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Abstract

This article deals with the numerical analysis of the Cauchy problem for the Korteweg-de Vries equation
with a finite difference scheme. We consider the explicit Rusanov scheme for the hyperbolic flux term and a
4-points #-scheme for the dispersive term. We prove the convergence under a hyperbolic Courant-Friedrichs-
Lewy condition when 6 > % and under an "Airy" Courant-Friedrichs-Lewy condition when 6 < % More
precisely, we get the first order convergence rate for strong solutions in the Sobolev space H*(R), s > 6 and
extend this result to the non-smooth case for initial data in H*(R), with s > %, to the price of a loss in
the convergence order. Numerical simulations indicate that the orders of convergence may be optimal when
s> 3.

1 Introduction

We are interested in the Korteweg-de Vries equation (called the KAV equation thereafter), which is a model for
wave propagation on shallow water surfaces in a channel and was first established by D.J. Korteweg and G. de
Vries in 1895 [KdV95]. We focus on the numerical analysis of the Cauchy problem

’LL2

Opu(t, ) + Oy <2> (t,x) + u(t,x) =0, (t,2)€[0,T] xR, (1a)

Ul—o (LL') = UQ(I'), S ]R, (]_b)

for which the local well-posedness in Sobolev spaces H*®(R) is well-established: in particular, well-posedness
was proved for s > 2 in [ST76], s > 2 in [BS75], s > 3 in [KPV91], s > 0 in [Bou93|, s > —3 in [KPV93]
(note that one of the first existence results was obtained by proving the convergence of a semi-discrete scheme
[Sj670]). Due to the conservation of the L? norm, this yields global well-posedness for any s > 0. Note that
global well-posedness is even known below L? (see [CKS*03|, for example). There are two antagonist effects
in the KdV equation: the Burgers nonlinearity tends to create singularities (shock waves, which yield a blow
up in finite time) whereas the linear term tends to smooth the solution due to dispersive effects (and creates
dispersive oscillating waves of Airy type). In some sense the above global well-posedness results come from the
fact that dispersive effects dominate.

Given the practical importance of the KdV equation in concrete physical situations, there exists a wide
range of numerical schemes to solve it. A very classical numerical approach is the finite difference method,
which consists in approximating the exact solution u by a numerical solution (U§")(n,j) in such a way that
vy~ u(t", z;) in which " = nAt, z; = jAz with At and Az respectively the time and space steps. In most
cases, the convergence is ensured only if a stability condition between At and Ax is satisfied. Let us mention
for instance the explicit leap-frog scheme designed by Zabusky and Kruskal in [ZK65] with periodic boundaries
conditions, or the Lax-Friedrichs scheme studied by Vliegenthart in [V1i71]. Both are formally convergent to
the second order in space under a very restrictive stability condition At = O(Az3). The price to pay to
avoid a so restrictive stability condition At = O(Az?) is to design formally an implicit scheme, as in [Win80],
for example, with a twelve-points implicit finite difference scheme with three time levels or in [TA84] with
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a pentagonal implicit scheme. The analysis and the rigorous justification of the stability condition started in
[V1i71], where Vliegenthart computed rigorously the amplification factor for a linearized equation. More recently,
Holden, Koley and Risebro in [HKR15] prove the convergence of the Lax-Friedrichs scheme with an implicit
dispersion under the stability condition At = O(Az?) if ug € H3(R) and At = O(Az?) if ug € L2(R) (without
convergence rate). More precisely, they obtain the strong convergence without rate of the numerical scheme
towards a classical solution if ug € H3(R) and a strong convergence towards a weak solution L?(0,T; L (R))
if ug € L? (R)

The aim of this paper is to prove rigorously the convergence of some finite difference schemes for the KdV
equation by analyzing the rate of convergence and in particular its dependence with respect to the regularity
of the initial datum. We will get a rate of convergence for rough initial data by combining precise stability
estimates for the scheme with information coming from the study of the Cauchy problem for the KdV equation
and in particular some dispersive smoothing effects.

The approach of this paper could be extended to third order dispersive perturbations of hyperbolic systems.
It was indeed successfully extended in [BC17] to the abed-system

I— b@%) o + (I + ad?) Opu + 0, (qu) =0,
I —do?) dyu+ (I 4 cd?) Opn+ $0,u = 0.

This system, which was introduced by Bona, Chen and Saut in [BCS02], is a more precise long wave asymptotic
model for free surface incompressible fluids. Note that the result of [BC17] is weaker than the result in the
present paper in the sense that only the first order convergence for smooth initial data is proven. The extension
to rougher initial data as in the present paper would require some significant progress in the study of the Cauchy
problem at the continuous level.

Let us mention that many types of other numerical methods can be used to solve the KdV equation The
equation being Hamiltonian (the Hamiltonian is the energy), symplectic schemes based on compact finite dif-
ferences that conserve the energy have been designed. We refer for example to [KMY12], [LV06], [AMO5].
Splitting methods (the equation being split into the linear Airy part and the nonlinear Burgers part) are also
widely studied. For example, a rigorous analysis of such schemes has been performed in [HKRT11]|, [HLR13]|.
One can also use spectral methods see [NS89] for example or [HS17] where a Fourier pseudo spectral method
is combined with an exponential-type time-integrator. A quite widespread discretization is related to finite
element type schemes, see for example [BDK83|, [DK85], [BCKX13] for Galerkin methods. In the recent work
[DKR15] where the convergence of a Galerkin-type implicit scheme is established for L? initial data. The focus
is on the strong convergence in L?(0,T; L2 (R)) of the fully discrete solution to a weak solution of (1a) by
a method which gives in the same way a direct and constructive existence theorem of (la). Our approach is
different because we want to highlight the convergence rate, with a Courant-Friedrichs-Lewy type condition
(CFL-type condition) as optimal as possible.

In the present paper, we discretize Equation (1a) together with the initial datum (1b) in a finite difference
way and our aim is to determine the convergence rate of this numerical scheme. We exhibit the error estimate
on the convergence error by a method which suits both non-linear term and dispersive term of KdV.

Let us introduce some notations and present the finite difference scheme here under study.

Notations and numerical scheme We use a uniform time- and space-discretization of (1a). Let At be the
constant time step and Az the constant space step. We note ¢t = nAt for all n € [0, N] = {0,1,.., N} where
N = | 4;] (where |.] denotes the integer part) and z; = jAz for all j € Z.

Numerical scheme. Let ¢ € R} and 6 € [0,1]. We denote by (v})(n,j)enxz the discrete unknown defined
by the following scheme with parameters ¢ and 6 :

n+1 n n 2 n 2 n+1 n+1 n+1 n+1
Y Y (V1) = (vfy) P —3uify 3T~
At 4Ax Ax3
vl o — 3ul + v} — vl v — 207 0Ty ,
+(1-0)-L- ”Ale A et Y (e QAJI I=2), neo,N], j€Z (2)
with _
0 1 Tj+1 )
Y T Ay uo(y)dy, j € Z. (3)



If § = 0, we recognize the explicit scheme whereas § = 1 corresponds to the implicit scheme (with respect

. . . . . ol _3yntlpgyntl_yntl vl =30l +3v] —vT
to the dispersive term). Without the dispersive term -2 ———J (1 - 0) L =L we

recognize the Rusanov scheme applied to the Burgers equation, which consists in a centered hyperbolic flux

)= (vr,)? no oy gh
% and an added artificial viscosity ¢ %) in order to ensure the stability of the scheme.
In the following, the constant ¢ will be called the Rusanov coefficient.

Without the non-linear term and the right-hand side, we recognize the #-right winded finite difference scheme

for the Airy equation

ot g o — 3o 3 — ! vy — vl + 3v) — o
+2 +1 —1 +2 +1 -1 ~
J ~ I 462 I Aw?)] I+ (1-6)-2 JA;c?’ I 71— =0, ne[0,N], j€Z

Remark 1. System (2) is invertible, for any At, Az > 0 and any 0 € [0,1]. This will be proved in Proposition
3 below.

Remark 2. All the results are valid with a variable time step At™ and a variable Rusanov coefficient ™. For
simplicity, we will keep them constant.

Remark 3. The choice of the right winded scheme for the dispersive part is dictated by the result in [Coul6]
on numerical schemes applied to high-order dispersive equations Oyu+ 02Ty = 0, with p € N, which brought to
light that right winded schemes are stable under a CFL-type condition for p odd (including the Airy equation)
and left winded schemes are stable under a CFL-type condition for p even.

Remark 4. This scheme (2)-(3) is a generalization of the one studied by Holden, Koley and Risebro [HKR15].
Indeed, they consider the Laz-Friedrichs scheme for the hyperbolic flux term together with the implicit scheme
for the dispersive term, which consists in taking cAt = Ax and 8 =1 in Scheme (2)-(3).

Discrete operators. For the convenience of notations, we will use the notations introduced in [HKR15]
and define the following discrete operators. For any sequence (a)(n,j)enxz

.  aj—ajy . G —aj . Di(a)} +D_(a)}
D_(a)} = %a Di(a)} = ]JFTQCJ, D(a)} = ’ B) - (4)

Equation (2) rewrites

U?H — v v?\" n+1 n CcAx n
Eventually, for all a = (aj)jez € (> (Z) we introduce the spatial shift operators:
(Sia)j = Q4. (6)

Function spaces. In the following, we denote by H"(R), with » € R, the Sobolev space whose norm is

iy = ( [ aiepy Iﬂ(£)|2> , (7)

where @ is the Fourier transform of w. If there is ambiguity, an ’z’ will be added in HJ, for the Sobolev space
with respect to the space variable.

We study the convergence in the discrete space £>°([0, N]; ¢4 (Z)) whose scalar product and norm are defined
by

(a,b) :== Az Z a;b;,
JET

and

[N

llallgse o, n7,02(z)) = sup |la"]|z = sup
(10,NT,£3 (Z)) ne0,N] 2 ne[o,N]

> Azlapf) (®)

JEL



for all a = (a")nepo,n) = (@])(nj)efo.Nxz and b = (0" )neo,n] = (07)(n,j)c[0,N]xz- This norm is a relevant
discrete equivalent for the L>°(0,T; L?(R))-norm.

Convergence error. Let u be the exact solution of (1a)-(1b). From u, we construct the following sequence

n 1 min(t”’+1,T) Tjt1
L= ,y)dyds, if (n,j) € [1, N] x Z,
wal} = S = . [ s vis, it ) €1 .
0 1 Tj+1 o
[ual; = N /a:,- uo(y)dy, if j € Z.
From the averaged exact sequence ([u A]?)( ) and the numerical one (’an) ()’ We define two piecewise constant
n,j ’
functions ua and va by, for all n € [0, N] and j € Z,
ua(t,z) = (ua)?,
(t,2) = (ua); if (t,z) € [t",min (", T)) X [z, 241). (10)
vA (tv I) = U?,
We define the convergence error by the following difference
el = va(t",z;) —ua(t",z;), (n,j) € [0,N] xZ. (11)
Thanks to Definition (8), the convergence error satisfies
llelles (fo,np:e2 (2)) = |lva — uallLe=0,7:2R))-

Consistency error. We denote by (e? the consistency error defined by the following relation
y Y \€; y Yy g

(n,5)€[0,N]XZ

a o (wa)] = (ua)] ud \" et
¢ = J i L +D (2A>] +0Dy D D_ (up)}"

+ (1= 0)DyDyD_ (up)" ~ CAT””DJ, (ua)?, (n.5) € [0,N] x Z. (12)

Main result In our first main result we handle the case of smooth enough initial data, ug € H® (R), s > 6.

Theorem 1 (Convergence rate in the smooth case). Let s > 6 and ug € H*(R). Let T > 0 and ¢ > 0 such that
the unique global solution u of (1a)-(1b) satisfies

sup ||u(t, )|z ®) < c. (13)
t€[0,T)
Let By € (0,1) and 6 € [0,1]. There exists wy > 0 such that, for every Ax < @y and At satisfying
At
4(1—29)m§1—50, (14a)
1] At
— | —<1- 14b
%+2}Ax_ o, (14b)

the finite difference scheme (2)-(3) with parameters ¢ and 6 and time and space steps At, Ax satisfies, for any
ne (07 S = %]7

[|woll me
|lefleee (o, w752, (2)) < AT,HuoHH% (1 + ||U0H12H%+n) ( P + lluoll s + lluoll 340 lluollr | Az, (15)

where A |y, 1s defined by

_ C 2 (1 —ﬁ0)2 3 1 k3T wT 1—fo
ATv”"OHH% = exp (2 (1+C ) (1+(C+§)2 (T+(T +T )||UO||H%6 1 ) Ce T<1+ c+% s
(16)

in which C"is a constant, k3 and k depend only on |luo||L2(r)- In Estimate (15), e" is defined as in (11)-(10)-(9).



Remark 5. Conditions (14a)-(14b) are Courant-Friedrichs-Lewy-type conditions (in short, CFL conditions).

Assumption [c+ %} % < 1 — By seems to be only technical, and probably may be replaced with the classical

hyperbolic CFL condition cAt < Az. Indeed, experimental results suit with Theorem 1 with this classical CFL
condition, see Section 7.

Remark 6. Thereafter, n should be chosen as small as possible, then norms ||uo||g=+n(r) should be regarded as
[[uol| s+ (r) -

Thus, the scheme (2)-(3) is convergent to the first order in space in the £>°([0, N]; % (Z))-norm.

In our second main result, we improve the previous result to handle non-smooth initial data ug € H*(R),

s > 3/4. To perform the analysis, we first have to approximate in a suitable way the initial datum. Let x be a
C*°-function such that

osxst x=1iB(03). SwpxCBOD, X(-§=x(E HER

Let ¢ be such as @ (&) = x (£), where @ stands for the Fourier transform of ¢, and for all § > 0, we define (°
such that 0 (£) = x (6¢), which implies ¢° = 3¢ (). Eventually,
e we shall still denote by u the exact solution of (1a) starting from the initial datum wug.
e Let u® be the solution of (la) with u = ug * ¢° as initial datum, where x stands for the convolution
product.
e We denote then by (U?)(n,j)e[[o, N]xz the numerical solution obtained by applying the numerical scheme
(2) from the initial datum (u)a:

1 [T+
v = (ud)a = E/ ug * ¢° (y)dy. (17)

Tj

Theorem 2 (Convergence rate in the non-smooth case). Let s > % and ug € H*(R). Let T > 0 and ¢ > 0 such
that the unique global solution u of (1a)-(1b) satisfies

sup [|u(t, )l|L~m®) < c.
t€[0,T]

Let By € (0,1) and 0 € [0,1]. There exists 6 > 0 and Wy > 0 such that for every Ax < @y and At satisfying

21200 2L <1_ 4,

— <
Ax3 —

11 At
- <1—
[(3*2} Az =1 Do

(18)

the finite difference scheme (2)-(17) with parameters ¢ and 0 and time and space steps At, Ax satisfies, for any
ne (07 s = %]7

1
T +1+ |uO||Hmsn(1,s)) ||uol| s Azl

2
lellemgovtes oy < Pron, g (1408 110) (7

where

3
* 4= 1305 f1 <53,

° = 7minés’6) if 3 <s,

and U'p |y, is defined by

3
HA4

3 HgT
T:Cse 1

3
Lol g = C | ATl 5 +exp | ————lluoll ;2 )|

3 3
HA4 H4

where AT,HuoHH% is defined by (16), C' and Cs are two constants and k3 depends only on |lug| 2. In the

error estimate above, " is defined as in (11)-(10)-(9).



If ug € H™(R) with m > 6, then Theorem 2 implies an order of convergence equal to 1 and we get back the
result of Theorem 1. Note that the results are valid for any T > 0 in agreement with the fact that at this level
of regularity we have global solutions keeping their regularity.

To prove Theorem 1, we prove consistency and stability of the scheme. It is in the control of the consistency
error that we need the exact solution to be smooth. The most challenging part of the proof is the study
of the stability of the scheme in order to take advantage of the fact that the exact solution remains smooth
on the whole [0,7]. The main idea is to transpose at the discrete level the well-known weak-strong stability
property for hyperbolic conservation laws that relies on a relative entropy estimate, see [Dafl0] for a detailed
presentation. This method is classical for the study of hyperbolic systems, see for exemple [CMS16| for the
numerical approximation of systems of conservation laws, [Tza05] for a relaxation hyperbolic system or [LV11]
for the approximation of shocks and contact discontinuities. An important outcome of this approach is that
in the stability estimate, the exponential amplification factor only involves the norm fOT [|0zu(t, .)|| Lo dt of the
exact solution, which is bounded thanks to the dispersive properties of the equation. This allows to get the
convergence of the scheme on the full interval of time [0, 7] and also to handle less smooth initial data at the
price of deteriorating the convergence order as stated in Theorem 2. Indeed in order to prove Theorem 2, we
replace the initial datum ug with a smoother one ug and just use the triangular inequality

lva — uallr=(o,mir2) < lva — ud L o,7502) + Iud — uallze(o,r522),
where ud is the discretization of the exact solution u’ of the KdV equation with initial datum u$. We then
use the stability in L? for exact solutions of the KAV equation and the stability estimate of Theorem 1. The
amplification factor fOT |0:ul (t,.)|| L dt is finite and can be bounded independently of § as soon as the initial
datum is in H*(R), with s > 3/4 because of the Strichartz estimate that ensures that at this level of regularity,
the exact solution is actually also such that d,u € L*(0,T; L°(R)). We then end the proof by optimizing these
estimates in terms of § and Ax.

Remark 7. We suppose ug € H*(R), with s > % in Theorem 2 because some difficulties are attached to get a
convergence rate for rough initial data. If we are interested only in the convergence of the scheme (and not in
the rate of convergence), it is well-known that we can construct weak solutions of KdV for L? initial data by a
compactness argument by using the Kato smoothing effect which writes

T R
/ / 0,u(t,y)2dydt < C(T, R).
-T7J-R

The convergence proof in [DKR15] relies on a discrete analogous inequality for the scheme. It is proved that the
solution of the scheme satisfies for L? initial data :

At Y 10" Gy < CUNL2w), R), for nAt<T
nAt<T

and some compactness arguments allow to prove the convergence of the scheme.
In order to get a precise convergence rate, we need at the discrete level a counterpart of a quantitative stability
estimate for two solutions namely an estimate under the form

[u = vz 0,22 ®)) < C(T, ||lullxq, Jvllx7) w0 — voll L2 (w) (19)

where u, v are two solutions of KAV and Xp is some well chosen functional space. It is known that such an
estimate is true for KdV for L? initial data for Xt some well chosen Bourgain space (some more details will
be given in Section 2). These spaces are designed to capture in an optimal way all the dispersive information
coming from the linear part. The discrete counterpart of these spaces is at the moment unclear. Our approach
here relies on a discrete version of a non-symmetric form of (19) which reads

lw — vl Lo 0,502 ®)) < C(T |0zull 11 (0,750 (R))) |0 — vol| L2 (r)

and is true if vo € L? and ug € H®, s > 3/4 (again, we shall give more details in Section 2).



Outline of the paper In Section 2, we state precisely the results of the Cauchy theory of KAV that we shall
use in this paper. Then, in Section 3, we analyze the consistency error of the scheme (postponing the more
technical part to the Appendix A). The aim of Section 4 is to derive the crucial (3 -stability inequality. We
study the discrete equation verified by the convergence error and we obtain the £% estimates, whose proof is
detailed in Appendix B. Eventually, the rate of convergence is determined in Section 5.

Section 6 is devoted to the study of the convergence rate for a non smooth solution. A convolution product by
mollifiers enables us to counteract the lack of regularity. It requires several general approximation estimates
between initial data and regularized initial data which are gathered in Subsection 6.1. The proof of Theorem 2
is developed in Subsection 6.2. Some numerical results illustrate the theoretical rate of convergence in Section
7.

Notation Thereafter, the letter C represents a positive number that may differ from line to line and that can
be chosen independently of At, Az, u, ug, T and . We denote by « all numbers depending only on |[ug||z2(r)-

2 Known results on the Cauchy problem for the KdV equation

Let us recall the definition of Bourgain spaces. For s € R and b > 0, a tempered distribution u(¢,z) on R? is
said to belong to X*? if its following norm is finite

2

nuuw::(@Agr+mf%1+h—<ﬂfﬂaw@n%ah)7

where @ is the space and time Fourier transform of u. We shall also use a localized version of this space:
u € X*(I), where I C R is an interval, if [|u| x=(5y < 400, where

[ullx ey = nf{|[@llx 0, @r = u}.

By using results from [KPV91], [Bou93|, [KPV93], see for example the book [LP15|, we get the following
theorem.

Theorem 3. Consider s > 0, 1 > b > 1/2. There exists a unique global solution u of (la)-(1b), with
ug € H*(R), such that for every T > 0, u € C([0,T]; H*(R)) N X**([0,T]). Moreover, there exists ks > 0,
depending only on s and on the norm ||ugl|| 2, and Cs > 0, depending only on s, such that, for any T > 0,

¢ sup ||u(t>||HS(R) SCs”U()”Hs(R)eKST,
te[0,T]

K,QT .
H%(R)C%e 1, fori €{1,2}.

. 3 a-i
° ZfS > 1, \|8mu||Li(07T;Loo(R)) < T UQH

The growth rate in the above estimates is not optimal.

Note that a local well-posedness result for s > 3/4 follows directly from [KPV91]. In the present paper, we
will be only interested in s > 3/4, nevertheless, to get the global well-posedness for s € [3/4,1), we need to go
through the L? local well-posedness result.

Proof. Let us just briefly explain how we can organize now classical arguments to get the result. We refer for
example to [KPV93], [LP15] for the details. The existence is proven by a fixed point argument on the following
truncated problem:

v — F(v)

such that )

ﬂwm—x@e@wxmAQ“T@@(XG)Zdeﬂ

where y is a smooth compactly supported function taking its values in [0, 1] that is equal to 1 on [—1,1] and
supported in [—2,2]. For [t| < § < 1/2, a fixed point of the above equation is a solution of the original Cauchy
problem, denoted by u.



To see that there exists such a fixed point, fix C > 0, that does not depend on ug, such that
493
Ix(t)e™" %= ug || xo.0 < Clluo | 2-

We can first prove that F is a contraction on a suitable ball of X% provided 8C?||ug| z26” < 1 for some 3 > 0
(that is related to 1 > b > 1/2) that does not depend on § nor ug. In particular, for the fixed point, denoted by
v, we can ensure that

[vllxor < 2C|uo L2

Next, by using again the Duhamel formula, we can obtain, for s > 0,
[vllxe0 < eslluollms + es6”[[ollxorlvllxse < cslluollms +2¢5C uoll 126 0] x,

where ¢, depends only on s. In particular, by choosing d, possibly smaller than previously, such that 2c,C||ugl|126° <
1/2, we thus obtain that
[0l x0 < 2¢s]luol| -

Next, by using that the X*® norm for b > 1/2 controls the C(R, H*) norm (see for example [Tao06] lemma 2.9
page 100), we obtain that

vlleo.a1:m:®) < Vlle@ms®) < Bslluoll s r),
where B depends only on s. Since the existence time § depends only on the L?-norm of the initial datum and
that the L?-norm is conserved for the KAV equation, we can iterate the above argument to get a global solution

(thus denoted by u). Moreover, in a quantitative way, by choosing n = |T/d§] + 1 and iterating n times, we

obtain that
lulleo,rysme) + llull xop0,r) < Belluollgs < Csllug|lse™",

where ks depends only on s and |[ug|/z2 while Cs depends only on s.
Finally, since the Strichartz estimate in the KdV context (see [KPV91]) reads

1 493
10217 e~ % uo|| 1 (m;z.20) < Clluoll 2,

by using the embedding properties of the Bourgain spaces (see again [Tao06] lemma 2.9 page 100), we obtain
that

0zuullLa o,61:200) < 1020l L3izee) < lIvll 3.0 < Clluoll -
Again by iterating this estimate, we finally obtain that

k3T
||awu||Lf(0,T;L;°) < C%HUOHng i

and the desired estimate follows from the Holder inequality. O

3 Consistency error estimate

This section is devoted to the computation of the consistency error defined by Equation (12). As a starting
point, by using Theorem 3, we obtain the following estimates on the averaged solution ua.

Lemma 1. Let u be the exact solution of (1a)-(1b) from uo € H*(R), s > & and ua be defined by (10). Then
there exists C' > 0, depending only on s, and ks > 0, depending only on s and ||ug||z2, such that, for any T >0
and any n € [0, N] with N = | £;],

o ([ (ua)" [le= < Ce™ T lug|la+,
tn+1

. ni i a-i k3T
o ifs >~ At|[Dy (ua)” [l S/ 10zu(s, [peds < T Ce™ 3 |lug
t’!‘L

o

HE ®)’ forie{1,2}.  (20)



Proof. The Sobolev embedding H*(R) < L>(R), for s > 3 yields the inequality

gt

1

n
o < —
wa) e < 55 /.

|lw(t, ML mydt < C sup [[u(t,.)|| =)
t€[0,T]

Theorem 3 implies
| (ua)" [le= < CCslluo |l mrs mye™ ™,
which proves the first estimate of Lemma 1.

To prove (20) for 7 = 1, we use a Taylor expansion:

tn+1

A[ID; (1) = At < / 18,u(s, )| ds.
tTI,

1 gt T4
NN / / u(s,y + Ax) — u(s,y)dyds
t’Vl ‘,‘E]

yAS

For i = 2, the same Taylor expansion gives, thanks to the Cauchy-Schwarz inequality,

1 gntl Tjt+1 erAI
—_— Oz u(s, z)dzdyds
Az2At /tn /m]_ /y (,2)

Theorem 3 concludes the proof.

gl

g/ [102u(s, .)|[7 ds.
t

n

2
ny 2
At|IDy (ua)"|I2 = At
14

)

O

Remark 8. The Sobolev regularity of the initial datum is at least H%(R) in Theorem 2 because we need to
control fOT ||3Iu(t,.)||iLx(R)dt, for i € {1,2} in some of the proofs. This is explicitly needed in Lemma 1,
Theorem 3 and in the definition of Ar |y, i (16).

1

As a consequence, we control the /% -norm of the consistency error €” defined in (12) in terms of the initial
datum thanks to the following proposition.

Proposition 1. Let s > 6 and n € (0,s — 3]. There exists C > 0 such that, for any ug € H*(R) there exists

k > 0, depending only on ||ugl|r2, such that for any T > 0 one has

e e qgovpsea 2y < €™ (1 luoll? 4., ) { ¢ Iluolliro + A [lfuollazs + ol g luwollen ]} @1)

The proof is postponed until Appendix A.

4 Stability estimate

The stability property will be proved in stating a discrete weak-strong stability type inequality : Equation (42)
in the following. This inequality gives an upper bound of the convergence error at time n+ 1 with respect to the
convergence error at time n. Note however that this estimate is not totally usable in this form, as it involves, on
the right-hand term, derivatives of the convergence error at time n. This will be made more explicit in Section

5.

4.1 Preliminary results

We here collect some discrete "Leibniz’s rules" (Lemma 2), £2-norm identities (Lemma 3) and discrete integra-
tions by parts formulas (Lemma 4) which will be used in Subsection 4.2. As they are classical and quite simple,
we here ommit their proofs.



Lemma 2. Let (a;);cz and (b;)jez be two sequences and let D, D, D_ be the discrete operators defined in

(4). One has, for any j € Z:

. DyD_(a); = D_Dy (a);,
Dy (ab); = aj+1Dy (b); +b;Dy (a);,
* D_ (ab); = a;_1D_ (b); + b;D_ (a), .
[ D(ab)] = D(a)jbj+1 + aj_lD(b)j,
. D(ab); = b;D(a); + "D (3); + 2D (b),
a;Dy (a); = 5Dy (a®), — % (D+ (0)3)2,

Lemma 3. For (a;),c, a sequence in (4 (Z), one has

. 1D+ (a)llz, = [ID-(a)llez

2 + —
' [l = o ()],

2 /1l 2 a

2 4 2 4 2
. 1D+ D (allig = =5 1D+ (a)lleg, — 2 11D (a)llgg -

Applying (29) to D (a); rather than a; enables to state

Corollary 1. Let (a;).., be a sequence in (A (Z). One has

JEZ
2 4 2 4 2
1D+D+D— ()|l = 55 IP+D- (@l — 72 [1D+D (@)l -

Lemma 4. Let (a;);c; and (b;) be two sequences in (%4 (Z). One has

JEZ

. (D (a),b) = — (a, D_ (4),

. (D (@),5) = — {a, D (),
. (0.0 (@) = =52 1D+ ()|,

x2
. (D (), a8*a) =~ 22 (D, (a), (D4 (@)*),
{II2

- (D@8 as%a) = =255 (D (@), (D (@)),
. (@D @) = (Ds ). “5%).
e (D.D_(a),D(ab)) = —ﬁ (D (b),aS*a) + ﬁ (D(b),5"aS*a).

With (34) and (35), taking (b)jcz = (% )jez in (36) and (37) gives the following corollary.

Corollary 2. Let (aj)._, be a sequence in (% (Z). One has

JEZ
. (a0 (5)) =52 (Dr @.0r @),
o (0(5) 20 @) = 5 (Pe @2 @) - 3 (D). D))

10
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4.2 The (4-stability inequality

We focus on the derivation of the ¢3-stability inequality (42), which corresponds to a discrete weak-strong
estimate.
Combining (5), (11) and (12), we obtain

e +0AtD D D_ (e)i ™ (40)
n " e2\" n  CATAL

J
J

DyD_ ()} — Ate?, (n,j) € [0,N] x Z.

Definition 1. For more simplicity, we denote by Ay the dispersive operator
A9 - I + 0AtD+D+D_, (41)
where I is the identity operator in (4 (Z).

Proposition 2 (¢3-stability inequality). Let (€}) () be the convergence error defined by (11) with respect to

Scheme (2)-(3). For every 6 € [0,1], At > 0 and Az > 0, for every (n,j) € [0,N] x Z and v € [0,3) and
o € {0,1}, one has

Az
At (A, D4 ()" + APAD ()12, + AtAa[[D D— ()" |3+ AtA DD (e)" |5 + AtAg ||+ Dy D— (o)l
(42)

A
Moe™ g < doe”l iy + Ataulle®y + At 4’|y + A"y {1+ 455 + At}

where the coefficients A;, fori € {a,b,c,d,e, f}, are defined in Equations (43a)-(43f).

" n At 2. 3 "
A= I + 104 (ua) e (204 T |20+ Fle e+ Slua) Tl | )
At? n At
S IDs (wa)" B+ o (I + 262, (13a)
A
with 1 = (1,1,1,...),
n2 n2 2 n n 2c n
Ac = [le"llze [1 4+ Az] + [[(ua)" oo =+ 2l[€"[leoe[[(ua)"[le= + Z-[l"[le, (43¢)
o Ax n
Aq= (1= 0)At |[|Ds(wa)"llf + o [1D- (ua)"[le= | , (43d)
n N Azz =7 4 |[e?]|oo + 9[€”||F Az~ 3
Ae:2(1—0)At{||(uA) e + [Je"|le + el 5 el ]}—Am, (43¢)
_ 2 %77 LA n||2 'yfé
AfAt{(le(l Z)Ax oy Az 4 Jlenfe 2+9||e 2. A
n Ax?
+At(1 = 0)|| D (ua)” [[e=} — R (43f)

Remark 9. One of our purposes, here below, will be to control the right-hand side terms A; withi € {b,c,d, e, f}
only in terms of ua and not v. This is why this inequality can be viewed as a weak-strong inequality.

The proof of Proposition 2 is detailed in Appendix B.
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5 Rate of convergence

In the left-hand side of the ¢%-stability inequality (42), e?“ appears in the operator Ag. The study of this
dispersive operator is the aim of Subsection 5.1.

In the right-hand side of (42), Dy (e)}, Dy D—(e)} appear in factor of some terms A;. Since we have no
control on these derivatives of the convergence error, we reorganize terms A; in Subsection 5.2 to obtain non-
positive terms : the B; and C; terms of Corollaries 3 and 4.

In Subsection 5.3, the correct CFL hypothesis enables to cancel extra terms B; and C; and an induction

method concludes the convergence proof.

5.1 Properties of the operator A,
Proposition 3. For every At > 0 and Ax > 0, Ay is

o continuous (with a norm depending on f‘;s) from (4 to (%,

o invertible.

Moreover, one has the following inequalities, for any sequence (aj)jEZ € lA(Z)
160At 40 At
laliy < hvaliy < {1+ 35" |1+ T vl (4)

Remark 10. Inequality (44) implies that the inverse of Ag is continuous from €% to ¢4 with a norm independent
of AAztg .
Proof. Given a € (3 (Z), we may define the function @ € L?(0,1) by

() =) are™ £e(0,1),

kEZ

(the sequence a is seen as the Fourier-series of the function a). Parseval identity yields

> aalay = ax [ fa(e) P (45)

JEZL
We extend the shift operators S* and define furthermore the general shift operator S* with ¢ € Z by

S'a = (aj4t);ez

the associated function verifies - '
Sta(§) =e™ma(9), €€ (0,1).

The function associated to Aga is

At

Aga & =a+ QTﬁa (e74m — 3e7 M 13 — e¥™) | £ € (0,1),
At . _
-a {1 +05 3 [—2ie™ "™ sin (3m€) + 6ie "™ sin (7€) } , £e(0,1).

As sin (37€) = 3sin (7€) — 4sin® (7€), we obtain

Aga () =a {1 1+ 8i0 -2 —ime gy (wg)} .

Az?
The operator Ay is thus inversible and its inverse is defined by A;la(g) = AT eliﬂf Sin3(ﬂ5)a(g).
Ax
Moreover, this operator and its inverse are continuous since
1 N 2
1 4oall7z = Aw/ 1+ swme—”f sin® (7¢)| [a(¢)2d¢,
0

12



and the module |1 + 8i6 2L e~ sin® (ﬂ'f)’z satisfies

2

A )
1+8i9—t36 T8 sin (7r§)

148020 Gt i 0
AL ( +8 N (W{)) + (8 s 3cos( 7€) sin® (wf))

B Aty At
1—|—166‘A 5 sin” (7€) <1+49Az3 sin (77{))

At

At
€ [L1+1605— (1+40A$3>]

Thus, the operator Ay verifies

1
Aa:/o [6(6)[2ds < |l Agal% < {1+169AAt <1+49 )}Aa:/ a(6) [2de.

We conclude by using Identity (45). O

Remark 11. The norm of the inverse operator Ag

pendence is crucial to be able to impose a hyperbolic Courant-Friedrichs-Lewy condition ( [c + ]Al, < 1) for
0> l, to establish Equation (65) for example.

The operator Ay enables us to control not only the £%-norm (as proved in Proposition 3) but also an
h% -discrete norm and h?-discrete norm as in the following proposition.

Proposition 4. Let Ag be the operator defined by (41), then for any sequence (a;);jez, one has
Mgl s = llallZy +9AtA(|DyD_ (@] +62A8(|D. Dy D_ (@)
Proof. We develop the square of the ¢4 -norm of (.Agaj)j ez
la+ 0ALD, D2 D_(a)|% = llall’y +20At (a, D3 D4 D_(a)) + 0*A¢2(|D1 D1 D (a)| [ -
Let us focus on the cross term. Discrete integration by parts (31) together with (33) (with D_(a); instead of
aj;) give
20At{a, DD D_(a)) = —20At(D_(a),DyD_(a)) = 0AtAx ||D+D_(a)\|§2A ,

which concludes the proof. O

The following proposition enables to deal with the term A_(; g€} in Equation (42).

Proposition 5. For 0 € [0, 1], assume the CFL condition At(1—20) < AT””B is satisfied. Then, for any sequence
(aj) ;g it holds

2
H«‘L(keprA < ||A9a||§2A- (46)
Proof. We develop the expression:

2
||A_(1_9)a||zi =|la—(1—-60)AtD,D,D_ (a)\|§2A =|la+0AtD, D, D_ (a)||§z —2At (a, D4 D, D_ (a))
+ A#?(1=26)||[Dy Dy D (a)|[7z -

By applying Relations (31) and (33) (with D_ (a); instead of a;), the previous equation becomes

2
[A-a-)al |z, = lAoal gy — AzAt||DLD_(0)l33 + At*(1 —20) [| DL D2D— (a)][73 -

13



If > L Proposition 5 is proved.

If 6 < 3, thanks to Identity (30), we have

4A3(1 — 20)
Az?

AAE2(1 — 20)

2 2 2
|[A-(1-6)a] s, = lAvallz —AzAt[[D D (a)|lz + A2

2 2
1D D_ (@)% ~ 1D4D (@)% -
Since At(1 —20) < %&‘"7 the term % is upper bounded by AtAxz, which transforms the previous
equation into

4A%(1 — 20)

2
14 aaallly < IMgall’y — AsALIDLD_ (@)l +AtAz|IDyD_ (@)l — =

1D+ D (@)% -

The conclusion of the proposition is a straightforward consequence, since 1 — 26 > 0.

5.2 Simplification of Inequality (42)

The previous study of the dispersive operator Ay enables us to reorganize terms in the % -stability inequality
(42) in a way simpler to study : signs of new terms are easier to identify. The reorganization is not exactly the
same for § > £ and 6 < 1, as seen in the following two corollaries of Proposition 2.

Corollary 3 (Corollary of Proposition 2). Consider Scheme (2)-(3). Let (€})(jn) be the convergence error
defined by (11). Then, for every n € [0,N], v € [0,1) and 6 > 1, one has

At
n+1|2 ni|2 n||2
|| Age™ " [lez, < [l Ase™ Iz 1+ AtE,] + Atlle ez {1+4M+At}

(47)
ni2 n 2 n 2 ni2
+Azt<Bb,[D+ (€)™ >+At2BC||D(e) 172 + AtB, ||D4D (e)" [z, + AtBy ||D Dy D_ (e)"[[75
with
. At . At 2, . 3
B = a3l (1+ 52 ) 410 ()" llew (74 55 20 Slenlen + Sliwa) 1)
VAt AP At
n||2 2 =Y
+ 1Dy (ua)™| |2 \/i—er—MQ +1+2¢7 (48a)
A
By, = <6$D+ (e)" — c1> (Ax — cAt), (48b)
n2 n|2 n n 2c n 2
Be = [[(ua)" || +{|e llzeo [+ Az] + 21l [[eoe [|(un)"[le + [l IIeoo} -, (48c)
1 [ Az3™ 4 [|e"]|g "2 A3
3622(1_9)&{|(uA)"||goo+||e"||¢oo+2+ e }—Aaz, (484)
(1—60)Az? 1 Az~ 4 [|e"|pe + 9||e"] |2 A7~ 2 Az?
By =Atq(1-20)+——— [c+ 5+ 5 - (48¢)

Remark 12. Corollary 3 is, in fact, true for all 8 #0 (if 0 <
hypothesis At(1 — 20) < Af ), but we essentially use it for 0 >

we have to add the dispersive CFL condition

N N

Proof. We choose o = 0 in Inequality (42).
e First, we upper bound HA,(l,g)e”H?Z in (42) by ||.Age"||§2A thanks to Proposition 5.
e We tranform A, in (43b) into
Ay = By + (1 = 0)At]| D (ua)"| |71,
with

By, = <A633D+ (e)" — cl> (Az — cAt). (49)
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The Ap-term in (42) thus is
At Ay, (D1 ) = At (B, (Dre")? ) + (1= O)AP]| Dk [F[IDe"| [ (50)
For any sequence (a;);ez, the following Gagliardo-Nirenberg inequality
1D+ (a)llz; < llalleg [1D+D—(a)lleg

is valid even with the ¢%-norm. We will use it on ||D4 (e)"[|2, in (50), to obtain
A

lle™|] 2 VOAtAz|| Dy D_ (€)™
(1= )AL || Dy (ua)" |2 [Dse”| B < (1= O)AL||Dy (ua)"|[f —2 - =

VOAtAz
Proposition 4 enables to make ||Age"||§2A appear and
2 n|2 n||2 (179)VAt n||2 n||2
(1= O)AL7|[ Dy (ua)" ||z [[Dye™ [l < NG EAH|D+(UA) [ [ Age™ |7z -
e As a third step, we transform the Ag-term of (42) (recall that o = 0):
(1-6)

AtAq||D+D—(e)"l7 = (1 = 0)AE || Dy D_(e)" Iz + At|| Dy (ua)"|le=0AtAz|| Dy D_(e)" |7 -

20
Relation (30) allows to rewrite the term (1 — 0)At? || Dy D_ (e)"H?zA:

At2Az?
4

(1 - 0)AR [DLD_(e)"[% = (1 - O)AP |DLD(e)" |5 + (1~ 0) 1D Dy D_ ()" -

Proposition 4 gives
(1-9)
20

e Eventually, we focus on the A¢-term in (42). We decompose Ay into

(1-9)
20

At Dy (un)" e 0AtAZ|| Dy D_(e)" |72 < At|| D (ua)" e[ Ase™ |17 -

Ap = Ag + A (1= 0)|| D (ua)"[[e

with
1—0)Az? Azz ™ + [|e"]|g + 9|]€"]|2 AzY 2 Ag?
A, = At (1—ap) 4+ L=0A2" | Aw7? A letlee + 9l Az a7 (51)
2 2 4
which leads to the following inequality (thanks to Proposition 4):
n n 1-0 n n
AA|DL DL D ()| = AtAy DD D01y + TP AID. (ua) e |0AD. DL D_ ()"

(1-10)
02

Thanks to all the previous relations, we rewrite Inequality (42) as

< AtAg||D+D+D—(€)n||§2A + At||D+(UA)n||é°°||A9€n|\52-

At a2
[ Age™ M2 < [|Age™ |2 [1+ ALB,] + At]e"|[% {1+4M +At} +At<Bb,(D+ (&)™) >

n2 n2 AtAz? n2
+ALA|D (e)"[lig + At[Ae + (1 = 0)AL[|D4 D (e)"|l3 + At {Ag+(1—9) 1 ]I|D+D+D— (€)"llez »
with
At 1-6 1-6 At 2 3
n |12 n n n
B =l (14 52 ) 4104 a)" lew (204 2%+ 2204 52 L2 Senllem + Sl0a) - | )
1-0) VAt At? At
D |7 ( 142 —.
+ || D4 (ua)"|[7 Nz \/E'i_sz +142c Ax

15



For 6 € [%, 1], one has B, < E, with E, defined in (48a). Finally, we define B, := A. and B, := A, + (1 —0)At
2
and By := A, + (1 — ) &t8,
O
Corollary 4 (Corollary of Proposition 2). Consider Scheme (2)-(3). Let (€})(j.n)
defined by (11). Then, for every n € [0,N], v € [0,1) and 6 < 1, one has, if At(1—26) < ATIS

27

be the convergence error

n n n At
Moc™ 1, < oe 2 [1-+ o]+ At {14+ 450 + At

+ AL(Co, (D4 ()] ) + APC||D(e)"|3, + AtCallDy D ()" | + AtC.||DyD(e)"|[3,

with
B = i (1+ 52 )+ 10 ()" liem (74 55 20 2l llem + Sl sl )
+ [|Dy (ua)™| |2 \@g+§; +1+202§—;, (52a)
Cy = (A;D+ (e)" — cl) (Az — cAt) + (1 — 0)At||Dy (un)" ||e=1, (52b)
e = Iua )l + { el [1+ ] + 2w )l + 5 el b - 2 (520)
Cy= ﬁ {At (1—20)+ 1= Z)MQ L Aar Ty IIe"IIeoe2+ 9Ie"|%ocAw”‘ﬂ

— 1'2 X 1'3
+1(1 = 01Dy (s o= + S 1D ) e + GHID- (wa) e b = S5} 620)

5 sz{(l‘”)

+ AL~ 0)|[Dy (ua)” ||eoo} L (52)

Ce =2(1 - 0)At {H (ua)™ [les +[l€"[[e= +

Azt + |le”]|oe +9|e”||%oow-%1 } LY

(1 —0)Az?

Axd =1 1 [l +9]le” |3 a3
5 +

* 2

Remark 13. The variables E, are identical in both previous corollaries. It is noticed that Corollary 4 is valid
for all 0 but thereafter, it will be mainly used for 6 < %

Proof. We choose 0 =1 in Inequality (42).
e From Relation (30), we transform the Ay-term in Inequality (42) into

n|2 4 ni2 4 ni|2
AtAy||DyDyD_e"|[;z = AtAg {Ax? 1D+ D-e"llpz = 5 1D+ De"[liz | -
e We upper bound [[A_1_ge"||% by |[Ase™||% thanks to Proposition 5, to obtain, instead of Inequality (42),
A A
[ Ape™ 2 < [l Ape™ | [1+ AgAt + A + Atfler]2 414428 4 A
0 2= 0 2 a 2 Az

+ 80 (A D) + APANDE By + At { Ao+ 555 HIDLD_ @y

4A .
+ae{a. - TEHIDL D,

We note C, := A, + 1 and verify C, < E,. Finally, we fix Cy, := Ay witho =1, C. := A, Cq := Ag+ z’i’; with

oc=1and C, ::AS—Z'?CQ.

O
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In the following, we will have to show that B; and C; are non-positive to loop the estimates.

5.3 Induction method
We are now able to prove, by induction, the main result for a smooth initial datum: Theorem 1.

Proof of Theorem 1. Let T' > 0 and s > 6 with ug € H*(R). Let the Rusanov coefficient ¢ be such that (13)
is true. This choice is possible because of Theorem 3 which proves that the exact solution belongs to L° for
t e [0,77.

Remark 14. Thanks to Hypothesis (13) : sup |[u(t,-)||r=m®) < ¢, there exists a constant g > 0 such that,
te(0,T]

)

for all At > 0, Az > 0 and for all n € [0, NJ,

[[(ua)™ e (z) + @0 < |[uallee (fo,n]500(z)) + @0 < S[up [[u(t, L@ + a0 < c. (53)
t

)

Let By € (0,1), 8 € [0,1] and 7 € (0, 3). We define @y > 0 as

i sl
G — [AT,HWHX (1+ lwol? ., ( ST ol ol g ol )| (54)

2=

with AT,HuoHH% defined in (16).

We also fix wg > 0 such that the following inequalities (55) and (56a)-(56d) if > % and the following inequalities
(55) and (57a)-(57d) if 6§ < 3 are verified:

%7’Y<
wg ' < 3c, (55)
e for 0 > %,
1_o 1_ 3_ 2
wg ? [wOQ T rwg 7} + 2 sup ||u(t,-)||Loo(R)+§C§ao, (56a)
te[0,7T]
1301 60) 3
<
el w0 Sho (56b)
1—6)w? 1 1 1
(1729)+( 2)“0 {c+2+2 K ”}<o, ifé)>§, (56¢)
11(1 = Bo) 1— : 1
f==
21 0 < Bo, if 0 X (56d)
o for 0 < %,
1_xy 1_ 3_ 2c
wé‘ 2\/[5‘)5 'Y_'_wd" ’Yi| +2 sup ||u(t’)||Lcc(R)+§ SO[(), (57&)
t€[0,T]
1202 7 < o, (57b)
(1 6)(1 — Bo) (1-00) 31—, wi
LT < 57
2(1— 20)c [[(ua)™[[e=wo + 3C+%W0 + 3 < P, (57¢)
(1-6)1—Fo) 11 1y (1—00) [ (A=PBo) o, wo(2+wo)
- — 1-6 ™| poo < Bo.(b7d
2(1—20) 0|t % + (1= OllCua)”lle (1-20) |21 —20)“° 4 < fo.(57d)

Remark 15. These conditions on wq are very likely not optimal.

Let us prove by induction on n € [0, N] that

if Az < min(&g,wp) and if CFL conditions (14a) — (14b) hold, one has ||e"||ge < Azz77, for all n € [0, NJ
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Initialization : For n = 0, the inequality ||°|[s~ < Az2~7 is true because Expressions (3) and (9) imply
) =0, jel
Heredity : Let us assume that
if Az < min(@g,wp) and if CFL conditions (14a) — (14b) hold, one has ||e"||s~ < Azz~7 for all k < n. (58)
Then our goal is to prove that
if Az < min(@g,wo) and if CFL conditions (14a) — (14b) hold, one has |[e" ||~ < Azz 7,
Step 1 : simplification of Corollaries 3 and 4. Let us prove in this first step that Az < min(@g,wo)

and CFL conditions (14a)-(14b) imply the non-positivity of extra terms B; and C; in Corollaries 3 and 4. We
dissociate two cases according to the value of 6.

CASE 6 > 1 :

We show the non-positivity of coefficients B; in Corollary 3, for i € {b,c, e, f}.
e Sign of B,: We get by developing D (e)}

Ax n _ |le™]|es
o Pl =5

However, by induction hypothesis, one has Az < wq (with wg verifying, among others, Inequality (55))
and ||e”||pe < Azz7. It gives

[le™]|eee Azz— wo%_fy
3 ST 3 S7g3 =S¢

Due to the CFL condition (14b), one has
Az — cAt > 0.
Thus, By < 0.

e Sign of B.: For the term B, thanks to the hypothesis ||e”||~ < Az2~7, we obtain
2cAzz
B, < fl(ua) 3= + {[Aw”” + 80227 4+ 204 (ua)" e + ;”} -

Asc > ag+ || (ua)" ||e= (see Remark 14) and Az < wg (with wy satisfying Inequality (56a)) by induction
hypothesis, one has

1
_ _ 1_ 2ew2
B. < [|(us)" | +{[w3 7w 4 20 ) e + 222 }‘CQ <0.

e Sign of B.: since we suppose ||e"||g~ < Azz~7, the term B, satisfies

1 1 1
B <201 - At {lwa)lle= + 5 + 5 A0t} - A

As 6 > 7, then 2(1 — 6) < 1, and, thanks to the choice of ¢ (13), one has

1 13 1 At 1 13 At 1
B.<A S Z2aat o Car=Ard 2 e r o m1p 220 AL
= t{c+2+2 v } v x{m{wﬁ} LW v }
Using Az < wg and using hyperbolic CFL (14b), one has

13At 1 13(1—fo) « 1. 13(1—By) 1,
— A T X FA T I P2
N S TP S P

which is less than 8y thanks to Inequality (56b). Thus one has
B. <0.

18



e Sign of By: the dispersive CFL-type condition (14a) together with hypothesis ||e”||s < Azz~7 give

_ 2 | 3
By <At{(1—20)+(1§)Ax {c+;+121A$27H_A;”7

which is non-positive if Az < wy. Indeed,

—if 6 > %, one has chosen wy such that

(1-60) o 1 11 s+ 1-6) ,[ 1 11 1,

— 7 -4 = <(1-— Sy —wi M <
(1-20)+ 5 Ax c+2+ 2Ax? <(1-20)+ 5w c+2+ 5 WO <0,
thanks to Inequality (56¢),
—ifg =3,
AtAx? 1 11, 1 Azd  Azd [ At 1 11At 1

B; < —+ AT | - —— = —— — | -1+ ——Az27"

1= [C+2+2 v ] 1 1 {Aw[c 2} oAt }

and Condition (14b) together with Az < wq for wy verifying Inequality (56d) enable us to conclude
about the non-positivity of By.

CASE 6 < £ :

In the same way, from Corollary 4, we show the non-positivity of C;, for i € {b,c,d,e}.
e Sign of Cj: one has, by definition of Cj, and by hypothesis ||€"||ge < Azz=

Az n At n
< Azl||e™||e  cAt]le™]|goo

- 3 3

At
— Az + AAt+2(1 — G)EH(UA)TLHZOO

A‘Téiv Ax%f'y At
< At [ 1 —Azx|1- —92(1—9 n
=c° < + 3c > :E( 3c ( )AxQCH(UA) ||€ >]
At At Aﬁﬁéiry AI%77 At

SeArfe—t e — 1 2(1 — ) -2 ||(un)™ e | -

< Az e+ o — t— —t ( )AmQCH(uA) Ir ]
The hyperbolic CFL condition (14b) and the dispersive one (14a) (we recall that 1 — 26 > 0 in that case)
imply

(1— Bo)Axz— Azz=7 Az (1 — By)
Oy < cha |1 — o L= P0IBTy _pBe=8) ]
P ”‘“l ot 343 F S (=0 Sl

The choice of wy small enough to satisfy Inequalities (57¢) implies Cj, < 0.
e Sign of C,.: since C,. = B,, we follow exactly the same proof as for 6 > % to show C, < 0.

e Sign of C,;: thanks to Definition (52d), one has

4 (1-0)Az? Az 4 ||e” g + 9]]e"| |3 Az? 3
= S Iat|a-2
Cy A2 { t|( 0) + 5 + 5
n 1—0)Az? n Ax n Ag?
+AUL = 0)[| D4 (ua)” [le= + % {|D+(UA) [le== + 11D (ua)" [[e= H - 4}

Since ||e"||ge < Azz77, it becomes, thanks to the dispersive CFL (14a),
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cd:m{iizu_zo)ﬂﬁ;(l—e) ¢ HA;N]
#8501 — 0)lublle= +20 - 0) £l + (1 - ) S 1 o= —1}
gm{gg@_zaHmu_e) c+1mg“] B o - o~
#1052 B0E g e+ (- 0 2P g e 1)
:Ax{iizu_zewm(l—@) c+1m;%_v]
B

Thanks to Az < wyp, with wy verifying (57d) and thanks to the CFL condition (14a), one has

Cy <.

e Sign of C.: we develop C, to obtain
IE 4At 11Azz—7
< _ |, 4+ 2 ApsY N E20 g _ _ _ et
C. <2(1 9)At{||(uA) | + 2Am } Aﬁ(l 20) —2(1 — O)At |c 5 ]

SAt? n
_Txg(l_a)H(UA) [[ =
1 4AL 2A¢

<92(1 - | poo 37 el T (1= = - | goo
<201 - )8 {Jltea)"lle= + 1280477 — o} = 355 |0 20)+ 2200 = O)l(ua) =

Since § < %, one has 1 — 20 > 0 then —42L [(1 —26) + 22£(1 — 6)||(ua)"|[e=] < 0. The hypothesis
Az < wy, with wy satisfying (57b) and the choice of ¢ (13) give C, < 0.

ALL IN ALL :

We have proved that, under the induction hypothesis, the following equality holds, for all 8 € [0, 1]

At
HAge"*lH?zA < IIAQe”||§2A {1+ AtE,} + At\|e”||§2A {1 + 4A—x + At} , (59)

with E, defined by (48a).

Step 2 : From e" to ¢"*! thanks to a discrete Grénwall lemma. By splitting E, and using the first
inequality of (20) to upper bound At||D; (ua)" ||e= and At||Dy (ua)" ||3-, Inequality (59) becomes

2 gt
% n At
||A9€n+1||52 < \|A96"H32A {1 + AtE] + Z (/tn ||5Iu(s7.)||Lgods> E;fl} + At|le ||§2A {1 +4E + At},

i=1

with

At B¢,
Az Az

. . At At
Ep = [||uA||§oo <1+> +1+2C2AI] < {1+ luallZoe e (1 4+ —) + AnC
and

At 2 1 3 At 2 1 3
0= AN = 277 - n oo < —_— — 3= _ oo poo
Ec,l |:7+ Ar (20+ SA(E? + 2||(UA) [|e >:| < [7+ Az (26+ 3A£E2 + 2||UAH£ s >:|

20



and
\/t At?
Ely = V2 —
, /7 Az2

Due to the CFL condition, we have, denoting by C' a number independent of ¢, u}, At and Ax

At
Er< 142 (1+—))=E
b _C< +c ( +Ax>> bs (60)
At
Er <C(1+=01 =: E, 1
n<c(14glied) =B (61)

and

VA t At?
f

VA A

We can now apply a discrete Grénwall Lemma (noticing that e} = 0, j € Z). It provides, for every
n e o,N —1],

n o _
Ec,2 -

= L2 (62)

2 gt

. At
[ Ape™ 2 < exp (leb +Z/ ||3zu(8,.)||ZL;c(R)Ecﬁi> S[Eép ﬂ||en||?2AT{l +a +At}. (63)
0 ne

i=1

)

Finally, Theorem 3 and Proposition 1 give, for 0 <n <6 — 5

2
[Age™ 12 < M2 (14 Jluoll? 4., ) {Mnuon%ﬁwﬁ (oll3s + Iluoll? ., o % | } (64)
with

. At
M? =exp (TEb +lluoll 3 Cae™t” [ECJT% + EC,QT%D C2e2°TT {1 a4+ At}

2

At R o ) A
<exp <C (14 ¢%) <1+Aa:2) (T+(T4 +12)uo| 2 e i )) 22 TT{1+M},

with C independent of ug and &, K 2 dependent only on ||ug||r2. Thanks to the CFL condition (14b), an upper
bound for M is
M? < AT jug

3

H4

with

(].—ﬁo) 3 1 k3T K 1—50
AT ol 5 = €XP (C(1+02) <1+ T le <T+(T4+T2)||u0||H%efi ) Cc?e*Tr i1+ 1)

Since |[e" |2, < |[|Age™T!]|2, (Proposition 3), Inequality (64) gives
A A

H4

2
e 2y < Ay, (1 Dol 5., ) { A uol3e + A2 [uollfye + lluol? 5., luoll3 |}

HA4

o3
< My (15 Tl ) <H+u s+ ol ., ol | A2,

(c+ 2)

where the last inequality is obtained thanks to the CFL condition (14b).

(65)

H4

Conclusion : It remains to verify the induction hypothesis (58) at step n+1. The definition of the ¢4 -norm,
Identity (8), together with the inclusion ¢2 C £°°, holds

[le™ llex

VAz

[le"|le <
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According to the upper bound (65), the £>*°-norm is bounded as follow

Juoll e
€™l < Az gl (1+||uo||i,;+n)( + lfuoll s + lfwol 4o lluoll 2 ) VAT
HZ C+2

The choice of a small Ax satisfying Az < min(@g,wy) with @y defined in (54) implies thus ||e"|[pe <
Ax2=7. The induction hypothesis is then true for n + 1. O

Thus, we have proved Equation (15) with A |, , defined by (16) and W = min(wo, o).

Remark 16. The choice of a time average in the definition of ua, Equation (10), is dictated by the dis-
crete Gronwall Lemma on (63). Indeed, applying discrete Gronwall Lemma introduces the following term

Zg:o At||Dy (un)"™ || which is controlled thanks to the estimate (20), where the time integral plays a crucial
role.

Regarding the space average in the definition of ua, its necessity comes from controlling the sum on j € Z in
the consistency estimates (75).

Remark 17. This method is a process to find the CFL condition which suits also for the Airy equation
dwu(t, ) + O3u(t,z) =0, (t,z) € [0,T] x R,

with the finite difference scheme

n+1 n n+1 TL+1 n+1 n+1 n n n n
v =g GUJH —3vT +3v — v +(1_9)vj+2—3vj+1+3vj —vj _0 (66)
At Ax3 Az3 '
The analogue of Equation (42) is here
nt11]2 n2 n|2 A 3 n 2
|| Age ||42A < {1+ At} || Age™|[pz +AE {1+ At} [|€"|[;z +AE {1+ At} ¢ (1 - 20)At — —— ¢ [[D+ DD (e)"||j -
B}\iry

Imposing B}Mry < 0 (which corresponds to Step 1 in the previous proof of Theorem 1) leads to

3
AH(1 - 20) < 2T

This so-called Courant-Friedrichs-Lewy condition, in the case 0 = 0, is exactly the one which is obtained in
[Men83] with a computation of the zeros of the amplification factor in [Men83] and the one obtained by the
Fourier method. Indeed, the amplification factor obtained by Fourier analysis on Airy equation is

8(176)At Sin4(7rf) 81% sin (71—5) cos(m§)

, € (0,1).
1+ 89Ad sin® () + 8i ZAﬁ sin® (7€) cos(m€) £e0D
Requiring that its modulus is less than 1 yields
A 3
Atsin?(€)(1 — 20) < Tx for all & € (0,1).

Remark 18. For a Rusanov finite difference scheme applied to the non-linear term of the KdV equation: the
Burgers equation

u2
Opu(t,x) + Oy <2> (t,z) =0, (t,z)€[0,T] xR,
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which corresponds to the discrete equation

vt (U?H)Q — (U?fl)z . <“§L+1 — 207 + vy

At * 4Ax 2Azx

) . (nj) e [0.N]x 2, (67)

the analogue of Equation (42) would be

At rger: n
ety < el {1 aesPes) 4 ac{agt+ acb ey +ae (B2 D, (@)

+ ARBEE (1D ()" [ |

with
ur, T n n At 2 3
s = e+ 10 0 v (1 2% [ 2lerlee + 2]
At2 n 12 At 2 2
+ oo 1D+ (wa)" [ + 5 (lwa)"|[7 +2¢)
A "
B[])surgers _ <6ID+ (e)" — cl) (Az — cAt),
and

B = [|e"|[7oe [L+ Az] + [[u |7 — ¢+ 2[e" ||ewe[[uR [ e + %Henﬂzw
Therefore, for ug € H%(R) and for Ax small enough, the well-known CFL condition is verified
cAt < Ax,
(thanks to the condition Bfurgers < 0) and the well-known condition for the Rusanov coefficient is verified
e < c:

(thanks to the condition BB1&e™s < ().

Remark 19. For Burgers equation, we know a natural bound for the convergence error: thanks to the mazimum
principle one has ||e™|]s < 2||ug||pee.

6 Convergence for less smooth initial data

In this section, we relax the hypothesis ug € H°(R) and adapt the previous proof for any solution in H 1 (R) to
obtain Theorem 2. When g is not smooth enough to verify uy € H®(R), we regularize it thanks to mollifiers
(305) 5500 S explained in Introduction. Recall that we denote the mollifiers by (%)sso, whose construction is

based on y a C*°-function such that x = 1 on [—3, 1], x is supported in [—1,1] and x(§) = x(—¢). We denote
the exact solution from ug by u, the exact solution from ug* ¢® by u’ and the numerical solution from (17) by

(U?)(n,j)e[[o,N]]xZ-

6.1 Approximation results

We need to quantify the dependence of the Sobolev norms of the solution u° on §. That result is gathered in
Proposition 6 whose proof needs the following lemma.

Lemma 5. Assume (m,s) € R? with m > s > 0. There exists a constant C > 0 such that, if ug € H*(R) and
§ >0 and uf is such as ud = ug * ©°, then

|udl rm (r) < gm—s 1ol lre ) (68)
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Proof. According to (7), the H™(R)-norm of ug verifies

||uo * 0% Frm gy = /R (L+1€1%)™ 1x (5€) *|ao (€) |2dg < /R (L+1€%)° [aol® (1 +[€1*)™ " [x (8€) [Pde.

By hypothesis on y and its support, one has |x (6§)| < 1 and there exists a constant C' > 0 such that
(L+1€2)™ 7 |x(68)? < WC_S), which concludes the proof. O
We are now able to estimate the Sobolev norms of u°.

Proposition 6. Assume m > s> 0 and ug € H*(R) then,

ot |10l 2 ()

gm—s ’

sup [[u’(t,.)||gm@) < Ce
t€[0,T]

where C is a number which depends on m and k., depends on ||ug||r2 and m. Both are independent of §.

Proof. We combine Theorem 3 and Lemma 5. O

We need then to know the rate of convergence of uf toward uy with respect to & (as ¢ tends to 0), which is
summarized as follows.

Lemma 6. Assume ug € H*(R) with 0 < ¢ < s, then, there exists a number C independent of § such that

luo — ud|| mrery < CO°*|uol| s (r)-

Proof. By definition of the H*(R)-norm, we have, for s > ¢ :

— s— — 1-— X(dg) 2 s—
o = ey = [ 1+ EPITAOR (1~ x(08)* de = 8207 [ (14 lePy Gl (i) €2e0de
Hypothesis on x implies that sup I;X_(f ) < (5 for a certain constant Co. Hence, by using the inequality

z€R
(14 [€12)4€26=9 < C(1 + [€)?)%, with C a constant,

o = ug|lFery < 52(‘9_”0022/]}% (1+1€12)" [uo(€)Pde < CCF6° O uo 77+ zy-

6.2 Proof of Theorem 2

Let s > 3. Assume up € H*(R), T > 0 and c such that (13) is true, which implies the existence of ag as in (53)
in Remark 14. We construct ug = ug % ©° as previously.

Let By € (0,1), 0 € [0,1] and (v})(n,j)efo,N]xz the unknown of the numerical scheme (2)-(17). Thanks to
Theorem 1, there exists Wy > 0 such that for every Az < @y and At satisfying CFL conditions (14a)-(14b), one
has

é
8 s [[ug || 7o 5 8 s
[|v™ — (UA)”H["A < AT,”ug”H% (1 + ||uo||2%+n) ( CO+ % + [lugll s + ||U0||H%+n||uo||H1 Az,

with Ag ) , defined by (16).

3
H4
Remark 20. For the bound on Ax, @y in Theorem 1, min(&g,wo) s convenient, where, for v € (0,1/2),

ug|H1)] W, (69)

with Ap s , defined in (16), and wo satisfies (55) and (56a)-(56d) if 6 > 1 and (55) and (57a)-(57d) if
Hi

3 e
(1 2y ) (T s+ i 5

5 [
Wy = A 5
0 T |ud | e T
c+ 3

3
H4

0 < % The point here is that these inequalities satisfied by wqy are valid independently of 0 because ||u8||Loo(R) <
|[uol| o (r)- The fact that &3 depends on & will bring some difficulty.
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By using a triangle inequality between the analytical solution starting from ug and the one starting from
ug, the global error is upper bounded by

lle"llez, = 110" = (ua)"lleg, < VIE" + VIE",

with

Bl = || a)" - [ud]"

. 2
2 1 min(t" v T)  pxjia
=N"A —u dxd
o 2 A (A:c[mm(tn+1,T)_tn] /t / u(s,@) — (s, z)dads |

JEL J

with the notation (10), and

. 2
2 1 min(¢" LT pxji

=) A (s, x)dxds — T | .
2 Z v (Aaj[min(t”+1,T) —t"] _/tn /gc u'(s, x)dwds =

JEZ J

Let us first focus on term [Z]". The Cauchy-Schwarz inequality implies [Z1]" < sup |[|u(t,.)—u(t, .)\|%2(R),
te[0,T)
which leads to study the difference between v and u’.
Since u and u® are two solutions of the initial equation (1a), one has

O (u—u’) + 02 (u—u’) +udy (u—1u’) + (u—1u’) dpu’ =0.

Multiplying by (u — u5), integrating the equation and changing u® in u — (u — u%) in the latest term yield

d (u(t7 x) —ud(t, x))2 (u(t, x) —ud(t, x))2
@t e 3 dx — /Razu(t,x) 3 dz

+/R (u(t,z) — u‘s(t,sr))2 Oy [u(t,z) — (u(t,z) — u‘s(t,x))] dz =0,
e lu(t,.) — (2, )12
u(t,.) —u’(t,.)||12 Ozu(t, )| e
4 R, MO M=y ) i, )

The previous inequality looks like the ’weak-strong uniqueness’ of DiPerna [DiP79] or Dafermos [Daf79, Daf10].
The L?(R)-norm of the difference u — u° is then upper bounded by

0uls, o~
lu(t, ) — u(t, By < exp ( / ”d) o — w82 m,

2
T%C§6H3T 5112
Sexp | ———lluoll 43 ) llwo = uollz2 w):

where 3 and C% are defined in Theorem 3. Then

= 1n 5 2 T%C%eK%T 5112

[E4]" < tES[léPT]Hu(t» )=t )Le ) < exp | ————lluoll ;g | lluo — ugllze(m)-
Lemma 6 implies

TiC eH%T

[E1]" < C26%||uol|Fo myexp

3
———Jwoll ¢ | - (70)

In the other hand, the term [Z2]™ corresponds to the estimate (65) derived in Subsection 5.3 with a smooth
initial datum. It remains us to quantify the dependency of its upper bound with respect to §. Thanks to
Theorem 1, one has

)
= 5 l|ug]| o 5 5 5
VET < Arpg , (1+1802,5.,) <c°+; s + T gl ) A
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with AT,Hu‘SH

defined by (16). As ug belongs to H*(R) with s > 2, then ||u8||H% = HUQHH% and

3
HA4

||ug||H%+n = ||u0 | 2+n'

Lemma 7. For every s > 3, there exists C, depending only on s and on ||ug|| 2, such that, if ug € H*(R),

[ HH
o+ llugllars + llugll 3
c+ 2

Uo||Hs 1
ugHHl < ”56!5 C <C+ 1 +1+ ||'LL()||Hmin(1,s)> .
2

Proof. We apply Lemma 5 with s = 6,4, % + 7,1 and the biggest power of § is 66%5' O

Thus, an upper bound for [Z2]" is

_ 1
VB < Aol , (14 ol (c+ !

4 2

[[uo |l -
. )C 56—+ Az.

For Theorem 1 to be applied, we need to choose a small Ax such that Az < min(@§,wp) (see Remark 20).
With the above lemma, this condition rewrites

Az < min <C> ,Wo ::c/ug. (71)

§6—s

If this condition is satisfied, and if CFL conditions (14a)-(14b) are verified, the convergence error (€})(, ) is
upper bounded by

"Lz

3 k3T
) 1 TiCye Az
<C ATwHuol\Hg (1 + HUOHH%Jrn) (@ +1+ ”uO”Hmi"(le)) +oxp | —— —lluoll,3 | | lluollms {ﬁ +9 ] ;

N

for n € [0, NTJ.

The final key point is to find the optimal §, in other words, the parameter § which makes both terms

0% (coming from 4/[Z1]") and 5%‘”5 (coming from 4/[E2]?) in (72) equal while respecting the constraint (71).

Defining § = Ax® summarizes the problem in the following system

A
Find a such that : Az®® = W:(is)7
. 1 1
under the constraint : < and Ax < wp.

Aza6=s) = Axv
Three cases have to be considered:

o if % < s < 6 — 67, the constraint is binding and we have to choose a which transforms the constraint
inequality in an equality : a = &. In that case, the rate of convergence is given by the smallest term
between Az®® and % i.e. Axt-s.

e [f6-67y<s<6,a= g enables both terms Az%® and % to be equal without violating the constraint.
This choice of a gives a rate of convergence of Axs.

e If s > 6, the result of the Theorem 1 applies.

Since 7 is in (0, 3) (cf. Lemma 10 and induction hypothesis (58)), we take the optimal v : v = 1 —n with n
small and 1 > 0. The conclusion of the theorem is straightforward consequence.

Remark 21. The choice of § is independent of the reqularity s of the initial datum, if 3 < s < 6.

Remark 22. Notice that in the latter result, the error is defined as the difference between the exact solution
and the numerical solution obtained with a smoothed initial condition with a certain parameter §. To be more
complete and estimate the error between the exact solution and the numerical one would require some stability
estimate for the scheme that would allow to compare two numerical solutions with different initial data, in the
spirit of he stability estimate recalled in Remark 7. This precise result seems very difficult to state.
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7 Numerical results

In this section, the previous results are illustrated numerically by some examples and the numerical convergence
rates are computed for the KdV equation.

7.1 Convergence rates

Through the rest of the paper, the computations are performed with an implicit scheme # = 1 in order to avoid
the dispersive CFL condition. Our purpose is to gauge the relevance of our theoretical results on the rate of
convergence with respect to Az. To this end, the time step is chosen according to the hyperbolic CFL condition.
More precisely, ¢ is numerically chosen such that ¢” = max |vf| and At" = @f. This choice seems surprising
JelL,J]
related to the CFL of Theorems 1 and 2 but, as explained in Remark 5, the condition [c + 3]At < Az seems
technical and may be replaced with the classical one cAt < Az. Eventually, we fix the final time 7' = 0.1.
We can not simulate numerical solutions on Z as done in the theoretical results. We have to take into account
numerical boundaries: we use periodic boundaries. We fix the space domain to [0, L] with L = 50 (except for
the cnoidal wave where L = 1) and fix J € N* and Az = L/J.

Remark 23. Notice that the theoretical results do not apply rigorously since the solutions do not belong to
H*(R) because of their periodicity.

When the exact solution is known (e.g. for the cnoidal-wave solution), the variable F; denotes the error
with J cells and is defined as

Ey= n:ﬁ?N]]” (€] )je [0,7] e, = nes[[l(l)l))Nﬂ ‘ (4] )je[[o,Jﬂ N <[UA}j)j€ 107 |3 ’
with (U;l)je[[o, 7] the numerical solution computed with J cells in space and ([uA]?) o0.1] the J-piecewise
je [0,J

constant function from the analytical solution.
When the exact solution is not known, the convergence error is computed from two numerical solutions with
different meshes, v with J cells and © with 2J cells, and E; is replaced with the following F;:

~T

Ej= sup H(U?)je[O,J]] - <UJ' )jEHO,J]]

)

where 07 = v3; for any j and any n. In that case, (17;’) computed from the refined numerical solution

J J€l0,J1’
(w?)je[[o 2]’ plays the role of the exact one ([uA];L o1
) Jjelo,J
The "convergence rate" r; is computed as
log (E) — log (Ea) log (£ ~ lox (£2)
ry= , Or 1y =

log(2) log(2)

7.2 Smooth initial data

To assess the optimality of Theorem 1, the corresponding test cases are carried out with two smooth periodic
initial data, either the sinusoidal initial datum

2T

ug(x) = cos (Lz> ,

or the so-called cnoidal-wave initial datum. This cnoidal-wave solution represents a periodic solitary wave
solution of the Korteweg-de Vries equation whose analytical expression is known as follow:

u(t,z) = :éacng (4K(m) (u (a? - ;) - wét)) :
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where y = 517 and en(z) = cn(z : m) is the Jacobi elliptic function with modulus m € (0, 1) (we choose m = 0.9)
and the parameters have the values a = 192muK(m)? and v = 64u(2m — 1)K (m)?. K(m) is the complete
elliptic integral of the first kind (cf [BCKX13]).

Both results are gathered in Figure 1 for sinusoidal solution and Figure 2 for cnoidal-wave solution. We display
the values of r with respect to J in the left table and post the corresponding graph in logarithmic scale on the

right. The first order is confirmed for both initial data whether in tables or in graphs.

numerical slope= 1.0081

error in numerical 107
J Az 2°(0,T,0%4(Z)) order
computed with E; 4
1600 | 3,1250.10~2 6,2062.10° =
3200 | 1,5625.1072 3,1033.10°° 0.9999 Z, 107
6400 | 7,8125.1073 1,5517.10~° 0.9999 g
12800 | 3,9063.103 8,0795.10°6 0.9415
25600 | 1,9531.1073 4,1435.10°6 0.9634 \
51200 | 9,7656.10~* 1,9974.10~6 1.0527 10700 S
Figure 1: Experimental rate of convergence for sinusoidal solution
numerical slope= 0.99553
error in numerical 10
J Az (0, T, (A (Z)) order _
computed with E; ‘“:f'
1600 | 6.2500.10~% 8.9875.10~% e
3200 | 3.1250.10* 4.5253.10~* 0.9899 3
6400 | 1.5625.10~4 2.2636.10~% 0.9994 5 10
12800 | 7.8125.1075 1.1292.1074 1.0034
25600 | 3.9062.107° 5.7102.107° 0.9837 = =
A X

Figure 2: Experimental rate of convergence for cnoidal-wave solution

7.3 Less smooth initial data

To illustrate numerically Theorem 2, we here initialize the scheme with a less regular initial datum. We test
two kinds of periodic data in H*(]0, L]), with s > 0. We will test both integer and half-integer values of s.

Tests achieved with half-integer s, from the indicator function. Since the indicator function ]l[o’% ]
belongs to H*([0, L]) for all s < %, an idea to construct a periodic function in H*** ([0, L]), with s < % and

¢ € N* is to integrate ¢ times the periodic indicator function. For instance, after a first integration, the initial
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datum
uo(x) = alip 2y + (L— x)]l[%,L]

is periodic and "almost" in H 2 ([0, L]). By reiterating the process of periodization and integration, we obtain

initial data in H*([0, L]), with s = 2,5, 17

Tests achieved with integer s, from the square root function. Since the square root function is in
H'=([0, L]) we construct a H*~ ([0, L]) function by integrating the square root function s — 1 times. However,
we need, in addition, a periodic initial datum, this is why we add the beginning of a Taylor expansion for
the function and its derivatives up to (s — 1)-th to be continuous and periodic. More precisely, we search the

coefficients b;, i € [1, s] such that the function

bs

s—1+1 _ bj 2 bj 3

x 2 — bz R TR

and all its derivatives up to (s — 1)-th be equal for © = 0 and for = = L. To find those coefficients, we just have
to solve a triangular linear system.

Theoretically, the necessity to bound fOT [|0zu(s, .)||iLOO(R)ds in (63) forces to choose s > 3. In addition, the

necessity to bound ||e"||s~ in F, in (48a) in order to apply the Gronwall lemma leads to choose Ax such that
Equation (54) is true, which leads to the constraint 56%5 < Aiw in (71). However, those restrictions may be
only technical and the rate of convergence seems to be Axé for all s € [0,3), as the following numerical results
indicate.

Figures 3 and 4 below report the experiments done for s = 0.5~ and s = 17. Table 1 gives the results we
have obtained with the same technique, for various s values between 0.5~ and 8. The results are compared

with the results proved in the present paper and the conjectures ones.

«10 numerical slope= 0.087948
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Figure 3: Experimental rate of convergence for ug € Hz—([0, L])

error in numerical 1
J Az (0, T, (A (Z)) order 105 ’
computed with E; o 10
3200 | 1.5625.10~2 1.0567.102 K98
6400 | 7.8125.1073 9.8843.1073 0.0964 g9
12800 | 3.9063.10~3 0.2992.103 0.0880 g 85
25600 | 1.9531.1073 8.7490.103 0.0879 s
51200 | 9.7656.10* 8.2289.1073 0.0885
102400 | 4.8828.10~4 7.7468.10 3 0.0871 e 0 10°




Sobolev index | Proved convergence rate | Experimental convergence rate | Conjectured experimental rate
0.5~ 0.0455 0.08795 0.08333
1~ 0.1000 0.16984 0.16667
1.5~ 0.1667 0.25500 0.25000
2~ 0.2500 0.33806 0.33333
2.57 0.3571 0.42595 0.41667
3~ 0.5000 0.50173 0.50000
3.57 0.58333 0.66016 cf. proved
4~ 0.66667 0.67225 cf. proved
4.57 0.75000 0.78307 cf. proved
57 0.83333 0.86032 cf. proved
5.07 0.91667 0.97340 cd. proved
6~ 1.0000 0.98708 cf. proved
7 1.0000 0.99485 cf. proved
8~ 1.0000 1.0060 cf. proved
Table 1: Convergence order with respect to regularity.
p—— numerical 0.028 numerical slope= 0.16984
J Az (0, T, (A (Z)) order 0026
computed with EJ i 0.024
1600 | 3.1250.10 2 2.6762.10 2 = %
3200 | 1.5625.1072 2.3501.10~2 0.18748 5, 0
6400 | 7.8125.1073 2.0793.10~2 0.17660 g 0018
12800 | 3.9063.10~3 1.8595.102 0.16119 0.016
25600 | 1.9531.1073 1.6602.102 0.16360
51200 | 9.7656.10~* 1.4787.102 0.16701 TS 102

Figure 4: Experimental rate of convergence for ug € H'~ ([0, L])

Remark the relative error between the experimental rate and the theoretical one is sometimes significant, for
example, this relative error is more than 12% in the case s = %—. However, the theoretical rate is an asymptotic
result for Az and At small enough. We do not think the difference is significant here.

We summarize the theoretical and numerical results in Figure 5. The blue line corresponds to the proved
rate of convergence, the dashed line matches the conjectured rate and the red dots stand for the numerical rates
of convergence. Both are intertwined, which validates the rate of convergence of w with s the Sobolev

regularity of the initial value.

A Appendix : proof of Proposition 1 on the consistency error

Let us recall that the consistency error is defined by (12).
The main technical part of the proof will be to establish that the consistency error satisfies the following
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rate of convergence
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regularit

Figure 5: Rates of convergence according to the Sobolev regularity of ug. — Rates proved in this paper (solid
line) versus experimental rates (dots)

inequality

)

€% e~ (po.v1563) < B {At sup [(L+ Il ) e | + Ao sup [(1+ llullzz) g + 19l el } ,
€10,

te[0,T]
(73)
where B is a constant that does not depend on u, ug, T, At nor Azx.
Assuming that (73) is established, we can first easily finish the proof of Proposition 1. Indeed, by using the
Sobolev embedding HzT7(R) < L>®(R), with 5 > 0, we obtain

oo (po,np:2) < B1{ At 1 2 A 1 1+ 5,
€ lem o) < { o | (L ) ol |+ sup | (1l ) il +

Theorem 3 enables to rewrite
(261, +re)T
||En||lo°([[0,N]];£2A) < At BlCﬁC’zJﬂ]e 30 |:(1 + HUOHZ%JH,) ||UO||H6i|

+ Az T [(1++ [fuoll ;3 ) ol s + Il 4o ol 11|

with C = max (B1C%+,,C4, BlC%_H]Cl,BlCZ;) and £ = max (ﬁ%Jrn + K4, By + KL /<a4>.

Inequality (21) follows from the fact that there exists a constant B (for example By = 5 \/%_ 5) such that

(1+ ol 300) < B (14 lluoll?, ., ) -

We fix C' = max (BlC(;Cé_H], Bgé) and k¥ = max (2H%+n + nﬁ,ﬁ).
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It remains to prove (73).
For the sake of simplicity, we here assume that ¢t"*! < T. Note that €; can be rewritten as

G = tQAx/t
1 1 e e ?
+ Az (AtAac /tn /xj u(s,y + Am)dyds) - <AxAt , /mj u(s,y — Am)dyds)
b1
AtAx4/

AtAx4 /tn+1

Tj+1
<2AtA:17 /t / u(s,y + Ax) = 2u(s,y) +uls,y - Am)dyds) _

We only give details for the expansion of the nonlinear term (the other terms are easier and can be handled by
similar arguments) :

NL :=
(AtAx/t

Let us introduce, for v in R

tntt

Tj+1
/ u(s + At,y) — u(s, y)dyds

Tj+1
/ u(s,y + 2Az) — 3u(s,y + Ax) + 3u(s,y) — u(s,y — Az)dyds (74)

Tj+1
/ (s,y 4+ 2Ax) — 3u(s,y + Azx) + 3u(s,y) — u(s,y — Ax)dyds

¢l g+l

2
Tjt1 Tj41
/xj u(s,y + A;v)dyds) - (AajAt . /wj u(s,y — Am)dyds)

zjp1 ettt
K(v):= (AmAt/ /t

The nonlinear term in Equation (74) rewrites

2
(s,y + I/Ax)dsdy> .

1 1
NL=K(1)— K(-1) =2K'(0) +/O K" (w)(1 — w)dw +/0 K" (—w)(—1+ w)dw.

A straightforward computation yields

tn+l

K'(0) = — 2 / o / / v / Yu(s, y)dsdydsdy

AzAt? J,, 4n ’

2 o 9 " (s, 0)dv+ [ dneulr.g)d dsdgdsd
~soan | / / [ [xu<s,y>+ [ ezuts, o+ / (e, )t | uls,)dsdgdsdy

/7+1/ ( ) J+1 J+1 ( ) Y 9 ( )
u(s, )0z u(s, y)dsdy + —— / / / u(s,y / 0 u(s, v)dvdsdydy
N AtA Y
P n+1 tn+1

Tj+1 Tj41 5
tQA;z:/ / /t i (S’y)/s Ogru(T, y)drdsdsdydy,

and thanks to the Cauchy-Schwarz inequality, we obtain

gl tn+1

Ax? 9 -
ﬁ/ [[u(3, ||Loc/ / u(s,y +vAz))” dsdyds
t”L

+1 2
Tjt1
<2Am / / (Bpu(s,y + vAz))? dsdy)
tm Zj

[K"(n)* <C
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By using similar expansions for the other terms in (73) and the fact that u satisfies (1a), we deduce by using
the Cauchy-Schwarz inequality to estimate the remainders that

le"|7z < C |A sup [|0Fu(t, )|I72 + Ax? sup [[u(t,.)l[1 sup [[3u(t, |72 +Az® sup [|dqullz,
te[0,T] - te[0,T] te[0,T] - nef0,N] v

+AE sup (lu(t, )7 sup [|0nult,.)][72 + Az? S[up}llaasU(t?-)II%g sup ||0zu(t, . )[|7 + Az® sup ||07ul[7.
g te[0,T

te[0,T] te[0,T] te[0,T] n€e[0,N]
(75)
Let us then compute [|87u||12 in (75). Thanks to the KdV equation, the time derivative is equal to
OPu = 2u (0pu)* + u?0%u + 50,ud>u + 2udiu + 3 (Q%u)z + d5u.
For the term 0,ud3u, we use then the relation, for all u and v in H*+#(R)
10202 gy < C [all ey 1101l sy + 101l e oy el ooy | - (76)

Hence
102ullz < € [lullu 100l + llull3 1020l + llullz 1920l 2z + e 92l zz + 110213, + 1080l
For the term ||0,u||;4, we use an integration by parts and the Cauchy-Schwarz inequality to obtain
0:ulfy = [ (Oeu(e) su(o)de =~ [ 3u(e)okuta) Oru(a))* do < 31l (1030, 00l

We thus conclude [|0,u||3s < C|lu||

For the term [|02u||74, we again use an integration by parts and the Cauchy-Schwarz inequality to write

2
[07ull 2 -

3 2 < 2 2
02ty = [ (@2ule))” utade = [ <30%u(e) (02u(a) amu<x>dx<3||a§u||%i\/ | (@2u@))® @.ut)? ds

which implies thanks to Relation (76) ||02ul[3, < C||ul|p~ ||03u||,,. For the ||8,u(t,-)||L2-term in (75), it
holds ’
tax U\, Lg: - UL, - 2_u y )0z UL, ) — O, Ull, - L2
10eu(t, )72 = || = @oult, )" — ult, )Oult, ) — dzu(t, )|z

< C [[fut, ) 102u(t MFe + N0ault, IEs + N02ult, )13z ]

To conclude, we obtain with (75)

€™l (o, v1562,zy) < C | At sup ([|ullFoe [l 2 + [ful| oo el s + [lull s + [l pee |ull 2 + [Jul g
4 te[0,T] e
€lo,

+Az e (ullzee lullmz + [10aullLee [lullary + [ull s + ||U|H§)] 7
telo,

which can be simplified into

||€n||eoo([[o,N]];£2A(Z)) <C

At sup (Il fullz + Nl e lulls + llullrg )
t€[0,T]

+Az sup (Jullzz |lullmz + [10sullLe [ullm: + ||u||H§)] :
t€(0,T]

Thus the consistency error is upper bounded by

€ e to, w3 2) < c{m sup [(1+ llulf3 ) lullg | + Az sup [(1+ ullzz) |l s + ||azu||Lgo||u||H;]}
te[0,T] te[0,7]

as claimed in (73). This ends the proof of Proposition 1.
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B Appendix : Proof of Proposition 2

This appendix is devoted to the proof of Proposition 2 to obtain stability Inequality (42).
Proof of Proposition 2. Thanks to (40), one has

n 2 n n n
|| Age™ | [,5 = (RHS™), + (RHS"), + (RHS"), (77)
with
2\ n(|2 2 2 2
n n n n At A n
(RHS"), = ||e"|[f3 +(1=0)’ A || D+ D1 D (e)"|[73 +A* D(;) +AL||D (uae)" |3 + === 1D+ D= ()" I3z ,
2

(RHS™), = —2(1 —0)At (", D1 Dy D_ (e)") — 2At <e", D (g)”> —2At{e", D (uae)™) + cAzAt{e"™, Dy D_ (e)™)

+2(1 —0)At* (D1 DD ()", D (uae)™) +2(1 — ) At* <D+D+D, (e)*,D (§>n>

— cAzAt (1 —0) (DD D_ (e)", Dy D— (e)") + 2A¢t° <D (?)n ,D (uAe)”> — cAzAt? <D (%)n ,DyD_ (e)”>
— cAzA? (D (upe)™ ,DyD_ (e)"),
(78)
and

(RHS™), = —2At (" — (1 — 0)AtD. Dy D_ (e)", ") +2A¢t <D (%) ,e">—|—2At2 (D (une)™, "y —cAzAt* (DL D_ ()™, ")

AR, -

Right-hand side (RHS"), We here will bound (RHS"),,.

2
= At?
5N

2

e To this aim, we use the discrete integrations by parts formulas of Subsection 4.1, to see that, thanks to
Ste" + S en
A2 +)

Identity (28),
p(3) =2 per (5

e To bound At?||D (uAe)nﬂizA, we shall use the following lemma.

N

Lemma 8. Let (a;);c; and (bj),cy be two sequences in (% (Z). For any At > 0 one has

S B2 4 (ST
1Dy < (3 + 50 (0w + (0-07] (0 + 5 <(”);(b) +3 e (Db)2,a2> |

The proof of this lemma is postponed to the end of the section.
Relation (79) gives

At
2

(D4 (ws)")? + 5 (D= (wa)") (D))
3At 3At

<<S— ual)” + (8% [ua)")* + == (Dy (ua)")’ + == (D (ua)")’, (e”>2> .

AP IID (use)" Il < A% ([ual)* +

At
2

We turn our attention to the term ATtS <(D+ (un)™)? + (D_(ua)™)?, (De")2> in the first line of the above

expression. By using the definition of De, we obtain that

3
(D (ua)") 4 (D (wa))? (D)) < TlID (ua) [ e

o
2
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e Thanks to Relation (29), one has
A2 Az? " 2 2
T ND, D ()1 = AP 1Dy (€)1}, — A |ID ()"
All this yields

(RHS™), < A [[D DD ()| (6 + (1 - 20)) + *A2|[Dy (o)1

ten —em\? 2 2
+At2<[D<e>"]2,(S§S) +[(a) P~ e 1>

At
2

(57l + (7 sl + 220 (01 a7 + 248 (0 (ua)"? + 2585 I (a1 ).

+ <(e")2 1+
Right-hand side (RHS"), We next focus on (RHS"), and on its different ten terms.
e By Relations (31) and (33), one sees that
—2(1=0)At (", DD, D_(e)") = 20At (", D D, D_(e)") + 2At(D_ ()" ,DyD_ ()"},
= 20At (¢", Dy Dy D (¢)") — AtAz||Dy D (e)"|lj3 -
Equality (30) enables to write

B AtAz?
4

n n n n ny|2 ny2
—2(1-0)At (", Dy Dy D_(e)") = 20At (e", Dy D1 D_ (e)") 1D+ D1 D_ (e)"|[z —AtAz [[DyD (e)"|[z -

e Thanks to Identity (38), one has
" e2\" Az?At n na2
N < D <2) > = 222D (@, (D4 (")),

Identity (36) gives
DAL (e, D (une)") = —At(Ds (ua)", ST ™) < At|D- (ua) [l [l -

Moreover, Relations (22) and (31) imply

cAzAt (", DyD_(e)") = —cAzAt Dy (e)" I3 -
e To bound 2(1 — 0)At? (D, D, D_(e)", D (uae)"), we use the following lemma.
Lemma 9. Let (a;);cy, (b)),cy be two sequences in (4 (Z) and o € {0,1}. One has

(D2D.D_ (a), D(ah)) < 5 {ID4 (0) |+ 1D— (8} |, (D24 D_ (@)*) + 5 (ID- ()| + 1D (B)]. %)
1 Az

+ 5 (ID4 @71 - 52D- 00, (04D @) ) + 510+ @) 7 104 @y — (0 (02D @)). (0

Again, we postpone the proof of this lemma until the end of the section.
Thanks to this lemma applied with a; = e} and b; = (uA);L, one has

2(1 — )A* (D4 Dy D—(e)", D (une)") < %(1 = 0) (ID+ (wa)" |+ |D- (ua)" |, (D+ D+ D- (€)")?)
+ 5= 0) (ID- (ua)" | +1D; (ua)" ], (")?)
2 n|jo A$ n ny\2
+ 1= 08¢ (IID+wa)" 1 = §ED- (ua)" (DD- (0)")?)
+ (1= 0)AP|| D+ (ua)" IF=7 1D+ ()" lIF, = 201 = O)AL ((ua)", (D+D ()")’),
for o € {0,1}.
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2

n
e To bound 2(1 — 0)At? <D+D+D_ (e)™,D (%) >, we use the following lemma.

Lemma 10. Let (a;);., be a sequence in (3 (Z) and v € [0,3), one has

2 2
1D+ D_(a)llzz + llalle= [ D+ D(a)]lgz -

>> _ Ard 4 lall~ + 9]jal o Ao~
2

<D+D+D_ (a),D ( < 5

The proof is postponed to the end of the section.
Applying Lemma 10 to a; = €}, one gets

2 n
2(1 — §) At <D+D+D_(e)", D (Z) >
< AR = 0) Az + el + 9lle” | A F ) [ID4 D ()"
+2(1 = 0)AL[[e" | || D+ D(e)"[[72 -

Once again, Relation (30) transforms At?(1 — 6) (A$%77 +[le™]|e= + 9]|e"| |2 A:ﬂ*%> [|D+D_ (e)n||§2A
to obtain

2 n
2(1 — 6)At? <D+D+D(e)", D <62> >
< AP(1=0) [Az 77+ [¢" | + 9]l A2 ]I D4D (0)"[75

2N 2
+(170)At Ax

1 n n _1 ni2
(A7 el + 9]le™| B Az D4 DL D_(e)"| 7
n n|2
+2(1 = 0)Ae%|[e"||¢== || D+-D(e)" |72 -

Remark 24. Thereafter, a; will be replaced by the unknown e} whereas b; will be replaced by the exact
solution [ua]}. We could not use Lemma 9 with b; = % instead of Lemma 10 because Dy (b); in Lemma

9 will be replaced by D1(5); = D1(5)} which is always unknown.
e Relation (33) gives

Ax?At? n
~eATAP(1 ) (D, Dy D_(e)", Dy D-(6)") = (1~ )= 20 DDy D (0)"1

e To deal with 2At2 <D (%) ,D (uAe)n>, we use the next lemma whose proof is left to the reader.

Lemma 11. Let (a;);c; and (bj);c; be two sequences in (% (Z), then one has

(D0 ($)) = (i@, SIS A8 (5 ) 1 @)*)—5 (DD ) ). 51

2 2 3

Identity (81) with a; = e} and b; = (ua)] gives

62

2AL2 <D (2)n D (uAe)"> — A2 <[D (€)", 8 (un)" S*e™ + 8 (ua)" S_e”>

- SAT AT (D (ua) (D ()

_ QA;Q <DD (uA)",(e")3>.
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e Relation (39) yields
AT AR <D (f)n ,D+D_(e)”> _ _cAnAr <D+ (e)", (D (e)")2>+M <D (e)", (D (e)")2> .

e Relation (37) implies
At? " At?
—cAzA? (D (upe)™ , Do D_(e)") = CAT<D+ (ua)",e"Ste™) — CM (D (ua)",8e"STe™).
Thus, thanks to the Cauchy-Schwarz inequality, we get
cAt?
Ax

n n ni2 CAtz n ni2
—cAzAt?* (D (uae)” , Dy D—(e)") < 1D+ (wa)™ [le= [le"[[eg, + <~ I1D (wa)™ [le= [le”[[zz -

Gathering all these relations yields the following inequality, for o € {0,1}.

n n n n||o A n n
(RHS"), < 20At (", D+D+D— (e)") + (1 = )AL ||| Dy (ua)" || + 511D (ua) Hem} ID+D—e" ||

2At " n cAt 1-—
+ (Dbt = 28800 ua) e + LDl 1 + LDl 1 + 52 D0+ Dok ] ()7

A AtA _
+At<%D+(> —eArl = S==EDL ()" 4 (1 - A Dy (ua)" (771, [Ds <e>"12>

2
FAR (D) 87 (us) $7¢" +5™ (ua)"S™¢" = S D wa) D" + 20D 0 )
At <—Aa:1 —2(1 — O)AL (ua)" + 2(1 — O)At][e” || 1 + AL(1L — 0) [Amé_” £ 1€ leso + 9|]€™] |20 A:ﬁ—%] 1, (D+De”)2>

Az? 1—0)Az?At,  At*(1—6
T R e el L UNU PR RON)

AtAz?

+(1-0)—

(Ax%—v + 1€ e + 9||e“\|§mm7—%) 1,[D.D.D- (e)”12> .

Right-hand side (RHS"). Let us now focus on (RHS"™), and its four different terms.
e From Young’s inequality,

—2At (" — (1 — 0)AtD. D D_ (e)" ") < At||A__g)e"] V?z + A7 -
i n
2

Doy (S+e" —;—S‘e")

e Once again, we apply Young’s inequality to obtain
2\" At?
2A¢ <D <€2> ,e"> -— ||€"||éz + At? Az

Then, Identity (28) gives

2 n
2A 2 <D (Z) 7e”> A—t He"H[z + At? Az

2

A

2

)

5N
e One also has
At? At?

2At% (D (upe)” ,€") < A wa)” 17 lle™ 17, +7||6"||e2 :

e Finally, we see that, thanks to Young’s inequality,

A
—cAzAt? (D D_ (e)",€") < 22— H n”ﬁ + 27 ||€n”/2 :
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Thus, we have

(RHS"),, < At[le" |7, {M [1(ua)™|7= +2c2}} + Atle"|[7 {1 a5 +At}
n(Sten +8 e\ ||
+ At A-q_pe”| i +APAz ||De) (T) .
€A

Final inequality Gathering the previous estimates on the right hand-side of (77), the convergence error
satisfies the following inequality

|| Age “ng < [|Age" [z, +At<(e )Q,Fa>+AtHA,(1,e)e HZQA + Atlle"|I7 {1+4M+At}

+ AL(F [Dy (€)' ) + A2 (Fu, [D(e)"17) + AtF4||D D ()|l + AtF||D4D (e)"|[75
+ AtFy|[Dy Dy D (e)"|[72

with
(ST Al (ST [ual")?  At[3 w2, 3 nz] | AP 12
Fo=22 LA 2 0 5 |5 (D= (wa)™) + 5 (Ds (wa)™)?| + 511D (wa)" |1
1-6 n n n cAt
+ S5 1D (wa)" |+ 14 (wa)" 1+ 194 (s = (14 57 ) 1
cAt " 2At w o At .
+E||D(UA) ||é°°1—TDD(“A) e +Afx(H(UA) ||?oo+202) 1,
2
Fy = At + A%m ()" — chrl — BIAD (o) + (1= 0)AY|Ds (us)” 221,
+en 4 S7em\? Az? 2cA
Fe= (S?S) [+ Al +([ua]) >~ 148" (ua)" ST +8™ (ua)" S~ = 25D (us)" D (e)"+ 5
o Ax n
Fy= (1= 0)At | |D1 (ua)"|[7~ + S ID= (us)" [l
Fo = 2(1 = 0)At]|(ua)" | +2(1 = )AL e — Az + AL = 0) [Aah T 4 [[e” = +9]le”|F AT H]
and
1—0)Ax? n
Fy = e (1= 26) + LD 1 A1 0) Dy ()
sz 1 1 A$3
_ = 53— a1 n 2QO Y—35 =
HL= 05 (Ar e+ 9l 807 ) - 2

o Since ||[DD (ua)" [le= < Az [[D (ua)™ [lese, [[D (ua)™ [le= < [|Ds (ua)™ [|e= and At]| Dy (ua)™ [le= < 22| [uR|le=,
then

F, < A,
where A, is defined by (43a).

e For Fj,, we recognize the definition (43b) of A,.
e For the term F., we have

Fo < |5 [14 A+ |I(wa)" [ = ¢ + g€fin (@a)ji + gef (ua)jy + 3 (ua)jy €51 +

3 3 (UA)?—I €41

- n o0 o
+lle e
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Thus, one has F, < A, (43c).
e Furthermore, from (43d) and (43e)

F,= A4,
and
F, = A..
o At last, we see that Fy < A, defined by (43f). This ends the proof. O

It only remains to prove the above technical lemmas.

Proof of Lemma 8
Proof. Inequality (79) is based on Relation (25)

Sta S~ a 2
1D (@)l = |0 (@ + 55D )+

D_ (b)

a2
= ||bD( )Hﬁz +< D (a),S*aD; (b)) + (bD (a),S~aD_ (b))

% (§TaDy (b),8 aD_ (b)) + HS_“

We conclude from the Young inequality which yields

At
1D (@), < 116D @)1 + 5 1168 al [y + SEID (@) Dy @I + 5 (165 7al Ly

+§ S a
a2 2

o

2 2

=5 0@D- ol + 5| 5500. )

D_ (b)

A

Proof of Lemma 9

We shall start by establishing the following lemma.

Lemma 12. Let (a;);c, and (bj);c, be two sequences in (A (Z), o be in {0,1} and v be non negative. Then, it
holds

[\

(D, D, D_ (a),bD (a)) < 1<Ax ('DQ(W + 'DQ(bW) - &D b, (D, D- (a)) >
1

+ 532 (104 0) P77, (D4 (@)°) = (5, (D+D(@)) . (82)

Proof of Lemma 12. By developing D (a)j and using the relation (31), it holds

(D-D.D- (@)D (@) = ( DeDLD- (@) 504 @) + (D2D2D- (@), 5D- @)

(.o 0. (00 @) - (0200 (20 0)).

We focus first on the term — (D4 D_ (a),D_ (3D (a))). Equality (23b) gives

_ <D+D_ (a),D_ (Zm (a)>> = <D+D_ (a), D‘2(b) D_(a)+2D,D- (a)> .

2
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Eventually, Young inequality provides

- <D+D (a), D (gm <a>)> < 2 (1D (DD @)) + 13 (D4 ()P~ (D (@)?)

For the term — (D D_ (a), D_ (§D_ (a))), one has thanks to Equality (23b),

{D,D_(a),D_ gD_(a) =—(DyD-(0), = D_(a)+%D_D_(a) .
(ps0-@.0- (30-(@)) == (PeD- (), 250 @+ 520-0- )

Hence, it holds (by Young inequality)

_ <D+D_ (a),D- (gD— (a))>

< S (Db, (D D- (@)*) +

4A133V (ID+ ®) P77, (D1a)”) — <¥D—D— (a), Dy D— (a)>

< B (Db (DD @)*) +

A (1D ()77, (D1a)?)

- <$‘b, <D+D‘a “QL D‘D‘a>2> + <¥ (D+D_a)2> + <ﬂ (D_D_a)2>

_ <Aa: D_b|”  S7b4b
4 4

1
4Azv

, (D+D,a)2> —(b,(D+Da)*) + (ID+ (0) P77, (D4 (a))?).

By collecting the previous results, one has

(D00 (@) 00 (@) < ({ S04 B2 ST (0D ap?)

tgas (1D )P, (Ds (@)) ~ (b, (D, Da)?).

Lemma 12 is then proved. O

We can then finish the proof of Lemma 9.
We use relation (25) to develop Dy Dy D_ (a); D (ab); which gives (thanks to the Young inequality)

(D.D.D_ (a),D (ab)) = <D+D+D_ (@),bD (@) + 52D, 4+ D (b)>

2 2
<{(D4+D;iD_(a),bD (a)) + % <(D+D+D, (a))?,|Dy (b) |>
+ ﬁ <(S+a)2 , | Dy (b) |> + % <(D+D+D_ (a))?, |D_ (b) |> =+ ﬁ <(S_a)2 ,|D_ (b) ‘> )

(83)

The conclusion comes from Lemma 12 with v = 0.

Proof of Lemma 10

To prove Lemma 10, we first develop the left-hand side thanks to (25)

<D+D+Da, D (“22)> - <D+D+D (a), BD (a) + ‘%am (a) + %D, (a)] > .

e The first term (DD, D_ (a), %D (a)) is treated with Lemma 12 above, with v = 2 — v and ¢ = 0, which
rewrites
1

a 1 1_ Az 1
<D+D+D*(a)v §D(0)> <7 <{A~T2 71— 2Da} ; (D+Da)2> + ALl ||D+a||;f4A ) <a, (D+Da)2> .
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e For the second term, we integrate by parts thanks to (31) and (23b)

<D+D+D (a), S:;aD+a> = <D+D (a),D_ (SIGD+a>>

(D4 (a))* > |

:_<D+D_(a),ZD+D_(a)+ 1

Young inequality completes the upper bound

Sta 5 a Azz—7 9 1 4
<D+D+D (a), 4D+a> < <(D+D,(a)) ’Z> + =5 IDsDallfy + e IDsalliy -
e For the third term, Relation (31) together with (23a) gives
<D+D+D7 (a) B %D7G> = — <D+D+ (CL) s D+ (%D7G)>
(D01 @ 300 @+ SE D)
DD +D,D_ 2 D_ (a))?
- <; < +D+ (@) o (a)> > + <§ (D4 D+ (@))) + <g (D+D- (@))) - <D+D+ (a), L= (@) 4(“)) >

1
Azxz2™7

S a+a 1
(DD-@)* ) + 25 DD @I + Il

<~ (5.0:D@)) +(

Gathering all these results yields

a® Agz =" Az S a—a 2 1 4
_ — < ——D_ _ s
<D+D+D (a>,D(2)>_< 1= 5D @+ T4 D@ ) + LIl

—(a, (D+D(a))2> .

To conclude this proof, it suffices to use the following lemma.

Lemma 13. Let (a;)jcz be a sequence in €4 (Z), then one has

ID+alley, < \/3llalle= 1D+ D-alle -

This result is a discrete version of a classical Gagliardo-Nirenberg inequality, thus we leave its proof to the
reader.
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