that f := g — g o ¢ satisfies (f,v) = 1. Then, for all 4 € G(v, f,1/2), we have
(f, ) > 1/2. However, by construction,

(F () = 3(9() — g0 ¢ () < 2 g,

which is eventually < 1/2. Thus, P(y; € G(v, f,1/2)) = 0 for ¢ large enough, and
1
I(v) > —liminf —log P(u: € G(v, f,1/2)) = +oo0.
t—oo ¢

Following the same ideas as in Proposition 4.3 (see also [9, Theorem 4.5.10] and [34]), we now
identify I and Q* using Varadhan’s integral theorem and the convexity of I. For fixed f € C(£2), let
¢f = (f,+), which is a continuous function on M (£2). Denoting by P; be the law of ;i;, we have

Q(f) = lim 1log/ etd’f(”)dPt(y).
¢ M(Q)

—oo t

Since for any v > 1 we have Q(vf) < oo (or more simply, using that P; is supported on the
compact set P(£2)), we can apply Varadhan’s theorem, and obtain®

Q) =T"(f) = sup ((f,v) —1(v)).

veM(Q)

Since this is true for all f € C(2), and since I is convex and lower semicontinuous, we find that
I = Q*, which is (6.4) (see [4, Theorem 3.10] or [9, Lemma 4.5.8] for variants of the duality
principle between convex conjugate functions that apply in the present setup). O

38Recall that C'(2) is the dual of M (£2) with the weak-+ topology, so I* is naturally defined on C'(2).
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6.2 Alternative expression for the rate function

Assuming also (UD), we now derive an alternative expression for the rate function I of Proposi-
tion 6.1. This new expression will imply, in particular, that I is affine on P (€2).

Given Q € P(2) and t € N, consider the relative entropy (recall (2.15))

Ent(QtUP’t) = §t(@) - ht(@)7

where we set, with the usual convention that 0log 0 = 0,

=) Qi(w)logPy(w)  ifQ <Py,

§t(Q) = we
+ 00 otherwise,
— > Qu(w)log Qy(w).
weEN:

For Q € P,(2), we have
lim < he(Q) = H(Q),

t—o0

where h(Q) is the Kolmogorov-Sinai entropy of Q with respect to ¢. The limit exists, is finite, and
the mapping & : Py, (€2) — [0, oc) is upper semicontinuous and affine.’” For completeness, a proof
of these elementary properties of the Kolmogorov—Sinai entropy is provided in Lemma A .4.

‘We first need a technical lemma.

Lemma 6.2. Assume (UD). Let f, g be two non-negative random variables on (S, F,P) such that
f is Fp-measurable and g is F.-measurable with n,r € N. Then

(f(go@™™),P) <entmlosll(fP) (g, P).

Proof. Recalling the conventions in the beginning of Section 3, we obtain by (UD)

(flgog™™™),Py= Y f(u)g(v)P(uv)

utveQt

n+Tn+r
< S ) Pw)Bw)
uﬁvGQn o
< D (LR (9P,
EEQTn
which implies the claim, since |2, | = |.A|™. (The factor involving .4 would not be needed with
the alternative (UD) assumption mentioned in Remark 2.2.) O

Proposition 6.3. Suppose that (UD) is satisfied.>® Then the limit

t—o00

<(Q) := lim %9&(@) (6.5)

7See Corollary 4.3.14, Corollary 4.3.17 and the remark following it in the book [21].
38 Although (SLD) is a standing assumption in this section, observe that this proposition does not rely on it provided
that we define 1 by (6.4). This proposition does not rely on the validity of the LDP for y either.
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exists for any measure Q € P, (), and the mapping < : P,(§2) — [0, 00| is lower semicontinuous.
Moreover, for any Q € P, (2), we have

I(Q) = §(Q) ~ h(@) = Jim +Ent(Qu| o) 66
and 1L is an affine function of Q € P, ().

Proof. We first prove the existence and lower semicontinuity of the limit (6.5) by using a classical
subadditivity argument. For each pair of integers ¢,n with t > n + 7,, welet M = |t/(n + 7,)].
By using (UD) M — 1 times, we find for all w € er

M-1
l0g Py (w) <108 Py ar (Wit (naryan) S 108 Pr (Wit 41 e(n-tm)n]) + (M = 1)en,
k=0

where both sides may be —oo. Integrating this inequality with respect to —t~'Q and using the
translation invariance of Q yields
1 M (M —1)cy, S < 1 1

@2 Y@ - Mo )@

Cn
n+T1,’

where we have also used that ¢, (Q) > 0. Sending now ¢t — oo yields
1 1 1 Cn
liminf — > — [ = —— .
Pt tgt(Q) “1+7m/n <n§n(Q) n>
Taking the lim sup as n — oo shows that the limit ¢(Q) exists (it can be infinite). We then find that

<(Q) =sup L <1<n(@) - C") ,

neN 1+ Tn/n n n
and thus, since Q — ¢, (Q) is continuous for all n, we obtain that ¢ is lower semicontinuous.
We now fix Q € P,(£2) and establish (6.6). The second equality in (6.6) follows from the
definitions, and we need to show that [(Q) = L(Q) := lim;_, %Ent(@t| P,).

We first deal with the special case where there exists ¢ty € N such that Q;, is not absolutely
continuous with respect to P;,. Then Ent(Q;| P;) = oo for all ¢t > t, and thus L(Q) = oco. Let us
choose w € £, such that Q(w) > 0 = P(w). Foralln € N, let fn(w) = nly, , —w. Observe
that (f,,, Q) = nQ(w) and that Q(f,) = 0, since S¢ f,, vanishes on the support of [P. Thus, using
(6.4), we see that

I(Q) = {fn, Q) — Q(fn) = nQ(w) foralln €N,
so that [(Q) = oo.
Suppose now that Q; < P for all t € N. We shall first prove that L(Q) > I(Q). Let f € Cgn(92)
be F,--measurable for some r € N, and let
At = <estf,IP’> .
By Jensen’s inequality and the invariance of Q, we have
o (oSt P — $0f Prir1
log Ay = log <e ,]P’> = log et ———— dQy4r—1
Stgr—1 d@t+r—1
d _
> [ (s 1o ) dQu
Tipr-1 dPiyr—1

=t(f, Q) — Ent(Qyr—1|Prsr—1),
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where Y; is the support of ;. Dividing by ¢ and sending ¢ — oo shows that L(Q) > (f, Q) —Q(f).
Since f € Cgn () is arbitrary, Cgy, (£2) is dense in C'(2), and @ is Lipschitz, we find

L@ = suw ((f/,Q) -Q(f)) = sup ({f,Q) —Q(f)) =1LQ).

J€Can () fec(@)

It remains to prove that L(Q) < I(Q). Fix two integers n, M > 1 and let ¢ = n’M where
n' = 1, +n. Consider the F,,-measurable function f = %, -7 1log @” . This function is well defined on
the support of Q,, (and, hence, on the support of P,,), and we deﬁne it by —oo on the complement.
Note that

Ent(Q,| P,) = n'(f,Q). (6.7)
We have (see Figure 1) the decomposition
n'—1 M-1
Sif =3 10D, fD() = 3 F ottt o) (6.8)
5=0 k=0

Using Holder’s inequality and translation invariance leads to
(5 PY < H Wit Y (o 15 py,

Using then Lemma 6.2 recursively M — 1 times and translation invariance, we obtain

(57, P) < M-V (o' PYM (M1 <Q” “”> — oMV (Q, ()M < M-V

77/
where d,, = ¢, + 7, log |A| = o(n). Thus,

1 M—-1
tlogAtS(MnSdn

W7
whence Q(f) < %’}. Combining this with (6.7), we derive

(1.0 -+ < Tyg+ &

n n

LEni(@ul P = (0 <

3| =

Passing to the limit as n — oo shows that L(Q) < I(Q), and (6.6) follows. Finally, since both

Q — h(Q) and Q — ¢(Q) are affine, we obtain from (6.6) that so is L. O
ON I S S S S
LS R S
R i s e T e
% % N L N O O O
(SIS N T S T

Figure 1: Illustration of (6.8) inthecasen =3, 7, =2, M =4
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6.3 Level-3 fluctuation relation

Proposition 6.4. Assume (UD)* and that P = OP with © as in Definition 2.5. Then, for any Q €
P, () such that (©Q); and Q; are equivalent for all t, 1(Q) < 400, and I(©Q) < 400, we have

1(0Q) = I(Q) + ep(Q), (6.9)
where we set ep(Q) = ¢(0Q) — ¢(Q). Moreover,
ep(Q) = tlgglo %(at,(@. (6.10)

Proof. (UD) and Proposition 6.3 imply

[(Q) =<(Q) - (@), 1(6Q)=<(6Q) - r(6Q). (6.11)

Since 0 is a bijection, we see that

h(Q) = - Y Qu(w)logQi(w) = — Y Q(f(w)) log Q; (6:(w)) = he(OQ).

wEN weN

It follows that h(OQ) = h(Q). Combining this with (6.11), we arrive at (6.9). We now prove
(6.10). As was already observed in the proof of Proposition 6.3, the conditions I(Q) < +o0, and
I(6Q) < +oc imply that Q; < P; and (©Q); < P, for all t. We remark that

)
(7@ = = (1o .Q0 ) + (1o 34,00 ) = — (e .00 ) + (1o 2. (0. )
= —Ent(@t|Pt) =+ Ent((@@)t“}bt)

Dividing this relation by ¢, passing to the limit as £ — oo, and using (6.6), we obtain

L 01.Q) = 1(6Q) — 1(Q).

lim
t—oo t

Comparing this with (6.9), we arrive at the required relation (6.10). O

A Appendix

A.1 Technical results

We first prove two lemmas justifying Remarks 2.3 and 2.4.

Lemma A.1. Assume that (UD) holds for both P and P, and that (SLD) holds for both P and P
with the same &, in the sense that for all t E/I\\L allu € Q¢ and all v € Qgy, |v| > 1, there exists
€| < 7t such that for both P* = P and P* = P,

e~ PH(u)P(v) < PF(ukv).

Then (SSD) holds (for some larger 1; and c;).

3The same remark as in Proposition 6.3 applies: although it is a standing assumption in this section, (SLD) is not
necessary in this proposition if we simply define I by (6.4).
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Proof. Let u € ; and v € Qg,. Then, by Lemma 3.5, there exists b € {2, such that Pﬁ(v) >
Pt(bv) > P¥(v)e~C™. By assumption there is |£| < 7; such that

PP (ubv) > e PF(u) P (bu) > e~ TP (1) PF(v).
Let then ¢’ = £b. By (UD), we have

P (ug'v) < e PHu)PH(EL,, 1y epv) < €PF(u)PH(v),
(Note that 5th +1,[¢) MAY be the empty word.) Thus,

e~ CT P () PH(v) < PF(ug'v) < e“PH(u)PF(v).

Since [£'| < 27, (SSD) holds with 73 and ¢, replaced with the sequences 27; and ¢; + C'¢, which

are also o(t). O

Turning to Remark 2.4, we now give a sufficient condition for IP to be ergodic (which is fulfilled, in
particular, if (SLD) holds with sup, 7 < oo and sup; ¢; < 00).

Lemma A.2. Assume the following form of lower decoupling: there exist ¢ > 0 and k € N such
that forallt € N, all u € Q; and all v € Qgy, |v| > 1,

> P(ubv) = e P(u)P(v).
§€Qfin
T —k<|E| <7y

Then P is ergodic.

Proof. Consider first two cylinder sets C1 and C given by C; = {w € Q | wyy ;) € C;} for some
r € N and sets C; C €, i = 1, 2. Observe that, by assumption,

Tt

> BaneTIe) = Y Y Y Y Py

j=ri—k j=mi—k ueCy velCy £€Q;

>e ) > Pu)P(v) =e °P(C)P(Co).

ueCh veCs

Thus, there exists ¢ € [r + 7, — k,r + 7¢] such that
P(Cl N (pitCQ) > CIP(Cl) P(CQ),

where C' = e~ ¢/(k+1) > 0. Since any Borel set in {2 can be approximated by cylinder sets (and the
constant C' is independent of the choice of C;), it follows that P is ergodic. The details are as follows.
Assume B C Q is an invariant Borel set (i.e., P(BAp~!B) = 0),* and let ¢ > 0. We can find
two cylinder sets Cy, Cy that approximate B and B¢, in the sense that P(BAC;) + P(BACs) < e.
Then,
0=supP(B°N¢ 'B)>supP(Ci Ny iCy) —¢
teNp teNp
> CP(C)P(Cy) —e > C(P(B) —¢)(P(B) —¢) —¢
> CP(B)P(B) — (2C + 1)e.

Since ¢ was arbitrary, we have P(B¢)P(B) = 0, so that P(B) € {0, 1}. This completes the proof.
O

The next lemma proves the properties of irreducible Markov processes mentioned in Example 2.20.

“The symmetric difference AAB of two sets A and B is defined as (A \ B) U (B \ A).
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Lemma A.3. Let P € P,(Q2) be a Markov process. Then (UD) holds. Assume furthermore that it
is irreducible (i.e., that for all a,b € A, there exists €% € Qg such that P(a& (a’bE)) > 0). Then
(SLD) holds. If, in addition, P € P, () is another Markov process such that Py < P, then (SSD)
holds.

Proof. Since P is Markov and shift-invariant, we have
P(w) = Py (wy)P(w1;w2) P(wa; ws) - - - P(wi—1;wy), w € y,

for some transition matrix (P(a;b))q pea-

Upper Decoupling. We show that (UD) holds with 7w = 0 and

= — min logPy(a).
! a€A:P1(a)>0 & 1()

Indeed, given u € €y and v € Qg,, such that P;(v;) > 0, we have
P(ug;v1)
Py (v1)
If Py (v1) = 0, then by invariance P(uv) = 0 < e“P(u)P(v), so that (UD) is proved.

Selective Lower Decoupling. Assume now that the process is irreducible. This implies that
Pi(a) > 0 forall a € A. Let 7 = maxgpes |¢®?|. Given two words u € Q; and v € Qgy,
lv] > 1, let € = £(e:¥1) Then either |¢| = 0, in which case

P(uv) = P(u)P(v) < e“P(u)P(v).

Pluv) = Jmm)w(v), (A1)
or k := [£(v1)| > 1, in which case

P1(&§1)P1(v1)

The factors in front of P(u)P(v) on the right-hand sides of (A.1) and (A.2) are positive and depend
only on u; and v;. We obtain a lower bound by taking the minimum over all possible values of wu;
and vp. This implies that (SLD) holds with 7z = 7 and some ¢; independent of ¢.

Selective Symmetric Decoupling. Assume finally that P is another Markov process such that
Py <« @2. Then by the Markov property we have that P; < @t for all ¢, so Pis irreducible, and
one can choose the same £(%*) as for P (i.e., we have both P(a£(%*)b) > 0 and @(aé(a’b)b) > 0).
Considerations similar to the above imply that (SSD) holds. O

Finally, for the reader’s convenience, we prove some well-known properties of the Kolmogorov—
Sinai entropy that are used in the proof of Proposition 6.3 (see for example Section 4.3 of [21]).

Lemma A4. For all Q € P,(2), the limit

MQ) = lim < h(Q) (A3)

t—o00

exists, is finite, and the mapping h : P,(2) — [0, 00) is upper semicontinuous and affine.

Proof. First, it follows from ¢-invariance and the inequality log z < z — 1 that

by (Q) — hi(Q) — hy (Q Z Z (ww') log W <0.

weEN: w €y
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By subadditivity, the limit (A.3) exists, is finite, and A(Q) = infien %ht((@). Moreover, as an
infimum over a family of continuous functions, A is upper semicontinuous. That A is affine is an
immediate consequence of the following relation: for all Q(V), Q(?) e P,(£2), and all p; € (0, 1),
p2 = 1 — p1, we have

o pine(QY) <he [ D p QY ) < pihu(@QY) = D pilogpi. (A4
i=1,2 i=1,2 i=1,2 i=1,2

To complete the proof, we now establish (A.4). The first inequality follows from the concavity of
x+— f(z) := —xlog z. Indeed, we have

> pihe(@7) = 3 Y pif (@Vw) < 30 7| D pQ@Pw) | =k | D mQ?

i=1,2 weEN; i=1,2 wey i=1,2 i=1,2

For the second inequality, we observe that

YD opQP | ==>" 3 pQ@W(w)log | Y pQY

i=1,2 wey i=1,2 j=12
<=3 3 0 w)log (@ <w>)
weN i=1,2
==Y m Y QVw)log (QV(w)) — > pilogpi Y- QD (w)
i=1,2 wGQf 1=1,2 wey
= Z pzht Z pilog p;.
i=1,2 1=1,2
The proof is complete. u

A.2 Hidden Markov chain example

In the section we discuss the hidden Markov chain of Example 2.24. For reasons of space, we only
outline the main steps of the analysis; the details are easy to fill.

Let (7(n))nen, be a sequence of non-negative numbers such that y(0) = 0 and y(n+1) > y(n)+e
for all n and some ¢ > (. We consider a countable Markov chain with states 0, 1, 2, ... such that
from each state n € Ny, we move either to n + 1 with probability g(n + 1) := e¥() =7+ or we
move to 0 with probability 1 — g(n + 1) (see Figure 2).

Figure 2: Illustration of the Markov chain.
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This Markov chain admits a unique invariant measure, and we denote by Q the corresponding
Markov process on NJ'. Note that

oo
Qi(n)=2z"te™  Z= Ze_ﬂ”).
n=0

Let A = {a,b} and let ¥ : N} — AN be defined by ¥ (wy,wa,...) = (¢(w1), ¥ (w2),...), where
¥(0) = a and ¥(n) = b for all n > 1. Our main object of interest is the invariant probability
measure on Q = AN defined by P = Q o ¥~!. The following holds:

e The measure [P has full support, and for any words u and v we have

P(uav) = P(ua)P(av) /Py (a).

Moreover, PP is reversible in the sense that P(wy, ..., w¢) = Py(wy, ..., wy) forallt € N and
w e Qt.
e Letus set Py )
112 (awa
= € Qy,
pe(w) Py (a) w €

with the convention py (k) = Pa(aa)/Pi(a) = 1 — g(1), where & is the empty word. Then
p|u|+|v\+1(uav) = p\u|(u)p|v| (U) for all u,v € Q.

e The quantities P; 1 (bfa), P;1 1 (ab’) and P;(b?) are bounded above and below by some constant
(independent of t) times e~¥(*). More generally, the quantities P, (aw), Pi41 (wa) and py(w)
are bounded above and below by a constant (independent of ¢ and w € ;) times P (w).

e P satisfies (SLD) with 7w = 1 and sup, ¢; < oo (by taking £ = a in (2.2)).

e P satisfies (UD) with 7; = 0 and ¢; = ¢ + sup,,ey, [Y(n) + 7(t) — v(n + t)] for some ¢ > 0,
provided that (7(n))nen, is such that ¢; = o(¢).

We assume now that P is constructed in the same way, with (F(n))nen, satisfying the same
conditions as (y(n))nen,- We define p; in the same way as p;. Then the following holds:

e The pair (P, I@) satisfies (SSD) with 7, = 1 and sup, ¢; < oo (by taking £ = a in (2.4)).
e The function ¢ defined in (2.8) can be written as

.1
q(a) = tllglo i log Z Cta(w), a e R,
wEN:

where the quantity ; (w) := elat)logpe(w)—alogpt(w) defined for ¢ € Ny and w € (2, satisfies
the relation

Cluf+[v]+1,0 (@aV) = (ju)a(W)(y],a(v), u, v € Qfiy.
e We have ¢(«) = — log p(a), where p(«) is the radius of convergence of the power series
Ro(z) =Y ri(a)a’,  r(a)= > (alw).
tGNU wth

e Letus set

Ua(z) = Y w(e)at,  w(a) = Ga(b),

teNg
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and observe that
w(a) = (1 - g(t +1))* (1 = G(t + 1)) e~ (@FDVDFTD),

where 1 — g(t + 1) and 1 — g(¢ + 1) are bounded from above by one and from below by a
constant ¢ > 0 uniformly in ¢. The radius of convergence of U, is

k() = lim inf exp((or + Dty (t) — at717(1)).

e By sorting the words w € §2; according to the position of the first occurrence of the symbol a (if
there is one), we get the renewal equation

t—1
re(a) = up(@)ri—1—p(a) + u(e).
k=0

This relation translates into the algebraic equation R, (z) = xRy (z)Uq(z) + Uy (), so that

Ua(z)

Balo) = @)

The power series defined above have strictly positive coefficients for all «. They are strictly
increasing functions of x > 0, and jointly lower semicontinuous in o € R and x > 0. As already
discussed, the quantity of interest is the radius of convergence p(«) of R,,. For each fixed o, we
are in one of the following two cases:

(a) There exists z > 0 such that xU, (x) = 1, and in this case p(a) = x.
(b) zUy(z) < 1forall 0 < x < k(a), in which case p(a) = k(a).

In both cases, we have p(«) = sup{x > 0 : zU,(z) < 1}. In case (a), p’(«) can be obtained by
differentiating the relation p(a)U,(p(r)) = 1, and we obtain

ano Datin (@) p" T ()
2 nz0 Un(@)(n +1)p™ ()’

In case (b), we simply have p'(«) = k(). (Of course these relations hold only if the corresponding
quantities are well defined, and if « is not at a transition point between the two cases.)

plla) = - (A3)

Different situations can occur depending on the concrete choice of (7(n))nen, and (Y(n))nen, -
We now briefly discuss six interesting cases. We do not give any proofs, as these examples are
easily understood by substituting the relevant values in the formulas for x(«) and p(«) (and
their derivative). The interested reader may wish to investigate the matter further by trying other
expressions for (7(n) )nex and (3(n))nen,.

Example 1. Let v(n) = n and 5(n) = n?. We have x(a) = 4oo for a < 0, k(0) = e, and

k() = 0 for @ > 0. For « < 0 we are in case (a), and it follows from the identity p(a)U, (pa) = 1
that p, and hence ¢, are analytic on (—o0,0). We know already that ¢(0) = 0. When o > 0,
we have p(a) = k() = 0, and hence we are in case (b) with ¢(a) = +o00.*! Evaluating the
quantity (A.5) in the limit @ 1 0 and p(a) | p(0) = 1 shows that 0 > p’(0~) > —oo. Since

¢ (@) = —Llogp(a) = —’,’D/ ((g)), we conclude that ¢/(07) is finite (numerical evaluation gives

¢'(07) = 0.3294...). See Figure 3a.*?

*!The fact that g(«) is infinite when o > 0 also follows from the observation that in the sum >, _ Q, @7t (WIP, (w),

. . . _ 2
the contribution of w = b? grows like e ~(@+Dt+at™

*2A bisection method was used to find p(a) = sup{z > 0 : 2U, () < 1}. After that, ¢ = — log p was obtained by
direct computation.
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Example 2. By replacing n? with exp(2n) in Example 1, we obtain the same results except that
now ¢'(0~) = +o0. See Figure 3b.

Example 3. Let v(n) = n + cn? and 3(n) = n? with ¢ € (0,1). An analysis similar to that of
Example 1 shows that ¢(«) is infinite for & > «, := ¢/(1 — ¢), and finite for & < .. The case
¢ =1/2, a,, = 1 is represented in Figure 3c.

Example 4. Let v(n) = cn? and 3(n) = n? + n3/2 with ¢ € (0,1). For a < a, := ¢/(1 — ¢) we
are in case (a), while for & > «, we are in case (b) with k(a) = 0 and g(«) = +o0. The function
q increases continuously to +00 when « T av.. The case ¢ = 1/2 is plotted in Figure 3d.

0.02 [ ——— 10

—q(a) || —a(e) |
0f I |
— 1 -0} .
—0.02 | = | |
—0.2| |
L | L | L | L | L | L | L L | L | L | L | L | L | A
-12 -1 -0.8 -0.6 —04 —-0.2 O -1.2 -1 —-0.8 -0.6 -04 —-0.2 O
(a) Example 1 (b) Example 2
T T 20 T T
0.1 | | |
—q(a)
| 15| -
0.05 - 10 |- -
| 51 |
’ \ \ \ \ \ ] 0 \ \ \ \ ]
-1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1
(c) Example 3 (d) Example 4

Figure 3: Graph of ¢ for Examples 1-4. The horizontal axis represents «.. In Examples 1-3, the
line is interrupted where ¢ jumps to +oo.

Example 5. Let v(n) = n and 7(n) = 2n — 2log(1 + n/2). In this case, k() = exp(l — ).
One shows that there exists a., > 1 (numerical evaluation gives o, = 1.1305...) such that we are in
case (a) if @ < a,, and in case (b) if &« > .. By evaluating (A.5) as o 1 au, p(a) | p(a) = k(o)
and comparing with x’(c, ), one shows that ¢ is not differentiable at cv.. See Figure 4.

Example 6. Take now v(0) = 0, v(1) = 0.01, v(n) = n + 5log(1 + n/5) for n > 2, and
A(n) = 10 + 2n + 5log(1 + n/5) for all n > 0. Here again, k() = exp(1 — «). Explicit
computations show that x(a)U,(k()) < 1 on some interval I = (—0.6418...,—0.2042...)
and k(a)Uy(k(a)) € (1, 400] outside of the closure of I (the numerical values in the definition of
~(n) and 7(n) were chosen to ensure the existence of such an interval). Then for « € I we are
in case (b), and for o ¢ I we are in case (a). It follows that ¢ is analytic everywhere except at
the boundaries of I. Explicit computations using (A.5) show that ¢ is not differentiable at those
boundaries. See Figure 5.

We note that in all the examples except the last, both P and P satisfy (UD) with » = 0 and
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0.4
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Figure 4: Numerical evaluation of p, x and g for Example 5.
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Figure 5: Numerical evaluation of p, x and g for Example 6.

sup;, ¢; < oo. In the last example, both measures satisfy (UD) with sup, ¢; = oo and ¢; = o(t).

In order to make direct comparison with the results of [3] and [8], we introduce the following
construction.

Remark A.5. Given the pair (P, @) constructed in this section, one can define a new pair of
measures (&2, ) on /Y, with the product alphabet &7 = A x A, such that (, &) are related

by an involution as in Definition 2.5. For any word (u,v) € &/t = A x A?, define Z(u,v) =
P(u)P(v), and set 2 (u,v) = P(0;(u,v)) where® 0;(u,v) = (v,u). It is easy to show that the

pair (&2, &) satisfies (SSD) (with £ = (a, a) € &) and that the entropy production 3; of the pair
(&, P) can be expressed in terms of the entropy production o, of (P, P) by

Py(u,v)

Yi(u,v) :=log —=——"= = oy(u) — oy(v), u, v € Q.
Py(u,v)
As a consequence, we find that
: 1 aX
Q(a) = tlggo n log (e***, ) = q(a) + q(—a — 1), aeR. (A.6)

Note that 2 satisfies the symmetry (2.12), i.e., 2(—a) = Z(a— 1) forall o € R.

—

We finish with a brief comment on how, for the pairs of measures (&, &) constructed from the
pairs (IP, @) in the above six examples, the results of [8] and [3] fail to apply or to provide the global
LDP in Theorem 2.8. We remark that in the first five cases the measures & and & satisty (UD)
with 7 = 0 and sup, ¢; < oo, while in the last case, both measures satisfy (UD) with sup, ¢; = co
and ¢; = o(t).

“Since P and P are reversible, one could as well define 6, (u,v) = ((ve,...,v1), (ut,...,u1)). This means that
both cases of Definition 2.5 are actually covered.
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—

e The results of [3] apply to the pairs (&, &) of Examples 1-5 above, and give a local LDP
for in the interval (2'(—17"), 2/(07)). Only in Example 2 is this interval equal to R (see
(A.6)), and hence in this case [3] gives the full LDP. Example 6 cannot be handled by the
method of [3], because it does not satisfy (UD) with sup, ¢; < oo. Note also that in Example
6, 2 is not differentiable in (—1, 0), unlike in the situation of [3].

e As mentioned in [8, Example 0.16], if the sequence (G¢)ieny C C(/Y) defined by G =
log 2, is asymptotically additive (see the definition and characterizations in [8]), then [8,
Theorem 4.5] applies, and provides the global LDP for t~1o;. This is the case of Examples
5 and 6 above. Examples 1-4 clearly cannot be handled by [8], as under the assumptions
therein the entropic pressure e(«) = g(—«) is finite for all « € R.

A.3 Weak Gibbs measures

LDPs for weak Gibbs measures (on shift spaces and more general dynamical systems) have been
abundantly studied; see for example [5, 42, 43, 35, 8] and the references therein. The weak Gibbs
condition and our decoupling assumptions are essentially incomparable (see below). We show
here that given a weak Gibbs measure supported on a subshift satisfying a suitable specification
property, one can still construct a map 1, ; satisfying the conclusions of Proposition 3.1. As our
results use (SLD) and (SSD) only through the conclusions of Proposition 3.1, they remain valid for
weak Gibbs measures.

We first introduce the notion of weak Gibbs measure on a subshift. The measure P can be viewed
as an invariant measure for the dynamical system (Q, ). Recall that QT = supp P was defined
in (2.1). In this setup the following two conditions are natural. We again assume that 7, = o(¢).

Weak specification property (WSP). Forallt € N, allu € Q, and all v € Q;{n, there exists
e Q;{n satisfying |¢| < 7, such that uv € Q;{n.“
Weak Gibbs condition (WGC). The measure P is weak Gibbs*® with respect to some potential

f € C(Q7); i.e., there exists a real number p (called pressure) and a real sequence (d; ) en
such that d; = o(t), and for allw € Qt and allt € N,

eSS < By ) < ST

Measures satisfying (WGC) with sup, d; < oo are called Gibbs measures (see Example 2.21).
Without loss of generality, we shall assume that p = 0 (by replacing f with f — p if necessary).
Note that (WSP) is a condition on the structure of the set Q1, while (WGC) is a condition*’ on P.
Once the set Q7 is fixed, (WGC) implies a strong lower bound on the probability of the “allowed”
words:

P, (w) > e, teN, weQf, (A7)
where C' = || f|| + sup, d;/t. Our decoupling assumptions are different in philosophy, as they are
formulated at the level of measures only. They compare to (WSP) and (WGC) as follows.

o As mentioned in Example 2.21, if (WSP) holds and PP is a Gibbs measure (i.e., (WGC) holds
with sup, d: < 00), then the (UD) and (SLD) assumptions are satisfied. On the contrary, if

# 2, is defined as the marginal of & on the first ¢ coordinates of <7™.

4For similar and weaker forms of specification properties and related results, see for example [36, 37, 40, 23]

46 All the considerations in this section can be adapted with minor technical changes to the case where the potential is
asymptotically additive. For definitions, see for example [8] and references therein.

“TFrom the point of view of dynamical systems, one is first given a subshift Q" satisfying (WSP), and then one
introduces (weak) Gibbs measures on it.
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sup, d¢ = 0o, then (WSP) and (WGC) do not imply any of our decoupling assumptions in
general.

e (SLD) implies (WSP).

e Even put together, (SLD) and (UD) do not imply (WGC) in general, as (A.7) may fail.
Indeed, (SLD) ensures that there is one & € Qgy,, || < 7 such that P(uév) > e “P(u)P(v),
and says nothing about P(u&'v) for & # £. See Example 2.24 and Appendix A.2.

We now establish an analogue of Proposition 3.1 for (WSP) and (WGC). Here, n, t, t/, N, P
and A are as in Section 3.1.

Proposition A.6. Assume (WSP) and (WGC). Then there exists a map ¢ : Qy — Sy such that
the following holds.

1. We have 1
P oyt <™ P, with lim limsup Z9(n.1) =0, (A.8)

’
t n—o0 ¢t s00

2. LetP e P,(2), and assume one of the following: (a) P = OP with © as in Definition 2.5
and 0;(Q") = Q; or (b) there exists dy = o(t) and f € C () such that for all w € QF,*

o~ U ST < By(wr, .. wy) < eBetST), (A.9)

Then 1y, + can be chosen so that, in addition to (A.8),

N-1

. ) 1
Jim h?i Sup SSE ot(Pn(w)) — kzo On(Wikn+1,(k+1)n)) | = 0, (A.10)
and there exists ¢ > 0 such that
log(w)| < ct, teN, weQf. (A.11)

Proof. We first prove 1. For each w € Q, we write w = w'w? ... w! with w’ € €,,. Setting

Y (w) = bw'etw?e? . wN TN TN e (A.12)

for some suitable & € Q,, satisfying |¢¢| < 7, for all 4, we shall prove that

P(¢hns(w)) > e DR () with lim limsup Lo (n,t) = 0. (A.13)
’ n—=00 tyo0 T
Then, the conclusion of Part 1 follows from the same combinatorial argument as in Proposition 3.1
(see the discussion after (3.14)). In order to prove (A.13), we assume that w' € Q;F for all 4
(equivalently, that w € Ay ), as the result is trivial otherwise. By following the same strategy as
in Proposition 3.1, using (WSP) instead of (SLD), we can choose &1, ...,V ™! and b such that
PYnt(w) € Q. Next, letw € Q7 be such that Wi, = Ynt(w). By (WGC),

N
Pi(thn(w)) > S/~ > =000 TT By (w), (A.14)
=1

where g1(n,t) = dy + Nd,, + (t — t')||f||. The relations N < t/n and (3.3) imply (A.13), which
completes the proof of Part 1.

*Note that no requirement is made for w ¢ Q7.
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We now prove Part 2. By combining (A.14) with the corresponding upper bound, we obtain

lim hmsup1 sup (logPy(¢n (w)) — log]P( )( )| =0. (A.15)

n—00 t o0 weNA

Assume first that P satisfies (b). By (A.9), the relation (A.15) also holds with P replaced with
f", and (A.iO) immediately\ follows. Moreover, by (WGC) and (A.9), we obtain (A.11) with
c=|If = fll +sup,(di + di) /1.

Assume now that P satisfies (a) and let w € Ay. Then 1, (w) € Q" and Ot (Vn(w)) € Q.
Hence there exists & € Q7 such that &py ) = 0;(¢n,¢(w)). Since @t(l/}n,t(w)) =Py (0 (¢ e (w))),
we obtain by (WGC) that

e hHSI@) < By(un, ... wy) < tSI@),

This and (WGC) imply (A.11) with ¢ = 2|| fIl + 2sup, d¢/t. Using the notation (A.12), and intro-
ducing b = 05/ (b), ¢ = O)¢i| (€9), W' = 0, (w'), we have either 0 (1, +(w)) = bl eN1gN

or 0y (Y 1 (w)) = WV ?V L€ ¢l 1b (see Definition 2.5). Computations similar to (A.14) show
that (A.15) also holds with P replaced with PP, so that (A.10) again follows. O

By using Proposition A.6 instead Proposition 3.1, our results apply as follows.
e All the conclusions of Theorem 2.7 are valid under (WSP) and (WGC).

o All the conclusions of Theorem 2.8 are valid under (WSP), (WGC), and the assumptions in
Part 2 of Proposition A.6. The finiteness of ¢(«) for all & € R follows from (A.11).

e All the conclusions of Theorem 2.13 are valid under (WSP) and (WGC). The estimates
requiring (UD) in Proposition 6.3 can easily be adapted by using the following consequence
of (WGC): for all wh, w?, ..., w" € Q,andall £}, ¢2,..., V1 € Q, , we have

Pt (N—1)r, (W' w2 NN ) < PO TT P, ('),

where h(n,t) := dnpy(N-1)r, + Ndpn + (N — 1)7, | f|| satisfies

lim limsupt 'h(n,t) = 0.

n—0o0 ¢t 300
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