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A Wasserstein norm for signed measures, with application to
non-local transport equation with source term

Benedetto Piccoli * Francesco Rossi ' Magali Tournus *

Abstract

We introduce an optimal transportation interpretation of the Kantorovich norm on the space
of signed Radon measures with finite mass, based on the generalized Wasserstein distance for
measures with different masses.

With this new interpretation, we obtain new topological properties for this norm. We use
these tools to prove existence and uniqueness for solutions to non-local transport equations with
source terms, when the initial condition is a signed measure.

Keywords. Wasserstein distance, Transport equation, Signed measures, Kantorovich duality.

AMS subject classifications. 28A33, 35A01.

1 Introduction

The problem of optimal transportation, also called Monge-Kantorovich problem, has been inten-
sively studied in the mathematical community. Related to this problem, Wasserstein distances in
the space of probability measures have revealed to be powerful tools, in particular for dealing with
dynamics of measures like the transport Partial Differential Equation (PDE in the following), see
e.g. [IL 2]. For a complete introduction to Wasserstein distances, see [22], 23].

The main limit of this approach, at least for its application to dynamics of measures, is that
the Wasserstein distances Wy,(u,v) (p > 1) are defined only if the two positive measures p, v have
the same mass. For this reason, the generalized Wasserstein distances W, 7b(,u, v) are introduced in
[19, 20]: they combine the standard Wasserstein and total variation distances. In rough words, for
Wy ’b(,u, v) an infinitesimal mass du of p can either be removed at cost a|du|, or moved from p to v
at cost bW, (dp, 0v). An optimal transportation problem between densities with different masses has
been studied in [7, 11], where only a given fraction m of each density is transported. These works
were motivated by a modeling issue: using the example of a resource that is extracted and that
we want to distribute in factories, one aims to use only a certain given fraction of production and
consumption capacity. In this approach and contrarily to the generalized Wasserstein distance [18],
the mass that is leftover has no impact on the distance between the measures 1 and v. In another
context, for the purpose to interpret some reaction-diffusion equations not preserving masses as
gradient flows, the authors of [12] define the distance Wb between measures with different masses
on a bounded domain. Further generalizations for positive measures with different masses, based
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on the Wasserstein distance and its Benamou-Brenier formulation, are introduced in [0} [15] [16]. See
[8] for a unifying framewok for unbalanced optimal transport.

Such generalizations still have a drawback: both measures need to be positive. In the present
paper we introduce a norm, parametrized by two positive numbers (a,b), on the space of signed
Radon measures with finite mass on R%. Such norm, based on an optimal transportation approach,
induces a distance generalizing the Wasserstein distance to signed measures. We then prove that
for (a,b) = (1,1) this norm corresponds to the extension of the so-called Kantorovich distance or
Bounded-Lipschitz norm (BL norm) for finite signed Radon measures presented in [13] in the dual
form

o= s [ (1)
[flloo <1, [IfllLip<1JRe
The first novelty brought by our paper is the statement of Theorem () and thus lies in the dual
interpretation of the BL norm in the framework of optimal transportation. This new formulation
enables us to prove new topological properties and characterizations of the BL norm.

The second main contribution of the paper is the statement of Theorem (2]) and lies in the use

of the (a,b) norm to guarantee well-posedness of the following non local transport equation

Oppue () + div (v[pe] (@) e () = hlpel (), pre=o() = po (), (2)

for z € R? and pg € M*(R?), hlu] € M*(R%), where M?*(R?) is the space of signed Radon measures
with finite mass on R%. Equation () has already been studied in the framework of positive measures,
where it has been used for modeling several different phenomena, such as crowd motion and cell
development in biology; see a review in [2I]. From the modeling point of view, one of the interests
of signed measures is that they can be used to model phenomena for which the measures under
study are intrinsically signed. For instance, in a model coming from the hydrodynamic equations of
Ginzburg-Landau vortices, the vortex density p; (which can be positive or negative depending on
the local topological degree) in a domain occupied by a superconducting sample satisfies (2 with
hlut] = 0, where v[u] is the magnetic field induced in the sample (see [3], [I7]).

Another motivation to study equation (2] in the framework of signed measures is the interpre-
tation of y; as the spatial derivative of the entropy solution p(z,t) to a scalar conservation law. A
link between scalar conservation laws and non local transport equation has been initiated in [5] 14],
but until now, studies are restricted to convex fluxes and monotonous initial conditions, so that the
spatial derivative p; is a positive measure for all ¢ > 0. To deal with generic scalar conservation
laws, one needs a space of signed measures equipped with a metric of Wasserstein type, see e.g. [4].

Motivated by Ginzburg-Landau vortices, the authors of [3] suggested to extend the usual Wasser-
stein distance Wj to the couples of signed measures g = ™ — p~ and v = v~ — v~ such that
It +|v| = |u~ |+ |vT| by the formula Wy (u, v) = Wi (u™ +v~, u~ +v). This procedure fails for
p # 1, since triangular inequality is lost. A counter-example to the triangular inequality is provided
in [3] for d =1 and p = 2: taking u = dg, v = 4, § = 61 — 02 + J3, we obtain Wa(u, ) = 4 whereas
Wa (s, 1) + Wa(n,v) = V2 + V2.

We use the same trick from [3] to turn the generalized Wasserstein distance W' * into a norm
for signed measures, by setting

] = W (i) = sl oy (@ (™ =l 4 = 21) + 01 (@, 2))
liil=17|
where p*, u~ are any positive finite measures such that p = pu™ — p=, and where || is the total
variation of u For the reason mentioned above, this construction only defines a norm for p = 1.



Notice that we need to restrict ourselves to Radon measures p with finite mass.
The regularity assumptions on the vector field and on the source term are the following:

(H-1) There exists K such that for all u,v € M*(R?) it holds
o] = v[V]lleorey < Kllp— v (3)
(H-2) There exist L, M such that for all z,y € R?, for all u € M*(R?) it holds
olpl(z) —vlpl()| < Ll —yl,  |olul(z)] < M. (4)

(H-3) There exist @, P, R such that for all j, v € M*(R%) it holds

1hlp] = R < Qu—vI|™*,  [B[u]] < P, supp(hlu]) C Bo(R). (5)
The main results of the paper are the following.

Theorem 1 (Kantorovich formulation for the BL norm). For u € M?*(R9),

1,1 . + = - - .

= = inf — 7 + — v+ Wi(n,v)),

lellr = Nl = inf (In™ =0l + |p~ = 2|+ Wi(7,7))
I7]=7|

where put, u~ are any measures of M(R?) such that = pt — u~.

Theorem 2 (Existence, uniqueness and stability in (M*(R?), ||.||*?)). Let v and h satisfy [(H-1)}
and po € M*(R?) compactly supported be given. Then, there exists a unique distribu-
tional solution to @). In addition, for po and vy in M*(R?), denoting by p; and vy the corresponding
solutions, we have the following property fort € [0,1] of continuous dependence with respect to initial
data:

e = v < o — vol|“ exp(Kit),  Ki = 2L+ 20K (P + min{|pol, [vo]}) + Q,
the following estimates on the mass and support:
el < ol + Pt,  supp{yuy C B(O,R' +tM) for R such that (supp{jio} U Bo(R)) C Bo(R).
Moreover, the solution is Lipschitz in time:

b < Kyr, Ko=aP +bM(P+ |ugl), 7>0, t+7<1.

7 — pae

Remark 3. We emphasize that the assumptions are incompatible with a direct inter-
pretation of the solution of ([2)) as the spatial derivative of a conservation law and need to be relazed
mn a future work. Indeed, to draw a parallel between conservation laws and non-local equations,
discontinuous vector fields need to be considered.

The structure of the article is the following. In Section 2l we state and prove results of measure
theory, which are needed for the rest of the paper. We also recall the definition of generalized
Wasserstein distance. In Section B we to define the norm | - [|*® on the space of signed Radon
measures with finite mass. We state a Kantorovich-Rubinstain type duality for this norm, which
proves Theorem [[l We end Section [ by proving some topological properties for this norm. Section
@ is devoted the proof of Theorem 2



2 Measure theory and the Generalized Wasserstein distance

In this section, we introduce the notations and state preliminary results. Throughout the paper,
B(R?) is the space of Borel sets on R?, M(R?) is the space of Radon measures with finite mass (i.e.
Borel regular, positive, and finite on every set).

2.1 Reminders on measure theory
In this section, p and v are in M(R?).
Definition 4. We say that
o u<<vifVAc B(RY, (v(A) =0) = (u(A) =0)
o u<vifvVA € B(RY), u(A) <v(A)
o 1 L v if there exists E € B(R?) such that u(R?) = u(E) and v(E) =0

The concept of largest common measure between measures is now recalled.

Lemma 5. We consider p and v two measures in M(R?). Then, there exists a unique measure
A\ v which satisfies

uAv<p, pAv<v, <pandn<v)=n<pAv. (6)

We refer to p A v as the largest common measure to p and v. Moreover, denoting by f the Radon
Nikodym derivative of p with respect to v, i.e. the unique measurable function f such that p =
fv4+vy, withv, 1 v, we have

pwAv=min{f,1}v. (7)

Proof. The uniqueness is clear using ([@). Existence is given by formula (7)) as follows. First, it is
obvious that min{f, 1} < v and using p = fv + v, it is also clear that min{f, 1}v < u. Let us
now assume by contradiction the existence of a measure 7 and of A € B(R?) such that

n<m n<v n(d)> [ mingf (®)
A
Since v, L v, there exists E € B(R?) such that v(R?) = v(E) and v, (E) = 0 (see Definition

M), then v(A) = v(ANE) and v, (A) = v, (AN E°). Since n < v, we have n(A N E°) = 0, thus
n(ANE)=n(A), and using (8]

n(ANE) > /AﬂEmin{f,l}dy.

We define
B=AnEN{f>1}

Then
n(B) +n((ANE)\ B) =n(ANE)
> /AmE min{ f, 1}dv(z)
= / min{ f, 1}dv(z) + / min{ f, 1}dv
(ANE)\B
/ v+ /AmE N\B

B)+ u((ANE)\ B)

4



which contradicts the fact that both n < v and n < p. This implies that n satisfying (8) does not
exist, and then Lemma [B] holds. O

2.2 Signed measures

We now introduce signed Radon measures, that are measures p that can be written as p = p — p—
with o, u— € M(R?). We denote with M*(R?) the space of such signed Radon measures.

For € M*(R?), we define |u| = |pf |+ |p! | where (u, u?) is the unique Jordan decomposition
of p, ie. p=pl —p? with pf L u?. Observe that |u| is always finite, since u, u? € M(R?).

Definition 6 (Push-forward). For u € M*(R?%) and T : R? — R? a Borel map, the push-forward
T#u is the measure on R? defined by T#u(B) = w(T~Y(B)) for any Borel set B C R,

We now remind the definition of tightness for a sequence in M?*(R9).

Definition 7 (Tightness). A sequence (fin)nen of measures in M(R?) is tight if for each € > 0,
there is a compact set K C R% such that for all n > 0, u,(R4\ K) < . A sequence (fin)nen
of signed measures of M*(R?) is tight if the sequences (i )nen and (i Jnen given by the Jordan
decomposition are both tight.

For a sequence of probability measures, different notions of weak convergences are equivalent. It
is not the case for signed measures and we precise here what we call narrow and vague convergence.
In the present paper, C°(R%;R) is the set of continuous functions, Cg([Rd; R) is the set of bounded
continuous functions, and C2(R?; R) is the set of continuous functions with compact support on R<.

Definition 8 (Narrow and vague convergence for signed measures).

A sequence (in)nen of measures in M*(R?) is said to converge narrowly to p if the following holds:
for all p € CYRER), [a o(x)dpn () = [ga o(2)dp(z).

A sequence (in)nen of measures in M*(R?) is said to converge vaguely to u if the following holds:
for all ¢ € CHRER), [y pl@)diin(w) — fra olw)dp().

Lemma 9 (Weak compactness for positive measures). Let p,, be a sequence of measures in M(R?)
that are uniformly bounded in mass. We can then extract a subsequence figp) such that pug)
converges vaguely to ju for some p € M(R?).

A proof can be found in [10, Theorem 1.41]. Notice that in [10], vague convergence is called
weak convergence. In [I3] 22] however, weak convergence refers to what we define here as narrow
convergence. Notice that if a sequence of positive measures p,, converges vaguely to pu and if (g, )n
is tight, then pu, converges narrowly to u.

2.3 Properties of the generalized Wasserstein distance

In this section, we recall key properties of the standard and generalized Wasserstein distance. For
more details on these topics, see [22], 20].

Definition 10 (Transference plan). A transference plan between two positive measures p and v of
same mass is a measure m € M(R?, R?) which satisfies for all A, B € B(R?)

(A x RY) = pu(4), 7(R*x B) =v(B).



Note that transference plans are not probability measures in general, as their mass is |u| = |v/,
the common mass of both marginals. We denote by II(x, ) the set of transference plans between p
and v. The p-Wasserstein distance for positive Radon measures of same mass is defined for p > 1
as

W)= (_amin [ o= yanan)’
R4 x Rd

mell(p,v)

It was extended to positive measures having possibly different mass in [19] [20], where the authors
introduce the distance W' * on the space M(R?) of Radon measures with finite mass. The formal
definition is the following.

Definition 11 (Generalized Wasserstein distance [19]). Let u, v be two positive measures in M(R?).
The generalized Wasserstein distance between pn and v is given for p > 1, a >0 and b > 0 by

1/p

Wb (u, 1) = inf  aP(|pu— f| + v — )P + bPWP (i, v . 9
(1, v) e (I = al + v = 7)) 5 ([, ) 9)
lal=|7

Proposition 12 (Scaling and dilation formulae for the generalized Wasserstein distance). Consider
a>0 and b >0 and let p,v be two measures.

1. The following scaling formula holds for p > 1

Aa,\b _ a,b
Wy, v) = AW (p,v), - A > 0. (10)

2. Define Dy : x — lx with £ > 0 the dilation in R™, then it holds

Wi (Dot Degtv) = Wi (. v). (11)
Proof. The first statement is directly deduced from Definition [[Il For the second statement, define
€)= al = il + 1y = 1) b [ |o — yldn(z.p)
where 7 is a transference plan in II(f, 7). It holds

C“Y(Dy#tfi, Do, (De x D)#m Dy, Deghv)
= a(|De#p — Do) + |De#v — Dy#0|) + b/ |z —y|d(Dy x Dp)m(z,y),

=a(lp—pl+v -7+ b/ |t — Lyl dn (2, y) = C** (1, 7, 7 p, v).

As a consequence, ([[I]) holds. O
Notice that the first statement of Proposition [12] implies in particular that

b Y a a,
7b e 7b —_—
H/; = _b/ [/L;)l 5 fOT g = —b/. (12)
The following lemma is useful to derive properties for the generalized Wasserstein distance.

Lemma 13. The infimum in Q) is always attained. Moreover, there always exists a minimizer
that satisfy the additional constraint it < u, v < v.



The proof can be found in [19].

For f € CY(R%R), we define

[flloe = sup [f(@)],  [Ifllzip = sup M
2R sty T =Yl

We also denote by C2""7(R%; R) the subset of functions f € CO(R?; R) for which it holds || f]| i, < +o0.
The following result is stated in [20, Theorem 13].

Lemma 14 (Kantorovitch-Rubinstein duality for VVl1 Y. For p, v in M(R?), it holds

1,1 i
W) =su{ [ ol v)i ¢ € QO ol < 1 ol <1}

Lemma 15 (Properties of the generalized Wasserstein distance). Let u,v,n, p1, p2, v1,v2 be some
positive measures in M(R?). The following properties hold for p > 1, a >0 and b > 0

1 Wl + pay v+ v2) < Wl (ua, ) + Wi (o, 1),
7b ,b
2. Wi (uw+n,v+n) =W (p,v).

Proof. The first property is taken from [19, Proposition 11]. For a = b = 1, the second statement
is a direct consequence of the Kantorovitch-Rubinstein duality in Lemma [T4] for I/Vl1 1. For general
a >0, b > 0, we use the results of Proposition Indeed, also applying Kantorovich-Rubinstein
for VVll’1 and setting @’ = 1,0 = ¢ = g, it holds

a 172
W (e +n,v +n) = aWy " (u+n,v +n) = aW" (Di#tu + Degtn, Dedtv + Digtn) =
172 a
= aW{ (D, D) = aWy ' (p,v) = WP (u,v).
O

Definition 16 (Image of a measure under a plan). Let y and v two measures in M(R?) of same
mass and 7w € I(p,v). For n < pu, we denote by f the Radon-Nikodym derivative of n with respect
to p and by ¢ the transference plan defined by my(x,y) = f(x)n(x,y). Then, we define the image
of n under ™ as the second marginal ' of 7y.

Observe that the second marginal satisfies 7’ < v. Indeed, since n < pu, it holds f < 1. Thus,
for all Borel set B of R? we have

7' (B) = m;(R? x B) < n(R? x B) = v(B).

3 Generalized Wasserstein norm for signed measures

In this section, we define the generalized Wasserstein norm for signed measures and prove Theorem
@.

Definition 17 (Generalized Wasserstein distance extended to signed measures). For p, v two signed
measures in M?*(R?), we define

b b
W (s v) = Wi (g + v, pe + ),

where piy, u_, vy and v_ are any measures in M(RY) such that = py —p_ and v =v, —v_.



Proposition 18. The operator \\/\/Cf’b is a distance on the space M*(RY) of signed measures with
finite mass on R?.

Proof. First, we prove that the definition does not depend on the decomposition. Indeed, if we

consider two distinct decompositions, p = py — p_ = ,uq]_ —pl and v = vy —v_ = Vj{_ —v_7,

with the second one being the Jordan decomposition, then we have (ui + v_) — (uf +v?) =
(u— +vs) — (02 +vl), and this is a positive measure since puy > pf and vy > v/. The second
property of Lemma [I5] then gives
b
WP (]l + vl w4 vl) =
b
Wi (] + v+ (g +vo) = (el +v?)wl vl + (ue +vg) = (] +v])) =
Wla’b(MJr +vo, pe +vg).
We now prove that ch’b(,u, v) = 0 implies p = v. By choosing the Jordan decomposition for
both 1 and v and observing that Wla’b is a distance, we obtain uy +v_ = pu_ + vy, thus p=v.
We now prove the triangle inequality. We have W‘f’b(u,n) = VVla’b(/ur +n_,pu— +n4+). Using
Lemma [I5] we have
b b
WY (s m) = W2 (g - v Fvo e+ 0y + vy o)
b b
S WP (g +ves pe +vg) + WP (- +vg g +vo)
b b
=Wy (s v) + W17 (v, m).

[
We also state the following lemma about adding and removing masses.
Lemma 19. Let i, v, 1, i1, 2, 1, v be in M*(R%), then the following properties hold
7b ,b
o Wi'(p+mn,v+n) =W (u,v),
b b b
o Wi (1 + p2, v+ v2) S W (n, 1) + WP (2, ).
Proof. The proof is direct. For the first item, it holds
7b ,b
Wi (v +m) = WP (g o]+ oo 0] v+ ne + [ue +0-))
b
= W (g +vo 4 g+ n-lvg + pe + [0y +0-])
which by Lemma [T3] is equal to Wla’b(,u+ ‘v pu_ +uy)= W‘f’b(,u, V).
For the second item, it holds
b b
W7 (1 + po, 01 +v2) = Wi (i + pot +vi— +vo— v +vay + pa— + p2 )
b b
S W (i1t + v vt + o =) + W (2 + v, va e + g,
= WP (u1, 1) + Wi (2, v2),
where the inequality comes from Lemma [I5l O

Definition 20. For y € M*(R%) and a > 0, b > 0, we define

b b
%P = WP (1, 0) = Wi (p, ),

where py and p_ are any measures of M(R?) such that pn = iy — pi_.



It is clear that the definition of ||u||*® does not depend on the choice of y, , i as a consequence
. a,b
of the corresponding property for W,;"".

Proposition 21. The space of signed measures (M?*(R?), ||.||*?) is a normed vector space.

Proof. First, we notice that ||p|%® = 0 implies that Wla’b(qu,M_) = 0, which is g4 = p— so that
= iy — pi— = 0. For triangular inequality, using the second property of Lemma [I9] we have that
for p1,m € M*(R?),

7b 7b 7b 3 5
i+ ml|** = WP (417, 0) < WP (11, 0) + W (0, 0) = [[al]™® + [l .

Homogeneity is obtained by writing for A > 0, [|Au[|*? = W‘f’b(/\,u,()) = Wla’b(/\m,)\u_) where
= piy — pi—. Using Lemma [I4] combined with Definition [IT] and the notation of Proposition [12] we
have

b

a 1,2
W e, M) = aWy" (A, M)
= W (Du#Ney, Do )

—asw{ [ o d Dyt D) o € O gl < Lol <1}

— Aasup {/[R @ d (Dutns, Dattn) s ¢ € oM lplloe < 1, flpllzip < 1}
= AW (g, o).

O

We provide here an example that illustrates the competition between cancellation and trans-
portation. This example is used later in the paper.

Example 22. Toke p = 6, — 9. Then

il = Wi0s0,) = inf | {a(162 = i + 18, = 71) + 0Wi (i, )}

Using Lemma [13, the minimum is attained and it can be written as fi = €0, and U = €d, for some
0<e<1. Then
a,b .
b = min {2a(1 — €) + be|z — y|} .
I = gmin {2001~ ) + belz — o1}

The minimizers depend on the distance between x and y. For blz — y| < 2a, the minimum is
attained for e = 1 and ||u||*® = blz — y|. In that case, we say that all the mass is transported. On
the contrary, for blx —y| > 2a, the minimum is attained for € = 0 and ||u||*® = 2a, and we say that
all the mass is cancelled (or removed). For b|lx — y| = 2a, we can both transport and cancel.

3.1 Topological properties

In this section, we study the topological properties of the norm introduced above. In particular,
we prove that it admits a duality formula, that indeed coincides with (Il). We first prove that the
topology of ||.|[** does not depend on a,b > 0.

Proposition 23. For a >0, b > 0, the norm ||.||*° is equivalent to ||.|[**.



Proof. For € M*(R?%) denote by (mib, m™®") the positive measures such that

|a,b a,b)

b b
1l = alpg — 3|+ alu — m®| 4 bWy (m%?m

9

and similarly define (m}i_l, mb? ). Their existence is guaranteed by Lemma [I3] By definition of the

minimizers, we have

| by

=alpy — mi’b| +alp_ —m®?| + le(m'fr’b,m_
- 11 1,1 1111 1,1
< alpy — LY+ alpi_ — m 4 bW (e, mbY) < max{a, b}l

irg

In the same way, we obtain
min{a, b} "' < [|ul|” < max{a, b} |||
O

We now give an equivalent Kantorovich-Rubinstein duality formula for the new distance. For
f € CY(RLR), similarly to CO(RY; R), we define the following

1lloo = sup [F@), [ fllzip = sup L& =W

z€ERY THY ’ - y’

and we introduce

C)M = {f € CQRER) | | fllLip < 00}

In the next proposition, we express the Kantorovich-Rubinstein duality for the norm W}’l. This
shows that Wi’l coincides with the Bounded Lipschitz norm introduced in [13], also called Fortet
Mourier distance in [23].

Proposition 24 (Kantorovitch-Rubinstein duality for W%’l). The signed generalized Wasserstein
norm, ||.||%! coincides with the bounded Lipschitz norm: for p in M*(R%), it holds

i =sup{ [ o s o € P ol < 1 ol < 1}

We emphasize that Proposition does not coincide with Lemma [I4] since it involves non-
compactly supported test functions.

Proof. By using Lemma [I4] we have

Il = W5 =sun { [ dois o € €Ol < Ly < 1.

We denote by

0,L3
s=sup{ [ o dui o€, ol < 1.l < 1}

First observe that S < +o0. Indeed, it holds [ps ¢ dp < [¢||oc || < 400. Denote with ¢, a sequence
of functions of CS’L”’ such that f[Rd wn dup — S as n — oco. Consider a sequence of functions p,, in

10



cIHP guch that pn(z) = 1 for z € By(n), pn(x) = 0 for z ¢ Bo(n + 1) and ||pp|lcc < 1. For the
sequence ¥, = onpy, of functions of COXP it holds

/[Rdwndu—S‘é /[Rd(wn—son) du‘+'/wcpndu—5'

<2 / dp / O dp — S‘
R\ By (n) Rd

since ||¢nlleo < 1. The first term goes to zero with n, since p being of finite mass is tight, and the
second term goes to zero with n by definition of S and ¢,,. Then

+

s=sup{ [ o du 0Pl < 1l <1}

and Proposition 24] is proved. O

This proves Theorem ([II). In the rest of the section, we state topological properties for the norm
.[].

Remark 25. We observe that a sequence i, of M*(R) which satisfies ||pu,||*® — 0 is not neces-
n—oo

sarily tight, and its mass is not necessarily bounded. For instance, we have that
Up =0p — 0, 1

is not tight, whereas it satisfies for n sufficiently large

b
@0 == - 0.

2]
n n—oo

See Example [22 for the details of the calculation. Now take the sequence

fn=md1 —nod

1.
nZ T n2

As explained in Fxample[22, depending on the sign of 2a— %, we either cancel the mass or transport

2

it. For n large enough, 2a > =3, so we transport the mass. Thus for n sufficiently large it holds

2bn
ab = — — 0
n2 n—oo

”ﬂn

whereas || = 2n is not bounded.

Remark 26. Norm |.||'! does not metrize narrow convergence, contrarily to what is stated in [13].
Indeed, take p, = 5\/27m+% — 5\/27m+t . We have

™

3
2

/ / 3
27m+g— 27m+§

even though for ¢(z) = sin(z?) in C)(R), we have

il < — 0,

n— oo

/gpd,un:2, n € N.
R

11



Remark 27. We have as a direct consequence of Proposition [2) that

0,L3
i = pll*® = 0 = Vel (R, /

g pdin = /[R du. (13)

However, the reciprocal statement of ([I3)) is false: define

fin i= 1 cOS(NT)X[0,7]-
For
P = cos(nx),
it is clear that
i T
/ On Ay, = / cos?(nx) dr = = 4 0.
R 0 2

In particular,

I T
pec, P (R) /R 2

hence by Proposition [24, ||, — O|| > 5 does not converge to zero. We now prove that, for each ¢
in C’g’L’p( ), it holds [ dp, — 0. Gwen € CO LI(R), define

) e o(—x),  when z € [—m,0],
f(@): {90(:17), when z € [0, 7],

and extend f as a 2mw-periodic function on R. We have

/wdunz/fdun-
R R

Since f is a 2mw-periodic function, it also holds [ f du, = na,, where a, is the n-th cosine coefficient
in the Fourier series expansion of f. We then prove na, — 0 for any 2mw-periodic Lipschitz function
f, following the ideas of [24, p. 46, last line]. Since f is Lipschitz, then its distributional derivative
is in L®[—m, 7] and thus in L'[—m,7]. Then

b/
7’L

1

ap = —
2

f( ) cos(nx) d. 2n7r/ f'(z) sin(nz) dz

where bl is the n-th sine coefficient of f'. As a consequence of the Riemann-Lebesgue lemma,
b, — 0, and this implies na, — 0.

We recall from [20] that the space (M(R%), W, ’b) is a complete metric space. The proof is based
on the fact that a Cauchy sequence of positive measures is both uniformly bounded in mass and
tight. This is not true anymore for a Cauchy sequence of signed measures.

Remark 28. Observe that (M?*(R%),|.]|*?) is not a Banach space. Indeed, take the sequence

n

pn =3~ (B =0y )

1=1

12



It is a Cauchy sequence in (M*(R?),|.|%%): indeed, by choosing to transport all the mass from
wh + Popis, ONLO u:Jrk + p,, with the cost b, it holds

n+k
W (,U'nn“'n-l-k’ < 2b Z 5 <20 Z 9i n—>oo
i= n+1 i=n+1

However, the sequence (1), does not converge in (M?*(R9),||.]|*?). As seen in Remark[Z7, the
convergence for the norm ||.|** implies the convergence in the sense of distributions. In the sense

of distributions we have
+oo

o = =) (%; - 5i—2—1i) & M(R).

i=1

Indeed, for all ¢ € C°(R), since ¢ is compactly supported, it holds

[t e —a@n = 3 (s (i+2) (- 2)) 20

i=n+1
The measure p* does not belong to M*(R), as it has infinite mass.
Nevertheless, we have the following convergence result.

Theorem 29. Let pu, be a Cauchy sequence in (M*(R?),|.||*®). If un is tight (in the sense of
Definition[7) and has uniformly bounded mass, then it converges in (M?*(R%),|].|*").

Proof. Take a tight Cauchy sequence (pi,), € M?*(R?) such that the sequences given by the Jordan

decomposition |uf| and |u,, | are uniformly bounded Then by Lemma [0, there exists pu* and pu~

in M(R?) and ¢; non decreasing such that, ,ugo1 (n) o ut vaguely. Then, |u, | being uniformly
n [e.9]

bounded, there exists @2 non decreasing such that for ¢ = 1 o 9 it holds
,u;(n) e u- vaguely.

Since ) and p;,; are assumed to be tight, the sequences ,u;(n) and ,u;r(n) also converge to pu~ and
+ 1 avb + + avb - —

p™ narrowly, and it holds W (uw(n), w) o 0 and W} (uw(n), wo) S 0, due to [19] Theorem

13]. We then have

lptn = (= )™ <llptn = sy 1P + iy — (0 — )|
< lpn — ,“go(n)Ha’b + Wlmb( ;(n) + ,“_n“;(n) + ,“+)
< Hﬂn - Ngo(n)”a’b + W ( Hopnyr P ) W ( Hon) ) — 0.

n— oo

Here, we used the fact that (i), is a Cauchy sequence. O

We end this section with a characterization of the convergence for the norm. If a sequence p,, of
signed measures converges toward p € M*(R?), then for any decomposition of y, into two positive
measures fi, = i — ., (not necessarily the Jordan decomposition), we have that each pu., p, is
the sum of two positive measures: m;!, zf{ and m.,, z, , respectively. The measures m;} and m,, are
the parts that converge respectively to u* and p~. Both m; and m,, are uniformly bounded and
tight. The measures z, and z,, are the readual terms that may be unbounded and not tight. They

compensate each other in the sense that Wi" (z,ir , z, ) vanishes for large n.
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4 Application to the transport equation with source term

This section is devoted to the use of the norm introduced in Definition 20l to guarantee existence,
uniqueness, and stability with respect to initial condition for the transport equation (2)). We denote
the set of test functions (i.e. C'°° with compact support) on a given space X by D(X).

Definition 30 (Measure-valued weak solution). A measure-valued weak solution to [2) is a contin-
uous map with respect to the weak-* topology of measures (i.e p € C°([0,1]; M*(R?)) such that for
all p € D([0,1) x R?) it holds

1
/ dt/ (dpe(Opp(t, ) + vlpe] - Veo(t, x)) + dhlpu] w(t,x))Z—/ dpoe(0, ). (14)
0 Rd R4

Equivalently, p satisfies pri—o = pio and for all ¢ € D(RY) it holds

@ s0) = o] - V@) + {hli ), (15)

where

) = [ pla)da(a).

The equivalence of definitions is classical, see e.g. [2, Chap 8]. We will also use the following
classical fact: for p; solving the transport equation with source (2l), any interval [t1,%2] C [0,1) and
all ¢ € D([t1, 1] x R?), it holds

/ at / (@ (t.2) + ol - Vip(t.) + bl o6.2) = [ dupltan) = [ dpltn)
(16)

4.1 Estimates of the norm under flow action

In this section, we extend the action of flows on probability measures to signed measures, and state
some estimates about the evaluation of ||u|%® under a flow action on p. Notice that for p € M?*(R?)
and T a map, we have T#u = T#pu" — TH#p~, where p = p* — p~ is any decomposition of p.
Observe that in general, given u € M?*(R%) and T : R? — R? a Borel map, it only holds

\THp| < |ul, (17)

even by choosing the Jordan decomposition for (u™, u ™), since it may hold that T#u™ and T#pu~
are not orthogonal. However, if T is injective (as it will be in the rest of the paper), it holds

TH#p" L T#p~, hence |T#u| = |ul.

Lemma 31. For v(t,z) measurable in time, uniformly Lipschitz in space, and uniformly bounded,
we denote by ®} the flow it generates, i.e. the unique solution to

d
—® =o(t,9), @=L

Given pg € M*(R?), then, pu; = DY H# o s the unique solution of the linear transport equation

0
etV (v(t, z)pue) = 0,
Hit=0 = Ho

in C([0, T], M* (R)).
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Proof. The proofis a direct consequence of [22] Theorem 5.34] combined with [6l Theorem 2.1.1]. O

Lemma 32. Let v and w be two vector fields, both satisfying for all t € [0,1] and z,y € R? the
following properties:
l(t,z) —v(t,y)| < Llz—yl,  |v@t,z)| < M.

Let pi and v be two measures of M*(R?). Then
o [|F#u]*" < e

o |lp—®Y#p|™® < bt M|y,
Lt_l
o | @Y H#u — &P Hu| > < blul TR o — w] oo o1 oy
. Lt_l
o [|@pHu — B #V||Y < P — v]|*® + b minf|ul, [v]} T o — W] e o.1: 0y

Proof. The first three inequalities follow from [20, Proposition 10]. For the first inequality, we write

DY 4|0 = Wi (DY 4™, DY)
< MW (ut,uT) by [20, Prop. 10]

= el

For the second inequality,

e = @ #0 = WPt + S, ™ + Q™)
< Wbt &V #put) + Wi (™, dY#u~)  (Lemma [5)
<btlleo(|pT|+|p"]) by [20, Prop. 10]
= bt [[v]l Lo (0,1; comy) Il since p = p™ — p” is the Jordan decomposition.

The third inequality is given by

|7 #p — D H ]| ™0 = WP (R H ™ + @i, O ut + DY)
< WP (Dt OP ™) + WP (@™, OV #pT)
< b (W (Ry#u", P #u™) + Wi(@P#p ™, OV #p17))
+ NG
<b (|| + [ DTHU — wll| oo (0,1; cO(R))

by using [20, Prop. 10] with p = v.
The last inequality is deduced from the first and the third ones using triangular inequality. [

4.2 A scheme for computing solutions of the transport equation

In this section, we define an approximation scheme for solutions to ([2)). This will be useful to prove
existence of solutions. We then prove Theorem

Fix po € M*(R?) such that supp(ug) C K, with K compact. Let v € COLP(M*(RY), COLP(RD))
and h € COLP(M3(R?), M*(R?)) satisfy [H-DH(H-2)HH-3)] We now define a sequence (uf); of
approximated solutions for (2)) through the following Euler-explicit-type iteration scheme. For sim-
plicity of notations, we define a solution on the time interval [0, 1] only.

15



SCHEME

1
Initialization. Fix k € N. Define At = o Set uf = po.

Induction. Given uf,, for i € {0,1,...,2% — 1}, define v}y, := v[uf,,] and

vk . . .
pt = @80 #uiag + (E— iADR[],  t € [IAL (i + 1)Ad). (18)

Remark 33. The flow ®y_;as encodes the transport part Oypu+div (vp) = 0 while (t —iAt)h encodes
the reaction Oy = h.

We now prove equi-Lipschitz continuity of the sequence (1f),. We also define the following
sup-norm on curves in C°([0, 1], M*(R?)) by writing
|a,b

[pll :== sup [|p
te(0,1]

Proposition 34. The sequence (uf)x € CO([0,1], M*(R?), ||.||) is equi-Lipschitz with respect to time,
i.e. there exists L' = aP 4+ bM (P + |uo|) independent on k such that for all t,s € [0,1] it holds

ik — k]| < L't — 5. (19)
Moreover, the sequence is uniformly bounded in mass and compactly supported, i.e.
Wb < Pt luol,  supp{u} € BO,R + M) (20)
for R’ such that (supp{uo} U Bo(R)) C Bo(R').

Remark 35. Estimates [20) are expected at the discrete level from the PDE () with the assump-
tions |(H-1), |(H-2), |(H-3). Indeed, the transport part preserves mass, while the reaction term gives
a mass growth that is at most linear. Likewise, the support estimate is expected from the PDE since
h has support in Bo(R) (no mass created out of this ball) and transport cannot expand the support
with a speed faster than |v] < M.

Proof. We first prove (20). The sequence built by the scheme satisfies
uf| < Pt+ |uol, ¢ € 0,1], (21)

where P is such that |h[u]| < P by [(H-3)] Indeed, it holds directly from (I8) and from that

k Viney  k k k
[Wiryatl S ARAT #rind + Atlh[puind| < [1iad + AtP,
then by induction on i (for k fixed), we have
ltinl < Pit+ |puol- (22)

Thus for ¢ € [iAt, (i + 1)At], using again ([I8) and |(H-3)]

vk

f | < 1@, 5 A piadl + (8= A hlpia ]l < |ifagl + (E = iAO)P < |po| + Pt

using (22) for the last inequality. This proves the first estimate of (20), as ¢ < 1. We now prove the
second statement of (20)). First observe that supp{u} = supp{u*} Usupp{u~}, where (u, ™) is
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the Jordan decomposition of pu. Choose K such that supp{uo} € K and use (I8]) and |(H-2)H(H-3)]

to write
supp{pt’} € Ko,n1,k,
with
Kivg:={r€RY z=axp+a, xxcr € KUBy(R), ||2'|| <tM}.
Take now R’ such that K U By(R) C By(R'). Then, it holds K arr C B(0,R + tM). Again by

recalling ¢ < 1, we have the second statement of (20).
We now prove that (uf);, is Lipschitz with respect to time. We have two cases:

e Let t,s € [iAt, (i + 1)At] for some i € {0,1,...,2%¥ — 1}. By applying ([J), the triangular
inequality and Lemma B2 we have
k K . .
g = 1™ < 1R S # ae — DSt piadl ™ + [[(E = iADRluiA] — (s — iADR[ua ]|
k
1940 # 0 — v |0+ |8 — $)hlpiad + v — vo|*
[t — s[bM]v1] + alt — s| [hlufal]] < [¢ = s|(OM|pia ] + aP)
|t = s|(bM(Ps + |pol) + aP),

<
<

k
where v; = @80 #uby, and vy = (s — iAt)h[uF,,]. Recall that s € [0,1] and observe that
this implies Lipschitz continuity on [iAt, (i + 1)At].

e Choose now any t,s € [0,1] and assume ¢t < s with no loss of generality. Then choose
i,7 €{0,1,...,2F — 1} the unique indexes so that

INE<t<(i+1)At<...<(j—1At <s < jAL

By applying triangular inequality and the estimate of the previous case on each term, it holds

k_ kjab k_ ok b k k b k kija,b
g = w17 <Ml = Gy adl ™ + lGayae = #argadl™ + - luGnyae = #sll®

< L(G+DAt—t+ (i +2)At— (i + DAL+ ...+ 5s— (j — 1)At) = L' (s — t).
This proves uniform Lipschitz continuity. O

We now prove that ,uf is an approximated solution of (2]).

Proposition 36. There exists L" such that, for each k and ¢ € D([0,1) x RY) satisfying

|’90(t7 )”OO <1, ”(p(t, ')”Lip <1, fO’I” all t € [07 1]7 (23)

it holds

/01 dt /[Rd <duf(8tcp(t,.) +oluf] - Veo(t, ) + dhluy] (p(ty.)) +/

R

"

Jdnosl0)] < 32

Proof. By using the formulation (I8]), for each interval [iAt, (i+1)At] and ¢ € D([iAt, (i+1)At]xR?)
it holds

(i+1)At U[uk ] L L
[0 [ a0t ) + oluad - Telt) =
1AL

olut , ‘
/[R,d A0 2 by (i 1AL ) — /R L duingp(iAt, )

17



and

(i+1)At
/ T / (d((t — A hbad ) @rsplt, ) + dhlufad o(t:-) ) =
Rd

1At
/ At hludy el + DAL ~ [ dogline, )
R Rd

By adding on both sides and recalling the definition of x* in (I, it holds

(i+1)
/ . /R (dutorett, ) + da; VR s s - Vip(t, ) + dhluba ] ot ) =
1At

/ d“](giﬂ)At‘P((“'l)Ata')—/ dpiin o (IAL, ).
R4 R4

Recall that p; = @, [’iﬁg]#ufm + (t — iAt)h[uky,] and sum all terms i = 0,...,2% — 1. By recalling
that ¢(1,-) = 0, we have

2F—1 (i+1)A

Z dt/ dpy (Dpp(t, ) + vluiag] - Vep(t, ) + dhfin,] so(t,-)) =
2F-1 (i+1)At

-y /A dt /[R (t — AR vliba] - Vi(t, ) — /[R dpiop(0, ). (25)
i—0 JiAt d d

Recall that ([T implies that for each t € [iAt, (i + 1)At] it holds ||uf — uky,||*® < L'At, hence by
(H-3)]it holds

[vlbag — vipflllcogay < KL'At,  ||hlufa,] — hluf]|™* < QL'At.

By using (25]), we have

/01 dt /[Rd (duf(atcp(t,-) +olut] - Ve(t, ) + dhluy] cp(tw)) + /{Rd dpop(0, ')‘ <

211 (it1)At
S [ - isonldad sl - Vett.)| +

o |Jiat

<

211 (i11)At
S [ (adold) = oledsd) - Vit + dlhlet] = s it
=0

1At
1 1 A

| sPat ot oo + [ at [ LKAVt oo + EQAel oo <

AtPM + AtL'((P + |uo|) K + Q).

Here we used that h[ufs,] and pf have bounded mass, see [[HI-3)}@0), as well as bounded C” norm
of v, due to [(H-2)] Observe that |[Vo(t,-)l[corey = [[¢(t;-)||lLip and recall At = 55 By choosing
L":= PM + L'((P + |uo|) K + Q) not depending on k, we have the result. O

4.3 Proof of Theorem

In this section, we prove Theorem [2], stating existence and uniqueness of the solution to the Cauchy
problem associated to ([2)). The proof is based on the proof of the same result for positive measures
written in [20]. We first focus on existence.
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Step 1. Existence. Recall Proposition[34t the sequence given by the scheme (uF);, is uniformly
Lipschitz continuous, uniformly bounded in mass and tight. Since ulg = o for all k, this implies
that the sequence is also uniformly bounded and equi-continuous. By Ascoli-Arzeld Theorem, this
implies that the sequence is relatively compact in C° ([0, 1], MS([Rd)), hence there exist converging
sub-sequences. By passing to one of such subsequences, for which we use the index j, we define

e = lim g, (26)
]—)OO
We now prove that p; satisfies (Id) for all ¢ € D([0,1) x RY). Observe that each ¢ satisfies
supsefo1) 19(t; )lleoway, l9(t; )|l Lip < +00. Moreover, by homogeneity of (I4) and of [|¢(Z, -)||co(re)
e, M Lips 10ep(ts ) llcoways 10ep(t, )| Lip with respect to ¢ — Ay, it is sufficient to prove that
satisfies (4] for all ¢ € D([0,1) x R?) with the additional constraint

le(t, )leorays 19t Lips 196 (Es-)llcoway, [10sp(ts )iy < 1 for all ¢ € [0,1). (27)

Observe that for each ¢ € D([0,1) x RY) satisfying (7)) it holds

"

[ (O, + ol Vilt,0) + dlpl tt. ) + [ duop(0.) < 55 +

1
dt <
27

; dt A (e — p7)Opp(t, ) + dpgv(pe] - Vop(t, ) — dpjolpt] - Vop(t,-)) + d(hlud] — hlpf]) ¢(t, -)‘

Since such estimate holds for any j, it is sufficient to prove that the right-hand side tends to zero
for j — 4+00. We have

Ll/
0 = G+ lawl s w1 >||L2p}+\ / it [ s = ol Vit >\+
te )
. I .
[ o] — ol )| Dl — ) < 5+ = )+

I MHM sup ot )iy + / at [ dll| Ll = 1t Vi + Qs = ]
te(0,1] 0 Rd

L//
< Sl =@+ M+ (P +[p) L+ Q).

By letting j — +o00 and recalling that (28]) is equivalent to || — 17| — 0, we have the result.

Remark 37. From this construction, we do not prove uniqueness of the limit for the sequence .
Yet, we will prove uniqueness of the solution to ([2) in Step 4, that will in turn ensure uniqueness
of the limit.

Step 2. Any weak solution to () is Lipschitz in time. In this step, we prove that any
weak solution in the sense of Definition B0l to the transport equation (2]) is Lipschitz with respect

to time, since it satisfies
lier = pe** < L', £20, 720, (28)

with L’ defined in Proposition ([B84). To do so, we consider a solution 1 to (). We define the vector
field w(t, z) := v[u](z) and the signed measure by = hlu.]. The vector field w is uniformly Lipschitz
and uniformly bounded with respect to x, since v is so. The field w is also measurable in time, since
by definition, p; is continuous in time. Then, y; is the unique solution of

Oepe(x) + div.(w(t, v)pe (@) = be(x),  pp=o(x) = po(). (29)
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Uniqueness of the solution of the linear equation (29)) is a direct consequence of Lemmal[3Il Moreover,
the scheme presented in Section .2 can be rewritten for the vector field w and the source b, in which
dependence with respect to time is added and dependence with respect to the measure is dropped.
Thus, the unique solution p to (Z9)) can be obtained as the limit of this scheme 1.

For each k£ > 0 it holds

lpter = el < g = |0 4 Mg — g 1+ e — piear | < 20— p6®) + L',

where we used () for Lipschitz continuity of p*. By letting k — +o00 we have || — p*|| — 0, thus

([28) holds.

Step 3. Any weak solution to (2)) satisfies the operator splitting estimate: there exist
K',7" > 0 such that for all ¢ € [0,1) and 7 € (0,7') saisfying ¢t + 7 < 1, it holds

e — (@, + Thlpd)) |0 < K'r2. (30)

To this end , consider p; as the solution to the non-autonomous linear equation ([29)), as in Step
2: this allows to define the trajectory ,uf given by the scheme presented in Section and to prove
that g is the limit of xf. We now prove an estimate similar to (30Q) for uf.

Fix k£ € N* and let t = iAt, 7 = nAt < log(2)/L for some i € {0,...,2" =1}, n € N and
t +7 < 1 This ensures ¢“™ < 1+ 2L7. Define

e I C s AT NEN T ]

Observe that it holds a; = 0, while for n > 2 it holds

[HZ no ] o[k v a
< |y IS b — (@ @A b (- D) At +
JAth{ly - 1ya — Ath | 4 [ S8 4 (0 — 1) Ath[ula] — (0 — 1) Ath[ula][

< ELAtHN(iJrn_l)A - ((I)(n_tl)m##mt + (n — DAt +

LA
b\ﬂfAt’THU[ Gn—1)adl = vliadlleo + AtQ”:u‘(z-i-n DAt — [l
+(n — 1) AL(ADM | h[a,]|
< (14 2LAYan—1 + (lpol + P)2Atay—1 + AtQan—1 + (n — 1)At*M P
< (1+ KjAt)a,—1 + KjTAt.

‘ab

Here, we used |(H-1)H(H-2)H(H-3), Lemma (B2]) as well as Lipschitz continuity and boundedness of
mass proved in Proposition B4l Observe that K1, K} do not depend on n or k, with K7 > L. Thus,
choose 7" =log(2)/K; independent on k and observe that for all 7 € (0,7') it holds

(1+KjA)" -1  Kj
KAt Y

(17— 1) < 2K47?

(31)

We are now ready to prove [B0). For ¢ € [0, 1) fixed, build the sequence i;, € {0,...2% — 1} such

that |t — i;,27%| < 27, Similarly, for 7 € (0,7') fixed, build the sequence ny, € {0,...2*} such that
[t — (i, +ni)27%] < 27%. Observe that limy_, o || — p*|| = 0, together with (I9), implies

HMI(CZ'—I-TL)At - ( nZ;At]#NZAt + TlAth[/L At])Ha o < K TAt

[ egr — M]&an)g—k”a’b < lperr = 410 + it — N?ik+nk)27k“a’b < |lp =l +L'27% = 0.
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and similarly || — |9t — 0. By using [[H-D(H-2){(H-3)| and Lemma[32] this in turn ensures

22]“‘

S [k

lu‘z k;] U k]
Hq)n;ﬂ k #M1k2 k q)v }/«t #M Hab < Hq)n Qki #/L?kak - T R # k2 k”ab

M )
H<I> e b o — Ol ) @l — Uy |
LT

’/% 2— k‘M’nk2 o T‘ + ’Nsz k‘ K”Nt 2k27kHa’b + eLT”:ut - kagfk”a’b —0

as well as

In2 Rl o ] = Tl | < lne2 Rl o ] = ThIE o W10 + TR 5 o] — Thluw] | <
Png27%F — 7| + TQ”MZ2—I¢ — ]| = 0.

Since n,27% — 7 € (0,7'), for k sufficiently large one can apply (BI)), thus

i s — (@0 7Rl | < m (e uﬁﬁnk s+

k k
e — (gt Rl ) 10 Ty @
|’u(ik+nk)27k nk2*k M 2 k Nk ’l 2—k | nk2 k ’u’ik27k T ’ut
g2 FRlE ] m[ut]uavb) <0+ 2K)r2 +0+0.

that is (B0) for K’ = 2K),.

Step 4. Uniqueness of the solution to (2)) and continuous dependence. Assume that p;
and v; are two solutions to () with initial condition 1, vg, respectively. Define e(t) := ||y — v¢]|*,
that is a Lipschitz function by Step 2. We denote

Ru(t,7) = s — (@0t 4 7h)),  Rolt,7) = viar — (@000, + 7hf]).

Fix 7 < 7/ < log(2)/L, that ensures e/™ < 1+ 2L7. By Step 3, it holds

et+7) = lperr — v | = 1O Hpe + Thip] + Ru(t,7) — S5 41y — rhl] — Ry (¢, )|
< N @glgtpy — @0 |0 + Tl ] — hA)| 0+ | Ry (8 )]+ | R (8, 7) |
T a . eLT 1 a
< el =l + (P + mind| ol [vo [ ) —— llvlue) — v[]llco + 7Qllme — 14| + 2K'7?
< (eLT + b(P + min{|pol, [vo|})27K + 7Q) (t) + 2K'7? < (1 + 7K3)e(t) + 2K'72

for Ko = 2L + 2Kb(P + min{|uol, [vo|}) + Q. By letting 7 — 0, we deduce €'(t) < Kse(t) almost
everywhere. Then, e(t) < £(0) exp(Kst), that implies continuous dependence with respect to the
initial data.

Moreover, if pp = g, then £(0) = 0, thus e() = 0 for all t. Since |.||%® is a norm, this implies
e = vy for all ¢, that corresponds to uniqueness of the solution.
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