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ABSTRACT
In this paper, we investigate the problem of a fault
tolerant control for an energy power system. The aim
of our approach is to improve the availability and the
reliability of the energy power system by taking into
account the occurence of faults in the design of the
control algorithm. Here, we propose an observer esti-
mating simultaneously the state and faults of the sys-
tem which will be injected in the controller to com-
pensate the faults effects.

NOMENCLATURE
Cp,r: heat capacity of the room air,
Cp,w: heat capacity of water in floor heating pipes,
Cp,f : heat capacity of the floor,
Tr: room air temperature,
Tf : floor temperature,
Tw: water temperature in floor heating pipes,
Ta: ambient temperature,
T ′a: ground temperature,
Wc: heat pump compressor input power,
φs: solar radiation power,
(UA)fr: heat transfer coefficient between floor and

room air,
(UA)wf : heat transfer coefficient between water and

floor,
(UA)ra: heat transfer coefficient between room air

and the ambient air,
Qfr: heat transmitted from the floor to the indoor air
Qwf : heat transmitted from the water circulating in

the floor heating pipes to the floor,
Qra: heat transmitted from the air in the room to the

surroundings,
p: fraction of incident solar radiation on floor,
η: compressor coefficient of performance.

INTRODUCTION
Due to the global warming and climate change threat-
ing the world, the energy consumption has to make a
transition and should look elsewhere. For this rea-
son, a great interest has been given to renewable en-
ergy and low-carbon emission energy sources during

recent years [10], [12], [16], [3] and references there
in.
In Europe, buildings consume about 40% of the to-
tal energy use [1], where heating is the most impor-
tant energy consumer. Gas boilers combined with ra-
diators still be the most common heating system in
buildings in Europe. However, unlike gas heating or
wood burners, the heat pumps systems are environ-
mentally friendly. Driven by electricity, those sys-
tems bocome one of the main source of heating [9],
[11], [12], [14]. A basic factor of its successful ap-
plication is the availability of a cheap and dependable
heat source.
In this work, we show the importance of the automa-
tion contribution in the control of the energy demand
of a building. Based on a model deducted from en-
ergy balances in a building [9], we design an opti-
mal control law in order to minimize the energy con-
sumed. Thus, the proposed optimal control law is
based on an adaptive observer which allows the re-
construction of the model variables that are not mea-
sured. This control law takes into account the esti-
mated state of the ”building-actuator” system and the
effects of the environment represented by the varia-
tions in the ambient temperature.
This paper begins by giving the energy balances and
the different parameters interfering in a heating build-
ings system. Then, we give the mathematical model
of the system considered in this paper. To have an
acess to all the parameters of the system, we design
in the fourth section a Kalman observer, in order to
design a suitable controller which compensate the ef-
fects of faults and ensure the stability in the closed
loop. Finally, performances and efficiency of the pro-
posed approach are shown through an example.

ENERGY BALANCES OF A HEATING
HOUSE SYSTEM
In order to get a suitable model of the energy power
system, we establish the energy balances in the con-
sidered building and we assume that:

• there is one uniform air temperature,



• there is no ventilation and not either an influence
from the wind,

• the air humidity doesn’t influence the energy
balances,

• the heat due to the human presence in the room,
is not taken into account.

As in [9], we consider here the presence of two heat
accumulating data: the room air and the floor (see fig-
ure 1(a)). Note that in this figure, the additional vari-
ables T ′a andWc stand for the ground temperature and
the heat pump compressor input power, respectively.
These variables do not intervene in the model of the
heating house).
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thermal properties. The dashed line represents the floor
heating pipes.

(b) Ground source heat pump.

sources for heating of buildings in Denmark will be heat pumps combined with water
based floor heating systems. Heat pumps are very energy e�cient as their coe�cient
of performance (COP) is typically 3 or larger, i.e. for each kWh electricity supplied,
they deliver more than 3 kWh heat. As heat pumps are driven by electricity and
supply heat to buildings with large thermal capacities, they are able to shift the
electricity consumption and provide a flexible consumption.

Residential heating using a heat pump and a water based floor heating system may
be modeled by the energy balances

CrṪr = Qfr ≠Qra + „s (2.21a)
Cf Ṫf = Qwf ≠Qfr (2.21b)
CwṪw = Qc ≠Qwf (2.21c)

where Tr is the room temperature, Tf is the floor temperature, Tw is the temperature
of the water in the floor pipes, and „s is the solar radiation on the building. The
heat transfer rates are

Qra = (UA)ra(Tr ≠ Ta) (2.22a)
Qfr = (UA)fr(Tf ≠ Tr) (2.22b)
Qwf = (UA)wf (Tw ≠ Tf ) (2.22c)

and the e�ective heat added by the compressor to the water in the pipes is given by

Qc = ÷Wc (2.23)

where Wc is the compressor work. The compressor work is constrained by the hard
constraints

0 Æ Wc Æ Wc,max (2.24)
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Figure 1: Building and heat pump floor heating sys-
tems.

The energy balance in a room is given by:

Cp,rṪr = Qfr −Qra + (1− p)φs (1a)

Cp,f Ṫf = Qwf −Qfr + pφs (1b)

where Cp,r, Cp,f are defined at the beginning of the
paper, Qra, Qfr and Qwf are given by:

Qfr = (UA)fr(Tf − Tr) (2a)
Qra = (UA)ra(Tr − Ta) (2b)
Qwf = (UA)wf (Tw − Tf ) (2c)

where the product (UA) represents the heat conduc-
tivity multiplying the surface area of the layer be-
tween two heat exchanging media.
The energy balance for the water in the floor heating
system is expressed as follows:

Cp,wṪw = Qc −Qwf (3)

where Cp,w is the heat capacity of the water in the
floor heating pipes. Qc is the amount of heat issued
from the condenser to the water in the heat pump,
such that:

Qc = ηWc (4)

with η and Wc are defined in the first section.
Then, the theoritical model resulting from the energy
balances equations and describing the heat dynamics
of a house floor heating system connected to a ground
source based heat pump, constitute the basis for the
analysis given in this work. Here, we propose to es-
timate the state vector and the unknown parameter of
the considered model using an adaptive observer in
order to find a state feedback stabilizing the closed-
loop system using an H∞ approach to guarantee the
disturbance attenuation.

MODELIZATION OF A HEATING HOUSE
SYSTEM
The residential heating system described before, can
be modelled by the following statespace linear sys-
tem,

ẋ = Ax+Bu+ Ed+Df (5a)
y = Cx (5b)

where x =
[
Tr Tf Tw

]T is the state vector with
Tr is the room air tempreture, Tf is the floor tem-
perature, Tw is the water temperature in floor heating
pipes. u is the input vector which represent the power
used by the compressor in the heat pump Wc. y is the
output vector which corresponds to the room air tem-
preture Tr. d = φs is a disturbance vector with φs
is the solar radiation power. f is considered as an
unknown input which represents the ambient temper-
ature Ta. The matrices A, B, C, D and E are known
with constant values, given by:

A =


−(UA)fr−(UA)ra

Cp,r

(UA)fr

Cp,r
0

(UA)fr

Cp,f

−(UA)wf−(UA)fr

Cp,f

(UA)wf

Cp,f

0
(UA)wf

Cp,w

−(UA)wf

Cp,w



E =

 (UA)ra
Cp,r

0
0

 , D =

 1−p
Cp,r
p

Cp,f

0





B =
[
0 0 η

Cp,w

]T
, C =

[
1 0 0

]
The main objective in this work is to synthesize a
control law u = Wc, in order to minimize the ef-
fect of the unmeasured perturbation f on the error
between a setpoint reference temperature in the room,
called Tc by setting yc = Tc and the measured tem-
perature of the room given by y = Tr. This control
law is described by the diagram in the figure 2 and is
calculated into two steps as follows:

• First step The design of an observer to estimate
the state vector x and the unmeasured perturba-
tion f , considered as a fault, via a Kalman filter.
These estimates are called x̂ and f̂ .

• Second step Using the observer estimates, com-
putation of the gainsKx,KI andKf to generate
the control u.

To obtain an asymptotic convergence between the set-
point yc and the measure y, an integrator is added in
the control law. q and s are respectively the integra-
tion and the Laplace variable. In order to decrease
the effect of the perturbation f on the control law, the
estimate of this perturbation, f̂ is used in the control
law.
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Figure 2: Closed loop system

OBSERVER DESIGN
The purpose in this section is to design an observer
based on the Kalman filter, given in figure 2, in order
to estimate the state x and the perturbation f using
the measure y, the control u and the disturbance d.
Thus, we suppose that the ambient temperature varies
little bit slowly for a sufficiently long period of time,
that is to say that it can be considered constant, which
allow us to introduce the following artificial model

ḟ = 0 (6)

Then, equations (5) and (6) are equivalent to the fol-
lowing augmented system,

ξ̇ = Aξ + Bu+ Ed (7a)
y = Cξ (7b)

where ξ =

[
x
f

]
, A =

[
A D
0 0

]
, E =

[
E
0

]
and C =[

C 0
]
.

Before starting the design of the adaptive observer,
we have to check if the system (7) is detectable (the
matrices (A,C are detectable.) [15], which is the case
for the considered system by satisfying the following
rank condition

rank

sI3 −A E
0 sI1
C 0

 = 4 ∀s ≥ 0

Notice that for most of the dynamical systems, as the
heating building considered systems, the measure-
ments are not totally accessible. To have access to
all the states, the design of an observer becomes a
necessity.
To estimate the states and the unknown inputs of the
heating building systems modelled by equation (5),
we propose the following Kalman observer:

˙̂x = Ax̂+Bu+ Ed+Df̂ + Lx(y − ŷ) (8a)

f̂ = Lf (y − ŷ) (8b)
ŷ = Cx̂ (8c)

where x̂ and f̂ are respectively the estimates of the
states vector x and the unknown input f . Lx and Lf
are the observer’s gain.
Using the vector ξ, we rewrite the filter described by
(8) as follows

˙̂
ξ = Aξ̂ + Bu+ Ed+ L(y − ŷ) (9a)

ŷ = Cξ̂ (9b)

where L =

[
Lx
Lf

]
, is obtained as follows:

L = PoC
TR−1 (10)

with Po is the solution of the Ricatti equation [15]
described by:

APo + PoAT + PoCTR−1CPo +Q = 0

where R = RT > 0 and Q = QT > 0 given by:

Q = Q0 + µ2BBT



Q0 is an appropriate noise intensity corresponding to
the nominal Kalman filter gain, i.e for µ = 0. µ is
a positive scalar choosing with a high value. The
choice of this structure for the matrix Q is recom-
manded to improve the robustness of the filter [5],
[6].
Then, the design of the Kalman filter is based on the
choice of matrices Q and R, and the scalar µ.

OBSERVER-BASED FAULT TOLERANT
CONTROL
In this section, sufficient conditions of asymptotic
stability and H∞ criterion of the heating systems in
closed loop will be given under the action of an adap-
tive observer-based control. For that reason, we start
by introducing the following assumption:

Assumption 1

◦ The pair (A,B) is stabilisable.

Since only the estimates of the states x and the un-
known parameter f are available for the feedback
control, we propose the following fault tolerant con-
troller (see figure (2)):

u = uI − ux − uf (11)

where

ux = Kxx̂ (12a)

uf = Kf f̂ (12b)
uI = KIq (12c)

with q is defined by its following dynamics

q̇ = yc − y (13)

Let ρ and w be two vectors expressed as

ρ =

 xqex
ef

 and w =

 dyc
f

 (14)

where ex = x− x̂ and ef = f − f̂ .
Then, the closed-loop system, given by (5) and (12),
can be written as follows:

ρ̇ = Aρ+ Fw (15a)

z = Cρ+Gw (15b)

where

A =

A−BKx BKI BKx BKf

−C 0 0 0
0 0 A− LxC D
0 0 −LfC 0


(16a)

F =

E 0 D −BKf

0 I 0
0 0 0
0 0 0

 (16b)

C =
[
−C 0 0 0

]
G =

[
0 1 0

]
Then, the aim is to design a control law u which min-
imizes the impact of the vector w on the vector ρ. In
other world, to find gain matrices Kx, Kf and KI

such that the closed-loop system (5)-(12) is stable.
So, we propose to compute the gains Kx, Kf and KI

using an H∞ approach. The aim of calling the latter
approach is to guarantee a mapping from w to ρ with
an L2 gain attenuation less or equal to the scalar γ,
with γ > 0 called the level of disturbance attenua-
tion [4], [13],[2],[7], [17], and satisfies the following
criterion:

sup︸︷︷︸
w∈L2

‖ρ‖2
‖w‖2

< γ, ‖w‖2 6= 0

Let us consider the closed loop system described by
the equations (15), for which we apply the Bounded
Real lemma given in the appendix, we obtain the fol-
lowing result:PcA+A

T
Pc PcF C

T

F
T
Pc −γ2I3 G

T

C G −I

 < 0 (17)

The resolution of this inequality will permit to get
the gains matrices which will ensure the stability and
H∞ performance of the closed loop.

NUMERICAL RESULTS
We consider the following numerical values of the
different parameters used in the heating house sys-
tems:



Variable Value
Cp,r 810 kJ/◦C
Cp,f 3315 kJ/◦C
Cp,w 836 kJ/◦C
(UA)ra 28 kJ/◦C h
(UA)fr 624 kJ/◦C h
(UA)wf 28 kJ/◦C h
p 0.1
η 3

The resolution of the inequality (17), gives the fol-
lowing gains matrices:

Lx =

1.85591.5766
0.3287


Lf = 1.4142

Kx =
[
6.6951 26.198 5.1903

]
KI = 0.5

Kf = 0.56

with

Po =

0.92797 0.78832 0.16435 0.70711
0.78832 2.7024 0.55738 −4.73
0.16435 0.55738 31.53 −11.67
0.70711 −4.73 −11.67 4972.8



Q0 =

2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1



R = 0.5, µ = 100, γ = 526.97

and the Lyapunov matrix Pc is given by (18) in the
next page.

CONCLUSIONS
Based on a modelisation of energy consumption of
a given building in [9, 8], we proposed an observer
based control law in order to generate a control law
taking into account the environment effects repre-
sented by changes in ambient temperature and by ra-
diation from the sun. The adaptive observer makes
it possible to integrate into the control law, variables
which are not measured, by their estimation. In future
work, we intend to take into account several sources
of energy, as well as the user’s feel. This will require
defining objectives to optimize in order to take into

account the way energy is generated and the user’s
feels.

KEYWORDS Observer-based control, Fault toler-
ant control, Energy power systems, Heating house
systems, Linear systems.
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