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COUPLINGS IN L? DISTANCE OF TWO BROWNIAN MOTIONS
AND THEIR LEVY AREA

MICHEL BONNEFONT AND NICOLAS JUILLET

ABSTRACT. We study co-adapted couplings of (canonical hypoelliptic) diffu-
sions on the (subRiemannian) Heisenberg group, that we call (Heisenberg) Brow-
nian motions and are the joint laws of a planar Brownian motion with its Lévy
area. We show that contrary to the situation observed on Riemannian manifolds
of non-negative Ricci curvature, for any co-adapted coupling, two Heisenberg
Brownian motions starting at two given points can not stay at bounded dis-
tance for all time ¢ > 0. Actually, we prove the stronger result that they can
not stay bounded in L? for p > 2.

We also prove two positive results. We first study the coupling by reflection
and show that it stays bounded in LP for 0 < p < 1. Secondly, we construct
an explicit static (and in particular non co-adapted) coupling between the laws
of two Brownian motions, which provides L'-Wasserstein control uniformly in
time.

Finally, we explain how the results generalise to the Heisenberg groups of
higher dimension.

1. INTRODUCTION

1.1. L*™ control. The motivation for this paper is a question, concerning heat
diffusion on the Heisenberg group, that is implicitly raised by Kuwada in [I8|
Remark 4.4], and that we reproduce at page [2| after Theorem . Before we
reach this question let us start with some background and a few definitions. All
remaining material will be introduced later in the paper. In the literature, L*°-
Wasserstein control for a diffusion has been used to deduce L!-gradient estimates of
its associated semigroup (see for instance [28] and the references therein). Kuwada
extends this result to LP-Wasserstein control and L?-gradient estimates for all
p,q > 1 with ]13 + 1 =1 and, using Kantorovich duality, proves that, conversely,
Li-gradient estimates allow one to obtain LP-Wasserstein control for the diffusion.
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2 MICHEL BONNEFONT AND NICOLAS JUILLET

We recall that, on a metric space (M,d), for p € (0, 00|, the LP-Wasserstein
distance between two probability measures p and v is given by

1/p
W) = (_ut [ dearisten) = g laxvl,. o
Here I1(u, v) is the set of probability measures on M x M with marginals p and v.
For p = oo the first expression is replaced by the essential supremum of d. Note
that W, is a distance only for p > 1. For 0 < p < 1, it is only a quasidistance, in
the sense that the triangle inequality only holds up to a multiplicative constant.
Using Holder inequality, it is clear that W, (u, v) < W,(p,v) if 0 < p <gq.

On the Heisenberg group H, the following L!-gradient bound was established
by H.Q. Li [20] (see also [1]) generalising [§]

Vf € C(H),Vt > 0,Ya € H, [V, P, f(a)| < CP(|Vaf])(a),

where C' > 1 is constant, P; denotes the heat semigroup associated to half the
sub-Laplacian and Vy, the horizontal gradient (see Section for the definitions).
Consequently, Kuwada’s result implies that the heat diffusion of the Heisenberg
group possesses a L>°-Wasserstein control for its diffusion:

Theorem 1.1 (H.Q. Li, Kuwada). There exists C' > 0 such that for every t > 0
and a,a’ € H
Woo(ptf 1) < Cdm(a, a), (2)

where ¢ = Law(B?) and p¢ = Law(B®) and (B%)s0, (BY)s>0 are two Heisenberg

Brownian motions, starting respectively in a,a’. Moreover,
WP(:U’::’ :U’g ) < CdH(a7 CL/) (3)
holds for every p < oc.

In other words, for each a,a’ € H and each ¢t > 0, there exists a coupling
(B%, BY),>¢ of the two Heisenberg Brownian motions such that

dg (B2, BY) < Cdg(a,a’) almost surely. (4)

Please note: Firstly the time ¢ > 0 is fixed; secondly B¢ and B¢ are conveniently
defined on the same probability space (and the remaining random variables (B)
and (B%).x of the Heisenberg Brownian motions are defined without paying at-
tention to their correlation). Kuwada’s problem is precisely on inverting the quan-
tifiers V and d, namely, he asks whether it is possible to define a coupling of the
two Heisenberg Brownian motions (B%);> and (B% ), such that (@) holds for all
t > 0.

In this paper we answer negatively and show that (4)) can not hold for all ¢ > 0 for
co-adapted couplings (see Definition , probably the most usual couplings in the
literature for our type of problem, (see, e.g. [4], 14} 1516, 6, 26, 19, 23]). Informally,
a coupling of two processes (B;) and (B}) is said co-adapted if the interaction in the
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coupling only depends on the common past of the process (B, B}). See Definition
fo the rigorous definition.

Our results hold for the Heisenberg groups of higher dimension, as explained in
Section [6] but we only prove them thoroughly in the first Heisenberg group where
all the significative ideas are present and the notation is lighter.

Theorem 1.2. Let (B;); and (B}); be any two co-adapted Heisenberg Brownian
motions starting respectively in a = (x,y,2) and o’ = (2',y',2") with (' — x)* +
(v —y)? > 0. Then, for every C > 0,

P (V¢ > 0, du(B;, B)) < O) # 1.

Moreover, using the homogeneous dilations (defined in Section , we also
obtain the following slightly improved version.

Theorem 1.3. For every T > 0 and every C' > 0 there exists two points a,a’ € H
with a # a' such that for every co-adapted coupling (BE, B )o<i<r, there exists
t <T such that

essup q py du(Bf, BY) > Cdy(a,d).
Remark 1.4. Another way to state Theorem[1.3 is as follows: Let T > 0, then

. essup o p)du(By, BY')
sup inf sup ; = 400
azta/ € A& 0<t<T dy(a,a’)

where Ag?’“/) denotes the set of all co-adapted couplings (B?,B?/)ogth of two
Heisenberg Brownian motions starting respectively in a and a'.

efined in Section :

1.2. Comparison with the Riemannian case. These results show a significa-
tive difference with the Riemannian case. Indeed, on a Riemannian manifold M,
it is well known (see e.g. [28] and [27]) that if the Ricci curvature is bounded from
below by k& € R, for every a, a’ € M, there exists a Markovian coupling of two
Brownian motions such that almost surely

d(B2,BY) < e~ *2td(a,a’) for every t > 0. (5)

Here we call Brownian motions the diffusion processes starting at a and a’ respec-
tively, having generator half the Laplace-Beltrami operator. We make clear that
Markovian coupling is a type of co-adapted coupling. Note moreover that the mo-
tivation for proving () is exactly to provide estimates on the heat semi-group (see,
e.g. [0, [7]), so that the historical LP-Wasserstein controls have been established
for co-adaptive processes whereas LP-Wasserstein controls at fixed time may first
appear unusual from a stochastic perspective.
We note further that
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e the Heisenberg group can be thought as the first sub-elliptic model space
of curvature 0 (e.g. [22]) but, its behaviour with respect to couplings of co-
adapted Brownian motions is therefore completely different from the case
of Riemannian manifolds with curvature bounded from below by k = 0.

e the Heisenberg group is also classically presented as the limit space for a
sequence of Riemannian metrics on the Lie group, the optimal lower bound
on the Ricci curvature of which tends to —oo. On this topic see [12] 3.
This fact is coherent with the interpretation of Theorem as a special
case of where the best bound for the L> control is C' = e™* with
k = —oo: There is no possible control for ¢ > 0.

1.3. LP control for 0 < p < oo. To go further, given two diffusion processes
(B¢)i>0 and (B}):>0 on a metric space (M, d), we shall consider the function

t € [0,00) — E[d(By, B, € [0,00].

and try to bound it from above uniformly in time for some well-chosen co-adapted
coupling. If we denote by p; and v, the law of the processes (B;)i>o and (B})>o,
we clearly have for each ¢ > 0:

E[d(B, BY)"r = Wy (i, 1)
On the Heisenberg group, we will prove the result stronger than Theorem

/

that any co-adapted coupling (B;); and (B}); of Brownian motions do not stay
bounded in L?:

3=

Theorem 1.5. Let (By)i>0 and (B})i>o be any two co-adapted Heisenberg Brow-
nian motion starting respectively in a = (x,y,z) and o’ = (2',y',2") such that
(' —2)* + (y —y)? > 0. Then,

lim sup E [z (By, B))?| — +o0.

t——+o00
Moreover, as before, using the homogeneous dilations, we also obtain:
Theorem 1.6. Letp > 2. For everyT > 0 and every C' > 0 there exists two points

a,a’ € H with a # a' such that for every co-adapted coupling (B¢, B )o<i<r, there
exists t < T such that

E [d5(Bf, BY)| > Cdg(a, a')".

Remark 1.7. Equivalently Theorem can be stated as follows: Let p > 2. Let
T >0, then

ElZ.(B® Ba’ 1
sup inf sup [ (BY, L )’ = +00
azta€H A®) 0<t<T du(a, a’)

where Agf"“') denotes the set of all co-adapted coupling (B¢, BY )o<i<r of two Heisen-
berg Brownian motions starting respectively in a and a'.
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1.4. Two positive results. To complete the picture, we provide two positive
results. We first show that the coupling by reflection on the Heisenberg group
stays bounded in L? for 0 < p < 1. We recall that for 0 < p < 1, the quantity
E [dP(By, B;)]% is not a distance, but only a quasidistance, in the sense that the
triangle inequality only holds up to a multiplicative constant.

Theorem 1.8. Let (By)i>0 and (B})i>o be a coupling by reflection of two Heisen-
berg Brownian motions starting in (x,y,z) and (',y',2"). Then, for every p €
(0,1),

sup E [dy (B, B})P] < +o0. (6)

>0
Moreover, for the coupling by reflection, for every p € (0,1), we also have:
E|du(Bf, BY')?]

sup su < 400 7
a;éa’Ie)H tzg dH(a, a’)P ( )

Unfortunately, the above result is false for the reflection coupling for p > 1 (as
a close look at Proposition shows).

In the general context of co-adapted coupling, we were not able to obtain any
results for p € [1,2): we ignore whether there exist co-adapted couplings satisfying
(6) or (7), or not, for p € [1,2). One difficulty in this study is to obtain estimates for
the expectation of nonnegative (nonconvex) functionals of martingales as typically
x> |2|'/?, see Remark [3.5]

The next remark recalls the situation of LP-Wasserstein control in the case of
Riemannian manifolds.

Remark 1.9. On a Riemannian manifold M, for p > 1, the L? version of the L*>
control , namely

W, (ud, 1) < e %d(a,d’)  for all a € M, a’ € M and t > 0;

is satisfied if and only if the Ricci curvature is bounded from below by k (see [27] and
[18, Remark 2.3]). Therefore all the above LP-Wasserstein controls, for p € [1, 0]
are equivalent and only depend on the Ricci curvature lower bound. Moreover in
this situation, as said before, for every a € M, a' € M one has the existence of
some appropriate Markovian coupling such that almost surely

d(B¢, BY) < e */2d(a,a’) for all t > 0.

We now turn to the second positive result. We propose an explicit coupling of
the laws p¢ = Law(B¢) and p¢ = Law(B¢). This coupling is not at all dynamical
and is made at a given fixed time ¢. This coupling has thus no interpretation in
terms of co-adapted coupling. It provides a new proof of the case p = 1 in Theorem
This is the weakest result in the spectrum of LP-Wasserstein controls ; the
strongest result is for p = oco. However, we stress that, apparently, our static
coupling provides the first direct proof (that is, not obtained by duality) of the
case p = 1.
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Theorem 1.10. There ezists C > 0 such that for everyt > 0 and a = (x,y, z),a’ =
('Y, 2") € H, there is a random vector (X,Y,Z, X" Y' Z") of marginals p¢ =
Law(B¢) = Law(X,Y, Z) and p¢ = Law(B¢') = Law(X',Y", Z') such that

Wi (:u;fl’ M:&l/) < E(dH((Xv Y, Z)? (le Y/v Z/))) < CdH(av a/)
and

X' =X+ (2" —x) almost surely,
Y=Y+ —y) almost surely.

The idea of the coupling is the following. The goal is to construct a random
vector ((X,Y,Z); (X", Y’ Z")) of marginals u¢ and pu¢. First we perform a cou-
pling of the horizontal parts (X,Y) and (X', Y”) of the two Brownian laws by a
simple translation. It appears that the conditional laws of the last coordinates
L(Z|(X,Y)) and L(Z'|(X',Y")) differ also only by a translation; but which de-
pends on the value of (X,Y"). Eventually, we use a coupling of the last coordinates

which is well adapted to optimal transport for the cost (z,2') — /|2 — 2’| on the
real line, and is better than the simple translation. Observe that our proof requires
at the end an analytic estimate on the heat kernel, see . We stress that this es-
timate is not directly related to the L*°-gradient estimate which is through Kuwada
duality equivalent to a L'-Wasserstein control. Moreover Theorem provides
more than only this control but a rather explicit and constructive coupling.

We mention the interesting recent work by S. Banerjee, M. Gordina and P.
Mariano [2] where the authors also use non co-adapted couplings to study the
decay in total variation for the laws of Heisenberg Brownian motions and obtain
gradient estimates for harmonic functions. This work and our work seems to
deliver a common message namely that co-adapted couplings are not the unique
relevant couplings, what concerns obtaining gradient estimates.

The paper is organised as follows. In Section [2.1, we recall the notion of co-
adapted coupling and describe quickly the geometry of the Heisenberg group, its
associated Brownian motions and their coupling. We also discuss some classical
couplings. The proofs of the main theorems on the non-existence of co-adapted
Heisenberg Brownian motions which stay at bounded distance are given Section
Bl The reflection coupling on H is studied in Section [4] The construction of the
static coupling between the Brownian laws is given in Section [l The results are
then generalised to the Heisenberg groups of higher dimension in the final section.

Acknowledgment. We thank the anonymous referees of this paper for their re-
marks and comments which improve the presentation of the paper.

2. CO-ADAPTED COUPLINGS ON THE HEISENBERG GROUP
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2.1. The Heisenberg group. The Heisenberg group can be identified with R3
equipped with the law:

1
(l’, Y, Z) ’ ($,7y,7 Z/) - <ZE + "L‘/7y + y/a Z+ Z/ + §(wy, - ny‘,)> :
The left invariant vector fields are given by

X(f)(x Y,z ) i‘t Of((J?,y,Z)-(t,O,O)): ( T % )f(l’,y,Z)
Y(N)(@,y,2) = oS (2,9,2) - (0,4,0)) = (9, + 592) f(w,y,2)
Z(f)w,y,2) = oS (2,9,2) - (0,0,8) = 0:f (2, y, 2).

Note that [X,Y] = Z and that Z commutes with X and Y.

We are interested in half the sub-Laplacian L = £(X? 4+ Y?). This is a diffusion
operator that satisfies the Hormander bracket condition and thus the associated
heat semigroup P, = e'F admits a C* positive kernel p;.

From a probabilistic point of view, L is the generator of the following stochastic
process starting in (z,y, z):

1/t t
B = ) (o - [ )

where (B} )i>o and (B? )t>0 are two standard independent 1-dimensional Brownian
motions. The quantity [i B1dB? — [{ B2dB! that we denote by A, is one of the
first stochastic integrals ever considered. It is the Lévy area of the 2-dimensional
Brownian motion (B;);>o := (B}, B?)>o.

It is easily seen that (B;):>o is a continuous process with independent and sta-
tionary increments. We simply call it the Heisenberg Brownian motion.

The sub-Laplacian L is strongly related to the following subRiemmanian dis-
tance (also called Carnot-Carathéodory) on H:

1
(o, @) = inf [ 13(t)luat
0

where 7 ranges over the horizontal curves connecting v(0) = a and (1) = d.
We remind the reader of the fact that a curve is said horizontal if it is absolutely
continuous and (t) € Vect(X (y(t)), Y (v(t))) almost surely holds. The horizontal
norm | - | is a Euclidean norm on Vect(X,Y') obtained by asserting that (X,Y)
is an orthonormal basis of Vect(X(a),Y (a)) at each point @ € H. Finally the
horizontal gradient Vy,f is (X f)X + (Y )Y

The Heisenberg group admits homogeneous dilations adapted both to the dis-
tance and the group structure. They are given by

dily(z,y, 2) = (A\z, Ay, \?2)
for A > 0. They satisfy dg(dily(a),dily(a’)) = Mdu(a,a’) and, in law:

1/ st t - e 1
dil 1. (B},Bf, (/ Blap? - [ Bgng» Lay (B},Bf, (/ pap? - | BgdB;».
Vi 2 \Jo 0 2 \Jo 0

N
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The distance is clearly left-invariant so that trans, : ¢ € H > p.q is an isometry
for every p € H. In particular

dH(aa CL) = dH(ev a_la,)

with e = (0,0,0). Another isometry is the rotation roty : (x +1y,2) € C x R =
H — (e"(x + iy), 2), for every § € R. Since the explicit expression of dy is not so
easy, it is often simpler to work with a homogenous quasinorm (still in the sense
that the triangle inequality only holds up to a multiplicative constant). We will

use
H:a=(z,y,2) e H /22 +y2 + |z| € R,

and the attached homogeneous quasidistance dg(a,a’) = H(a7'a’). Tt satisfies

ctdy(a,d) < dg(a,d) < cdg(a,a’) (8)
for some constant ¢ > 1. We finally mention dg((0,0,0), (z,y,0)) = v/2? + y? and
du((z,y,2), (x,y,2 + h)) = 2y/7|h|.

2.2. Co-adapted couplings. We first recall the notion of co-adapted coupling
of two processes. Indeed, in this study, we only want to consider couplings built
solely knowing the past of the two processes. The definition below is taken from
[16, Definition 1.1.].

Definition 2.1. Given two continuous-time Markov processes (Xt(l))tzo ) (Xt(z))tzo,

we say thal (Xt(l),f(f))tzo is a co-adapted coupling of (Xt(l))tzo and (Xt(Z))tZO if
X and X are defined on the same filtered probability space (2, (Fi)i0,P),
satisfy LaW(Xt(z))tZO = LaW(Xt(z))tZO fori=1,2, and
Pf 2 B[F(X)| F, XO =2
equals
POf:z—E {f(Xﬁ)SH X0 = z} . Law(X®)-almost surely

fori=1,2, for each bounded measurable function f, each z, each s,t > 0.

If we moreover assume that the full process ( ~t(1) , Xt@))tzo is Markovian, we say
that the co-adapted coupling is Markovian.

The next lemma describes more explicitly co-adapted couplings in the case of
Brownian motion in R? (see [15, Lemma 6]).

Lemma 2.2. Let (By); and (B}); be two co-adapted Brownian motions on R? X
R? defined on some filtered probability space (2, (Fi)i>0,P). Then, enriching the
filtration if necessary, there exists a Brownian motion (Et)tzo defined on the same
filtration (F)i>o and independent of (Bi)i>o such that

dB'(t) = J(t)dB, + J(t)dB, (9)
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where ()0 = ((Ji7)1<ij<2)i=0 and J are matrices satisfying
JIT 4+ JJT =1, (10)

and J(t), J(t) € F;.

In the following || - || may denote the operator norm of a matrix attached to the
Euclidean norm, or the Euclidean norm of a vector.

Lemma 2.3. Let J be a 2 X 2 real matriz J = (¢4). Then
0<JTI<L+=|J|<1<=0<JJ" <1,

where < is the ordering of symmetric matrices. In particular

o a’+ 1%, a®> + % 2+ d? and b® + d? are smaller or equal to 1,
e all the four entries of J are in [—1,1].

Proof. Let S* = {(cos(f),sin(#)) € R?: § € R} be the Euclidean sphere of R? and
Q:z €S (z,JVJx) = || Jz||>. Therefore, Q is bounded by 1 if and only if
|Jz|| <1, for all x € St. The bound 0 < JTJ is trivially satisfied. The proof is
completed by [|J]| = sup,yees (2, 5) = 7] .

Remark 2.4. A necessary and sufficient condition can be found considering X\,
the greatest eigenvalue of JTJ. It writes

2 = (@ + 0 + 4 &)+ (@ + 02+ d2)? —A(be —ad)? <2 x 1.

Paradozically, it not easy to deduce |al,|b|,|c|,|d| <1 from this condition.

2.3. Co-adapted couplings on H. We now describe co-adapted Heisenberg Brow-
nian motions. As seen before, a Brownian motion B is entirely determined by its
two first coordinates (B;); = (B}, B?);; the third one being (A;); the Lévy area
swept by this 2-dimensional process (By);.

Thus two Heisenberg Brownian motions (By;); = (B}, B} A;); and (B}); =
(B, B}, A}); on H are co-adapted if and only if B = (B}, B?); and B’ = (B!, B??);
are two co-adapted Brownian motions on R? and if moreover their third coordi-
nates satisfy

dA, = - (B!dB} — B}dB})

DO | —

and .
dA, = 5 (Bi'dB? — BdB}").

For the following, we denote by J and J the matrices appearing in Lemma .
A computation gives:

1
BB, = (Bl - BB} - BR. A~ A+ 5 (BIB? - BIBY) )

and thus:
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dB} — dB}!
d(B/'B,) = . dB? — dB}? 1
dB}?+dB; dBj'+dB]
(B} — By (P55 — (B — B2) (“5525) + L(d(BY, BR) — d{B}, B"))

Y

where we used:
d(X:Y;) = XodYs + Yid Xy + d( X4, Yy).

We denote by R, the horizontal distance between the two Brownian motions B,
and Bj in R?, that is R? = (B} — B}*)>+(B?— B}?)? and by Z, the third coordinate,
the relative Lévy area. Hence Z; = (B} 'B,)s.

The homogeneous distance dy (B, B}) is thus given by

R% + |Zt|.

In the following, when R, > 0, we choose to work in the direct orthonormal
(random moving) frame (v1,vq) defined by taking v;(¢) the normalised vector of
R? directed by B; — Bj. Let Q; be the matrix whose columns are respectively vy (t)
and vy(t). In this new basis, for (a, 3) € R? and (- | -) the usual scalar product on
R?, we have:

(avn + oy | dB) — (Qt (‘;) | B, + ftdét)

_ ((g) QT HQ)Q B, + (szt@»czfda)

= ((g) | K, dW, +thWt>

for K; = QI J,Q; and K, = Q?J;Qt, and where W and W are the two standard
independent 2-dimensional Brownian motions defined by

AW, = QTdB,, dW, = QT dB,.
This can be summed up as follows:
Qf dB] = (Qf J,Q:) Q] dB, + (Q?tht) diét-
—— —
Ky R,
The next easy lemma describes the relation between the matrices J and K.

Lemma 2.5. With the above notation, when R; > 0,

e Equation (10) is satisfied for (K, K) if and only if it is satisfied for (J, J).
o tr K =trJ.
° K1,2 _ K2’1 — J1,2 _ J2’1.
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Proof. The first two relations follow from the fact that ) is an orthogonal matrix.
For the last relation, one can note that J'? — J>! = tr(JM) = tr(KQT M Q) with
M the matrix (9 '). Now a computation gives QT MQ = (det Q)M and the last
relation follows from the fact @) is actually a rotation matrix. 0

The stochastic processes R? and Z; are semimartingales defined for all time
t > 0. In the next statement, we provide stochastic differential equations for their
evolution.

Lemma 2.6. With the above notation, when Ry # 0, the processes R? and Z; solve
the stochastic differential equation:

d(RF) = 2Rp/2(1 — K1) dCy + (2(1 = KM +2(1 = K>?)) dt
Ry = 1 1,2 2,1

where (Cy)i>o and (Cy)i>o are some I-dimensional Brownian motions whose co-
variation satisfies:

(\V2(1 — K11)dC;, (/2(1 + K22)dCy) = —(K"2 — K*Y)dt. (11)

Remark 2.7. Actually the stochastic process (R?, Z;)i>o is perfectly defined for all
t >0 (even when R, = 0). The technical problem in Lemma[2.¢ is that the matriz
Q: and thus the matriz K; are only defined for R, # 0. However, the matriz J; is
defined for every value of Ry and we have:

d(R§> - O-R(Bh Bllg, Jt) dCt =+ (2(1 — lel) + 2(1 . J2’2)> dt
~ 1
dZt = UZ(Bt7 Bt/7 Jt) dCt + §(J1’2 — J2’1)dt

where og and oz are defined by:
0 if By =B
2Rt\/2(1 —(Qf/Q)Y) if By # B

UR<Bt> Bza Jt) = {

and
B B J 0 if By =B,
77 B 1) { & 20+ (QFIQ) i Bt B
Note finally that the fact that or and oz vanish for Ry = 0 is rather clear from
their expressions in Lemma[2.0.

Proof of Lemma[2.6. The computations are done in [I4] but we repeat them for
the sake of completeness.
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First by It6 formula and with the previous notation:
dR? = d (B} — B + (B! — BP)?)
= 2R, (v1 | (dBy — dBy)) + d((B; — B'), (B, — B}")) + d((Bf — BY"), (B — B)).
We turn to the martingale part and write
(v1 | (dB; — dB))) = ((1 = KMY)dW}! = K'2dW7 — KW/} — K'2diW7)
= /201 - K')dC,
for some 1-dimensional Brownian motion (C;); where we used Lemma [2.5| for
(KM1)2 4 (K122 1 (_f(m)z i (KI’Q)Q —1
The quadratic variation writes
d{(Bf = B"), (B} = BY))) = (J"' = 1)* + (J'2)? + (JV1)? + (J2)2 = 2 — 21!
and similarly
A((B? = BP), (BY = BP))) = (J21) 4 (22 = 1)? + (J21)? + (J22)? = 2 - 272,
thus
A((B} — B}'), (B! — B)) + d{(B? — BY), (B — BP)) = 2tx(I — J) = 2tx(I — K).
We turn now to Z;. Using the basis (v, v2), we can rewrite
A2, = " (vy | (4B + dBy)) + S(d(BL, BY) — (B, BY).
As before, we get:
(va | (dB) + dBy)) = K*'dW} + (K*? 4 1)dW? + K*'dW}! + K>2dW?
= \/md@
for some 1-dimensional Brownian motion (C,);. Moreover:
d(B}, B?) — d(B%, B') = (J*' — J"*)dt = (K*' — K"?)dt.
The equation on the covariation follows since by and Lemma
KUR2L 4 U222 | RLIR2D | RI2R22 _ ()
O

Remark 2.8. Since we will use them in the following we also write stochastic
differential equations satisfied by Ry, R} and Z2, obtained for Ry # 0 using Ito’s
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formula in Lemma [2.6:

1— K2,2
dR, = \/2(1 — K1) dC, + — .
t

dR} = 4R3\/2(1 — K1) dC; + (4R2(1 — K*?))dt + 12R2(1 — K"')dt,

~ RQ
A(Z2) = ZuRey/2(1 + K22) dC, + (_Mm —xey+ By KM)) "

As in Remark an expression for dZ? is possible in the canonical basis with
the matriz J in place of K. According to Lemma K% — K% s replaced
by J12 — J?1 and the factor R, make the undefined terms vanish when R; = 0.
The same holds for the semimartingale (R})i>0. On the contrary Ry is not a
semimartingale, but only locally when Ry > 0.

2.4. Description of some couplings. In this section, we describe some inter-
esting couplings.

2.4.1. The synchronous coupling (K™ =1, K*? =1, K = K?! = (.) The
coupling is called synchronous because the planar trajectories (B;)i>o and (B})>0
are parallel. Here R, = Ry and Z; = Zy + Wg,: with W a Brownian motion.

2.4.2. The reflection coupling (K™ = —1 K*»? =1, K'? = K?! = 0.) For the
reflection coupling the planar trajectories of (By):>o and (Bj):>o evolve symmetri-
cally with respect to the bisector of line segment [By, Bj]. We stop the coupling
when R, hits 0 and continue synchronously with J*! = J*2 = 1. Denote by 7 this
hitting time. One thus has

tAT ~
Ry = Ro+2Cypr and Z, = Zo+ [ (Ro+2Cy)dC,
0
where (Cy)s and (C’S)S are two independent Brownian motions (starting in 0) and
with 7 = inf{s > 0,2C; = —Rp}. This coupling is studied in Section 4. On
Euclidean and Riemannian manifolds, the efficiency of reflection coupling has been
studied in [11], [17].

2.4.3. Kendall’s coupling: (K™ = £1, K? = K*!' =0 and K*? = 1). In [14],
Kendall describes a coupling which alternates between synchronous coupling and
reflection coupling. In order to avoid the use of local times the strategy of Kendall
is defined with hysteresis. The regime swaps when the process (Ry,|Z;|) hits a
certain parabola {872 = k?R}} or {877 = (k — ¢)?R}} (see [14, Theorem 4]),
depending for the synchronous or the reflection coupling. Thus the process is not
Markovian, but it is co-adapted. The author proves that this coupling is successful:
this means 7' := inf{s > 0, B; = B’} is almost surely finite, or, equivalently, the
process (R, Z;) hits almost surely (0,0) in finite time.
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2.4.4. The perverse coupling: K'' =1, K?? = —1, K'? = K?! = (0. We assume
Ry > 0. It satisfies,

2

dR(t) = —

0 =7

Thus the distance R, and Z; are deterministic and given by:

Ry = \/R% + 4t and Z;, = Z,.

The name perverse coupling is given by Kendall in [I5] as a generic name for a
repulsive coupling. Here, the planar components of (B;); and (B}); are coupled in
a perverse way. This particular method to produce a perverse coupling appears in
[23, Section 5] in a Riemannian setting.

dt and dZ; = 0.

3. NON-EXISTENCE OF CO-ADAPTED HEISENBERG BROWNIAN MOTIONS AT
BOUNDED DISTANCE.

In this section, we provide the proofs that co-adapted Brownian motions do not
stay at bounded distance on the Heisenberg group. Of course Theorems and
[L.3l are immediate corollaries of Theorems [L.5land [L6l However since Theorem [1.2]
already shows a clear difference with the Riemannian case and is easier to prove,
we shall present a direct proof in Section [3.1 The proof of Theorem is given
in Section 3.2} This section also contains the core of the proof of Theorem Its
proof is finished in Section [3.3|

3.1. Proof of Theorem [1.2.

Proof of Theorem[1.9. Assume that (B;); and (B}); are two co-adapted Heisen-
berg Brownian motions starting in a = (x,y,2) and ¢ = (2/,v/,2") with Ry =

\/ (o' —2)?2+ (v —y)? > 0. Striving for a contradiction we suppose that ¢
dy (B, B}) is almost surely and uniformly bounded. More precisely for some C' > 0
we assume |R;| + |Z,|'/? < C for every t > 0.

Using Lemmas and (or simply Remark , we have

T
E[R}] = Ry + E [2/ (1= J(s)) + (1 - J2’2(s))d31
0
and R; < C gives E[R?] < C? and

E [2 /t(1 — TV (s)) 4 (1 — J“(s))ds} <c (12)

0
Recall from Lemma that K1 + K22 = Jb 4 J?2 and from Lemma that

the matrix entries are < 1. Therefore

max B[ [ (1= K9(9) 1n,ds| < 022 (13)

ie{1,2}
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and R; < (', again, gives

E [/Otu _ K2’2(s))]§ds] <, (14)

Until now we have used E(R?) < C? and R, < C. We turn to exploit E(Z?) < C%.
Lemma [2.5 and Remark [2.§] give

E[Z2 = 22+ E l 2/ (TR (s) — J2Y(s)) ds+/ (14 K22(s ))ds] (15)
Adding and (15), and using E(Z7) < C*, we obtain

E {—2 /Ot Z(JH2(s) — J*1(s))ds + /Ot Rgds] < (1+1/4)C. (16)

Next, we aim to compare E [2 Iy Z(JY2(s) — J2’1(s))ds} with E {fg R?ds} that

both appear in . On the one hand, since Z; stays bounded E[Z?] is also
bounded. Hence by Cauchy-Schwarz inequality (for the product measure on € x

[0,t]):
‘E [ /0 "2V (s) — 2 } E[22 ds)m ( /0 B2 - J2’1)2ds)1/2
E[Z2 ds>1/2 (2 /Ot]E((Jl’Q)2 + (J2’1)2)ds>

(]
(fe
¢_</ E(J12)? + E(J21)? ds>1/2
< VO V20?2 = O3Vt (17)

The last estimate follows from Lemma (the rows and columns of J have

L?-norm smaller than 1), 1 — J2, < (1 — J;;)(1 + J;;) and (12):

1/2

IA

IN

[ B2 1B ds < /t]E (1= (JM2) + (1 — (J22)?)]ds

0
< / OE[(1 — JM) + (1 — J2?)]ds < C2.
On the other hand, since (R?);>¢ is a submartingale, E[R?] > R2 and
/OtJE[Rg]ds > R4, (18)
Since Ry > 0, and provide a contradiction in as t goes to infinity. [J

Remark 3.1. The proof of Theorem can be improved to show that any co-
adapted Heisenberg Brownian motions can not stay bounded in L*. In this proof,
the only place where we fully use the fact that Ry is uniformly bounded almost surely
is (14). At the other places we merely need that E[R?] and E[Z}] are bounded. But
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E[R}] < C* for every t > 0 is a sufficient assumption for and, hence, for the

proof.
Indeed, by Lemma one has

E[R! = R+ E [/Ot 12R2(1 — KV(s)) + ARX(1 — K2’2(s))ds} .

This quantity is uniformly bounded by C* for every t > 0 so that holds. (the
bound in (14)) can even be divided by two: C*/8 in place of C*/4).

3.2. Proof of Theorem To go beyond Theorem [I.2] we conduct a precise
study of the expected total variation (or length in L') of the martingale part and
of the drift part of (Z:)i>0, the relative Lévy area. The core of the proofs of
Theorems [I.6] and [1.5] is the same. As before, the proofs will be by contradiction
and the principle is the following. We derive an upper bound for the drift part of
Z; similar to from the proof of Theorem and we provide a lower bound for
the martingale part of Z;. These key bounds are presented in Lemma below.
Theorem is then deduced easily. To reach Theorem [I.6 another argument is
employed: the use of homogeneous dilations on the Heisenberg group.

Lemma 3.2. Let Ty € (0,00] be a final time. Let (Bt)o<i<t, and (B})o<i<t, be any
two co-adapted Heisenberg Brownian motion starting respectively in a = (x,y, z)
and o’ = (2',y',2') such that (z' — z)* + (y — y)* > 0. Assume that

C:= sup \/max(E(R}),E(|Z])) < +oo. (19)
0<t<T}
Let us decompose the semimartingale (Z;), = M, — Ay into its martingale My and
its bounded variation part —A;. Denote by VL(A) the total variation of A on [s,t].
Then, there exists h > 0 depending only on C' (independent of Tt ) such that for
all0 <t <Ty—h,

E(| My, — My]) > 10C? (20)

EV)(A) < ﬁ (21)

Before we turn to the proof of Lemma |3.2, we present two lemmas. The first
lemma is crucial to obtain the lower bound for absolute value of the martingale
part of Z;. The proof of Lemma |3.3|is postponed at the end of the section. The
second lemma relies on the probabilistic variant of the rearrangement inequality
[10, §10.12]. Tt is directly obtained from the Hoeffding—Fréchet bound on bivariate
cumulative distribution functions through the Hoeffding formula for the covariance
(see [25] §2.2] and [21, Lemma 5.24]).

and for all 0 <t < T}
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Lemma 3.3. Let (Ni)i>0 be a continuous martingale with Ny = 0 and p be in
10,1[. Then there exists a, > 0 such that for every positive real numbers 3 and h,
the estimate

P((N)n>B) >p
implies

E[|N,[] > ayy/B.

Lemma 3.4. Let X be a non-negative random variable admitting a density. Then
for every measurable set A, one has:

E[X14] > E[X14]

where A* is defined by
A= {w, X(w) < 1)
where r € [0,00] is chosen such that P(A*) = P(A).

We now turn to the proof of Lemma (3.2}
Proof of Lemma[3.9 First recall

E(R) =R +E (/Otz[u — MY (1 — JQ’Q)]ds> >0,
which gives
E (/OTf[@ -+ J”)]ds) < 5 < oo (22)

We study now the bounded variation part of (Z;); = M; — A;. From Lemma
2.0, we recall:

1 t
A= /0 (T2 — J2Y)ds. (23)

Applying Cauchy—Schwarz inequality and following the same track as for
we obtain

t t
IE/ T2 — 2 ds < \/Z\/E/ (J12 — J21)2ds < ViV202. (24)
0 0

Remark now that the quantity on the left hand side is two times the expected
total variation of A; on [0,¢].

We turn now to the study of the martingale part of (Z;);. First we show that
under condition , with positive probability, some trajectories of R; stay far from
0 (see below for the precise statement). We set 7 := inf{0 < ¢ < T}, R, = %}
the hitting time of 2 (before T}). We recall the convention inf @ = +oc0 and we
introduce the random time

g { JT2(1 = KYYds on {T < +oc}
+00 on {T = +o0}.
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Because of the non-negative drift in the stochastic differential equation of Rj,
using the Dambins-Dubins-Schwarz theorem (see e.g. [24]), the random variable
S is greater in stochastic order than the hitting time 7BM of % for a Brownian
motion starting in Ry. This hitting time is almost surely finite but non integrable.

Now, if we set p := P(T = +0o0), Lemma gives

T Q1—p
E [/0 2(1 — K*)ds 1{T<+oo}] > A,P(%ilpr [TBM 1,44 = /0 u frem(u)du

with f.em the density of 7™ and «;_, its quantile of order 1 — p. But conversely,
since by (and Lemma , the left hand side is bounded from above; thus
with C' the constant appearing in ((19), one gets

ay— 2
/ 1 prTBM<U>dU < C—
0 2
Of course, since a;_, = +00 as p — 0; under the condition , P(T = 400) has
to be uniformly bounded from 0.
As a consequence, there exists ¢ > 0 (¢ depending only on C') such that for all
Ty > 0 and all co-adapted coupling on [0, T satisfying

R
P(th;forall()gtSTf>2q>O. (25)

To obtain the desired result on the martingale part of (Z;);, we study its
bracket. We will prove that for h > %,

R2h 9
P ( (Mo — (M), > =22 ) > =L (26)
8 10
We hence obtain taking h large enough in and applying Lemma to
(Miyr — Mi)n>o.
Proof of (26)): considering only the event {7 = +oo} for the martingale part of
Z; described in Lemma [2.6, one has

Ro\* [tth 1+ K2
(Mhirn = (M) 2 Lming (32) [ —5—ds (27)

Now, since by it holds

2,2

t+h 1—-— K=
E [/t 1{T:+OO}T ds < 02/4,
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taking the complementary set of { [/ %ds > 2} in {T = +oo} and using

Markov inequality, one obtains:
t+h 1 4+ K22 h
Pllyrmio) [ — g —ds>
( {I=teo} J, 2 o= 2
h c? 2

]P t—i—hl_K?»?d
g 1_00/ L R I 28
4 <{T_+}t 5 2>—q 1 h (28)

Hence, in we consider the probability that the right-hand side is greater
than (Ro/2)? - (h/2), which, with (28§)), gives the wanted estimate for every
B> 3¢ O

- q

We can now turn to the proof of Theorem [I.5]

Proof of Theorem [1.5. We work here with Ty = +o00. Since, we have assumed by
contradiction that E[Z;] = E(|M; — A;]) < C? for every ¢ > 0, the estimate [20| of
Lemma [3.2) and the triangle inequality imply

E(|Asp, — Ay]) > 8C? for every t > 0.

The control of the expected total variation of (A;) expressed in and the lower
estimate just proved give

) n A _ A 1 nh g o C?%hn
8C*n < > E(|Aw (k—1)n]) < 2E A |J J> |ds < 5 (29)
k=1

which, as n tends to oo, provides a contradiction. O

Finally, we present the proof of Lemma [3.3| on the lower bound for the absolute
value of a martingale.

Proof of Lemma[3.3 Let ¢ be the quadratic variation of N

o(t) = (N)e,
and consider the hitting time 7 = inf{t > 0: ¢(¢t) > 8}. Set ¢(t) = ¢(t) A 5. The
Dambins theorem shows that there exists a standard Brownian motion (W});>o
such that for every t > 0,

E(|Ni]] > E[[Non ] = E [[Wyo ] - (30)

Let now A be the event {w € 2 : ¢(h) > [} and recall the assumption P(A) > p.
One has

E[[Wonl] = E[[Wyn| - 14] =E[Wp| - 14] > E Wg' - u] JB>a /B (31)

where we use Lemma for the last inequality and the constant a, is defined as
o-l(ife)  o—a?/2

@ = E (|G geicamrgmy] = [pl(l;p) sor

dx;
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with G a standard normal random variable and ® its cumulative distribution
function. O

Remark 3.5. The major constraint for generalising Theorem[1.5 and its proof to
a LP-Wasserstein control for p < 2 is that E(|Z,|) is replaced by E(|Z,|P/?). Here
x> |2|P/? is not conver when p < 2 and Jensen’s inequality does not apply.

3.3. Proofs of Theorems andl1.6l In this section we finish the proof of
Theorems andL.0] As said before, is a clear consequence of Theorem
Contrary to Theorem [I.2] we do not present a direct proof. Now, the key point
for deducing Theorem from Lemma |3.2]is the use of the homogeneous dilations
on the Heisenberg group.

For a fixed time 7" > 0 and p € (0, o], we introduce Cr,, to be the constant:

E[d% (B, BY)]7
Crp:= sup inf sup [y (B, BY )]

€ |0, +o0];
ata’€H A0 0<t<T dy(a, a’) o :

where, as before in Remarks and m Agfl ) denotes the set of co-adpated
couplings of (BY)o<i<r and (B} )o<t<r, starting respectively in a and . When
p = +00, the numerator is essup(q p)du(BY, B%). As noticed in these remarks we
aim at proving Cr, = +o0 for p > 2. The next lemma is crucial.

Lemma 3.6. Let p € (0,00]. The value of the constant Cr,, is independent of
T > 0.

Proof. Let S, T > 0 be two different times. The point is that if (B?,B?l)OStST
is a co-adapted coupling of two Heisenberg Brownian motions on [0, 7] starting
respectively in a and a'; setting for b € {a,a'}:

S

Bl i=dil = (Bl ), for0<s <5,
. dl\/g ar ), for 0 < s < S

then, (B2, B‘j)ogsgg is a co-adapted coupling of two Heisenberg Brownian motions
on [0, S] starting respectively in @ = dil\/g(a) and a/ = dil\/g(a'), Moreover,
T

T

Sa a’\ S a a
dH(BS,BS)_,/TdH< ', ST)
~ = S /
dH(aaa/) =/ de(a,a )

This easily gives Cg, < Cr, and by symmetry of S and T: Cg, = Cr,,. U
We can now complete the proof of Theorem [L.6]

Proof of Theorem[1.6. Suppose by contradiction that Cp, » < 400 for some Tj > 0.
Lemma [3.6] implies that Cry is finite and constant for all 7' > 0. Let a = (0,0, 0)
and «' = (2/,0,0) with 2/ # 0 be fixed. Thus, there exists a constant C' (one

and
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can take C' = C7, , du(a,a’)?) such that for each final time Ty > 0, there is a co-
adapted coupling satisfying E[d% (B¢, B¢)] < C for t € [0, Ty]. Lemma applies
and similarly as in the proof of Theorem , the chain of inequalities (29) holds
for 0 < nh <Ty. Now, since the value of h does not depend on 7%, letting T and
n tend to infinity gives the contradiction. Thus Cr 2 = +o00. O

4. COUPLING BY REFLECTION

In this section, we study precisely the coupling by reflection. We recall that
(Bt)i>0 and (B}):>0 are two Heisenberg Brownian motions coupled by reflection if
and only if their horizontal parts (B;):>o and (B}):>o are two Brownian motions
on R? coupled by reflection. This means that the coupling matrices are given by
KW = -1 K?? =1, K'? = K*»! = ( for t < 7 and by the matrix J = Id, for
t > 7 where 7 = inf{s > 0: R, = 0} is the hitting time of 0 for (R;);>o. We recall

tAT -
R, = Ry+2Cin. and  Z, = Zo+ / (Ro + 200, )dC,
0

where (Cj)s and (Cy)s are two independent Brownian motions (starting in 0) and
with 7 = inf{s > 0: Cs = —R,/2}.
For simplicity, in the following we only consider the case Ry > 0 and Z, = 0.

Proposition 4.1. With the above notation, assume Ry > 0 and Zy = 0, Letp > 0,
then there exists some constants Cy, C), C)) > 0 such that

E[Rt] = Ry

and 1
E[|Z:P] ~is00 CpRotP™2  ifp >
E[|Zt|p] o0 CII)RO Int if p=
E[|Zt|p] —t—+o00 O{,’R%p if0o<p< %

N[00 [ =

Remark 4.2. In particular for 0 < a < 1, the upper bound
sup E [dy(By, B})*] < 400
>0
is satisfied by the coupling by reflection. This is obtained by recalling that dHﬁt, B))

is equivalent to the homogeneous distance \/ R? + |Z;| using Proposition for
p=a/2, (a+bP <aP + b, and Jensen’s inequality [E(R;)] < [E(R:)]*.

Proof. We assume Ry = 1. Let t > 0 be fixed. By the Dambins-Dubins-Schwarz
theorem, 7 is a changed time Brownian motion:

t
Zy = Wi with T(t) = / R2ds
0

with W a Brownian motion independent of (R;)i>o. Set 7 = inf{s > 0: R, = 0}.
As (Rs/2)s>0 is a Brownian motion starting in Ry/2 and stopped in 0, it is known
that 7 is almost surely finite and that its density f. is given by
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Ry/2 1
o/ e~ m, u> 0. (32)

f'r(u) = \/%1&3/2 =

Using 7, we compute

BlIZ] = E(Wr ) (33)
= [TE(Wr Pl = 0 f(w)d
—/ (WrlPlr = u) fr(u du+/ E([Wr[*lm = u) f-(u)du

ha(t) ha(t)
In the last line, we split the integral between the trajectories of R that have hit 0
before ¢ and those which will hit 0 after ¢.
Let us estimate hy(t), the first integral in the decomposition (33)). Hence we set
u < t. Since W and R are independent, with ¢, = E(|WW;|?), one has:

E(|Wrl’|m = u) = E(T)["|r = u) (34)

u p/2
=c,E ((/ R§d8> |7 = u)
0
1 p/2
= ¢,2"u’E l(/ Rid)\) |T = u]
0

where we have introduced the normalised process (R)) xe[o,1] (defined almost surely,
since the hitting time 7 is almost surely finite) in such a way it hits 0 at time 1:

~ 1

Ry=——
’\2\/F

R.\, A€]0,1].

Note that Rg 2f

It is then well-known that, conditioned on 7 = u, the entire process (Rx)acp,1]
converges in law when u — oo to a normal positive Brownian excursion (X;)seo,1]-
Moreover, as proven in Lemma 4.3 when u — oo,

E [(/01 RidA)p/z = u] SE [(/01 ngsf/z] . (35)

Finally with denoting the limit in by E,, the first integral in (33)
satisfies the following equivalence:

t t
ha(t) = /0 E(|Wa PI7 = u) o (w)du ~ps00 2 ¢, B, /0 o f () du

From the density estimate of f, in (32)) we have u? f,(u) ~ o0 Z%up_?’/ 2. There-
fore:

e If p > 1/2, the function hy(t) is equivalent to (1;@%157’ 172 at +oo,
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e if p=1/2, it is equivalent to 213/0;2?}’2 Int,

e if 0 < p < 1/2, it converges to a positive constant.

We now turn to hy. As before,

ma(t) = [ E(WroPlr = ) ()

= /t+OOIE <(/Ot Rids)p/2 |7 = u) fr(u)du

+oo Lo p/2
zzpcp/ WPE (/ RidA) = u| f,(u)du
t 0

1 p/2
</ov Rid/\) |7 = tv] fr(tv)dv

— 20732 ¢, Ryt /2 / e WP32R
1

VT

+oo
=2P¢, P / vPE

1

2

T »/2 il
(/1 RidA) |7 =tv| e Tvdv
0

where, as above, s = u\ and Ry, = R,y /+/7 and where we set the change of variable
u = tv in the next to last line.
Now, Lemma 4.3| and the dominated convergence, which is completely justified

by Lemma (4.4} give as t — +o00,
+00 1 p/2 r2 +o0 1 p/2
/ vP32E (/ Rid)\> T =tv| e T dv —>/ vPTIPE </ des) dv.
0 1 0

1
As a consequence, denoting by I, the last integral,

2p—3/2 Cp Ry

hQ(t> ~t—o0 ﬁ tp_l/le'
This with the treatment of h; above gives the complete result in case Ry = 1.
Next, if Ry > 0 one infers Eg,[|Z/|?] = R E(ro=1}[|Z¢/r2|"] from the classical
dilations of Subsection [2.1} so that the general case follows. 0

The two next lemmas complete the proof of Proposition 4.1}

Lemma 4.3. Let (Rt)te[oﬂ be a Brownian motion starting in ro > 0 conditioned
to hit 0 for the first time at time 1. Let « € [0,1] and p be positive. As ro — 0,

E l( /0 : Ridx)p/Q] S E [( /0 : des>p/2] (36)

where (X)scpp,] s a Brownian excursion.
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Proof. The process (Rt)te[m] converges in law to the Brownian excursion (X )ejo1)-

To obtain the convergence of the moments of [ Rid)\, we use a uniform integra-
bility property. Let 0< a < 1. We bound

]P’((/af{?\d)\> 2y|7’=u) SP(sup WSZ\/§|T0:1>
0 0<s<1

where (W;)s>0 is a Brownian motion starting in ry and 7j its hitting time of 0.
Next, by [5, Formula 2.1.4 (1) p.198], still for W starting in ry, we have for every
t>0

Ry 2%k 2k1)2\ V2rt3/? 2
P(sup Ws<y’T0:t>: Z Mexp<_(T0+ y)) ™ eXp(?}))’

0<s<Tp WV 2mt/? 2t o

In particular, reorganising the terms,

= inh(2kyro)
P sup Wy <y|Ty=1) =1-25" (4222020000 oah ok exp (—2k%2)
(Osggl Y| To ) ; ( T (2kyro) | exp (—2k%y?)
and, since for u > 0, % < e, uniformly on 0 < rg <1 and y > 1,
“+oo
P ( sup Wy > y| Ty = 1> <8) k?y? exp(2ky) exp (—2k2y2> < aexp(—by?)
OSSSI k=1

for some a, b > 0.
Thus, for all 0 < ry < 1, the random variables ( I R?\d/\) - admit some

T0S
uniformly bounded exponential moment. As a consequence, the corresponding

( Iy Rid)\) * are uniformly integrable and the desired convergence follows. OJ

Lemma 4.4. With the above notation, there exists a coupling of (ét)te[o,l] and of
a 3-Bessel process (Vi) on the same probability space such that both start in
ro > 0 and such almost surely:

Rtﬁ\/},forallOgtSl.
In particular, for Ry fized and p > 0 there exists a constant D, > 0 such that for

allv>1 and ro < B2 it holds
1 p/2
(/ RidA)
0

NG
v’E
where the process Ry starts in ro.

<D

p

Proof. The process R, can be thought as a Bessel bridge (see e.g. [24, Chapter
XI11]) and thus satisfies

~ 1 R,
th_th+<E_1—t>dt
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for some Brownian motion (W;)ico17. The coupling is obtained by considering the
same Brownian motion in the stochastic differential equation defining (V4)icpo1:

1
dV, = dW, + —dt
f t+‘/;€

The other conclusion follows since the 3-Bessel process shares the same scaling
property as the Brownian motion: (Vy,/v/A); has the same law as the 3-Bessel
process starting in ro/v/\. O

5. THE STATIC COUPLING, A TRANSPORT PROBLEM

In this section, we turn to the proof of Theorem [1.10, Recall that it gives a
direct proof of the following L!-Wasserstein control: There exists C' > 0 such that
for every t > 0, and every a,d’ € H,

Wi (g, 1) < Cda(a, a’)
where p¢ = Law(B¢) and p¢ = Law(B®).

Proof of Theorem . Reduction of the problem: Let us first see how, using the
symmetries of H presented in Subsection [2.1] the proof can be reduced to t = 1,
a = (0,0,0) and o' = (2/,0,0). First, the isometries of H induced isometries for
Wi. In particular (trans,)s and (rotg)s are isometries for W, for every p € H
and 0 € R, that stabilise the family {uf}.en.

Wi (i, 1) = Wh((trans,) gus, (trans,) gud ) = Wi (i, 1),

Hence, we can assume a = (0,0,0). Using roty we can moreover assume a’ =

(2',0,2"). As moreover dily, defined in Subsection [2.1| satisfies (dily)xpf = ,jji;;(“)
we can assume t = 1. Finally

z',0,2’ z’,0,0 z’,0,0 z',0,2’
Wi, 5™y < Wi (), 17 00) + W (™ )

z’,0,0 0,0,2’
< W (1, 15700 + Wy (12, 1)

< Wi (1, 1" 4 d((0,0,0), (0,0, 2)).

The estimate Wy (10, 1{"%*) < d((0,0,0),(0,0,2)) = 2,/x|2| comes from the

fact that trans( .. is not only the left-translation but also the right-translation
of vector (0,0,2'). If (X,Y, Z) ~ 12, then (X,Y, 2).(0,0,2') ~ p{"**) so that

du((X,Y,2).(0,0,2),(X,Y, Z)) = du((0,0,0), (0,0, 2)).
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If we can prove Wi (ud, ut” 000y < C'dy((0,0,0), (2/,0,0)) = C'|’| for some C’ > 1,
we have finally

Wh (10, 18727 < Cdy((0,0,0), (2/,0,0)) + dw((0,0,0), (0,0, 2'))
= C'|2'| + 2y/7|2| < max(C”, V2m)\/(z))2 + | /|
< Cdy((0,0,0), («',0,2"),

with C' = ¢~ max(C’, v/2r) with ¢ defined as in (§). Finally the proof amounts to
the case t =1, a = (0,0,0) and &’ = (2/,0,0), as we announced.
Main body of the proof: We set

p=pf = Law(X,Y, Z) (37)
v =" = Law [(2/,0,0).(X,Y, Z)] = Law(X + .Y, Z + (1/2)2'Y)  (38)
fi = Law [(2/,0,0).(X,Y, Z).(=2/,0,0)] = Law(X,Y, Z + 2'Y) (39)

We want to estimate Wi (u, v) from above and start with
Wl(uv V) < Wl(luu ﬁ) + Wl(/jﬂ V)

The coupling in and yields Wi (i, v) < |2'| = du((0,0,0), (z',0,0)). The
coupling suggested in (37]) and yields

Wi(p, i) <E[E[de((X,Y, 2), (XY, Z +2'Y))[(X,Y)] (40)
S E [E [dH((O’ 07 0)7 (07 O’ x’Y))KX, Y)H

<E [ZW = 2’| x 2VAE(/|Y])]

where the two last inequalities are in fact equalities. The order y/|z'| is such that
\/ |$'|/dH((5C/7 0, 0)7 (Oa 0, 0)) = |HC'|71/2 — 00 as o’ goes to zero.

Remark 5.1. Note that the coupling in s exactly the synchronous coupling
of subsection evaluated at time t = 1. The estimate from above can easily be
checked with Lemma [2.6,

We modify the computation above just a little based on the knowledge that the
translation is not the optimal transport plan on the real line when considering
costs that are increasing concave functions of the distance.

The following lemma will be in order:

Lemma 5.2. Ifn is a probability measure on R with rapidly decreasing and smooth

density f, then
inf //\/ — x| dr < Jt| x </|f’($)|\/de)

€Il (n,(transt ) un)
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Proof. The left-hand side is the 1-Wasserstein distance Wi (), (transy)yn) on R
for the distance (z,y) — /|y —x|. This is also the Kantorovich norm |n —

(trans;)4n)|1, in the sense of [I3]. Recall that the Kantorovich norm of a signed
Radon measure ¢ = o, — o_ of mass zero is

ol = WE(oy, o inf // Vv — zldr(z, y)

7rEH(0+ o_

where the mass of o, can be different from 1. Let 0 = 7 — (transf)4n) and for
the computation of ||o||; assume without loss of generality that ¢ > 0. We have
o = [y (transF) 4y du where « is the Radon measure of density f’. Therefore

t t

ol = | [ ransE)ey dul| < [ transE) gl du
t

= [ Il du = iyl

< tx ([If@/ieldz).

Note that for the last inequality, we use the triangle inequality by transporting
Y+, of density f}, to the atomic measure ([ f:)dy and then from this measure to
~_, of density f’. O

We can now conclude by coupling Z and Z’, conditionally on (X, Y"). From (40):

E[da((X. Y, 2). (X, Y. Z + &YX V)] < 2VAla'Y 5 (2 [ 1850 (2) 1121 d2)

where fz,, is the density of Law(Z| X =z, Y = y). Finally,
E[du((X,Y,2),(X,Y, Z +2'Y))]

< 1o/| [[ fer(m)2valyl x ([ 18,112 dz) dody

< \x\/// 2\/_@’\/7<|8ffxyﬁ;zxxjj))|> fxyz(z,y, 2z)dxdydz.

Here fxyz is the density of = Law(X, Y, Z) with respect to the Lebesgue mea-
sure and fyy is the density of (X, Y"). Note that we have fz,,(2) = fxyvz(z,y,2)/fxy(2,v)
so that the last inequality is an equality.

Since fx v,z is the density of the heat kernel. It is well known that there exists
a constant C' > 0 such that for all (x,y, z) € H,

azfX,Y,Z(xJ Y, Z)
2(2,y,2)

<c (41)
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The proof of this fact is analytic and is based on the explicit representation of the
heat kernel as an oscillatory integral. See [I, equation (14)] and the reference to
[20] there. We recall that it is different to the L*-gradient estimate.

The proof of Theorem [1.10|is then finished since the quantity |y|\/m is clearly
integrable with respect to the heat kernel fxy z. O

6. GENERALISATION TO THE HEISENBERG GROUPS OF HIGHER DIMENSION.

In this section, we prove that Theorems [1.3] [1.6] [1.5] [L.8 and also hold

in the case of the Heisenberg groups of higher dimension. For n > 1 the Heisenberg
group H,, can be identified with R?"*! equipped with the law:
1 n
()2 (i) = (04 o sz 42 5 3o ) ).
i=1
The corresponding Brownian motion starting from Ogzn+1 is given by:

B} := ( (B}, B} IS~( [ Bramz, - [ B2aB!,
t - ( t,0) tﬂ)i:l,...,n’ 2; 0 8,1 8,1 0 EX) 8,1

1
where B; := (Bl

b sz) L isa 2n-dimensional standard Brownian motion. As

before, we denote by (B?)}go the Brownian motion starting in @ € H,,. It can be
represented as a - BY and we write p¢ for its law at time ¢.

Lemma can directly be generalised for describing co-adapted Heisenberg
Brownian motions (By, B}) but with matrices .J, J € Ma,(R). As above, we denote
by R; the Euclidean norm of B} — B, € R** and by Z; the last coordinate of B/ 'B,

that we still call the relative Lévy area. The quantity

dH(Bt’B;) = \/RtQ + ’Zt’

is still a homogenous distance on Hl,, and is equivalent to the Carnot-Carathéodory
distance dy.

When R; > 0 we introduce the following basis: let e; be R%(Bg — B;) € R?™,
write €1 = (a1,...a,), a; € C = R?, set ey = (iay,...,ia,) and complete (e, es)
into a direct orthonormal basis of R?". This basis is well adapted for studying
couplings in H,,. Indeed, with L and L being the coupling matrices in this new
basis in place of J, J in the canonical basis, a computation gives:

Lemma 6.1. With the above notation, if Ry > 0, then

d(R?) = 2R;\/2(1 — LYY dCy + 2tr (Iy, — J) dt

n

1 - o o
dZ, = 5 RiyJ2(1 + L22) dC, — 5 (S = g dt

i=1

where (Cy)=0 and (Cy)i=o are some 1-dimensional (possibly correlated) standard
Brownian motions.
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Now, since trL = trJ, and since each |L%| <1 for 1 <i <mn,
1—-L*? <tr(I - L) =tr(I - J)

and one can directly adapt the proof of Theorems and to this setting.
Similarly as before, one can deduce that Theorems and are also satisfied
for higher dimensional Heisenberg groups.

Generalisation of Theorem[1.8: The coupling by reflection can also be done on
H,,. It corresponds to the matrix L defined by

Lh =1
Lii=1for2<i<n
L =0 for i # j.

In this case, a computation easily gives that C; and C, are independent. More-
over since L is symmetric, J is also symmetric and 37, (J# 12 — J22i-1) — (),
As a consequence, R? and Z; satisfy the same stochastic differential system as in
the case of H;. Thus Proposition holds in H,, with constants C;,, C, and C}
independent of the dimension and Theorem also holds for H,.

Generalisation of Theorem|[I.10: We turn to the static coupling. As before, using
the symmetries and the dilatation of the higher dimensional Heisenberg groups,
it suffices to study the case t = 1 and @« = 0, ¢’ = ((2/,0),(0,0),...,(0,0),0).
If the vector V = ((X1,Y1),...(Xy,Yy),Z) has law p?, then the vector a’'.V =
(Xi + 2. Y1), (X2, Y2),... (X4, Ya), Z + 12'Y5) has law 4§, An analogue coupling
as the one in Section [5| can be defined. The horizontal part is translated by
((x,/0),...,(0,0)) and conditionally on ((Xy,Y?),...(Xq, Ys)), we perform a cou-
pling between the law of Z and the law of Z + %x’ Y5 as described in Lemma .

Recall that it is adapted to the non-convex transport cost (z,2’) — /|z — #/|.

Since the heat kernel estimate corresponding to also holds in higher dimen-
sion (see [9]), the proof finishes analogously to the one in H;. Therefore Theorem
[1.10] is satisfied for higher dimensional Heisenberg groups too.
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