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Abstract 

The storage modulus variation of anisotropic magnetorheological elastomers (MREs) in-

duced by an external magnetic field was modelled in the frequency domain. This involves 

synthesising five anisotropic MREs with different particle content and measuring its dy-

namic and magnetic properties. Dynamic properties were measured using a rheometer 

equipped with a magnetorheological cell and the magnetic permeability of each sample 

was measured with a vibrating sample magnetometer. Scanning Electron Microscope im-

ages were used to determine particle distribution. A four parameter fractional derivative 

model was used to describe MRE viscoelasticity in the absence of magnetic field and the 

fitting error was not larger than 1%. Magneto-induced modulus was also studied and two 

different models were analysed, the one of Jolly et al. (Smart Mater Struct;5:607 (1999)) 

and the other one of López-López et al. (J Rheol. 56:1209 (2012)). The first model un-

derestimated the influence of the magnetic field for low particle contents while at high 

ones it overestimated the magnetic field effect, up to 13%. However, in the second model 

magnetic permeability values were used, and the error between the model prediction and 

experimental data did not exceed 7%. Hence, a new linear magneto-viscoelastic model 

was proposed in frequency domain for anisotropic MREs based on López-López et al. 

model, which predicts the effect of magnetic field on the dynamic shear modulus in func-

tion of particle content and frequency. 

 

Key words: anisotropic magnetorheological elastomers; fractional derivative model; magnetic 

field. 

 

1 Introduction 

Magnetorheological elastomers (MRE) consist of ferromagnetic particles embedded in an 

elastomeric matrix [1]. When an external magnetic field is applied to these materials their me-

chanical properties are modified; and they are considered as smart materials.  

The particle distribution is an important characteristic of MREs, because their properties are 

completely dependent on it. Isotropic MRE samples are prepared by vulcanisation without an 

external magnetic field; these samples have a random particle distribution [2,3]. However, if an 

external magnetic field is applied during the vulcanisation process, particles are aligned in the 

direction of the magnetic field, and consequently particle chains or thicker chain aggregates are 

obtained; these samples are called anisotropic MREs [4,5].  

Dynamic properties of anisotropic MREs are dependent on matrix, particle content and mag-

netic field. The predominant behaviour is the viscoelastic one, due to the nature of the main com-

ponent of these materials: silicone rubber or a natural rubber [6,7]. That behaviour have been 

modelled for MRE materials combining different elements as dashpots and springs in different 

configurations [8,9]. In order to obtain a better fitting to experimental data, more elements have 

been introduced increasing the number of fitting parameters [10].  
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The fractional derivative model can be used to decrease the number of material parameters, 

and these parameters have a physical meaning [11]. Using these advantages the viscoelastic be-

haviour of isotropic [7,12] and anisotropic [13,14] MREs have recently been modelled using frac-

tional derivative models. Agirre-Olabide et al [12] have used four material parameters to simulate 

the viscoelastic behaviour of isotropic MREs and Xu et al. [7] have combined a fractional Kelvin 

and Maxwell model in parallel configuration developing a higher order model (seven material 

parameters). Guo et al. [13] have combined an Abel dashpot (fractional derivative element) and 

a spring in a series configuration, while Zhu et al. [14] have combined in a parallel configuration. 

Hence, three material parameters have been used to predict the viscoelastic behaviour of aniso-

tropic MREs.  

The influence of the magnetic field on the properties of anisotropic MREs has been widely 

studied. Many models have assumed that perfectly aligned chains were created during the vul-

canisation process. Jolly et al. [15,16] have analysed the interaction of two particles using the 

dipole-dipole moments, while Davis [17] and Shen et al. [18] have studied the interaction of each 

particle in the whole chain of particles. Bica et al. [4] have used a dipolar magnetic moment 

approach and the ideal elastic body model.  

López-López et al. [19] have proposed a model for magnetorheological fluids introducing 

the influence of aggregates having a body centered tetragonal (bct) internal structure (a more 

stable and more realistic structure), and have combined numerical simulations of the composite 

magnetic permeability with the analytical model predicting the stress-strain relationship. For 

MREs Leng et al. [20] have proposed an effective permeability model to estimate the shear stor-

age modulus and Dong et al. [21] have developed a theoretical model for chains composed by 

magnetic particles and a normal pressure, based on the effective permeability calculated by Max-

well Garnett mixing rule. Chen et al. [22] have proposed a finite-column model to simulate the 

field-induced shear modulus. Quadrate finite columns of particles were simulated to calculate the 

magnetic permeability of each column and consequently field induced shear modulus. The per-

meability of isotropic and anisotropic MRE have been estimated using finite element approach 

[23]. 

Coupling viscoelastic and magnetic interaction models, few magneto-viscoelastic models 

have then been developed. A classical four parameter magneto-viscoelastic model have been pro-

posed by Li et al. [24], and all material parameters were fitted to experimental data for each mag-

netic field densities. The magneto-viscoelastic behaviour using fractional derivatives have been 

modelled for isotropic [25] and anisotropic [13,14] MREs. Agirre-Olabide et al. [25] have pro-

posed a three-dimensional magneto-viscoelastic model within the linear viscoelastic region for 

isotropic MREs, coupling a fractional derivative based viscoelastic model with a magnetic field 

dependant model. On the other hand, the magneto-viscoelastic model proposed in [13,14] for 

anisotropic MREs have combined in a serial configuration a fractional derivative Maxwell model 

and a spring, which is dependent on the magnetic field and modelled assuming chain-like struc-

tures. The strain amplitudes applied were 0.1% in [13] and 25% in [14]. 

The influence of the magnetic field have been widely modelled for anisotropic MREs, while 

there are few magneto-viscoelastic models. Moreover, magneto-viscoelastic models used for 

MREs couples magnetic models assuming a perfect chain-like structures. The aim of this work is 

to develop a new magneto-viscoelastic model for anisotropic MREs based on both Jolly et al. and 

López-López et al. models. Thus, we compared these two magnetic field models coupled with a 

viscoelastic model based on fractional derivatives, with all the fitting parameters having a physi-

cal meaning. The main difference between magnetic models is the particle distribution; Jolly et 

al. [16] model assumes that all particles are assembled into a simple cubic lattice in non-deformed 

MRE sample, and López-López et al. [19] assumes a bulk column like aggregates in MR samples. 

A four parameter fractional derivative model was used to predict the viscoelastic behaviour of 

anisotropic MREs. In order to fit each parameter, five  anisotropic MRE samples with different 

particle volume fractions were synthesised and characterised with a rheometer within the linear 

viscoelastic (LVE) region, because the modulus variation due to an external magnetic field is 

larger in that region [26]. The coupling of the viscoelastic and magnetic models was done as in 

[25]. 
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2 Experimental 

In this work anisotropic magnetorheological elastomers were synthesised using a room tem-

perature vulcanising silicone rubber and soft magnetic particles; five particle contents were ana-

lysed. Two different characterisation techniques were performed; dynamic behaviour was meas-

ured using a rheometer equipped with a magnetorheological device, and the magnetic properties 

–with a vibrating sample magnetometer (VSM). 

2.1 Preparation of anisotropic samples 

In this study, we have used two components based room temperature vulcanising silicone 

rubber (RTV-SR); the main matrix WACKER Elastosil® M 4644 A and the vulcaniser WACKER 

Elastosil® M 4644 B mixed in 10:1 ratio. The embedded soft magnetic spherical particles were 

carbonyl iron particles HS (BASF The Chemical Company, Germany) with a particle size of 

1.25±0.55 μm. Samples of five different particle volume fractions were prepared: 0%, 5%, 10%, 

15% and 20%.  

The main matrix (Elastosil® M 4644 A) and particles were mixed at the mentioned contents 

and when a homogeneous mixture was obtained, the vulcaniser (Elastosil® M 4644 B) was added. 

Every time a component was added, vacuum cycles for 30 minutes were applied to remove air 

bubbles generated during mixing. Finally, the homogenous mixture was poured into a 1-mm-thick 

mould. 

During the vulcanisation process a magnetic field was applied in the thickness direction to 

obtain a chain alignment of the particles in the direction perpendicular to the shear strain applied 

during rheometric experiments (figure 1). A magnetic field of a flux density of 130 mT was ap-

plied using a pair of permanent magnets places at the both sides of the mould. 

 
Figure 1. Sketch of the anisotropic MRE sample vulcanising device. 
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(a) (b) 

  
(c) (d) 

Figure 2. SEM image of (a) 5%, (b) 10%, (c) 15% and (d) 20% anisotropic RTV-SR MRE samples in low-vacuum 

conditions and with a voltage acceleration of 18 kV 

A Nova Nano SEM 450 scanning electron microscope (SEM) was used to observe the parti-

cle alignment and distribution (figure 2). The images were taken in a low vacuum condition with 

an acceleration voltage of 18 kV.  

2.2 Magnetorheology  

The dynamic properties of anisotropic MRE were measured using an Anton Paar Physica 

MCR 501 rheometer equipped with a MRD 70/1T magnetorheological cell, and a parallel plate 

configuration was used. To avoid the slipping between sample and plates, one of the plates had a 

serrated surface (PP20/MRD/TI/P2); a normal compressive force of 5 N was applied to the sample 

in order to increase the sample contact to the rheometer plates [27]. The sample diameter and 

thickness was 20 mm and 1 mm respectively. To check the reproducibility, three samples were 

studied for each particle content.  

The samples were subjected to torsional deformation generated by a periodic oscillatory ro-

tation of the upper rheometer plate. A strain amplitude of 0.01% was used in the frequency sweep 

tests to guarantee that all tests were performed in the linear viscoelastic (LVE) region [28,29]. 

The frequency range of 0.1–40 Hz was analysed and divided into two steps; the first one from 0.1 

to 10 Hz, and the second one from 10 to 40 Hz. In each step, 30 points were measured, while the 

acquisition time was fixed to 5 s per point. The temperature was controlled at 25°C using the 

Julabo F-25 water-based heating/cooling system. Three magnetic field intensities were used: 0 

kA/m, 150 kA/m and 300 kA/m. 

2.3 Vibrating sample magnetometer 

The magnetostatic properties of the anisotropic MRE samples were carried out using a vi-

brating sample magnetometer (VSM, 4500 EG&G Princeton Applied Research). This tech-

nique consists of a vibrating a sample at a frequency of 85 Hz in the direction perpendicular to a 

permanent and nearly homogeneous external magnetic field (figure 3). When a magnetic sample 

is introduced, it is magnetised and consequently it generates its own magnetic field around the 

sample. Periodic vibrations of the sample produce periodic variation of the magnetic field induced 
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by the sample in the laboratory reference frame related to fixed electromagnets. According to the 

Faraday’s induction law, this change produces an electromotive force in pick-up coils, which is 

measured and directly related to the sample magnetization.  

All measurements were performed at room temperature in the field range of ± 350 kA/m. The 

aim of this characterisation was to measure the magnetic susceptibility of the sample in the direc-

tion parallel and perpendicular to the particle chains. For measurements of the longitudinal mag-

netic permeability, a sample with the chains oriented along the electromagnet axis and having  

diameter of 3 mm and thickness of 1.08 ± 0.12 mm was used (figure 3 (a)). For measurements of 

the transverse magnetic permeability a sample with the chains oriented perpendicularly to the 

electromagnet axis and having a rectangular shape with the length of 10.48  ± 0.82 mm and thick-

ness of 1 mm  was used (figure 3 (b)). Those samples were held in an Ø3x20 mm container. One 

measurement was performed for each particle content.  

  
(a) (b) 

Figure 3. VSM sketch for particles chains aligned in the (a) parallel and (b) perpendicular direction to the external 

magnetic field. 

From the VSM measurements, the longitudinal and transverse magnetic permeability of each 

sample was calculated for external fields of 150 and 300 kA/m – the typical field values used in 

our rheological experiments.  

3 Anisotropic MRE modelling 

A four parameter fractional derivative model was used and the material parameters were 

identified using the dynamic properties measured by the rheometer. The influence of the magnetic 

field was introduced using an empirical magneto-viscoelastic model [25] with the magnetic field 

contribution to the elastic modulus calculated using both the Jolly et al. [16] model, and the model 

proposed by López-López et al. [19] for magnetorheological fluids. The last model was combined 

with experimental magnetic permeability values measured in this work. 

3.1 Fractional derivative model for MRE in the absence of the magnetic field 

The generalised Zener model in the frequency domain written with fractional derivatives 

contains four parameters,  

  
 

 
 















i1

i

i1

i
0

00







 C

G
CGG

G , 
(1) 

where G0 is the static elastic modulus, G∞ = G0 + C is the high frequency limit value of the dy-

namic modulus,  is the relaxation time and  is the fractional parameter [25,11], whose values 

varies between 0 and 1. 

This model is applied to MRE samples in the absence of field. In figure 4 experimental dy-

namic properties are shown as a function of frequency and the error does not exceed the 5%. All 

samples show the same behaviour, both moduli increase with frequency and particle content.  
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(a) (b) 

Figure 4. Dynamic properties of anisotropic MRE samples as a function of frequency, (a) storage and (b) loss modu-

lus. Experimental data are represented as points and the lines correspond to the fitting of equation (1). 

 

After fitting equation (1) to experimental data of each sample (figure 4), the four parameters 

of the fractional derivative model were obtained (table 1). The fitting was done using the least 

square method and the minimised error was calculated for the shear complex modulus. The R2 

parameter is shown to evaluate the accuracy of the fitting.  

 

Table 1. Fitting parameters of a four parameter fractional derivative model for the anisotropic MRE samples and the 

R2 parameter  _____________________________________________________________________ 
  G0 (MPa) C (MPa)  (s) [10-7]   R2 
____________________________________________________________________________ 
0%  0.120  0.157  152.1   0.253  0.997 

5%  0.121  0.198  95.23  0.229  0.971 
10%  0.131  0.212  51.72  0.224  0.993 
15%  0.138  0.379  5.919  0.180  0.965 
20%  0.148  0.467  6.863  0.172  0.987 _____________________________________________________________________ 

 

In figure 4 the fitting and the experimental results can be seen. The fitting is accurate for all 

contents in the studied frequency band. However, the fitting is better for the storage modulus than 

for the loss modulus because the storage modulus is one order of magnitude higher than the loss 

modulus and consequently its influence on the complex modulus is larger. The larger mean rela-

tive error does not exceed the 0.5% for the storage modulus and 6% for the loss modulus. 

3.2 Magnetic field effect 

The dynamic properties of anisotropic MREs increase with magnetic field intensity (figure 

5), a larger increase was measured with a larger magnetic field.  

  
(a) (b) 

Figure 5. Influence of the magnetic field on the MRE storage modulus for (a) 5% and (b) 15% anisotropic MRE sam-

ples as a function of frequency  
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In this study, we assumed that the magnetic field only modifies G0 and C parameters (equa-

tion (1)). Consistency of this assumption has been proved in [25]. These parameters are supposed 

to depend on magnetic field density (H) and volumetric particle content (), as follows: 

       HCCBCHCGHG ,,and,, 00   , (2) 

where G0 and C corresponds to the fitting values of each particle content (table 1), and Cis 

elastic modulus variation due to external magnetic field. 

The magnetic field dependence was studied using two different models: Jolly et al. model 

[16] (Sec. 3.1.1) and López-López et al. model [19] (sec. 3.2.2). After determining the influence 

of the magnetic field, C was coupled with the fractional derivative model, 

 
  

 






i1

i
0




 CC

CGG . 
(3) 

3.2.1 Jolly et al. model 

This model is based on the assumption that all the particles are assembled into a simple cubic 

lattice in non-deformed MRE sample. When the sample is sheared in the direction perpendicular 

to the applied magnetic field, the particles are assumed to displace affinely with the elastomer 

displacement, so the distances between the particles within the chains increase and they experi-

ence an attractive magnetic force whose projection to the shear plain produces a macroscopic 

elastic stress and the elastic modulus is given as follows:  

3

32

p04

d

RM
C


 , (4) 

where Mp=3pH is the induced magnetization of the particle, p= (p-1) / (p+2) is the magnetic 

contrast factor, p is the particle relative magnetic permeability, µ0 is the vacuum magnetic per-

meability, H=H0/ is the internal magnetic field in the sample,  is the relative magnetic perme-

ability of the sample, R is the particle radius, and d is the distance between the centre of two 

adjacent particles. To determine the distance between particles, equation (5) was used, proposed 

in [16] for the case of evenly spaced particle chains: 

3

6

π
2


Rd  . (5) 

In figure 6 the prediction of the coupling  of equations (3) and (4) (lines) and experimental 

data (points) are shown. At low particle contents the storage modulus is underestimated, while at 

high particle contents it is overestimated. The discrepancy between the prediction of Jolly model 

and our experiments varies between 1 and 14% and increases with the applied field and particle 

content. 

3.2.2 López-López et al. model 

The López-López et al. model was used for magnetorheological fluids in order to introduce 

the influence of aggregates generated when an external magnetic field was applied. This model 

assumes bulk column like aggregates in the MR sample extended along the applied magnetic field 

– a more stable and more realistic structure observed in experiments for both MR fluids and MRE. 

The model is based on evaluation of the free energy of the sheared MR sample and the shear stress 

 is related to the applied strain , as follows: 
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 (6) 
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where H is the magnetic field intensity within the samples, ∥ and ⊥ are the longitudinal and 

transverse components of the magnetic permeability, the second term containing magnetic per-

meability derivatives appears to be negligible at strong magnetic fields used in our rheological 

experiments, so it is neglected. After linearization of equation (6), the following expression was 

developed,  

   ll

2

0
2

3
HC , (7) 

where, C is the increment of the zero-frequency storage modulus due to internal magnetic field, 

H=H0 /∥, and H0 is the applied external magnetic field. From the magnetization measurements 

(Sec. 2.3), longitudinal and transverse components of the magnetic permeability values were cal-

culated and are shown in table 2; the permeability is larger for high particle content and for lower 

magnetic fields, and the longitudinal one is larger than the transverse one due to the lower de-

magnetizing effect in the sample with the aggregates oriented along the applied field.  

 
Table 2. Longitudinal and transverse components of the magnetic permeability of all sample for 150 and 300 kA/m. 

150 kA/m 300 kA/m ________________________________ 
 ∥    ⊥ ________________________________ 

5% 1.324  1.186 
10% 1.615  1.415 
15% 1.950  1.512 
20% 2.317  1.821 ________________________________ 

 

________________________________ 
 ∥    ⊥ ________________________________ 

5% 1.260  1.172 
10% 1.520  1.337 
15% 1.683  1.500 
20% 2.152  1.802 ________________________________ 

 

Coupling equations (2) and (7), and using experimental magnetic permeability values (table 

2), the modulus was predicted. In two bottom parts of figure 6 experimental storage modulus is 

compared to the theoretical one obtained using Eqs. (2) and (7). 

The discrepancy between the prediction of López-López model and our experiments varies 

between 1 and 7%. It increases with the applied field as in the Jolly model prediction, while there 

is not a tendency for the particle content.  
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(a) (b) 

Figure 6. Influence of magnetic field for (a) 5% and (b) 15% anisotropic MRE samples as a function of frequency for 

the Jolly et al and López-López et al. models.  

Comparing both models studied in this work, it can be seen that López-López et al. model 

seems to be more accurate. The main difference is that for the Jolly et al. model analytical equa-

tions were used, while experimental data on the magnetic permeability of each samples were 

injected into the López-López et al. model.  

4 Conclusions  

In this work a new linear magneto-viscoelastic model was proposed for anisotropic MREs. 

The four parameter fractional derivative viscoelastic model was successfully fitted to experi-

mental data of anisotropic MREs samples in the absence of the applied field. The mean fitting 

errors does not exceed the 1% for the storage modulus and 6% for the loss modulus.  

Two different models allowing calculation of the field-induced part of the storage modulus 

were coupled with a fractional derivative model. The difference between the magnetic field effect 

models lies in different microstructures considered. In Jolly et al. model a chain like simple cubic 

lattice distribution was used, although in López-López et al. model agglomerate bct-chain struc-

tures were assumed for MRF. In the López-López et al. model, longitudinal and transverse com-

ponents of the magnetic permeability of each anisotropic MRE samples were used, which were 

calculated from magnetometry experimental data. The magnetic permeability is an increasing 

function of particle content and it decreased with the applied magnetic field.  

It was proved that the prediction of the first model was not accurate because the error between 

the experimental data and the model prediction exceeds 13% for the storage modulus at the high-

est magnetic field intensity. Assuming more realistic and mechanically stable bulk aggregates in 

López-López et al. model, the prediction was more accurate (the error does not exceeds 7%). 

Hence a new magneto-viscoelastic model for anisotropic MREs is proposed coupling a four pa-

rameter fractional derivative model with the magnetic model of López-López et al., which origi-

nally was developed for MRF. 
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