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Abstract

We consider stationary Navier-Stokes equations in R3 with a regular external force
and we prove exponential frequency decay of the solutions. Moreover, if the external
force is small enough, we give a pointwise exponential frequency decay for such solutions
according to the K41 theory. If a damping term is added to the equation, a pointwise
decay is obtained without the smallness condition over the force.

1 Introduction

Gevrey regularity for solutions of the Navier-Stokes equations has been studied in many differ-
ent frameworks: for a periodic setting with external force see [1], [6]; for the stationary problem
in T2 with frequency localized forces see [2]. For the evolution problem in R? (with a null force)
a pointwise analysis is obtained in [4].

In this article we generalize some of these previous results in the framework of stationary
Navier-Stokes equations in R?

AT +PAi(T 0 U) = F,  div(T)=0, div(F), (1)

where v > 0 is the fluid’s viscosity parameter, ﬁ : R — R3? is the velocity, P is the Leray’s
projector and ? : R3 — R? is a time-independent external force.
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If the external force is regular enough we prove in Theorem 1.1 an exponential frequency
decay. Moreover, if the external force is small enough, we give in Theorem 1.2 a pointwise
exponential frequency decay for such solutions. Finally, if a damping term is added to the
equation, a pointwise decay is obtained in Theorem 1.3 without the smallness condition over
the force.

Theorem 1.1 Let F € H(R3) be such that for eg > 0 we have
[ = @) Piel g < oo,
R3

Then there exists U e H'(R®) a solution to the stationary Navier-Stokes equations (1), such

that ﬁ verifies the following exponential frequency decay:

/ e%”ﬂ‘?(ﬁ)ﬁfl?df < foo, where e = £y(c9, Fv) > 0. (2)
R3

In the laminar setting we obtain a sharper pointwise exponential frequency decay.
For 0 < a < 3, we define the pseudo-measures space by

Pme = {7 € SR : Y € Lipo(RY) and [¢]"F € L¥(R)},
which is a Banach space endowed with the norm || ||pye = H\f]“/jHLm, for a = 0 we will

simply denote the space PM? by PM.

Theorem 1.2 Let ? € PM. There exists a (small) constant n > 0 such that if

supe| B ()] < n,

EER3

then there exists 7 € PM? a solution to the stationary Navier-Stokes equations (1) such that
7 verifies the following pointwise exponential frequency decay:

T <ce el forall €0, 3)

If a damping term is added to the stationary Navier-Stokes system, we have the following result

Theorem 1.3 Let 7 € H Y(R3) and for a > 0 consider the damped stationary Navier-Stokes

equations
AU +Pdin(T @ U)) = F —al,  dio(U)=0. (4)

If the external force ? s such that |?(§)| < el for a fired ¢g > 0, then the stationary
solution ﬁ € H'(R?) satisfies the following pointwise exponential frequency decay

—~

}ﬁ(f)} < 06_51‘E||§|_%, forall &€ #0, wheree; = e1(e, ?, v) > 0. (5)
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2 Proof of Theorem 1.1

Lemma 2.1 If F € H Y(R?), then there exists at least one solution U € HY(R®) to the
stationary Navier-Stokes equation (1).

Lemma 2.2 Let Ty > 0. For W € Hl(R3) a divergence-free initial data and a divergence-

free external force ? € C([O,To[,Hl(R3)) there exists a time 0 < Ty < Ty and a function
€ , A1, which 18 a unique solution to the Navier-Stokes equations
0 e C([0, Ty[, H'(R?)) which i ' luti he Nawier-Stok /

0,7 — vAT +Pdiv(T @ @) = [, div(@)=0, @(0,)= o (6)
Existence and uniqueness issues are classical, see [5] for details.

In the following proposition we prove the frequency decay for the solution W obtained in
Lemma 2.2.

Proposition 2.1 Let a > 0 and consider the Poisson kernel eVIVEA L Within the framework
of Lemma 2.2, if the external force 7 18 such that

VIR ¢ (10, Tyl HY(RP)),

then the unique solution of equations (6) satisfies e*V™V=27 € C(10, Tv[, H'(R?)) for all time
t € [0, T1[ where 0 < Ty < Ty is small enough.

Proof. Consider the space

E = {7 € €0, Ty, H'(R®)) : eVIV=27 € C(]O,Tl[,Hl(R?’))} ,

endowed with the norm || - ||z = |[e*V&V=2()|] o1 We study the quantity

||71||E:‘hm*70+/0 h,,(ts)*7(s,-)ds—/0 o) * P(div(W 1 @ 1)) (s, -)ds ) (7)

where h,; is the heat kernel. The two first terms of this expression are easy to estimate and we
have

t
o W o + / hogesy (58| < v, To) (I Tolliy + 1YY 2 T ey ) - (8)
0 E

For the last term of (7), by definition of the norm || - |z, by the Plancherel formula and by the
boundedness of the Leray projector we have

(1) = /0 hu—s) * P(div(W 1 @ U 1))ds

E

eoz\/lif\/I </t hy(t_s) * P(dl?)(ﬁl (24 71))618)

= sup
0<t<T, 0 H}
t
< sup clflg]? / e ENER Vel |(F[T7 ]+ F[TL1]) (s, )| ds
0<t<T 0 L2
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Since we have the pointwise inequality
VU |(F[ ] + F1)) (s,6)] < |:<ea\/£|§|’f'[7l]|) * (eax/ilél‘]—“[ﬁl]\ﬂ (s,€), (9)

due to the fact that e?Vill < eavillé=nlgavilnl for a1l ¢, 5 € R3, then we obtain

(i) ()], o

Getting back to the spatial variable we can write

0 < s e [ty 2 { (F fepEm]) o

(= izl

(I) < sup c/ H|§‘ze*'/(t S)Ié\zm

o<t<Ty

ds
L2

< (e[ et as) (= iz e
(7 [ea”‘é'lmﬂﬂ )|
< C% H]_——l [ea\/ﬂf”]‘—[ﬁﬂq ‘ . F-1 [eax/ﬂﬁlu:[ﬁl”} ‘ i
< TRl (10)

With estimates (8) and (10) at hand, we fix T; small enough in order to apply Picard’s con-
traction principle and we obtain a solution @, € E of (6). Since E C C(|0, T1[, H'(R?)) we

have i € C(|0, Ty[, H*(R?)) and by uniqueness of the solution @ we have @, = o, and thus
c kL. |

Now, we come back to the stationary Navier-Stokes equations (1) and we will prove that the

solution 7 e H'(R?) (given by Lemma 2.1) satisfies the exponential frequency decay given in
(2). In the space C(]0,1[, H'(R?)) we consider the evolution problem (6) with the initial data
o= U where the external force f is now given by with the expression

7 = eSS

for the particular value o = %50 > (0 where ¢y > 0 is given in the hypothesis of the force ? To
obtain a unique solution @ € C(]0,1[, H'(R?)) to the equations (6) such that

eVVEAY e (10, 1], HY(R?)),
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we prove that the external force ? verifies the hypotheses of Lemma 2.2 and Proposition 2.1
above:

ViVER = sup [ |22V }?(5) |*de

L H} o<t<1 JR3

1 _

< o5 | eleh e B el 2
1 _

< o [ e R e

<

1 —~
_4/ eanlél‘?(f)‘Q ‘f|_2df < +oo0.
(0% R3
Thus, once we have cVIVATRE e C(]0, 1[, H(R?)), since the operator e~*V#V=2 is bounded in
the space C(]0, 1[, H'(R?)) we have

T = eV WIB(VVIETE € (o, 1, H'(RY)).

Moreover, we have
VIR o WVERTE ¢ (10, 1], H (RY)).

By Lemma 2.2 there exists a time 0 < T} < 1 and a unique solution @ € C(]0, T1[, H'(R?))
to the equation (6). Moreover, since eo‘ﬁm? e C(]0, 1[, H'(R?)) by Proposition 2.1 we have
eVIVEATY € (10, Ty[, HY(R?)). Since the solution U € H'(R?) of the stationary Navier-Stokes
equations (1) is a constant in time, we have U € C(]0, 7], H'(R?)) and since 9, U = 0 and

? = e_aﬁm(eaﬁm?) = F,

we find that U € C(]0, Ty[, H'(R?)) is also a solution to the equation (6) and thus, by uniqueness
we get U=1. Then, since e*YV=27% € (|0, T1[, H(R?)) we have

VIVEATE € (10, T, HY(R)),

for all time ¢ € [0,73[. Thus, if &; = ay/Z > 0, we have

/R3 e2allfl|ﬁ(§)|2|€|2dg _ ||€a\/§mﬁ|

2 —
2 < swp [V, < oo,
z 0<t<Ty ®

and we obtain the frequency decay given in (2). |
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3 Proof of Theorem 1.2

We consider now the space A = {ﬁ cPM?*: emﬁ € 73/\/12}, endowed with the norm

- lla = lleV =2 ()llp e, (11)

and in this space we study the existence of a solution of equations (1) under the hypotheses of
Theorem 1.2. For this we study the quantity

71, = e (3@ o)) - 11

9

1
v

( dwﬁ@ﬁ)

A

where, for the first term of the inequality above we have the following estimate:

P (i@ o)| < 1T (13

1
v

Indeed, by the expression (11) and by the continuity of the Leray projector we have

% P(%div(ﬁ@ﬁ)) - % € el F [P (%dz’v(ﬁ@ﬁ))] )
< S |€!26'5é’}“[ﬁ} *I[ﬁ” N
< Sl (@ [@1]) « (< @], a9

where the last inequality can be deduced from (9). Now we remark that

[(4F[IT1]) « (eF [1T1])] ) :(/eWﬂfhﬁﬂﬁ—wwmfﬂﬁﬂwmn
< NTNNT N [, o= < D a T

and thus, using this inequality in (14) we easily obtain the estimate (13). For the second term
in the RHS of (12) we have

o (17)

Thus, if the external force F satisfies supelél ]?(5)] < 1, for ny small enough, we obtain ﬁ cAa
¢ER3
solution to the stationary Navier-Stokes equations (1) for which we have the pointwise estimate

(3). n

— Sup lg2ed P (6)] = S sup I F(e)

1
v pm2 Y ogerd N5 V ¢ers




4 Proof of Theorem 1.3

For @ > 0 and under the hypotheses of Theorem 1.3, the existence of solutions of equation (4)

is given by applying the Scheafer fixed point theorem. Now, for o, € PM:? we consider the
non-stationary damped Navier-Stokes equations

0T +P(div(T ® W) —vAT = f —a®, div(@)=0, T0O,)=Ty  (15)

where the divergence-free external force 7 belongs to the space C([0, 1], 73./\/{%). For this prob-

lem there exists a unique solution xeC ([0, 1], 77/\/1%) with 0 < T} < Tp. For existence issues
for equations (4) and (15) see the details in [5].

Following essentially the same lines of Proposition 2.1 above, we prove that if the external
force is such that eﬁ‘ﬁm? € C([0, Ty[,PM?) then the unique solution of (15) is such that
eSVV=A77 € C([0, Ty[, PM?3). As in the proof of Theorem 1.2, we consider

7 = VIV (eﬁx/i\/j?> _B

Y

and for a suitable value of the parameter § > 0 we can prove that 7 € C([o, 1[,73]\/1%) and
SV 2 ([0, 1, PM3).

In order to link the stationary solution to the non—statlonary problem, we must prove that

the solution U € H'(R3) of (4) is such that U e PM?, and in this step we use the extra
damping term. Indeed, rewriting (4) we consider the equation

ﬁ ( (—dw (T el )) m (?) (16)

and we obtain

17,5 <

725 (P (K@ e D)), +

1 (F
alg—vA H% :

Since the operator is bounded in H?3 2(R3) and by the properties of ? we can write

I

1
||ﬁ||H% < H—dw st e (7) ;
< c||7®ﬁ||H%+ca||?||Lz
< Tl Tl + cle)| F e
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We thus have U € H2(R?) and we prove now [ € PM:3: from equation (16) we obtain

‘; [7} (5)‘ < Cﬁ (}" [ﬁ] « F [ﬁ]) ©)] + Vé‘QIF [7} ©)],

and then, multiplying by |£ |§ and by hypothesis on ? we get the estimate

Fl0]©] < [ iF[P]e-n
< AT g1 T lles + lelie =k,

€l 7 [T en|an+ et

77|l

from which we deduce that T € PM:3. Then, we study (15) with @y = U and we have
U e C([0,Ty[, PM?=), but since U verifies the equations (4), 3tﬁ = 0 and ? = ?, we
obtain that ﬁ is also a solution of (15) and by uniqueness we have U = . Finally, we have

SV € ([0, Ti[, PM3) for 0 < ¢ < T; and if &, = B/ we can write

5. < 400,

V=A BVEV—A
lesV BT, 5 < e Ul oz oty

and we obtain the frequency decay stated in the formula (5). [
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