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Controllability of a 4 X 4 quadratic reaction-diffusion system

Kévin Le Balc’h!

Abstract

We consider a 4 x 4 nonlinear reaction-diffusion system posed on a smooth domain Q of RV
(N = 1) with controls localized in some arbitrary nonempty open subset w of the domain Q. This
system is a model for the evolution of concentrations in reversible chemical reactions. We prove
the local exact controllability to stationary constant solutions of the underlying reaction-diffusion
system for every N > 1 in any time 7 > 0. A specificity of this control system is the existence of
some invariant quantities in the nonlinear dynamics. The proof is based on a linearization which
uses return method and an adequate change of variables that creates cross diffusion which will be
used as coupling terms of second order. The controllability properties of the linearized system
are deduced from Carleman estimates. A Kakutani’s fixed-point argument enables to go back
to the nonlinear parabolic system. Then, we prove a global controllability result in large time
for 1 < N < 2 thanks to our local controllabillity result together with a known theorem on the
asymptotics of the free nonlinear reaction-diffusion system.

Keywords: Controllability to stationary states, parabolic system, nonlinear coupling, Carleman
estimate, return method
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1. Introduction

Let T > 0, N € N*, Q be a bounded, connected, open subset of RY of class C? and let w be a
nonempty open subset of Q. The notation Q := (0, 7T) X Q will be used throughout the paper.

1.1. Presentation of the nonlinear reaction-diffusion system

Let (dy, d», ds,ds) € (0, +c0)*. We are interested in the following reaction-diffusion system

Bu; — didu; = (=1) (uyuz — upus) in (0,7) X Q,

Vi<i<4,{ 2= on (0,T) x 69, (1)
ui(0,.) = u;p inQ,

where 7 is the outer unit normal vector to 0€2. This system is a model for the evolution of the
concentration (., .) in the reversible chemical reaction

U1+U3:‘U2+U4, (2)

by using the law of mass action, Fick’s law and the fact that no substance crosses the boundary
(Neumann conditions). For this quadratic system, global existence of weak solutions holds in
any dimension.

Proposition 1.1. [44, Proposition 5.12]
Let ug € L*(Q)*, ug > 0. Then, there exists a global weak solution (in the sense of the definition
[44, Section 5, (5.12)]) to (1).

For dimensions N = 1, 2, it was proved that the solutions are bounded and therefore classical
for bounded initial data (see [21], [33] and [35]). It was not known until recently whether they
were bounded in higher dimension (see [44, Section 7, Problem 3] and references therein for
more details). But, two very recent preprints: [12] and [49] prove that these solutions are smooth.

1.2. The question
Let (u}, w3, u3, uy) € [0, +00)* satisfying
ujuy = uyuy. 3)
We will say that (u7)1<i<4 is a stationary constant solution of (1).

Remark 1.2. The nonnegative stationary solutions of (1) are constant (see Proposition 6.1 in
Appendix A). Thus, it is not restrictive to assume that (uj, u3, u5, u}) € [0, +00)4,

The question we ask is the following: Could one reach stationary constant solutions of
(1) with localized controls in finite time? From a chemical viewpoint, we wonder whether one
can act on the free reaction (2) by a localized external force to reach in finite time 7 a particular
steady state (u])i<i<4. For instance, this force can be the addition or the removal of a chemical
species in a specific location of the domain Q.

We introduce the notations:

Jj € {1,2,3} denotes the number of internal controls that we allow in the equations of (1),
3



lic;:=1if 1 <i< jand 0if i > j.

By symmetry of the system, we reduce our study to the case of controls entering in the first
equations. Thus, we consider the following controlled system

Au; — diAu; = (=1)(uyuz — upug) + hilylic;  in (0,7) X Q,

Vi<i<4, { %= on (0,7) x 9Q, )
u;(0,.) = u;p in Q.

Here, (u;)1<i<a(t,.) : Q — R* is the state to be controlled and (h;)1<i<;(t,.) : Q — R/ is the
control input supported in w. We are interested in the L™-controllability properties of (4): For
every up € L®(Q)*, does there exist (/1;);<i< ;€ L®(Q)/ such that the solution u of (4) satisfies

Vie{1,2,3,4), u(T,.) = u}? (5)

1.3. Two partial answers

Our first main outcome is a local controllability result in L=(Q) with controls in L*(Q)
for (4), i.e. we will show that for every 1 < j < 3, there exists & > 0 such that for every
uo € Xjdy,u) (a " natural " subspace of L®(Q)*, see Section 3.1), with |Jug — u*|| =@y < 0, there
exists (h)i<i<j € L*(Q)’ such that the solution u of (4) satisfies (5).

Our second main result is a global controllability result in L (Q) with controls in L*(Q)
for (4) in large time and in small dimension, i.e., we will prove that for every 1 < N < 2,
1 <Jj <3, up € Xjy. which verifies a positivity condition (see (42)), there exist T suffi-
ciently large and (h;)1<i<; € L™((0,T%) X Q)/ such that the solution u of (4) (replace T with T*)
satisfies (5) (replace T with 7).

The precise results are stated in Section 3 (see Theorem 3.2 and Theorem 3.6).

1.4. Bibliographical comments for the null-controllability of parabolic systems with localized
controls
Now, we discuss the null-controllability of parabolic coupled parabolic systems. The follow-
ing results will be useful for having a proof strategy of our two main results.

Remark 1.3. We choose to present parabolic systems with Dirichlet conditions because these
results are more easy to find in the literature. However, all the following results can be adapted
to the Neumann conditions.

1.4.1. Linear parabolic systems

The problem of null-controllability of the heat equation was solved independently by Gilles
Lebeau, Luc Robbiano in 1995 (see [39] or the survey [38]) and Andrei Fursikov, Oleg Imanuvilov
in 1996 (see [29]) with Carleman estimates.

Theorem 1.4. [5, Corollary 2]
For every uy € L*(Q), there exists h € L*(Q) such that the solution u of

ou—Au=nhl, in(0,7T)xQ,
u=0 on (0,7) X 0Q,
u(0,.) = uy in Q,

satisfies u(T,.) = 0.



Then, null-controllability of linear parabolic systems was studied. A typical example is

Ou — DAu = Au+ Bhl,, in(0,T) X Q,
u=>0 on (0,T) x 0Q2, (6)
u(0,.) = ug in Q,

where u € C([0, T]; L>(Q)") is the state, h € L*(Q), 1 < [ < k, is the control, D := diag(d,, ..., dy)
with d; € (0, +c0) is the diffusion matrix, A € M;(R) (matrix with k lines and k columns with
entries in R) is the coupling matrix and B € M, (R) (matrix with k lines and / columns with
entries in R) represents the distribution of controls.

Definition 1.5. System (6) is said to be null-controllable if for every uy € L*(Q), there exists
h € L*(Q)' such that the solution u of (6) satisfies u(T,.) = 0.

The triplet (D, A, B) plays an important role for null-controllabillity of (6) as the follow-
ing theorem, proved by Farid Ammar-Khodja, Assia Benabdallah, Cédric Dupaix and Manuel
Gonzalez-Burgos (which is a generalization of the well-known Kalman condition in finite di-
mension, see [15, Theorem 1.16]), shows us.

Theorem 1.6. [5, Theorem 5.6]
Let us denote by (A,,)m>1 the sequence of positive eigenvalues of the unbounded operator
(=A, H2(Q) N Hé(Q)) on L3(Q). Then, the following conditions are equivalent.

1. System (6) is null-controllable.

2. For every m > 1, rank((—A,,D + A)|B) = k, where

((=AuD + A)|B) := (B,(=2,D + A)B,(=1,D + AY’B, ..., (=1,D + A)*"' B).
For example, let us consider the 2 X 2 toy-system

Oy —diAuy = ajuy + appup + hyl, in 0, T)x Q,

Oy — drAuy = ar uy + anuy in (0, T) X Q, %)
u=0 on (0,T) x 0Q2,
u(0,.) = ug in Q,

where a;; € L*(Q) for every 1 < i, j < 2. We easily deduce from Theorem 1.6 the following
proposition.

Proposition 1.7. We assume a;; € R for every 1 < i,j < 2. The following conditions are
equivalent.

1. System (7) is null-controllable.

2. ap #0.

Roughly speaking, u; can be driven to O thanks to the control /; and u, can be driven to 0
thanks to the coupling term a> u;. We have the following diagram

controls controls
/’l1 ~ U v Up.

We also have a more general result for the toy-model (7).

Proposition 1.8. [5, Theorem 7.1]
We assume that for every 1 < i, j < 2, a;; € L*(Q) and there exist t| < t, € (0,T), a nonempty
open subset wy C w and &€ > 0 such that for almost every (t,x) € (t1,1;) X wo, lax(t, x)| > €.

Then, system (7) is null-controllable.
5



Roughly speaking, if the coupling term ay; lives somewhere in the control zone, then (u;, u;)
can be driven to (0, 0). The case where supp(az;) N w = O is more difficult even if a; depends
only on the spatial variable: a minimal time of control can appear (see [6] and [7]).

In order to reduce the number of controls entering in the equations of a linear parabolic
system, a good strategy is to transform the system into a cascade system. This type of system
has been studied by Manuel Gonzalez-Burgos and Luz de Teresa (see [31]). For example, let us
consider the 3 X 3 toy system

Oy — diAuy = ajuy + appuy + apzuz + hyl, in 0,T)x Q,

0y — dr Ay = ariuy + arnuy + drzuz in (0, T) X Q,

Oiuz — dzAuz = aspUy + azzus in (0,T) x Q, (8)
u=0 on (0,7) X 09,

u(0,.) = uy in Q.

where for every 1 < i, j < 3, a;; € L*(Q).

Proposition 1.9. If there exist t, < t; € (0,T), a nonempty open subset wy C w and & > 0 such
that for almost every (t,x) € (t1,t2) X wy, |ax1(t,x)| = € and |as(t, x)| > &, then system (8) is
null-controllable.

Roughly speaking, u; can be driven to 0 thanks to the control /;, u; can be driven to O thanks
to the coupling term ay;u; (which lives somewhere in the control zone) and u3 can be driven to
0 thanks to the coupling term as;u, (which lives somewhere in the control zone). Heuristically,
we have the following diagram

controls controls controls
hy "~ Uy ~ uy M Uz,

For more general results, see [4], [3], [2] and the survey [5, Sections 4, 5, 7].

We can also replace the coupling matrix A in the system (6) by a differential operator of
first order or second order. In this case, there exist some similar results (see [30], [10] with a
technical assumption on w, [22], [23], [24]). For example, let us consider the particular case of
the 2 X 2 system

oy —diAuy = gll.Vul + glz.Vuz +ajuy +apu +h 1, in 0, T)xQ,

Oy — drAuy = g21.VM1 + gzz.vuz + ariuy + aruy in 0,7T)x Q, 9)
u=0 on (0,T) x 0Q2,
u(0,.) = ug in Q,

where g;; € R, g;; € R for every 1 < i, j < 2. Then, system (9) is null-controllable if and only if
g21 # 0oray; # 0. This result is due to Michel Duprez and Pierre Lissy (see [23, Theorem 1] and
[50, Theorem 3.4] for a similar result). It is proved by a fictitious control method and algebraic
solvability, introduced for the first time by Jean-Michel Coron in the context of stabilization of
ordinary differential equations (see [14]). This type of method has also been used for Navier-
Stokes equations by Jean-Michel Coron and Pierre Lissy in [19]. However, the situation is much
more complicated and is not well-understood in the case where a;;, g;; (1 < i, j < 2) depend on
the spatial variable. One can see the surprising negative result of null-controllability: [24, Theo-
rem 2]. When the matrix A in (6) is a differential operator of second order (take A = AA +C(1, x)
6



with (Z, C) € Mi(R) x L*(Q; M (R)) to simplify), the coupling matrix A disturbs the diagonal
diffusion matrix D and creates a new “cross” diffusion matrix: D = D — A. When D is not
diagonalizable, there are few results (see [26] with a technical assumption on the dimension of
the Jordan Blocks of D and the recent preprint [41, Section 3] when C does not depend on time
and space).

Let us also keep in mind the following result which help to understand our analysis.

Proposition 1.10. /34, Theorem 3], [26, Theorem 1.5]
Let ayy, ayz, d € R. Let us consider the 2 X 2 toy system

oy — diAuy = ayyuy + appup + i1, in 0, T)x Q,
Oy — drAuy = dAuy in 0,7T)x Q,
u=0 on (0,T) X 0Q),
u(0,.) = uy in Q.

(10)

Then, the following conditions are equivalent.
1. System (10) is null-controllable.
2.d+#0.

Roughly speaking, u; can be driven to O thanks to the control /; and u, can be driven to 0
thanks to the coupling term of second order dAu, .

d d
linear transformation together with Theorem 1.6, one can prove Proposition 1.10. However, in
this paper, we choose the opposite strategy. We transform (4) into a system like (10) (with four
equations). Indeed, such a system seems to be a cascade system with coupling terms of second
order.

Remark 1.11. When it is possible, one can diagonalize the matrix D = (dl 0 ) Then, by a

1.4.2. Nonlinear parabolic systems

Then, another challenging issue is the study of the null-controllability properties of semi-
linear parabolic systems. The usual strategy consists in linearizing the system around 0 and to
deduce local controllability properties of the nonlinear system by controllability properties of the
linearized system and a fixed-point argument.

For example, let us consider the 2 x 2 model system

Oy —diAuy = fi(ur,up) + i1, in(0,7)XxQ,

Oty — drAuy = fo(uy, us) in(0,7) xQ, an
u=>0 on (0,7) X 0Q,
u(0,.) = uy in Q,

where fi and f> belong to C*(IR?; R). Then, the following result is a consequence of Proposi-
tion 1.7.

Proposition 1.12. Let us suppose that ;’-—f](o, 0) # 0. Then, there exists 6 > 0 such that for every

uy € L®(Q)? which satisfies ||uoll .~y < 0, there exists hy € L¥(Q) such that the solution u of
(11) verifies u(T,.) = 0.



Remark 1.13. This result is well-known but it is difficult to find it in the literature (see [I,
Theorem 6] with a restriction on the dimension 1 < N < 6 and other function spaces or one can
adapt the arguments given in [17] to get Proposition 1.12 for any N € N*). For other results in
this direction, see [51], [40], [32] and [13].

When f, does not satisfy the hypothesis of Proposition 1.12, another strategy consists in
linearizing around a non trivial trajectory (it7, %z, h;) of the nonlinear system which goes from
0 to 0. This procedure is called the refurn method and was introduced by Jean-Michel Coron
in [14] (see [15, Chapter 6]). This method conjugated with Proposition 1.8 gives the following
result.

Proposition 1.14. We assume that there exist t; < t, € (0,T), a nonempty open subset wy C w
and & > 0 such that I%(u_l, uy)| = € on (t1,t:) X wy. Then, there exists 5 > 0 such that for every
uy € L*(Q)? which satisfies ||uoll .~y < 0, there exists hy € L¥(Q) such that the solution u of
(11) verifies u(T,.) = 0.

Proposition 1.14 is proved in [17] and used in [17] with f>(u;, u;) = u? + Ru,, where R € R,
[16], [18] and [37].

Finally, Felipe Walison Chaves-Silva and Sergio Guerrero have studied the local controlla-
bility of the Keller-Segel system in which the nonlinearity involves derivative terms of order 2
(see [13]). Some ideas of [13] are exploited in our proof.

1.5. Proof strategy of the two main results

Let us return to the main question discussed in this paper (see Section 1.2) and the expected
results as explained in Section 1.3.

The local controllability result is deduced from controllability properties of the linearized
system around () <;<4 of (4). This strategy presents two main difficulties.

For the case of 3 controls (see Section 4.1.1), if (u], uj, uy) # (0,0,0), the linearized system is
controllable and consequently the nonlinear result comes from an adaptation of Proposition 1.12.
If (u},u3,u;) = (0,0,0), the linearized system is not controllable. Then, we use the return
method to overcome this problem and the nonlinear result comes from an adaptation of Proposi-
tion 1.14.

For the case of 2 controls and 1 control, there exist some invariant quantities in the nonlin-
ear system and consequently in the linearized system, that prevent controllability from happen-
ing in the whole space L*(Q)*. Therefore, we restrict the initial data to a “natural” subspace of
L®(Q)* (see Section 3.1). A modified version (for Neumann conditions) of Theorem 1.6 cannot
be applied to the linearized system of (4) because the rank condition is never satisfied (due to the
invariant quantities). An adequate change of variable gets over this difficulty by creating cross-
diffusion and by using coupling matrices of second order (see Section 4.1.2 and Section 4.1.3).
Then, we treat the controllability properties of the linearized system by adapting Proposition 1.9
and Proposition 1.10.

To summarize, we must require necessary conditions on the initial data. Consequently the
local controllability result depends on: the coefficients (d;)<;<4 (i.e. the diffusion matrix), the
state (u])1<i<4 (i.e. the coupling matrix of the linearized system of (4)), j (i.e. the number of
controls that we put in the equations).



The global controllability result is a corollary of our local controllability result and a result
by Laurent Desvillettes, Klemens Fellner and Michel Pierre, Takashi Suzuki, Yoshio Yamada,
Rong Zou concerning the asymptotics of the trajectory of (1) for 1 < N < 2. Indeed, this
known result claims that the solution u(7,.) of (4) converges in L*(Q)* to a particular positive
stationary solution z of (1) when T — +oco (see [21] or [46, Theorem 3] and [45, Theorem 3]).
Then, the solution of (4) can be exactly driven to z by our first outcome. Finally, a connectedness-
compactness argument enables to steer the solution of (4) from z to (& )1<i<4.

2. Properties of the nonlinear controlled system

2.1. Definitions and usual properties

In this part, we introduce the concept of trajectory of (4). This definition requires a well-
posedness result (see Proposition 2.3).

First, we introduce some usual notations.

Let k,I € N*, A an algebra. Then, M(A) (respectively M, ;(A)) denotes the algebra of
matrices with & lines and k columns with entries in A (respectively the algebra of matrices with
k lines and [ columns with entries in A).

For k € N* and A € Mi(R), S p(M) denotes the set of complex eigenvalues of M,

Sp(M) :={1€C; 3AX € CF\ {0}, MX = AX}.
For (a, b, ¢, d) € R*, we introduce
Vie N, fia,b,c,d) = (=1)'(ac — bd), f(a,b,c,d) = (fi(a,b,c,d))<i<a. 12)
Definition 2.1. We introduce the space Y defined by
Y := LX0,T; H(Q) N H'(0,T; (H' (). (13)

Proposition 2.2. From an easy adaptation of the proof of [25, Section 5.9.2, Theorem 3], we
have
Y < C([0, T]; L*(Q)). (14)

Proposition 2.3. Let k € N*, D € Mi(R) such that D is diagonalizable and S p(D) C (0, +c0),
A € M(L®(Q)), ug € L*(Q), g€ LX(Q)*. The following Cauchy problem admits a unique weak
solution u € Y*

=0 on (0, T) x 4Q,

Ou—DAu=Alt,x)u+g in(0,T)XQ,
u(0,.) = uy in Q.

This means that u is the unique function in Y* that satisfies the variational fomulation

T
Yw e L*(0, T; H' ()5, f (Ot W) @y 1Y @) + f DVu.Vw = f (Au+ g).w, (15)
0 0 0

and
u(0,.) = ug in L*(Q)~. (16)

9



Moreover, there exists C > 0 independent of uy and g such that
lllys < C (lluollz2ay: + lgl2op) - (17)

Finally, if up € L=(Q)F and g€ L®(Q), then u € L*(Q)* and there exists C > 0 independent of
uy and g such that

||u||(ymL°°(Q))k < C(””O”L"O(Q)k + ”g”LN(Q)")- (18)

Remark 2.4. This proposition is more or less classical, but we could not find it as such in the
literature and we give its proof in the Appendix (see Appendix A.1).

Definition 2.5. For up € L¥(Q)*, ((4;)1<i<4, (hi)1<i<j) 1s a trajectory of (4) if
L ((ui)1<i<a> (h)1<i<j) € (Y N LY(Q)* X L¥(Q)/,
2. (U;)1<i<4 1s the (unique) solution of (4).
Moreover, ((#)1<i<4> (hi)1<i<;) i$ a trajectory of (4) reaching () 1<j<4 (in time T) if

Vie{l,...,4}, u(T,.) = u;.

Remark 2.6. The concept of solution of (4) is the same as in Proposition 2.3 (take D =
diag(dy,d», d3,ds), A = 0 and g = (g;(w))"_,_, where gi(u) = fi(u) + hil;;1,,).

1<i<4

Remark 2.7. The uniqueness is a consequence of the following estimate.
Let D = diag(dy, d>, d3, ds), (h)1<i<j € L¥(QY, u = (u)1<i<4 € (¥ N LY(Q)*, U = (i) 1<i<4 €
(Y N L(Q))* be two solutions of (4), and v = u — u. The function v satisfies (in the weak sense)

0,v—DAv = f(u)— f(w) in(0,T)xQ,
% = on (0,7) X 0Q, (19)
v(0,.)=0 in Q.

By taking w := v in the variational formulation of (19) (see also (15)) and by using the fact that

the mapping ¢ ||v(t)||i2 @ is absolutely continuous with
% ||V(f)||iz(9)4 = 200v(@®), v yty 1@ forae. 0 <t < T (see [25, Section 5.9.2, Theorem

3]), we find that
2 dt (”V”L?((W) + ”DVV”LZ(Q)4 = (f(w) — f@), )2y 2@y forae. 0 <t <T. (20)

By using the facts that (u, ) € L*(Q)* x L*(Q)*, f is locally Lipschitz continuous on R*, we
find the differential inequality

d

7 (M2 ) < MG g - forae. 0< 1< T, 1)

Gronwall’s lemma and the initial condition v(0, .) = 0 prove that v = 0 in L?>(Q)*. Consequently,
u=nu.
2.2. Invariant quantities of the nonlinear dynamics

In this section, we show that in the system (4), some invariant quantities exist. They impose
some restrictions on the initial condition for the controllability results.

10



2.2.1. Variation of the mass
Proposition 2.8. Let j € {1,2,3}, uy € L™(Q)*, ((ui)1<i<4> (hi)1<i<j) be a trajectory of (4). For
every 1 <i <4, the mapping t — fQ u;(t, x)dx is absolutely continuous with fora.e. 0 <t < T,

4 f ui(t, )dx = f [, x), 10, %), u3(t, 00, w4t ) + hilt, D1 i ldx. (22)
dt Jg Q

Proof. We fix 1 <i < 4. By using the fact that #; € Y and from an easy adaptation of [25, Section
5.9.2, Theorem 3, (ii)], we deduce that the mapping ¢t — fQ u;(t, x)dx is absolutely continuous
and forae. 0<tr <7,

d
g f wit, )dx = Guait, ), Doy iy -
tJa

Then, by using that ((#;)1<i<4, (hi)1<i<;) is the (unique) solution of (4) and by taking w = 1 in
(15), we find that fora.e. 0 <t < T,

Ou(t, ), 1)(111(9))',1-11(9)

= di(Vui(t’ ')v VI)LZ(Q),LZ(Q) + f {ﬁ(l/l]([, .X), uz(t’ X), I/l3([, .X), M4(t, )C)) + hi(t’ x)lm(x)liﬁj}dx
Q

= L {ﬁ(”l(ta x)’ btz(l, -x)’ M3(t’ x)’ u4(t’ -x)) + hi(t, x)lw(x)liéj}d-x~

2.2.2. Case of 2 controls
Proposition 2.9. Let j = 2, uy € L2(Q)*, () 1<i<a, (hi)1<i<2) be a trajectory of (4) reaching
(U7 )1<i<4 in time T. Then, we have

1
@ fQ <u3yo(x) + u4,0(x))dx =u; +uj, (23)

(d3 = d4) = (u3,0 +Usp = M; + MZ) (24)
Proof. From (22), we have

i (f(m(t, X) + ug(t, x))dx) =0forae. 0<r<T.
dt\Jo

Then, from Definition 2.5, (23) holds.
Moreover, usz + uy satisfies

ustua) _ on (0, T) x 0Q.

{ 6,(143 + M4) - d4A(M3 + M4) = (d’; - d4)Au3 in (0, T) X Q,
on

If d5 = dj, then the backward uniqueness for the heat equation (a corollary of Lemma 2.11)
proves that
Vre[0,T], (us +us)t,.) = (us + us)(T,.) = u; + uj. (25)

This implies the necessary condition (24), stronger than (23), on the initial condition. O
11



2.2.3. Case of 1 control
Proposition 2.10. Let j = 1, ug € L®(Q)*, () 1<i<4> (hi)1<i<2) be a trajectory of (4) reaching
(u})1<i<4 in time T. Then, we have

fﬂﬁ}wam+uquh=u3+@’fﬂﬁ}md@+“wuwﬂ=“§+@’ (20

(k#1€12.3,4}, di = di) = (ueo — (=D = uf = (~D)u}). 27)
Proof. From (22), we have

d (1 d(1
- (@ L(MZ(Z’ x) + us(t, x))dx) =0, = (@ L(ug(t, X) + uy(t, x))dx) =0forae. 0<tr<T.

Then, from Definition 2.5, (26) holds.
Moreover, if there exists k # [ € {2,3,4} such that d; = d;, by using again the backward
uniqueness for the heat equation, we get

(k#1€{2.3,4), d = d))
= (V1€ [0, T], (we— (1wt ) = (e — (1D u)(T, ) = up — (<1 up),  (28)

and in particular the necessary condition (27), stronger than (26), on the initial condition. O

2.3. More restrictive conditions on the initial condition when the target (u;)1<i<4 vanishes

In the previous section, we have seen that there are invariant quantities in the dynamics of (4)
which impose necessary conditions on the initial condition: (23), (26). Moreover, when some
coeflicients of diffusion d; are equal, we have more invariant quantities in (4) which impose
stronger necessary conditions on the initial condition: (24), (27).

2.3.1. The lemma of backward uniqueness

Lemma 2.11. Backward uniqueness

Letk € N, D = diag(d,, . .., dy) where d; € (0, +c0), C € M(L*(Q)), {o € L®(Q). Let ¢ € Y*
be the solution of

%=0 on (0,7) x 8QY,
£00,.) =& in Q.
If {(T,.) =0, then for every t € [0,T], {(t,.) = O.

{ 8,0 — DAC = C(t,x)¢ in (0,T) X Q,

Proof. Z(t, x) = exp(—1){(t,x) € Y* is the solution of the system

0 = DAL + Il = C(t, ) in (0,T)x L,

%ﬁ =0 on (0,7) x 0Q,
£0,)=4 in Q,

which verifies Z(T, ) =0.
Let us denote A = —DA + I;, which is a bounded linear operator from H'(Q)* to (H'(Q)*)'.
Indeed,

k k
V(u,v) € (H Q"% (Au)(v) = Z di(Vu;, Vv @) + Z(ui’ VDI2(Q).12(Q)»
i=1 i=1

12



”AMH(HI(Q)k)/ < ‘\/1 + max(d,-) ||M||HI(Q)L .

Then, A verifies the three hypotheses: (i), (ii) and (iii) of [9, Proposition II.1].
(i) is satisfied because A does not depend on ¢.
(i) is a consequence of

V(u,v) € (H' (Q)"), (Aw)(v) = (Av)(w).

(iii) is satisfied because

k
. . 2
di(Vu;, Vuj) ) ) + Z(Mi, UD2Q).12Q) = mm(mim(d,-), D) [leall g1 gy -

1 i=1

k
(Au,u) =

Let B(t) be the family of operators in L*(0, T; L(H' (Q)*, L>(Q)¥)) defined by
Vu e H'(Q), B(u(.) = C(t, Ju(.).
We have
IBII; , < e

L2(0,T; L(H Q) L2Q) QR

By applying [9, Theorem II.1], we get that for every ¢ € [0, T], Z(t, .) = 0. Then,
Yt e[0,T], {(,.)=0.

2.3.2. Case of 2 controls
Proposition 2.12. Let j = 2, uy € LY . If (u;)1<i<s, (hi)1<i<2) is a trajectory of (4) reaching
(u?)1<i<4 in time T, then we have

(3, u) = (0,0)) = ((u3 0, 40) = (0,0). (29)

Conversely, for every ug € L™(Q)* such that (u3p,us0) = (0,0), we can find (h;)1<i<2 € L¥(Q)?
such that the associated solution (u;)1<i<s € L*(Q)* of (4) satisfies

(w1, ua, uz, ua)(T, ) = (uy, u5,0,0).

Proof. If (u3, uy) = (0,0), it results from (4) that

Oty — daAuy = u Uz — Upiy in (0,7T) x Q, (30)
U T on (0, T) X 6.

n

{ Oz — dzAuz = —uyuz + upuy  in (0,7T) X Q,

on

By using the point 1 of Definition 2.5, we have

(u1,u2) € L¥(Q)*. 31
Then, from (30), (31), Definition 2.5: (u3,us)(T,.) = (0,0) and Lemma 2.11 with k = 2, D =

. _ —Ui 175
diag(ds,dy) and C = ( W -
Vi€ [0,T], (us,us)t,.) = (0,0),

13
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and in particular (29).
Conversely, let uy € L®(Q)* be such that (u3,0,us0) = (0,0). Then, (4) reduces to the
following system
6,u1 —dlAul = /’lllw in (O, T)XQ,
(9,1/{2 - dzAMz = hzlw in (0, T) % Q,
s on (0, T) X 69,
(u1,u2)(0,.) = (u10,u20) inQ.
The problem reduces to the null-controllability of two decoupled heat equations in L*(€2) with
two localized control in L*(Q) which is a solved problem (see for example [27, Proposition 1]).
Therefore, we can find (;)1<i<> € L*(Q)? such that the associated solution (1;)1<i<4 € L*(Q)* of
(4) satisfies (u1, up, uz, us)(T,.) = (uj,u;,0,0). O

(32)

Remark 2.13. Thanks to Proposition 2.12, we avoid the easy case (3, u;) = (0, 0) for 2 controls
in the sequel.

2.3.3. Case of 1 control
Proposition 2.14. Let j = 1, uy € L2(Q)* If (i) 1<i<a ) is a trajectory of (4) reaching
(u7)1<i<4 in time T, then we have

(3, 13) = (0,0)) = (w20, 30, 1a0) = (0,0,153)), (33)

(5, 145) = (0,0)) = (w20, 430, us0) = (153, 0,0)). (34)

Conversely, for every uy € L=(Q)* such that uzp = 0, we can find hy € L*(Q) such that the
associated solution (u;)1<i<4 € L*(Q)* of (4) satisfies (u1, uz, uz, us)(T,.) = (uj, u3, 0, u).

Proof. If u; = 0, then from (3), u; = 0 or u; = 0. We assume that (3, u3) = (0, 0) (the other case
is similar). The backward uniqueness (i.e. Lemma 2.11) as in Section 2.3.2 leads to

Y€ [0,T], (u3, u2)(t,.) = (0,0).
Then, we deduce that

% =0 on (0, T) x 8Q. (35)

The backward uniqueness for the heat equation applied to (35) proves that
Vi€ [0, T, ua(t,.) = uj,

{ Oits —dsAus =0 in(0,7T) X Q,

and in particular (33) and (34).
Conversely, let u € L=(Q)* such that u3p = 0. Then, (4) reduces to the following system

8;14] —d\Au; =1, in(0,T)xQ,
{ = on (0,T) X 09, (36)
ul(O, ) =up in Q.

The problem reduces to the null-controllability of the heat equation in L*(Q) with a localized
control in L*(Q) which is a solved problem (see for example [27, Proposition 1]). Therefore,
we can find #; € L®(Q) such that the associated solution (i;)1<i<4a € L*(Q)* of (4) satisfies
(1, un, uz, ug)(T, ) = (U}, u3, 0, uy). O

Remark 2.15. Thanks to Proposition 2.14, we avoid the easy case u; = 0 for 1 control in the

sequel.
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3. Main results

In this part, we present our two main results: a local controllability result and a large-time
global controllabillity result for (4).

3.1. Local controllability under constraints

In Section 2.2 and Section 2.3, we have highlighted necessary conditions on initial conditions
when ((#;)1<i<4, (hi)1<i<;) s a trajectory reaching (u;)1<i<4. They turn out to be sufficient for the
existence of such trajectories at least for data close to (u})1<i<4. The goal of this subsection is to
define subspaces of L=(Q)* which take care of these conditions.

3.1.1. Case of 3 controls
We introduce

3.1.2. Case of 2 controls

Xsp) = L7(Q)

The results of Section 2.2.2 and Section 2.3.2 are summed up in the following array.

(3, u;) # (0,0)

dy =d, Uz + Ugp = M; + MZ

ds #dy ﬁ fQ(uw +usp) = u§ + LtZ

Then, we introduce

Xo ) = {ug € L""(Q)4 ; ug satisfies the associated condition of (38)}.

For example, X» (12341111 = {0 € L™(Q)* 5 gy [, (30 + uap) = 2).

3.1.3. Case of 1 control

The results of Section 2.2.3 and Section 2.3.3 are summed up in the following array.

u; #0
d)=d; =dy Upo + Uz = US + UL, Uz + Usg = Us + UL
S S o + Uy, s, : sty
1
dr) #ds, d3 = dy il fQ(I/tz)() + I/t3)()) = u; + M;, Uz + Ugp = u§ + uj
1
dy =ds,d; £ dy Upo + Uz = M; + u§, Kl J;)(Mlo +u4p) = u’g + uz
= —_ — ¥ — y* L — * *
dy =dy, dr # d3 : Up0 = Ugp = Uy — Uy, 15 f?(us,o +ug40) = U5 +
* * * *
dy#Fdy, dy #dy, b #dy | 5 fQ(uz,o +u30) = Uy + U3, g j;)(ulo +ug40) = Ui +uj,

Then, we introduce

X1 ) = {ug € L""(Q)4 ; ug satisfies the associated condition of (40)}.

15
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3.1.4. Local controllability result
Definition 3.1. Let j € {1,2,3}, (u], u3, u5,uy) € (R*)* be such that (3) holds. The system (4) is
locally controllable to the state (})1<i<4 in L= (Q)* with controls in L*(Q)’ if there exists § > 0
such that for every uy € X)) (see (37), (39) and (41)) verifying |juo — (M?)lsiﬂ”m(gy <0,
there exists (h;)<i<; € L*(Q)’ such that the solution (1;);<j<s € L*(Q)* to the Cauchy problem
(4) satisfies

Vie{l,2,3,4, u(T,.) = u;.
Theorem 3.2. For every j € {1,2,3}, for every (u],us, ug, uy) € (RH* which satisfies (3), the
system (4) is locally controllable to the state (u})<i<4 in L®(Q)* with controls in L®(Q)/.

Remark 3.3. The uniqueness of the solution (i;)1<j<s € L(Q)* is a consequence of Remark 2.7.
The existence of the solution (i;)1<i<4 € L¥(Q)* is a consequence of a good choice of controls
(hi)1<i<j € L*(Q)/ and more precisely of a fixed-point argument (see Section 4.5).

Remark 3.4. As we have said in the introduction, it was not known if L* blow-up occurs or not
in dimension N > 2 for the free system (1) until recently (see [12]). Here, our strategy of control
avoids blow-up and enables the solution to reach a stationary solution of (1).

Remark 3.5. In some particular cases (easy cases), this local controllability result can be im-
proved in a global controllability result (see the case (u5,u;) = (0,0) for 2 controls in Sec-
tion 2.3.2 and the case u} = 0 for 1 control in Section 2.3.3).

3.2. Large-time global controllability result
From Theorem 3.2, we establish a global controllability result in large time for N = 1, 2.

Theorem 3.6. We assume that N = 1 or 2. Let j € {1,2,3} and () 1<i<4 € (R** be such that
(3) holds. Then, for every uy € X ) satisfying

VlSiS“-, Ml'()ZO,

1 1 1 1
@ f(llm +uz0) > 0, @ f('/tl,o +ugp) >0, @ f(llz,o +uzp) >0, @ f('h,o +ugp) >0, (42)
Q Q Q Q

there exists T* > 0 (sufficiently large) and (h;)1<i<j € L= ((0,T") X Q)/ such that the solution u of

Au; — diAu; = (=1)(uyuz — uzuy) + hilylic; in (0,77) X Q,
Vi<i<4, { %= on (0,7 x99,  (43)
u;(0,.) = u;p inQ,
satisfies
wT*,)=u". 44)

Remark 3.7. The restriction on the dimension N € {1,2} is a consequence of the following
property: the solution of the free system (1) converges in L*(Q) when T — +oco to a particular
stationary solution of (1) (see [21]). One can extend Theorem 3.6 to N > 2 if the convergence
in L*(Q) (of the free system) holds. For N > 2, one only knows that a weak solution of the
free system (1) converges in L'(Q) when T — +oo to a particular stationary solution of (1) (see
[46, Theorem 3]). But, for example, if we assume that the diffusion coefficients d; are close, the
weak solution of the free system (1) converges in L*((2) when 7' — +oo to a particular stationary
solution of (1) (see [11, Proposition 1.3]).

Remark 3.8. The positivity assumption (42) is not restrictive. One can extend the result to
nonnegative initial condition ug € Xj(4,),w;) (see [46, Section 5]).
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4. Proof of Theorem 3.2: the local controllability to constant stationary states

The aim of this section is to prove Theorem 3.2. As usual, we study the properties of con-
trollability of the linearized system around (u})<;<4 of (4). First, we transform the problem
by studying the null-controllability of a family of linear control systems (see Section 4.1). The
existence of controls in L?(Q) is a consequence of a duality method: the Hilbert Uniqueness
Method introduced by Jacques-Louis Lions (see Section 4.3.1). It links the existence of con-
trols in L?(Q) with an observability inequality for solution of the adjoint system. This type of
inequalities is proved by Carleman estimates (see Section 4.3.2). In order to get more regular
controls (in LP(Q) sense, p > 2), we use a sophistication of Hilbert Uniqueness Method called the
penalized Hilbert Uniqueness Method introduced by Viorel Barbu (see Section 4.4.1). Indeed,
this enables to have controls a bit better than L>(Q). Then, a bootstrap method gives controls in
L™ (Q) (see Section 4.4.2). A fixed-point argument concludes the proof (see Section 4.5).

Now, we develop a strategy in order to treat the cases of 1, 2 or 3 controls in a unified way.
We introduce the following notations

1 0 0 hy 1 0 hy 1 hy
o1t ool 5 Am| , lo 1| » {m| . lo| ., o

B3 - 0o 0 10 h’ = h3 > BZ - o ol h® = ol Bl - ol h' = 0 (45)
0 0 O 0 0 0 0 0 0

Let j € {1,2,3}, (uj, u5, u3, uy) € (R*)* be such that (3) holds and ug € Xy (see (37), (39)
and (41)).

4.1. Linearization

We adopt the approach presented in Section 1.4.2.

4.1.1. 3 controls, return method when (u, u3, u;) = (0,0,0)
We linearize (4) around (u})1<;<4 and we get the system: for every 1 <i <4,

oy _ on (0,7) X 49, (46)

on

Owu; — diAu; = (—l)i(ugul —uyuy + ujuz —usuy) + hilylics in(0,7) X Q,
u;(0,.) = ujp in Q.

Roughly speaking, it is easy to control u;, u,, us thanks to hy, hy, h3. The main difficulty is
to control u4. Now, we present the heuristic way of controlling uy.

4.1.1.1. First case: (uj,u;,uy) # (0,0,0). There is a coupling term in the fourth equation of
(46) which enables to control uy. For example, if u; # 0, then u; controls uy.

Remark 4.1. In this case, the linearized system (46) looks like the toy-model (7) and its control-
lability properties come from Proposition 1.7. Consequently, the local controllability of (4) can
be proved as in Proposition 1.12 for system (11).
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4.1.1.2. Second case: (uj,uz,u;) = (0,0,0), return method. The fourth equation of (46) is
decoupled from the other equations. In particular, if u4(0, .) # O, then us(7,.) # 0. Consequently,
system (46) is not controllable. The idea is to linearize around a non trivial trajectory of (4) which
comes from (0, u5,0,0) and goes to (0, u3,0,0) and which forces the appearance of a coupling
term after linearization. It is the return method. Here, we take

* — —H %
((0’ uz, u3ﬁ’ 0)9 (09 O» h3 )) = ((03 Mz, g» O)» (05 0’ atg - d3Ag))7
where g satisfies the following properties

g€ C¥(0), g>0, g0, supp(g) C (0,T) X w. 47)

Then, if we linearize the system (4) around ((0, uz,u_3“,0), (0,0, h_3ﬁ)), then the fourth equation
becomes
Oy — dyAuy = U3 (1, )y — dhuy in (0,T) X Q.

Roughly speaking, as 5" # 0 in the control zone, then u; controls uy.

Remark 4.2. Here, the linearized system around the non trivial trajectory looks like the toy-
model (7) and its controllability properties follow from Proposition 1.8. Consequently, the local
controllability of (4) can be proved as Proposition 1.14 for (11).

4.1.1.3. Linearization in L*(Q) and null-controllability of a family of linear systems. We define

__{u; if () # (0,0,0), {0 if () # 0,00,

Uz =< % .. . and hy ;= —;
Il i ud, i) = (0,0,0), PN Bfgul) = (0,0,0),

L 13) = (01 G G Lo T o 13) 2= (1 — Uty — W s — 3o U — W o s — 3). (49)

Thus, (u, 1) is a trajectory of (4) if and only if (¢, i’z\3) is a trajectory of the following system

V1<i<4,
0:li — diAg;
= (=D + &) — (W + &) + w3 — usds) + hilylics in(0,T) X Q, (50)
% =0 on (0,7) x 0Q,
2i(0,.) = ujo —u; in Q.
Then, (¢, 123) is a trajectory of
8,¢ — D3AL = G(0)¢ + Bsh?l,, in (0,T)x Q,
%=0 on (0,T) X 8Q, 51)
£00,) =4 in Q,
where
d 0 0 0 T T Y R R
. 0 d O 0 L us + 8 —I/tz - MT —u’é
Ds=1y o d; 0f Ge) = —u3 =4 oy t+dn —uyp uy | (52)
0 0 0 dy LG —u-l u -

18



Note that G4;(0, 0,0, 0) = u3. To simplify, we suppose the following fact:
if (), uz,uy) # (0,0,0), then u; # 0. Otherwise, we can easily adapt our proof strategy (see
Remark 4.16). Then, from (47), there exist #; < f, € (0,7), a nonempty open subset wy CC w
and M > 0 such that

Y(t,x) € (t1,12) X wo, G41(0,0,0,0)(1, x) = 2/M,
v(k’ l) € {15 R 74}2’ ||Gk](07 0, 05 O)HL‘”(Q) < M/2

Consequently, we study the null-controllability of the linear systems

8,¢ — DsAL = AZ + Bsl1, in (0,T) x Q,
x=0 on (0,T) x 6Q, (53)
200,.) =& in Q,

where the matrix A verifies the following assumptions
Y(t,x) € (t1,12) X wo, asi(t,x) = 1/M, (54)
VD € (1, 4P, llawli=o) < M. (55)

Remark 4.3. To simplify the notations, we now denote = by 3.

4.1.2. 2 controls, adequate change of variables
By Section 2.3.2, we can assume that (u3, u;) # (0,0).

4.1.2.1. First case: ds = dy. From (25) and (39), system (4) reduces to

VI<i<3,
Opu; — dilu; = (=1)(uyuz = wx(uy + uy = u3)) + hilylicoy in (0,7) X Q,
% -0 on (0, T) x 6Q, (56)
10..) = uzg in 2.

We do not give the complete proof of Theorem 3.2 in this case because it is an easy adaptation
of the study of the null-controllability of the linear systems (53) which satisfy (54), (55) (with
three equations instead of four). Indeed, by linearization around (u})<;<4 of (56), the equation
satisfied by u3 becomes

Oz — dzAuz = —ujuy + (uy + uy)us — (uy + u3)uz in (0,7) X Q. 57)
Then, there is a coupling term in (57) if and only if
(uy, uy + uy) # (0,0) ie. (u3, uy) # (0,0). (58)

4.1.2.2. Second case: ds # ds. We remark that

st a3, ug)(T,) = ] 15, 1)

if and only if 59)

’ (uy, uz, uz, uz + ug)(T, ) = (U], us, us, us + uy)
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Therefore, we study the system satisfied by (vi, vz, v3,v4) := (U1, us, Uz, u3 + ug),

i —dihvi = (1) (vivs = va(va = v3)) + hil, 1 in(0,7T) X Q,

R 6,\)4 - d4AV4 = (d3 - d4)AV3 in (0, T) X Q,
Isisd oo on©.7) x50, 0
(vi, va)(0,.) = (ui0, U3 + Uap) in Q.

Roughly speaking, v4 can be controlled by v; thanks to the coupling term of second order
(ds — d4)Avs in the second equation of (60) and vs can be controlled by v or v, because the
linearization of the first equation of (60) with i = 3 is

Ovs — dzAvy = —uzvy + uyvo — (U] + uz)vs + u5v4 in (0,T) X Q,

and (u3,u;) # (0,0). Then, the proof of the controllability properties of the linearized-system of
(60) follows the ideas of Proposition 1.9 and Proposition 1.10. The main difference is the nature
of the coupling terms: one coupling term of second order (d3 — d4)Avs and one coupling term of
zero order —u3vy if uy # 0 or uyvy if u # 0.

4.1.2.3. Linearization in L™ (Q) and null-controllability of a family of linear systems when ds #
ds. We define

(& h?) = (4, Gy Gs Gas i, 1) 1= (01 — U, v — 15, v3 — U, vy — (U + 1)), i, To). (61)
Then, (u, h?) is a trajectory of (4) if and only if (£, 4?) is a trajectory of

{ 0L — DAL = GO + Boh*l,  in(0,T) X Q,
o

=0 on (0,7) X 0Q,
£00,.) =& in Q,
where
d 0 0 0 —y+ &) wrL-G —up -y u
0 d, 0 0 uy+& g+ &L -G uptuy —u
D, := , G :=| 3, A S 2. (62
2 0 0 ds 0 ({) —(I/t3 + {3) u, + -4 Uy Uy U ©
0 0 (dz—dy) dy 0 0 0 0

Note that G31(0,0,0,0) = —u; and G3,(0,0,0,0) = u;. Then, (G31(0,0,0,0),G32(0,0,0,0)) #
(0,0). To simplify, we suppose that G31(0,0,0,0) # 0. The other case is similar. There exist
11 <t €(0,T), a nonempty open subset wy CC w and M > 0 such that

v(t’ x) € (tl ) t2) X wo, G31 (O, O’ O’ 0)(t’ x) < _2/M’
v(ks l) € {1’ R 3} X {17 R 3}9 ”le(03 O, O, O)”L‘X‘(Q) < M/z,
Gia =-Gu =Gy =u;, G4y =Ggp =Gy3 = Gy = 0.
Consequently, we study the null-controllability of the linear systems

%~ 0 on (0,T) x 6Q, (63)

ﬁ_ﬁ =
200,) =4 in Q,
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where the matrix A verifies the following assumptions

v(t:x)e(tl’tz)waa a:ﬁl(l"-x)S _I/M» (64)
v(ks l) € {1’ ceey 3} X {ls ceey 3}, ||akl||L°°(Q) < Ma (65)
A4 = —r4 = A34 = U, (66)

as1 = aan = ag3 = ass = 0. (67)

Remark 4.4. Actually, we can show the null controllability of a bigger family of linear systems.
Indeed, we can replace (66) by the more general assumption: a4, a4, azs € R because it
does not change the proof of the null-controllability result of the linear systems like (63) (see
Proposition 4.8). But, the more general case ay4, a4, az4 € L*(Q) is not handled by our proof of
Proposition 4.8 (see Section 4.3.5 and in particular (137)).

Remark 4.5. The algebraic relation (67) is useful to prove the null-controllability result of the
linear systems like (63) (see Proposition 4.8) because it creates the cascade form of (63). Indeed,
the fourth and the third equation of (63) are

0:84 — dsAly = (d3 = dy)AL3 in (0, T) X Q, and d3 — dy # 0,
0i(3—d3AL3 = az1 {1 +and+az+uy s in (0, T)XQ, and V(t, x) € (11, ) Xwo, az(t, x) < —1/M.

4.1.3. 1 control, adequate change of variables
By Section 2.3.3, we can assume that u; # 0.

4.1.3.1. First case: Ik # 1 € {2,3,4}, d, = d;. We treat the case d, = d3, d3 # ds. The other
cases are similar. From (28) and (41), system (4) reduces to

Vie{l,2,4},
Ou; — diAu; = (—l)i(ul(u; +uy — up) — upug) + hilylicp in (0,7) X Q,
% = on (0,T) X 0Q, (68)
ui(0,.) = uip in Q.

We remark that

(ul’ us, M4)(T, ) = (’[]ka u§3 M:)
if and only if (69)

(1, un, uy — ug)(T, ) = (uy, uy, u — uy).

Therefore, we study the system satisfied by (v, v, v3) 1= (uy, Uz, uy — us),

VI<i<?2,
Ovi — diAv; = (1) (v (i + w0y — v2) = va(v2 = v3)) + Bilylicy in (0,T) X Q,
0v3 — dyAvs = (dr — ds)Av, in (0,T)x Q, 70)
%:%:O on (0,7) X 09Q),
vi(0,.),v3(0,.)) = (ui0, uz0 — us) in Q.
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We do not give the complete proof of Theorem 3.2 in this case because it is an easy adaptation
of the study of the null-controllability of the linear systems (63) which satisfy (64), (65), (66)
and (67) (with three equations instead of four). Indeed, v3 can be controlled by v, thanks to
the coupling term of second order (d, — ds)Av; in the second equation of (70) and v, can be
controlled by v; because the linearization of the first equation of (70) with i = 2 is

Ovy — dyAvy = u3vy + (—v] = 2v; + vi)vo + u5v3 in (0, T) X Q,
where (v}, v3,v3) = (u}, uy, u5 — uy) and uy # 0.

4.1.3.2. Second case: dy # d3, d3 # dy, d» # ds.. We introduce a # 8 such that

aldy —dy) =B(d3 —dy) =1, ie.a = y— and 8 = 7 id4' (71)
Then, we define y # 0 by the algebraic relation
a—-B+y=0,ie.y=8-a. (72)
We remark that
’ (1, un, uz, ua)(T, ) = (uy, u5, U3, uy)
if and only if
’ (w1, uz, up + uz, auy + Puz + yus (T, .) = (u, uy, uy + uy, auy + Buy + yuy) | . (73)

Therefore, we study the system satisfied by (v, va, v3, v4) := (uy, o, up + uz, auy + Pus + yuy).
We introduce the following notations

- 1
g1(va,v3,vy) = vy — §V3 + ;V4 = Uy, g2(v2,Vv3) :=v3 — vy = u3. (74)
‘We have
V1<i<?2,

Avi — diAv; = (=1) (g2(v2, v3)vi — g1(v2, v3,va)v2) + hilylicr  in (0,T) X Q,
8,V3 - d3AV3 = (dz - d3)AV2 in (0, T) X Q,
04 — dsAvy = Avs in(0,T) X Q, (75)
dv; _ Ovs _ Ovy _
= = n =0 on (0,7) x 92,
Vi, v3,v4)(0,.) = (w0, Uz 0 + Uz 0, AUz o + Bz + yit40) in Q.

Roughly speaking, v4 can be controlled by v3 thanks to the coupling term of second order Av; in
the third equation of (75) and v3 can be controlled by v, thanks to the coupling term of second
order (d, — d3)Av; in the second equation of (75) and v, can be controlled by v, because the
linearization of the first equation of (75) with i = 2 is

0va — daAvy = g2(v3, vi)vi — g1(V3, V3, V)va + Vig2(v2, v3) — v381(v2, V3, v4)
= uzv1 — g1(V5, V3, Vova + viga(va, v3) — V381(v2, V3, V4) in(0,7) x Q,

and uj # 0. Then, the proof of the controllability properties of the linearized-system of (75)
follows the ideas of Proposition 1.9 and Proposition 1.10. The main difference is the nature of
the coupling terms: two coupling terms of second order Avs, (d, — d3)Av, and one coupling term

of zero order u}v;.
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4.1.3.3. Linearization in L*(Q) and null-controllability of a family of linear systems when d, #
ds, dy # dy, d3 # d4. We define

(& hY) = (G, 6, Gy e hy) = (v — uy, vo — iy, vy — (5 + u3), va — (auy + Buy + yuy), hy). (76)

Then, (u, h') is a trajectory of (4) if and only if (£, h') is a trajectory of

0,{ — DIAl = G()¢ + Bih'1l, in(0,T)xQ,
g_i =0 on (0,T) X 69,
200,.) = in Q,
where
d 0 0 0 -y +82(0,83) mi+81(.03.4) -my m3
10 d> 0 0 | vy +ele. 3 —(m+g1(8.03.44) ma  —m3
br=lo & 4, a5 of G(o"[ 7 0 o o D
0 0 1 dy 0 0 0 0

with my 1= uj +u5 +u), my 1= uj + gu; and m3 = %u; Note that G»1(0,0,0,0) = uj. There exist

t) <t € (0,T), anonempty open subset wy CC w and M > 0 such that
Y(t,x) € (t1, 1) X wy, G21(0,0,0,0)(t, x) = 2/M,
Yk, ) € {1,2} x{1,2}, [IG(0,0,0,0)l|,~) < M/2,
Gi3=-Gy=-my, G4 =-Gy=m3, Gy=0,3<k<4 1<I1<4.

Consequently, we study the null-controllability of the linear systems

% _ on (0,T) X 0Q, (73)

0, —D\Al = Al + Bih'l, in(0,T)xQ,
{ on .
40,)=4 in Q,

where the matrix A verifies the following assumptions

Y(t,x) € (t1, 1) X wo, ax(t,x) > 1/M, 79)
Yk, D) € {1,2} x{1,2}, |laullp~g) < M, (80)
apz = —ax3 = —My, A4 = —dx4 = M3, (81)

ay=0,3<k<4,1<1<4. (82)

Remark 4.6. Actually, we can show the null controllability of a bigger family of linear systems.
Indeed, we can replace (81) by the more general assumption: a3, as3, a4, a4 € R because it
does not change the proof of the null-controllability result of the linear systems like (78) (see
Proposition 4.8). But, the more general case a3, a3, ai4, axa € L*(Q) is not handled by our
proof of Proposition 4.8 (see Section 4.3.7 and in particular (158) and (160)).

Remark 4.7. The algebraic relation (82) is useful to prove the null-controllability result of the
linear systems like (78) (see Proposition 4.8) because it creates the cascade form of (78). Indeed,
the fourth, the third and the second equation of (78) are

0ils — d4Aly = AL3in (0,T) X Q,

043 — d3AL3 = (dy — d3)AL, in (0,T) X Q, and (ds — d3) # 0,

01 —db Al = an1 {1 +ando+mal3s—m3ls in (0, T)XQ, and Y(2, x) € (t1,12) X wo, az((t, x) > 1/M.
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4.2. Null controllability in L*(Q)* with controls in L*(Q)’ of a family of linear control systems

4.2.1. Main result of this subsection
We introduce the following notations,

&3 :={A € My(L”(Q)) ; A verifies the assumptions (54) and (55)}, (83)
H; = [X(Q)*%, (84)
&y = {A € My(L®(Q)) ; A verifies the assumptions (64), (65), (66) and (67)}, (85)
Hy := {40 e 2@ f fo4 = 0}, (86)

&1 :={A € My(L™(Q)) ; A verifies the assumptions (79), (80), (81) and (82)}, 87

Hy := {§0€L2(9)4 f§o3—f§04— } (83)

The main result of this subsection is a null-controllability result in L2(Q)* with controls in
L>(Q) for families of linear control systems.

Proposition 4.8. Let j € {1,2,3}, D; defined by (52), (62) or (77). There exists C > 0 such that,
forevery A € &; and &y = ({o,1, o2, 4’0,3, {o4) € Hj, there exists hi € L™(QY satisfying

“hj”Lw(Q)/ <C ||§’0||L2(Q)4 > (89)

such that the solution ¢ € Y* to the Cauchy problem

=0 on (0,7T) X 09, (90)

{ 8:{ - D;Al = AL+ Bjh/1,, in(0,T)XQ,
a
£00,.) =4 in Q,

verifies

{T,)=0

Remark 4.9. For every 1 < j < 3, the diffusion matrices D; defined by (52), (62) or (77) verify
the assumption of Proposition 2.3 because they are similar to diag(d,, d», ds, ds).

4.2.2. Proof strategy of Proposition 4.8: Null controllability in L*>(Q)* with controls in L*(Q)
of a family of linear control systems
e We let evolve the system without control in (0,¢;) (take 4/(z,.) = 0 in (0,t;)). From
Proposition 2.2 and Proposition 2.3, we get the existence of C > 0 such that for every
Ae€&j, e L*(Q)*, the solution to the Cauchy problem satisfies

17N 2@ < CllGoll 2@y »

where
=4,
e Then, we find 4/ : (#;, ;) X Q — R such that

P < €O iz
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and the solution to the Cauchy problem

=0 on (t1, 1) X 0Q),

8,{ - DAl = AL+ Bjh/1,, in(t1,1) X Q,
a
% .
()= in Q,

verifies

{(t2,.) = 0.
e Then, we set h/(¢,.) = 0 so that h/(t,.) = O for t € (£, T).

This strategy gives .
{1, = 0and [W]| . oy < C ol -

To simplify, we now suppose
(1,12) = (0, 7).

4.3. First step: Controls in L*(Q)’
The goal of this section is the proof of the following result.

Proposition 4.10. Let j € {1,2,3}. There exists C > 0 such that, for every A € &; and for every
o € Hj, there exists a control h/ € L*(Q) satisfying

th“LZ(Q)/ < Clidollr2 o

such that the solution ¢ € Y* to the Cauchy problem (90) satisfies {(T,.) = 0.

The proof of Proposition 4.10 will be done in Section 4.3.3 for j = 3, Section 4.3.5 for j = 2,
Section 4.3.7 for j = 1. It requires technical preliminary results presented in Section 4.3.1,
Section 4.3.2, Section 4.3.4, Section 4.3.6.

4.3.1. Hilbert Uniqueness Method
First, for ® € L*(Q), (®)q denotes the mean value of @,

1
D)g = — D,
(®)a |Q|fg

and for ¥ € C([0, T]; L*(Q)), t € [0, T, we introduce the notation

1
Wit = fg W1, x)dx.

By the HUM (Hilbert Uniqueness Method), the null-controllability result of Proposition 4.10
is equivalent to the following observability inequality: (93) (see [15, Theorem 2.44]).

Let j € {1,2,3}, D; defined by (52), (62) or (77). There exists C > 0 such that, for every
A€ &jand or € Hj (see (83), (84), (85), (86), (87), (88)) the solution ¢ of

-0, — D]T.Agp =ATp in(0,T)xQ,

g_i =0 on (0,T) x 8Q, 92)
oT,.) =er in Q,
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verifies

f (0, x)| dx<C[Z f fo N |<pi(t,x)|2dxdl]. (93)

It is easy to show that it is sufficient to prove the following observability inequalities.
There exists C > 0 such that, for every A € E; and @7 € L*(Q)*, the solution ¢ of the adjoint

system (92) verifies
3
f Igo(O,x)Izdst[Z f f Igo,»(t,x)lzdxdt]. (94)
Q P 0,T)xw

There exists C > 0 such that, for every A € &, and @7 € L>(Q)*, the solution ¢ of the adjoint
system (92) verifies

3
> (lpi0, DI ) + llpa(0, ) = <¢4>Q<0)||27<Q)<C(Z f fo . |<,o,-|2dxdr]. (93)
i=1 Xw

There exists C > 0 such that, for every A € &; and g7 € L*(Q)*, the solution ¢ of the adjoint
system (92) verifies

2 4
3 (1010, M) + D (1610, = (e O g) < ( | L el dxdr) 96)
i=1 i=3 Xw

4.3.2. Carleman estimates

We introduce several weight functions. Let w” CC wp be a nonempty open subset and
1o € C*(Q) verifying

VYx e Q, no(x) >0, 7o =00ndQ, Yx € Q\ w”, [Vio(x)| > 0.

The existence of such a function is proved in [15, Lemma 2.68]. Let 4 > 1 a parameter. We
remark that

L+ f(D) =1+ exp(=2lnolle) < 2. CD)
We define
() e _ o2l
Y(t,x) € (0,T) X Q, ¢(t, x) := 70 >0, a(t,x) := ST <0, (98)
_ . 1 — e2Almoll _ .
Yte (0,T), a(t) := r)ilﬁn alt,x) = W <0, ¢(t) := r)ilﬁn o(t, x) = e >0. (99

Theorem 4.11. Carleman inequality

Let d € (0,+00), ' an open subset such that " CC «’ CC wy and B € R. There exist
C=CQ,u.06), h=CHQ,u,06), so = so(Q,w,B) such that, for any 1 > Ay, s > so(T + T?),
or € L*(Q) and f € L*(Q), the solution ¢ to

{ —-0p—dAp=f in(0,T)xQ,

8
£=0 on (0,T) x 0Q,

oT,.) =¢r in Q,
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satisfies

T
1gase= [ ez‘“’(ﬂ“<s¢>ﬁ+3|¢|2+Az(s¢>ﬁ+‘|V<,o|2+(s¢>ﬁ"(|a,«,o|2+|Aso|2))dxdr
0 Q

T T
sC( f f > (sp)P| fPdxdrt + f f /l4e2m(s¢)ﬁ+3|90|2dxdt). (100)
0 Q 0 74

The original proof of this inequality can be found in [29, Lemma 1.2].

Remark 4.12. For a general introduction to global Carleman inequalities and their applications
to the controllability of parabolic systems, one can see [28] (in particular, see [28, Lemma 1.3]).
For Neumann conditions, one can see [27] and in particular [27, Lemma 1].

4.3.2.1. A parabolic regularity result in L*. In the following, we consider initial conditions ¢ €
C(‘;"(Q)4 in order to improve the regularity of ¢, solution of (92), and to allow some computations.

Definition 4.13. We define the following spaces of functions

H3,(Q) := {u € HX(Q); Z—Z = 0}, Y, := LX0,T; H3,(Q)) N H'(0, T; LX(Q)).

Proposition 4.14. Let k € N*, D € Mi(R) such that S p(D) C (0,+), A € M(L*(Q)),
ug € Cy’ (Q*. From [20, Theorem 2.1], the following Cauchy problem admits a unique solution
ue Yé‘

du — on (0, T) x 4Q,

Ot — DAu = A(t,x)u in(0,T) X Q,
on
u(0,.) = uy in Q.

4.3.2.2. A technical lemma for Carleman estimates. By now, unless otherwise specified, we
denote by C (respectively C,) various positive constants varying from line to line (respectively
various positive constants varying from line to line and depending on the parameter ). We insist
on the fact that C and C, do not depend on A and s, unless otherwise specified.

Lemma 4.15. Let @, ¥ € Y5, a € L*(Q), an open subset w C wy, © € Cm(ﬁ; [0, +o0[) such that
supp(®) C w and r € N. Then, for every € > 0,

Yk, )R> k+1=2r, Vs> C,
‘ f f Oc*(s¢) ad¥| < & f f e (sp)K|Df + C, f f e (sp) 1%, (101)
0,T)xw (0,7)xQ 0,T)xw
Yk,) eR? k+1=2(r+2), Vs> C,
T T T
f f@ez‘m(S(ﬁ)r@at"P < 8(f erSQ(S¢)k|®|2 +f erXa(s¢)k4|at(D|2)
0 w 0 Q 0 Q

T
‘C, f f sy WP, (102)
0 w
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Yk, ) eR?, k+1=2(0r+2), Vs> C,

T
| @™ (s¢) OAY

0
T T T
0 Q 0 Q 0 Q
T
+C, f f > (sp) |2 (103)
0 w
Yk, )R>, k+1=2r, ¥s>C,

T T T
f f@eZXQ(s¢)r|V(D|2 Ss(f erXQ(s¢)k|A®|2+f f623w(s¢)k+2lv®|2)
0 Jo 0 Ja 0 Jao
T
+C, f f > (s¢) | D% (104)
0o Jao

Proof. The inequality (101) is an easy consequence of Young’s inequality applied to

f f Oc™(s¢) ad¥| < C f f (Ve e“'(s¢)"’2|<1>l)( ®e“’<s¢>”2|l11|)
0.7)xa O.T)x@ \e

For (102), we integrate by parts with respect to the time variable

T T T
- f f Q> (5¢) DI, Y = f f O (5¢) 0,(D)Y + f f (O®(s¢)"), DY
0 w 0 w 0 w

Moreover, by (98), we have [(@e**(s$)");| < Ce* s ¢+ < **s™+2¢™*2 for s > C. Then, we
get (102) by applying Young’s inequality to

T S - 1 s
< f ﬁ (Ve (sg)? 28,®>($®e (s¢)l/2‘l’)

f f \/_efaf(s¢)k/2q))(\/_ Y(Y(S¢)l/2|{])

For (103), by twice integrating by parts with respect to the spatial variable, we get

T T
f f Oe®(s¢) DAY = f f A(O*(s¢) D).
0 w 0 w

Moreover, by (98), we have

T
| O™ (s¢) ©O,¥

|A(®€2S(Y(S¢)rq)| <C (eZS(Y(s(p)rlA(D' + eZ.s(y(s¢)r+l |V(D| + eZs(y(s¢))‘+2|q)|) .
Then, we deduce (103) by Young’s inequality applied to

f f 8€SQ(S¢)k/2 2|A(I)|) ( \/_ sa(s¢)l/2\P)
f f Sesa(s¢)k/2 1|V(I)|)( \/_ sw(s¢)l/2\11)
[ f se?”<s¢>k/2|<1>|) (e o).

@ezm(sgb)r(I)A‘I’




For (104), we integrate by parts with respect to the spatial variable,

T T
f f O (s¢) VO = — f f B> (s¢) (AD)D — f V(0> (s¢)").(VD)D.
0 5 0 5 w

By using [V(@e?**(s¢)")| < Ce***(s¢)*! which is a consequence of (98), we get (104) by Young’s
inequality. This concludes the proof of Lemma 4.15. [

4.3.3. Proof with observation on three components: (94)
Proof.

The proof is close to the proof of [17, Lemma 7].

Let A € &; (see (83)), ¢r € C (Q)* (the general case comes from a density argument, see
(119), Lemma 4.21 and Lemma 4.22), ¢ € Y;‘ be the solution of (92) (see Proposition 4.14) and
w be an open subset such that w” CC w; CC wy. We have

—0:pi — diAp; = a1 + azpr + azipz +asips in(0,T) X Q,

%-0 on (0,T) x 6Q.

Vi<i<d4, { (105)

We apply (100) of Theorem 4.11 to each ¢;, 1 < i < 4, with o’ = w; and 8 = 0. Then, we sum
(by using (55)): for every A4 > C,

4 4 T T
ZI(O,/I, s,gai)SC[Z ( f f i dxdt + f f /1462”(s¢)3|<p,»|2dxdt) . (106)
i=1 i1 0 Q 0 w

We fix 4 > C and we take s sufficiently large, then we can absorb the first right hand side term
by the left hand side term of (106). We get

4 4 T
Yioasgr<c [ [ emeoippasan (107)
i=1 i-1 YO0 w)

Now, 4, s are supposed to be fixed such that (107) holds and the constant C may depend on
A, s.

We have to get rid of the term fOT fw ] €2 (s¢)*|p4>dxdt in order to prove the observability
inequality (94). For this, we are going to use (54). So, we are going to estimate ¢4 by ¢; for
every 1 <i < 3 thanks to the first equation of (105) with i = 1.

Estimate of [ [ (s gl dlxdr.

Let us introduce y € C=(Q; [0, +o0[), such that the support of y is included in wp and y = 1
in w;. We multiply the first equation of (105) with i = 1 by y(x)e***(s¢)*¢, and we integrate on
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(0, T) X wg, which leads to

T
[ [ ecoriotax
0 w1

T
<M f f > (s¢) aulpal*dxdt by (54)
0 wq

IA

T
M f f X(X)e™ (s¢) aqlpal*dxdt
0 wo

T
<M f f X)X (50) pa(=0ip1 — diAp1 — arp1 — azi s — azips)dxdt. (108)
0 wo

Remark 4.16. In Section 4.1.1, we suppose that if (u], uy,uy) # (0,0,0), then uf # 0. Conse-
quently, we have (54). If, uj # O (or respectively u; # 0), we can easily adapt the preceding
strategy. We can assume that

Y(t, x) € (t1,12) X wp, as3(t,x) > 1/M (or respectively as(t, x) < —1/M),

and multiply the first equation of (105) with i = 3 (or respectively i = 2) by y(x)e***(s¢)’ @4
(or —x(x)e***(s¢)3p4) and we integrate on (0, T) X wy.

Let £ > 0 which will be chosen small enough. Now, we want to estimate the right hand side
3
term of (108) by »; fOT fwl €2 (s¢)"|;|>dxdt with m € N.
i=1
First, we treat the terms fOT fw ) X(X)e*(sp)* paajipdxdt, for every 1 < j < 3. By applying

Lemma4.15: (101) with @ = ¢4, ¥ = ¢;, a = aj; (recalling (55)),® = y,r = 3 and (k,]) = (3, 3),
we have

‘ f f X (X (s¢) aa(t, x)g dxdt
(0,T)xwq

<e f f > (s¢)’|s*dxdt + C, f f e (s¢)’lp|*dxdt. (109)
0,7)xQ (0,T)Xwy

Then, we treat the term — fOT fw , x(x)e*(s¢)>40,01dxdt. By applying Lemma 4.15: (102) with
O=ps, Y=¢1,a=1,0 =y, r=3and (k,]) = (3,7), we have

T T
[ [ xeeoreoe Ss( [ [ e2~‘”{<s¢>3|so4|2+<s¢>“|a,w4|2})

T
+C, f f (sl . (110)
0 wo

Finally, the last term —d; fOT fw \ x(2)e*(s¢)3 4 A@dxdt is estimated as follows. By applying
Lemma 4.15: (103) with ® = ¢4, ¥ = ¢1,a=1,0 =y, r =3 and (k, ) = (3,7), we have

T T
‘dl [ [ xemsorene 38( [ ezm{<s¢>-1|Aso4|2+(s¢)|w4|2+<s¢>3|so4|2})
0 wo 0 Q

T
+C, f f e (s¢) |1 % (111)
0 wo
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Gathering (107), (108), (109), (110), (111), we get

4 T
310, 5.0 < 38( fo fﬂ (sl + (Ol + (58" (10pal + 18sF) })
i=1

3 T
+CS{Z f f ez“”(s¢)7|(pi|2dxdt]. (112)
i=1 Y0 Jawo

By taking € small enough, we get

4 3 T
;I(o,ﬁ,s,%)scg[Zfo |

i=1 w

ezm(sq))7|<,o,~|2dxdt] . (113)

In particular, we deduce from (113) that

4 T 3 T
> e2““(s¢>3|¢,«|250[ [ [ e2‘”<s¢)7|¢i|2dxdr]. (114)
i=1 0 Q i=1 0 wo

12

Then, by using the facts that

min _ e*%(s¢)’ > 0, (115)
[T/4,3T/4]1xQ
and
e (s¢)’ € L¥((0,T) x Q), (116)
we get

4 37T /4 3 T
D f f lpildxdr < C| )" f f \piPdxdt |. (117)
=1 JT/4 Q i1 Y0 wo

From the dissipation of the energy in time for (105) (see Lemma A.1 in the Appendix), we easily

get
4 3T/4
ke (0, Mg <C| D fT fg i dxdt . (118)
i=1

14
Then, by using (117) and (118), we obtain

3 T
||¢<o,.>||iz(9)4sc[z f f Isaflzdxdt]- (119)
i=1 Y0 Yoo

This ends the proof of the observability inequality (94) because wy C w. O

Remark 4.17. Some stronger observability inequalities
We also have the following stronger inequality than (119) which can be proved from (114), (115)

and (118). It will be used to find controls in Li,ght(Q) c L*(Q) (see Section 4.4.1). We have

3 T
(0, M7 g sc[Z fo f ezm(s¢)7|go,-|2dxdt]. (120)
i=1 w

Moreover, we also have an even stronger inequality (see (114)) than (119) and (120). It will
be used to find controls in L*(Q) (see Section 4.4.2).
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4.3.4. Density results

In this section, we show that we can assume that the data o7 is regular i.e. or € C7 Q)4
Moreover, we also need some regularity on the coupling matrix A for the case j = 1. It’s the
purpose of Lemma 4.18.

Lemma 4.18. Let a € L¥(Q). There exists (a;) € (Cy’ (O)N such that

llakllz=cgy < llallz=(g) » (121)
ap —" ain L*(Q). (122)
k—+oc0

Proof. Let k € N*, ap € C7((0,7);[0,1]), ax(® = 1in (1/k, T — 1/k), B € C5((2); [0, 1]),
Bi(x) = 1in{x € Q; d(x,00Q) > 1/k} and & € C;’(Q) be defined by &(1, x) = ar(t)Bi(x). Let px
be a mollifier sequence in Q such that fQ pr = 1.

Then, it is easy to show that a; := &.(ox * a) satisfies the conclusion of Lemma 4.18. O

Remark 4.19. Actually, the previous lemma shows the density of C°(Q) in L*(Q) for the weak-
star topology.

We also recall a particular case of the Aubin-Lions’ lemma which is useful for the proof of
Lemma 4.21.

Lemma 4.20. [48, Section 8, Corollary 4]
A bounded subset of Y (see Definition 2.1) is relatively compact in L*(Q).

Lemma 4.21. Let j € {1,2,3}, D; defined by (52), (62) or (77), A € &; (see (83), (85) and (87)),
or € L*2(Q)*. We assume that

ere € CrQ" - grin Q" (123)

A € My(CY(Q)) f* Ain L*(Q)'. (124)
—+00
Then, the sequence of solutions ¢ € Y* of

~Oupe = DT Ap = Al g in (0,T) X Q,
-0 on (0,T) x 42, (125)
or(T,.) = o1 inQ,

weakly converges in Y* and strongly converges in L>(Q)* to ¢, the solution of (92).

Proof. First, recalling (123), we remark that (¢7)ken is bounded in LX(Q)*. Secondly, recalling
(124), we remark that (A;) is bounded in M4(L®(Q)). Then, from Proposition 2.3: (17), we get
that (¢)xen is bounded in Y*. Then, up to a subsequence, we can suppose that there exists ¢ € ¥*
such that

o — @inY* (126)

—+00

By Proposition 2.2, we can also suppose that

ol ) = (T, ) in L>()*. (127)
32



But, by (123), we deduce that
oe(T.) = pric = rin Q" (128)
Therefore, by (127) and (128), we get

o(T,.) = ¢r. (129)

By Lemma 4.20, up to a subsequence, we can also assume that
¢ = in L*(0)". (130)
Consequently, from (130) and (124), we have
Al gp o ATZin L2(Q)*. (131)
By using (126), (131), (129) and by letting k — +o0 in (125), we have

~0§ - DTAG=ATG in(0.T)xQ,

2=0 on (0,T) x 69, (132)
oT,.) = or in Q.

By uniqueness in Proposition 2.3, we have ¢ = ¢. Then, (¢)reny Only has one limit-value: ¢
for the weak-convergence in Y* and for the strong convergence in L*(Q)*. The sequence (¢} )en
is relatively compact in Y equipped with the weak topology and (i )ren is relatively compact in
L*(Q)* equipped with the strong topology. Therefore,

o — @in Y4

k—+
o = @in L(Q)"
k—+0c0
This concludes the proof of Lemma 4.21. O

Lemma 4.22. Let us suppose that (¢x)en € Y™ weakly converges to ¢ in Y and strongly con-
verges to ¢ in L*(Q). Then, we have

T T
VreN, f f ¥ (s¢) lplPdxdt — f f ¥ (s¢) |l d xdt,
0 Q k—+o00 0 Q

llp(0, D2 < 1}gl+lgf [l (0, I 2 -
Proof. The result is a consequence of the fact that e>**(s¢)" € L*(Q) and Proposition 2.2. O]

4.3.5. Proof with observation on two components: (95)
4.3.5.1. Another parabolic regularity result. For the cases j = 2 (2 controls) and j = 1 (1
control), the diffusion matrix is not diagonal (see (62) and (77)). It creates coupling terms of
second order. Roughly speaking, we differentiate some equations of the adjoint system (92) in
order to benefit from these coupling terms before applying Carleman estimates. The following
lemma justifies this strategy.
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Lemma 4.23. Letd € (0, +), f € L*(0,T; H,z\,e(Q)) and yo € C3(Q). Let y € Y5 be the solution
of

»_o on (0,T) x Q, (133)
¥0,)=y  inQ.

Then, 7z := Ay € Y, is the solution of

{ oy—dAy=f in(0,T)xQ,

Z-0 on (0, T) x 49, (134)

dz—dAz=Af in(0,T)xQ,
20,)=Ayy  inQ.

Proof. Let7 € Y, be the solution of

Z=0 on (0,T) X 6Q, (135)

07—dAT=Af in(0,T)xQ,
20,)=Ayy  inQ.

By Proposition 2.2, we have 7 € C([0, T]; L*(Q2)). Moreover, a.e. t € [0, T],

if?(t,.)=deZ(t,.)+fAf(t,.)=0.
dt Jo Q Q

Then, for every ¢ € [0, T],
o= [70.0= [ av=o
Q Q Q

For every t € [0, T], let y(z, .) be the solution of

Ay(t,)=7(t,.) inQ,
% =0 on 0Q.

By elliptic regularity, y € C([0,T1; H3,(Q)) ¢ L*(0,T;H3 (), 8y € L*0,T;Hz,(Q)) C
L*(0,T; L3(Q)) since Ad)y = 8,z. Moreover, y is the solution of (133) (by applying the oper-
ator A~! to (135) and by using A~'9,Z = ,A™'Z). Then, by uniqueness,y = y and Z = Ay is the
solution of (134). O

4.3.5.2. Proof of the observability inequality: (95).

Proof.

Let A € &; (see (85)), ¢r € Cy (Q)* (the general case comes from a density argument, see
(153), Lemma 4.21 and Lemma 4.22), ¢ € Y;‘ be the solution of (92) (see Proposition 4.14), w,
and w; be two open subsets such that w” CC w; CC w; CC wy. Our goal is to prove (95).

We have: for every 1 <i <2,

=01pi — diAp; = arip1 + aripa + azip3 in(0,7) x Q,

=013 — d3A@3 = agz3p) + axpr + azps + (dz —dy)Apy  in(0,T) X Q,

—01ps — dsApy = U3 (01 — @2 + ¢3) in (0,7)x Q, (136)
R . on (0,7) x 8Q,

(@i> 03, a)(T,.) = (@i, 3,75 Pa.T) in Q.
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From (136) and Lemma 4.23, we have

aes _ on (0,T) X 9%, (137)

{ —0:(Ags) — dsA(Aps) = Auy (1 — 2 + ¢3))  in(0,7) X Q,
on
Ag(T,.) = Apar in Q.

We apply the Carleman inequality (100) for (137) with 8 = 0 and w’ = w», for every 4, s > C,

T T
10, 4, s,A<,04)SC( f f (Dl + Dol + 1AgsP) + f f a4e2m<s¢>3m¢4|2). (138)
0 Q 0 w)

After this, we apply the Carleman inequality (100) for the first two equations of (136) with 8 = 2
and w’ = w; to obtain (by (65)), for every A, s > C,

3 T
D2 A s, < C( f f (50 (g1 + 2’| + sl + IA¢4I2))
i=1 0 vae

T
+c( fo f /146’2“"’(S¢)5(|901|2+|¢2I2I+I<,03|2))- (139)

We sum (138) and (139), for every 4, s > C,

3

DI, 45,00 + 10, 4,5, Ap)
i=1

T
SC( f f e ((S¢)2(|s01|2+|902|2|+|<P3|2+|A<P4|2)+|A¢1|2+|A<P2|2|+|A<P3|2))
0 Q

T
+C(f0 I /1462S0((S¢)5(|‘P1|2+|‘P2|2|+|903|2)+(s¢)3|A¢p4|2)). (140)

We fix A > C and we absorb the first right-hand side term of (140) by the left-hand side terms of
(140), by taking s sufficiently large. Then,

12,4, s,¢;) + 1(0, 4, s, Apy)
1

1

T
Sc(fo f eha((”)s('“’l'“'W'+|¢3|2>+(s¢)3|A¢4|2)). (141)

3

Now, 4, s are supposed to be fixed and the constant C may depend on 4, s.

Then, we have to get rid of fOT fw § e>(s¢)3|Ap4|*dxdt and fOT fw § €2 (s¢)’|p3|>dxdt. For the
first term, we use the coupling term of second order (d3 — d4)A. For the second term, we use the
coupling term of zero order thanks to property (64).

Estimate of [ [ e (s5¢)|Aa P xdr.

Let us introduce y, € C“(ﬁ; [0, +o0[), such that the support of y, is included in w; and
2 = 1 in wy. We multiply the second equation of (136) by sign(ds — di)y2(x)e**?(s¢)> Ap, and
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we integrate on (0, 7) X w;. As d3 # d4, we have

T T
f f e (s¢)’|Agal*dxdt < f f x2(0)e* (s¢)’|Aal* dxdt
0 wy 0 w1

T
<C f f X2(0)e™(s¢)’ Apa(=0,p3 — d3Ap3 — ar3p1 — azspr — azsps)dxd. (142)
0 w

Let € > 0 which will be chosen small enough. We estimate the right hand side of (142) in
the same way as the one of (108):
o for terms involving Apsape; with 1 < i < 3, we apply (101) with ©® = Apy, ¥ = ¢,
a=apelL>(Q),1 <i<3(recalling (65)),® =y,andr=k=1=3,
o for the term involving Ap40,¢3, we apply (102) with @ = Aps, ¥ = ¢3,a =1, 0 = y, and

r=k=3,1=1,
o for the term involving Ag4A¢s, we apply (103) with @ = Aps, ¥ = ¢3,a = d3, ® = y, and
r=k=3,1=17.

From (141), (142), we get

3
12,4, s,¢;) + 10,4, s, Aps)
=1

4

T
< 3e( [ [ e fisoring + conmsed + sor' (asef + o) })

3 T
+CS[Z fo f e2”<s¢>7|<,o,-|2]. (143)
i=1 @i

By taking e small enough in (143), we get

3 3 T
21(2, A, 5,9i) + 10,5, Apy) < C[ f
i=1 i=1 Y0

1

f e2“"’(s¢)7|¢,0i|2dxdt] . (144)

Estimate of [ [ &2(s) s Pdlxdr.

Let us introduce y; € C“(ﬁ; [0, +0o]), such that the support of y; is included in wp and y; = 1
in w;. We multiply the first equation of the adjoint system (136) with i = 1 by —y1(x)e***(s¢)” @3
and we integrate on (0, T') X wy. By using (64), we have

T T
f f e (s)' I3[ dxdr < f f x1(0)e* (s) I3 dxdt
0 wy 0 wo

T
<C f f X10(0e* (5¢) 03(=0,p1 — d1Ap1 — arpr — anga)dxdt. (145)
0 wo

Let & > 0 which will be chosen small enough. We estimate the right hand side of (145) in the
same way as the one of (108):
e for terms involving ¢za;1¢; with 1 < i < 2, we apply (101) with @ = ¢3, ¥ = ¢,
a=apel>(Q),1 <i<2(recalling (65)),® =y;andr=7,k=5,1=9,
o for the term involving 30,01, we apply (102) with ® = ¢35, ¥ = ¢, a = 1, ® = x| and
r=7,k=5,1=13,
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o for the term involving ¢3A¢p;, we apply (103) with @ = ¢3, ¥ = ¢, a = d;, ® = y; and
r=7k=51=13.
Then, we obtain

T T
[ [ esonier <ae( [ [ efsofie + 0ormet + oo + o)

2 T
vCy [Z f f e2“‘“<s¢>‘3|¢,~|2]. (146)
i=1 Y0 Yo

By using (144), (146) and by taking &’ sufficiently small, we get

3 2
Zl(Z,ﬂ,s,goi)+I(0,/l,s,A904)SC[Z f f
i=1 i=1 (

0,T)Xwyp

e“"(s@”uof] : (147)

Then, we deduce from (147) that we have

T 3 2
[ Zem(m)%ﬁ+em(s$)3|A¢4|2sc[Z [ ez“'(w)”w,»ﬁ], (148)
0 Jo‘o P (0.T)xwo

where ¢ and @ are defined in (99). In particular, ¢ and @ do not depend on the spatial variable x.
In order to estimate ¢4 by Ags, we use the classical lemma and the corollary that follow.

Lemma 4.24. Poincaré-Wirtinger inequality
There exists C = C(Q) such that

Yu € H'(Q), f u(x) — (wq)*dx < C f [Vu(x)|*dx. (149)
Q Q
Corollary 4.25. There exists C = C(Q) such that
Vu € Hy,(Q) = {u € HA(Q); % = o}, f IVu(x)PPdx < C f |Au(x)*dx. (150)
Q Q

Proof. Letu € H]Z\,e(Q) satisfying ||Vull;2q # 0. Otherwise, the inequality (150) is trivial. We
have by an integration by parts and by using (149),

f Vuf* = - f(Au)u =- f(Au)(u — W)a) < [|Aullz2q) llu = Wallr2@
Q Q Q
< CllAull2) IVullp2q -
We conclude the proof of Corollary 4.25 by simplifying by ||Vul|>(q. O

Then, by applying the Poincaré-Wirtinger inequality (149) and (150) to ¢4, we deduce from (148)
that

T 3 )
fo fQ ZeM(mfw+e2ﬂ(s?«3>3|¢4—(¢4>g|2sc(z f f(
= i=1

0,7)Xwq

e2”(s¢>”|¢i|2). (151)
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Now, from the dissipation in time of the energy of (¢1, 2, ¢3, Y14 — (¢4)q) (see Lemma A.1 in
the Appendix), we get

3
Z ”QDl(O )”L’(Q) +||<P4(0 )_(¢4)Q(O)”L2(Q)

i=

3774
=¢ fm [Z (st i) + st -)—(¢4)g(t)lliz(g)]dt. (152)
i=1

Consequently, from (151), (152) and the same arguments given between (114) and (119), we
easily deduce that

i=

3
25 (610 ) + o0 )—(¢4>Q(0>||L2(Q)<C[Z f fo | 2”(s¢)13|<,o,~|2dxdt], (153)
T)xw

and consequently the observability inequality (95) because e>**(s¢)'? is bounded.
This ends the proof of the observability inequality (95). O

4.3.6. Another Carleman inequality

Theorem 4.26. Carleman inequality

Let d € (0,+), ' an open subset such that w”’ CC ' CC wy. There exist C = C(Q, w’),
Ay = A(Q, ') such that, for every A > Ay, there exists so = so(Q,w’, 1) such that, for any
s> so(T + T?), any or € L*(Q) and any f € L*(0, T; HZ%,Q(Q)), the solution ¢ of

2=0 on (0,7) x 8Q,

{ -0p—dAp = Af in(0,T)xQ,
o(T,.) =¢r in Q,

satisfies

T T T
f f ezm(s¢)3|<p|2dxdt§C( f f e (s¢)"| fPdxdt + f f ezsa(S¢)3|‘P|2dxdt). (154)
0 Q 0 Q 0 24

The proof of this inequality can be found in [13, Lemma A.1] (see in particular that the
equality [13, (A.3)] still holds for f € L*(0,T; HZ%,e(Q))).

Remark 4.27. The estimate (154) is different from (100) because (100) gives us

T T T
[ e2sa(s¢)3|¢|2dxdtsc( [ [easpaas [ [ e2m(s¢>3|¢|2dxdt). (155)
0 Q 0 Q 0 W'

Therefore, (154) is useful when one wants an observation of ¢ in term of f (but not in term of
Af). Roughly, we remark that we have to pay this type of estimate with a weight (s¢)* (see the
first right hand side terms of (154) and (155)).
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4.3.7. Proof with observation on one component: (96)

We have seen in Section 4.3.5 that parabolic regularity allows us to apply A to the third
equation of (136) (see (137)) in order to benefit from the coupling term of second order (d; —
ds)Ags. The case j = 1 requires more regularity because we have to benefit from two terms
of coupling of second order. Therefore, we need to apply AA (see (158)). There are two main
difficulties. First, Proposition 4.14 only shows us that ¢, the solution of (92) is in Y;‘ . However,
we need: Agp € Y;‘ . That is why we regularize the coupling matrix A € &; (see Lemma 4.18).
Secondly, we want an observation of AAg, in term of Agp;, A, (and not in term of AAg;, AAp,
because we do not have these terms in Carleman estimates applied to ¢; and ¢,: see (162) and
(163)). That is why we use Theorem 4.26.

Proof.

Let A € My(Cy(Q)) N & (see (87)), o1 € Cy (Q)* (the general case comes from a density
argument, see (185), Lemma 4.18, Lemma 4.21 and Lemma 4.22), ¢ € Y; be the solution of (92)
(see Proposition 4.14), w3, w2, ) and w; be four open subsets such that w” CC w3 CC wy CC
w), CC w CC wy. Our goal is to prove (96).

We have
=011 — diAgy = a1 + a2 in(0,7) x Q,
=012 — daApy = a1 + aney + (dy — d3)Aps  in (0,T) X Q,
=01p3 — d3Agp3 = —ma(p1 — ¢2) + Ay in(0,7) xQ, (156)
—01ps — dsApy = m3(p1 — ¢2) in(0,T) X Q,
2=0 on (0,7) x 8Q,
oT,.) =pr in Q.

First, by using the regularity: ¢ € Y; and by applying consecutively Lemma 4.23 to the fourth
equation of (156), the third equation of (156), the second equation of (156), the first equation of
(156), we get

Ag € L*(0,T; H, (Q))". (157)

Consequently, we can apply AA to the fourth equation of (156) by using (157) and Lemma 4.23,

—01(AAps) — dsA(AApy) = AA(m3(p1 — ¢2))  in (0, T) x €,
Bdés = on (0, T) x 69, (158)
AA@y(T,.) = Mgy 7 in Q.

Then, we use the Carleman inequality (154) for (158) with " = w3 and f = A(ms(¢; — ¢2)) €
L*(0,T; Hy, (), for every 4,5 > C,

T T T
f f e2°"’(s¢)3|AALp4|2SC( f f e (s¢)* (IA@i* + 1Agal?) + f f U (s¢)1AApP ). (159)
0 Ja 0o Ja 0 Juws

Remark 4.28. Here, we have to apply the Carleman estimate (154) instead of (100) in order to
get in the right hand side of (159) only terms of order two (and not more) in ¢, ¢,. Otherwise,
we cannot absorb the remaining terms thanks to Carleman estimates (100) applied to ¢y, ¢;.

Then, we apply A to the third equation of (156) thanks to (158) and Lemma 4.23, for every
A, >C,

Be =0 on (0,T) x 4, (160)
Aps(T,.) = Aps 1 in Q.
39
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We use the Carleman inequality (100) with w’ = w3 and 8 = 2, forevery 4, s > C,

T T
12,2, 5,Ap3) < C(f fezm(5¢)2(|A901|2+|A¢z|2|+|AA904|2)+f f /1462“'(S¢)5|A903|2). (1e1)
0 Q 0 wy

Then, we apply the Carleman inequality (100) with w’ = w3 and 8 = 5 to the second equation
and the first equation of (156) (by (80)), for every A, s > C,

T T
AI(s,A,s,¢z>SC( f f A (56 (n* + lpal?] + 1AgsP) + f f /lsezm(m)slsﬁzlz), (162)
0o Ja 0 Jus

T T
AUG, A, 5,01) < C(f fﬂezj'“(sws(lsmlz +lealD) +f f /1562“’(S¢)8|901I2)- (163)
0 Ja 0 Ju;

We sum (159), (161), (162), (163) and we take A and s sufficiently large,

T
f f e (s¢)’ |AA@alPdxdt + 1(2, 4, 5, Ap3) + A5, A, 5,92) + A5, 4, 5,01)
0 Q

T T
sC( f f > (s¢)} | AA@4*dxdt + f f /l4e2m(s¢)5|Aga3I2dxdt)
0 w3 0 w3

T T
+c( f f ¥ (s¢)8 | Pdxdr + f f /lsez‘“’(m)glgollzdxdt). (164)
0 w3 0 w3

Now, A and s are supposed to be fixed. The constant C may depend on A and s. We have

T
f f e (s¢)’ | AA@sPdxdt + 12, A, 5, Ap3) + I1(5, A, 5,02) + (5, A, 5, 1)
0

Q
T T
sc( f f ¥ (s¢)’ | AA@s*dxdt + f f ezm(sqﬁ)5|A<,03|2dxdt)
0 W, 0 W
T ; T '
+C( f f ¥ (s¢)%|pa*dxdt + f f ezm(.w)slgollzdxdt). (165)
0 w3 0 w3

Remark 4.29. Here, we take advantage of the two parameters A and s in Theorem 4.11. Indeed,
if we forget A, we would need to sum fOT |, €% (s¢)* | ANy Pdxdt, 1(4, 5, Ags), 1(6, s, 02) and

I(6, s, ¢). Therefore, we would get in the right hand side fOT fQ e>(s¢)*| AA@4|>dxdt which
cannot be absorbed by the left hand side.
Then we have to getrid of [[" [ ¢>*(s¢)|AAgsPdxdr, [ [ e (s¢)|ApsPdxdr and

fOT » e>(s¢)8|p,>dxdt. For the first term, we use the coupling term of fourth order AA. For
the second term, we use the coupling term of second order (d» — d3)A. For the third term, we use
the coupling term of zero order thanks to property (79).

Estimate of )" [ €>(s¢)*|AAgaPdxdr.

Let us introduce y3 € C""(ﬁ; [0, +0o[), such that the support of y3 is included in w, and
X3 = 1 in w3. We multiply the first equation (160) by (y3 (x))zezm(sqﬁ)3AAgo4 and we integrate on
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(0,T) X wy,. We have
T
f f (3 ()2 €™ (s¢)’ |AApy | dxdt
0 w:
T
<C f (r3(0))2e*¥(5¢)> AAps(—0;Ap3 — dsAAps + maAg) — myAg))dxdt. (166)
0 w7

Remark 4.30. One can see the presence of ()(3(x))2 instead of y3(x) as before (see for example
(108)). It is purely technical (see the proofs of Lemma 4.31 and Lemma 4.32).

Let € € (0, 1) which will be chosen small enough. First, for every 1 < i < 2, by applying
Lemma 4.15: (101) with ® = AAgs, ¥ = Ag;, a = my, ® = (y3)%, r = 3 and (k, 1) = (3,3), we
have

T T T
[ [ cemeorwacomag<e [ [ emsormanbrc, [ [ decoraat.  ae
0 Juy o Ja 0 Jun

But, the other terms in the right hand side of (166) i.e. fOT fw (s (%))2e>(5¢)* (AA@4) (0, Ap3)d xdlt

and fOT fw § (r3(x))2e® (5¢)3 (AA@4)(AA@3)dxdt cannot be estimated as in Lemma 4.15 because
we have not enough derivative terms in ¢4 in the left hand side of (165). In order to estimate these
two terms, we follow the strategy developed in the proof of [13, Theorem 2.2] (see Appendix A.3
for the proof of the two following lemmas).

Lemma 4.31. We have
T
f f X3¢ (59)* (AA@s)(AAg3)
0 wy

T
- s(fo Lezm{“@“(mwl [ +18¢21%) + (s)| A3 + (s¢>)3|AA<,04|2})

T
+C (fo f e {(sp)* (lg1” + lgal + A3 ) + (59> (Vi * + Vool + |VA¢,03|2)}). (168)

Lemma 4.32. We have
fo ' fw 2X%ezm(srﬁ)**(AAw)(a,A%)
< g( j; T fQ 625‘1{(5¢)4(|A<P1|2 +1A@a*) + (s9)10, A3 |* + (s¢)3|AA¢4|z})
+C£( foT fw ezsa{<s¢>24<|<p1|2+|goz|2+|A¢3|2>+(s¢)22<|v¢,|2+|v¢2|2+|VA¢3|z)}), (169)

Moreover, the proof of these two lemmas (see (A.43)) provides us another estimate which is
useful to treat the right hand side of (167).
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Lemma 4.33. Forevery1 <i<2,6>0, we have

T
f f EZ'WY(SQS)S |A‘Pz|2
0 w?
T
<6 ( f f ezf%sqs)“mmz)
0 Q

T
+Ca( fo f ez‘“’{(Stﬁ)M(lsmlz+Isﬂzlz+IA903I2)+(s¢)22|V<,o,-|2}). (170)

Gathering (167) and (170) with 6 = £/C, we find that for 1 <i <2,

T
f (r3(x0))2 €™ (5¢)’ (AAps)my Ap;dxdt
0

T T
s.s( f f (s |AAa + f f ez‘“(s@“m%ﬁ)
0 Q 0 wy

T T
+Cg( f f e (s) (1> + lpal* + [Ag3]*) + f f ezfa(szzs)zzwf). (171)
0 wr 0 w7

From (166), (171), (168), (169), we get
T
f (x3(x))*e*(5¢)° | A Ay > dxdt
0 wy
T
< ‘9( f f P{(50) (181 + 1Aga) + (s9)(8,: A3 + 1AM + (s¢)3|AA¢4|2})
0 Q

T
+cs( [ [ e““{(s@”asouz+|¢2|2+|A¢3|2)+(s¢>22<|V<,ol|2+|V¢2|2+|VA¢3|2)}). an)

By using (165), (172) and by taking € small enough, we have
T
f f ¥ (s¢) |AA@sPdxdt + 12, A, 5,Ap3) + I(5, A, 5,02) + 1(5, 4, 5, 1)
0 Q
T
<C ( f f (s (o1 + lgal + 1Agsl) + (5)2(IVer* + [Vl + |VA¢3|2)}) - (173)
0 w?

Estimate of fOT [ i ¥ (5¢)?2|V Aps|2dxdt.

Let us introduce 3 € C¥(Q; [0; +oo[) such that supp(s) C w5 and > = 1 on w,. Then, by
Lemma 4.15: (104) (with ® = Ag3, © = w;, © = x5, r = 22 and (k, ) = (1,43)), for any & > 0,
we have

T
[ [ emcormset
0 wy

T
< f f 0262 (s¢) VA
0 w)

T T
<[ [elomsatscormaer)|sc [ [ sonar.  am
0 Q 0 !
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By taking & small enough and by using (173) and (174), we have
T
f f e (s¢) |AA@alPdxdt + 1(2, 4, 5, Ap3) + I(5, 4, 5,¢2) + I(5, 4, 5,01)
0 Ja

d T
sc( [ [ ecoiarciep+etrs [ [ 625“(s¢)22(|V<p1|2+|V<p2|2)J. (175)
0 Juy 0 Juy

Estimate of fOT fw . €2 (s¢)*3| A3 |*dxdt.

Let us introduce y, € Cm(ﬁ; [0, +0oo[), such that the support of y, in included in w; and
X2 = 1 in ). We multiply the second equation of (156) by sign(d, — d3))(2(x)€2‘m(s¢)45A(,03 and
we integrate on (0, 7) X w;. As d, # d3, we have

T
f f X2 ()€™ (s¢) | Aps P dxdt
0 w]

T
<C f f X2 ()P (s¢)* Ap3 (=012 — daApy — ara1 — anypa)dxdt. (176)
0 w1

Let &’ > 0 which will be chosen small enough. We estimate the right hand side of (176) in the
same way as the one of (108):
o for terms involving Agsapne; with 1 < i < 2, we apply (101) with ® = Ag;, ¥ = ¢;,
a=apel™(Q),1 <i<2(recalling (80)),® = yoand r =43,k =5, =81,
o for the term involving Ag30,¢;,, we apply (102) with @ = Aps, ¥ = ¢y, a =1, 0 = y, and
r=43,k=5,1=285,
o for the term involving Ap3Ag,, we apply (103) with @ = Ap;, ¥ = ¢»,a = d, ® = x» and
r=43,k=5,1=85.

We get
T
f f X286 (56)P|Ags I
0 w)

T
<& ( [ [ @07 + (0P mag + soniaset + |AA¢3|2})
0 Q
T
Co [ [ ool e, a77)
0 wq
By taking & sufficiently small, we get from (175), (177)
T
f f X () |AA@sPdxdr + 1(2, A, 5, Ap3) + I(5, A, 5, 02) + I(5, 4, 5, 1)
0 Q

T T
<C f f e (s) (g1 > + lgal*) + f f e (sp)2 (Vo1 > + Vo ). (178)
0 w1 0 w>

Estimate of fOT [ ! e>(s¢)2|Vil*dxdt for 1 <i < 2.
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Applying Lemma 4.15: (104) (with ® = ¢;, © = wy, ® = y», r = 22 and (k, ]) = (4,40)), for

117

any 7 > 0, we have
T
f f e (s¢)”* Vil dxdt
0 wy
T
< f f X267 (5¢)* Vi *dxdt
0 w1

T T
<o ([ [ efsoriant +oofvepiasa)sco [ [ emsoriatasa am
0 Q 0 W)

By taking £”” small enough and by using (178) and (179), we have
T 2 T
f erS"(S¢)3|AA¢4|2 +1(2,4, 5, Ap3) + Z I(5,4,5,¢;) < Cf f e (sp)* (lpr* +pal). (180)
0 Ja i=1 0 Jou

Estimate of [ [ ¢2(56)% o Pel v,

Let us introduce y; € C°°(§; [0, +o0[), such that the support of y; in included in wy and
x1 = 1in w;. We multiply the first equation of (92) by y1(x)e***(s¢)*>¢, and we integrate on
(0, T) X wy. Recalling (79), we have

T
f f X1(0)e* (5¢)*|pa|*dxdt
0 wo

T
<C f f X1(0e> (5¢)* 02(=0,p1 — d1 Ay — ayypy)dxdt. (181)
0 wo

We estimate the right hand side of (181) in the same way as the one of (108):
o for the term involving ¢,a;1¢;, we apply (101) with @ = ¢, ¥ = ¢y, a = a;; € L*(Q)
(recalling (80)),® = y;and r =85,k = 8,1 = 162,
o for the term involving ¢,0,¢1, we apply (102) with ® = ¢, ¥ = ¢j,a =1, ® = x| and
r=285,k=28,1=166,
o for the term involving ¢,Agp;, we apply (103) with @ = ¢, ¥ = ¢, a = d;, ® = y; and
r=285k=28,1=166.
We get

T 2 T
f f (PP MA@ + 12, A, 5, Ag3) + Y 1(5,4,5,0) < C f f e (s¢) “lpiP. (182)
0 Q i=1 0 wo

Then, we can deduce from (99) and (182)

2 T T T
> f f > (s¢) il + f f 2759 IAgs + (59)’1AAG,) < € f f P (s¢)' Clpi P, (183)
‘=T Jo Ja 0 Ja 0 Jo

Now, we use Poincaré-Wirtinger inequality as in (151) to get

T
fo fﬂ e (5¢)(lp1* + lpa”) + € {(56) I3 — (e3)al® + (s6)’lgs — (pa)al’}

T
<c f f P (56) Sl 2. (184)
0 w
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Now, from the dissipation of the energy of (¢1, 2, 93 — (¢3)a, P4 — (p4)q) (see Lemma A.1 in
Appendix A) and by using the same arguments as for 2 controls (see (152) and (153)), we easily
get

2 4 T
zﬁw@m@@+§ﬁw@3—mmxm@®scjﬁj?mwwﬁmﬁmm (185)
i=1 i=3 0 Yo

and consequently the observability inequality (96).

This ends the proof of the observability inequality (96). [

4.4. Second step: Controls in L*(Q)
4.4.1. Penalized Hilbert Uniqueness Method
The proof in this subsection follows ideas of [8] and [17, Section 3.1.2]. The goal is to get
more regular controls in some sense (see (203)) by considering a penalized problem.
Lete € (0,1) and
M3 = 7, M2 = 13, M1 = 166.

We choose A and s large enough such that (120), (153), (185) hold.
Let j € {1,2,3}, A € &; (see (87), (85) and (83)), {» € H; (see (88), (86), (84)). We

introduce the notation Lfv ht((O T) x w)’ for the set of functions 4/ such that for every 1 <i < j,

(e (s¢p)™MN12p; € L2((O T)xw). The set L2, ((0, T) X wp)’ is an Hilbert space equipped with

wght

the inner product (/, k) = Z i f(o s e 2 (s¢p)Mih;k;dxdt. We define
i=1 :

—2s5a -M;\1,] l
VR € L, ((0,T) X w)/, J(h) := jjﬁ e 2 (sg) MW Pdxdt + — LT, iy
(0.7)xw €

where ¢ = ({1, (2, {3, {4) is the solution to the Cauchy problem (90) associated to the control A/.
The mapping J is a continuous, coercive, strictly convex functional on the Hilbert space
wght((O T) X w)/, then J has a unique minimum #/® with (e (s¢) ™ MN2hie e L2((0, T) X w)’.
Let /2 be the solution to the Cauchy problem (90) with control #/¢ and initial condition (.
The Euler-Lagrange equation gives

V' € L, ((0,T) X wy, Z f f e (s¢) Minth; + 1 f (T, ).0(T,)=0, (186)
0.7)xw € Ja
where ¢ = ({1, (>, {3,{4) is the solution to the Cauchy problem (90) associated to the control 4/
and initial condition ¢y = 0
We introduce ¢° the solution to the adjoint problem (92) with final condition ¢*(T,.) =
—ég“ ®(T,.). A duality argument between { and ¢° gives

—- f (T, x).0(T, X)dx = Z f fo higSdxdt. (187)
,T)Xwy

Then, we deduce from (186) and (187) that

Vi € L2,,((0,T) x w)/, fo

0,T)xw

—2“(s¢)— iheh; dxdt—z f f higSdxdt.

0.T)xw



Consequently,
Vie{l,...,j}, i = ezm(sgb)Mfcpflm. (188)

Another duality argument applied between ¢ and ¢° together with (188) gives
1 J
= (T M2y = Z f f e (sp) |t PPdxdt + f ¢°(0, x).Lp(x)dx. (189)
& P 0,7)xw Q
If j = 2, we have fg {oa(x)dx = 0. Then,
3
f ¢°(0, x).5o(x)dx = Z f @ (0, )o,i(x)dx + f (€40, x) = (4)a(0)do4()dx.  (190)
Q ' Jo Q
If j = 1, we have [ {o3(x)dx = O and [, {o4(x)dx = 0. Then,

2 4
fﬂ §°(0,%).Lo(Wdx = ) fg $50, )0 + Y fg @5(0,) = (@)oo (). (191)
i=1 i=3

Then, from (120) for j = 3, (153), (190) for j = 2, (185), (191) for j = 1 and (188), (189), we
have

1 £ 1 —2sa -M; |2
T iz + 5 € D™D 2R o s < C 0N (192)
In particular, from (192),
£(T,) = 0in L2Q)", (193)
and _
1B1]| 2y < C- (194)

Then, by using A € M4(L*(Q)) (see (87), (85) and (83)) and recalling (194), from Proposi-
tion 2.3 applied to (90), we deduce that

1°1lys < C. (195)

So, from (195), up to a subsequence, we can suppose that there exists £ € Y* such that

¢ = (in 0. T H' (@), (196)
0" = 0, in L0, T3 (H' (@)™, (197)

and from Proposition 2.2,
240, = 200, ) in L2 (Q)*, (T, ) = (T, ) in L2 (Q)*. (198)

Then, as we have £9(0,.) = {; and (193), we deduce that

£0,.) = &y, and ¢(T,.) = 0. (199)

Moreover, from (192), up to a subsequence, we can suppose that there exists 4/ € L2_, ((0,T) x

) 'wght
w)’ such that .
(0, T) x wy, (200)

wght
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and

2

osa M, 12 .. Y M e
™ o™ 2|2 1y < liminf |7 @)™ ) 2R 1 < C 0N
(201)
Then, from (196), (197), (200), we let € — 0 in the following equations
9,4° = DAL® = A1, ) + B 1, in(0,T)x Q,
% =0 on (0,T) x 69,
and by using (199), we deduce
8L — DA = A(t, )¢ + B;h/1,, in(0,T) X Q,
%=0 on (0,T) x 6Q, (202)
(£(0,.),4(T, ) = (£, 0) in Q.

Therefore, we have proved the existence of a control 4/ such that (e=>*?(s¢)"M)/2h/ € L*((0, T)x
w)/ that drives the solution ¢ of (90) to 0, and we have the estimate

D5 M, 112
([ sy ™) 2 H | 2 0oy < C ol - (203)

4.4.2. Bootstrap method

In the previous subsection, we proved the existence of a control h/ € Lfvgh[((O, T)xw) ie.a
control 4/ more regular than L2(Q). The key points are the link between 4/ and ¢° (i.e. (188))
and the weights of Carleman estimates. Now, we use an iterative process in order to find controls
in L*(Q)’. We use the same key points together with parabolic regularity theorems. This section
is inspired by [17, Section 3.1.2] and [51] (for the Neumann conditions). First, we are going to
present the boostrap method for the case j = 3 and after that, we explain the main differences for
the case j=2and j = 1.

4.4.2.1. Strong observability inequalities. From (114) for the case j = 3, (151) for the case
Jj =2, (184) for the case j = 1, (188) and (192), we deduce these inegalities which are useful for
the bootstrap method:

4 T
(j=3)z[z; fo fg e”"(saflsofﬁdxdtsC||§o||§z(g)4J, (204)
T 3 o o
(j=2)z[ fo fg Zezm(S¢)3IsD?I2+e23"’(S¢)3I<,DZ—(<Pi)QI2SCII{oIIiz(Q)4], (205)
i=1

T 2 o 4 o
(= 1):»( fo fg DTN + TPl - (ol scngo||iz(g)4]. (206)
i=1 i=3

4.4.2.2. Bootstrap. Let ¢ > 0 which will be chosen sufficiently small and (0 )rery € R+ bea
strictly increasing sequence such that oy et 0. Let (pr)ren be the following sequence defined
by induction
po =2,
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Gp it <22
Di+1 1= 2pk if pr = NT”,
+oo if pp > M2
Clearly, we have that
AleN, Vk =1, pp = +co. (207)

Definition 4.34. We introduce the following spaces: for every r € [1, +oo],

Wal(Q) := {u € W (Q): % = 0}, Y, = L0, T: W2l(€) n W'(0, T: L'()).

Definition 4.35. Let u be a function on Q. For 0 < 8 < 1, we define

(] u(t, x) — u(t’, x')|
Uulppp = sup 5
o ooy (T =]+ |x — x/[)P2

which is a semi-norm, and we denote by CcPizB (@) the set of all functions on Q such that [u]g g <
+00, endowed with the norm

lellg 28 = ( sup |u(z, x)I) + [ulg28-
(t,X)EQ

Proposition 4.36. Let 1 < p < +co, m € N, D € M,(R) such that S p(D) C (0,+00), A €
M (L=(Q)), f € LP(Q)". From [20, Theorem 2.1], the following Cauchy problem admits a
unique solution u € Y

g _ () on (0,T) x 09,

Ou—DAu=Alt,x)u+f in(0,T)xQ,
u(0,.)=0 in Q.

Moreover, there exists C > (0 independent of f such that

”u”Y;” <C ||f||Ln(Q)k .

Proposition 4.37. [52, Theorem 1.4.1]
Let r € [1, +oo[, we have

L5 (Q) if r< 22,
Y, — L (Q) if r =22,
CPI2P(Q) — L¥(Q) with0 < f <2 — M2 if y > N2,

In the following, C denotes various positive constants varying from one line to the other and
does not depend of |Zoll 2 (-

We define for every k € N,
Yok = 0 g (208)
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For k € N*, by using (208) and the adjoint system (92) satisfied by ¢®, we have

-0 — D3 A = A(t, X + i in(0,T) x Q,
B =0 on (0,T) x 4Q, (209)
YT, ) =0 in Q,

with _
filt,x) = =90,
By using the fact that (6 ey is strictly increasing, we easily have that
il < €01 = Cly™* ! in 0,T) x Q. (210)
We show, by induction, that for every 0 < k < [ (see (207)), we have
o e L) and [0 e o < C ol - 11)

The case k = 0 can be deduced from the fact that 69 > 0 and the strong observability inequal-
ity (204).
Let 1 < k < 1. We suppose that

e Lo (@) and [y | o < C 0N (212)

Then, from (209), (210), (212) and from the maximal regularity theorem: Proposition 4.36, we
get

et e X, and|ly . < Clldolizoy (213)
Moreover, by the Sobolev embedding Proposition 4.37, we have

yot e Q) and |y ], o0 < Clloliae -

This concludes the induction.
From (98) and (99), we remark that we have the following inequality

a

a < Tf(/l), (214)

because
(& _ 2Amllay(] 4 oAl = M0 _ Aol | — 2l < ] _ 2l
Moreover, from (97), we can pick ¢ > 0 such that
2s = (1 + fQ))s+0) =sQ2—-(1+ f(Q)) —d(1 + f(1) > 0. (215)

Now, by applying consecutively (207), (188), (214), (215) and (211), we have for every i €
{1,...,3},

il = 1lnor = e (s et g

: eq%‘(”‘”)(&pﬂ L>(Q) ”eE(H(S)‘Pf”Lm(Q)

< [l g0

<C ”ea(ms,)ﬁ”m(@ (6, <dand @ < 0)

< Clldoll 2y - 216)
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Therefore, from (216), we get
”hf“m(@ < Clldoll 2y - 217)

So, (h*®), is bounded in L®(Q)*, then up to a subsequence, we can suppose that there exists
h? € L®(Q)? such that
e eo* 1 in L*(Q), (218)

and
73] s < € Moz -

From (196), (197), (218), (199), we have

x=0 on (0, T) x 6Q, (219)
(£(0,.),4(T,.)) = ({o,0) in Q.

This ends the proof of Proposition 4.8 for the case j = 3.

For every k € N, we introduce

{ 0,0 — D3Al = A(t,x)¢ + Bsh’l, in(0,T)xQ,

¢° = (5, 5. 5, ¢ — (¢)), (220
yok = ea<s+6k);g,7c. (221)

For k € N*, we have

—0% — DoAY = AL, X% + fi in(0,T) X Q,
B =0 on (0, T) X 4, (222)
vHT,) =0 in Q,

with
o 7 als % al(s (s T
fk(t, x) = _(e(t(x+6k))t‘pg‘k + (O, 0,0, (u;ea(ﬁdk)sof _ uéea(wdk)‘pg + uzea(wdk)‘pg;)g) ,
because A € &, (see (85)). From the fact that (6y )ren is strictly increasing, we easily have

fil < Ce™ V|| = Cly**~"in (0, T) x Q. (223)

Then, the strategy of bootstrap is exactly the same. The starting point comes from the strong
observability inequality (205).

We apply the same strategy as for the case j = 2. For every k € N, we introduce

¢° 1= (@], 5. 5 — (@D, ¢ — (Do) (224)
Yok 1= B0 gk (225)

The starting point comes from the strong observability inequality (206).

This ends the proof of Proposition 4.8.
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4.5. Nonlinear problem

In order to prove Theorem 3.2, we use Proposition 4.8 together with a standard fixed-point
argument.

4.5.1. Reduction to a fixed point problem

Let j € {1,2,3}. We remark that G : L°(Q)* — M4 (L*(Q)) is continuous (see (52), (62) and
(77)). Then, we get the existence of v > 0 small enough such that for every z = (z1,22,23,24) €
L=(Q)*,

(lzllz= gy < v) = (G(z1,22,23,24)) € E)), (226)

where &; are defined in (83), (85) and (87).

Let Z be the set of z = (21, 22, 23, z4) € L®(Q)* such that lIzll gy < v. From Proposition 4.8,
we have proved that there exists Cy > 0 such that for all z = (z1,22,23,24) € Z and for all
Lo € L*(Q)*, there exists a control i/ € L¥(Q)/ satisfying

[77]] o0y < Collcolzye (227)

such that the solution £ = (1,2, {3, 44)" € (Y* N L¥(Q)*) to the Cauchy problem

%-0 on (0, T) X 6, (228)

{ 8:{ — D;Al = G(2){ + B;h/1,, in(0,T)xQ,
on
4(09 ) = §0 in Q,

verifies
4T,.)=0. (229)

We fix ¢y € L*(Q)*.

We define B : Z — L*(Q)* in the following way. For every z = (21,22,23,24) € Z, B(2)
is the set of £ = (£1,2,43,44) € L¥(Q)* solution to the Cauchy problem (228), associated to a
control i/ € L*(Q)/ satisfying (227), and which verifies (229).

Our main result (i.e. Theorem 3.2) will be proved if we show that B has a fixed point
(i.e. z is such that 7 € B(2)).

We use the Kakutani’s fixed point theorem.

Theorem 4.38. Kakutani’s fixed point theorem.
1. For every z € Z, B(z) is a nonempty convex and closed subset of L*(Q)*.
2. There exists a convex compact set K C Z such that for every z € Z, B(z) C K.
3. Bis upper semicontinuous in L°(Q)*, that is to say for all closed subset A C Z, B! (A) =
{z € Z;B(z) N A # 0} is closed.
Then, B has a fixed point.

4.5.2. Hypotheses of Kakutani’s fixed point theorem
4.5.2.1. Proof of the point 1. Letze Z.

B(z) is nonempty because we have proved the existence of at least one control satisfying
(227) that drives the solution to 0.

B(7) is convex because the mapping & € L*(Q)/ + [ € L*(Q)*, where { is the solution to the
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Cauchy problem (228), is affine and (227) is clearly verified by convex combinations of controls
satisfying it.
B(z) is closed. Indeed, let ({i)ren be a sequence of B(z) such that

G o Lin L2(0)*. (230)

We introduce (h]{)keN the sequence of controls associated to ({i )ren- In particular, for every k € N,

[0, < Cololizcan- 231)
From (230) and (231), for every k € N,
HG(Z){k +B ,h,{)|Lm(Q)4 <C. (232)

Then, from (232) and Proposition 2.3 applied to {; which satisfies (228), we deduce that for
every k e N,

Igkll ynz=copr < C. (233)
So, from (233), up to a subsequence, we can suppose that there exists £ € Y* such that
fe = {inL2O,T;HIQ)Y, (234)
Odi = O L*0,T; (H'(Q))*), (235)
and, from Proposition 2.2,
4d0,) = £0,)in LAQ), 4T, ) = (T, in L(Q)" (236)

Then, as we have (0, .) = {y and (T, .) = O for every k € N, we deduce that
£@0,.) = o and L(T,.) = 0. (237)

Moreover, from (231), up to a subsequence, we can suppose that there exists &/ € L*(Q)/ such
that

h! i W in L*(QY, (238)
and A ‘
1] gy < liminf ”h;HLw(Q)j < Co ol 2y - (239)

Then, from (234), (235), (236), (237) and (238), we let k — +oo in the following equations (i.e.
passing to the limit in the variational formulation (15))

8l — DiAG = GG + Bihl1, in (0,T) x Q,
% =0 on (0,T) X 6Q,
(8k(0,.), &(T, ) = (4o, 0) in Q.

‘We deduce that

=0 on (0,7) X 6, (240)
(5(07 )7 g(T, )) = (((), 0) ln Q
Finally, from (240) and (239), we have { € B(z).
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4.5.2.2. Proof of the point 2. Letz e Z.
By Proposition 2.3 and (227), we deduce that there exists C; > 0 such that

Yz € Z, ¥{ € B(@), Il ooy < Crlldollpoys -

Now, we suppose that ¢y € L®(Q)* verifies

||§0||L°°(Q)4 < V/Cl. (241)

Then, we have
Vze Z, Bz) c Z. (242)

Let F € L*(Q)* be the solution to the Cauchy problem

9F — on (0,T) x 49, (243)

&F -D;AF=0 in(0,T)xQ,
on
F(0,.) = & in Q.

Let * = £ — F, where ¢ € B(z) with z € Z. We also denote by A/ the control associated to £.
Then, £* is the solution to

= on (0,7) x 0Q, (244)

{ 00" = DAL = G(2)¢ + thjlw in (0,7) x Q,
or
on —

*0,)=0 in Q.

From (226), (242) and (227), we can remark that there exists C > 0 such that

|G(2)¢ + Bihi1 C. (245)

w”LN(Q)“ =

From (245), Proposition 4.36 with p = N+2 applied to * (see (244)) and the Sobolev embedding
theorem Y, — CP>#(Q) with B > 0 (see Proposition 4.37), we deduce that {* € C°(Q)* and
there exists C, > 0 such that

Y, x) € O, V(' ,xX) € Q, |°(t,x) = (1, X)) < Colt = P + |x = X'P). (246)

Let K* be the set of {* such that (246) holds. Then, we have (F + K*) N Z is a compact convex
subset of L*(Q)* by Ascoli’s theorem and

YzeZ, Blp)c(F+K)YNnZ.
Then, K := (F + K*) N Z is a convex compact subset of Z such that the point 2 holds.

4.5.2.3. Proof of the point 3. Let A be a closed subset of Z. Let (zx)renw be a sequence of
elements in Z, ({x)ren be a sequence of elements in L*(Q)*, and z € Z be such that

% — zin L¥(Q),
k—+o00
VkeN, £ € A,

Yk €N, & € B(z).
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Let (hi)keN the sequence of controls associated to ({i)ren. As &k € B(zx), we have

ke, ] . < Collcollay

~(Q)
By the point 2, we get that there exists a strictly increasing sequence (k;)ey of integers such that
&, — ¢ in L¥(Q)* as | — +oo. As A is closed, we have ¢ € A, then it suffices to show that
{ € B(z). The same arguments as in the point 1 give the result. This ends the proof of the point 3.

This concludes the proof of Theorem 3.2.

5. Proof of Theorem 3.6: the global controllability to constant stationary states

Proof. Let N € {1,2}, j = 3 (we only prove the result for this case, the other cases are similar),
uy € L2(Q)* satisfying the hypothesis (42), (4])1<i<4 € (R satisfying (3).

From [46, Theorem 3] and [45, Theorem 3] (see also [21]), we deduce that the solution
u € L((0, 00) x Q)* of

Ayu; — diAu; = (=1)(uyuz — upuy)  in (0, 00) X Q,
VI<i<4,{ = on (0, 0) X 4Q, (247)
u;(0,.) = u;p inQ,
satisfies
Aim (i(T’) = 2l = 0, (248)

where z € (R**)* is the unique nonnegative solution of

2123 = 2224, (249)
21+ 22 = (Ur0)a + (U20)q, 21 +24 = (U10)q + (Us0)q, (250)
23+ 220 = (zp)a + W20)a, 73 +24 = (Uz0)a + (Ua0)a. (251)

Case 1: uj; # 0. Let us define a path y between z and (&)1<i<4.

vi|[0,1] — {(vi,v2,v3,v4) € R* X R X R*™™ X R* ; viv3 = vpvy4}
0 — ( (O Bl (1 = B)za + G, (1 = O)z3 + 6165, (1 = O)zy + eu:;).

(1—9)z3+9u§
(252)
Let us define @ in the following way,

(253)

O: | T':={y0),0€[0,1]} — R**
(Vi) — Iy,
where 7, > 0 is the radius of the ball of L®(Q)* centered in (v;);<;<4 in Which we have proved
controllability to (v;)1<;<4 (see Theorem 3.2). Precisely, r, is given by (241). It is straightforward
but tedious to see that
r:=inf ® > 0, (254)

because there exists & > 0 such that for every 6 € [0,1], v3 = (1 — 0)z3 + 6uj > &. For more
details, one can follow the dependence of the constant r, = v/C; in function of the parameters
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(Vi)1<i<a (see (241), (226), (227), Proposition 4.8 for the definition of the constant Cy, (52), (54),
(55) and Section 4.3.3 for the dependence of this constant Cy in term of (v;)1<;<4)-

By (248), there exists 77 > 0 such that [[u(T,.) — zllp~y < 7, where u is the solution of
(247). By (253) and (254), there exists h>! € L*((T,, T; + T) x Q)* such that the solution u' of
4), with (0, T) = (T}, T, + T) and u" (T}, .) = w(T}, ), satisfies u' (T}, + T,.) = z.

The mapping 7y is continuous on the compact set [0, 1], so vy is uniformly continuous on [0, 1]
by Heine’s theorem. Consequently, there exists 7 > 0 such that for every 6,6, € [0, 1], verifying
|61 — 6] < n, |ly(6)) —¥(62)ll, < r. Moreover, there exists m € N* sufficiently large such that
mn < 1 < (m + 1)n. Therefore, let us define 6, = kn for k € {0,...,m} and 6,,.; = 1. Then, we

have
m+1

Tc U B(y(6)), r). (255)
i=0

We remark that we have y(6y) = z, ¥(@n1) = u* and |[y(6;) — y(6is1)ll, < r for every i €
{1,...,m} by definition of 7.

We have ||z — v(0))|l = Il¥(60) — ¥(01)llw < 7. Then, by (253) and (254), there exists w2 e
LT, + T, T +2T) x Q) such that the solution u? of (4), with (0,7) = (T} + T, T; + 2T) and
ul(T), +T,.) = z, satisfies u! (T} + 2T, .) = v(6,).

By repeating m times this strategy, we get the existence of a control 2* € L*((0,T; + (m +
DT) x Q) so that A3(r,.) = 0 fort € (0,T)), h’(t,.) = W>'(@¢,) fort € (T, T\ + T), ... ,
W, .) = B2, ) fort € (Ty + m + DT, Ty + (m + 2)T), such the solution u of

Owu; — diAu; = (—l)i(u1u3 — Upiy) + h?lw in (0,7 +(m+2)T) x Q,
Vi<i<d, { - on (0,T) + (m +2)T) x 0Q,  (256)
u;(0,.) = u;p in Q,

satisfies u(Ty + (m + 2)T,.) = u".

Case 2: u; = 0. From (3), we have u; = 0 or u; = 0. We can assume that u; = 0. The

other case is similar. By Theorem 3.2, we know that there exists 7 > 0 such that for every
u* € Bu,T)~qy, we can find a control #* € L¥((0,T) x Q)° that enables to go from u* to
Bluy+7/2)

w2

u*. Consequently, we choose B such that 0 < 8 < 7/2 and < 7/2 and we set u* =

(u; +7/2,p, 2 212:77/22), u, +7/2) € B(u*, 7). We remark that " satisfies (3) and u3" # 0. Then, from
1

the first case of the proof, we can find a control which drives z to u*. Next, we can find a control
which drives u* to u*. O

6. Comments, perspectives and open problems

6.1. w;instead of w

An interesting open problem could be the generalization of Theorem 3.2 to the system

Ou; __
u _ on (0,T) x 4Q, (257)

ou; — diAu; = (—1)i(u1u3 — Uply) + hila),-lisj in 0, T)x Q,
V1 <i<d4,
1;(0,.) = uip inQ,
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J
where for every i € {1,..., j}, w; are nonempty open subsets such that w; ¢ Q and (w; = 0
i=1

(otherwise, the generalization is straightforward).

6.2. Stationary solutions

We only have considered nonnegative stationary constant solutions of (1). It is not restrictive
because of the following proposition.

Proposition 6.1. Let (u;)1<j<4 € CX(Q)* be a nonnegative solution of

. —diAu; = (=1) (uyu3 — uug)  in Q,
V1S1§4,{%:0 on 9O (258)
Then, for every 1 <i <4, u; is constant.
Proof. Lete > 0. Foreveryi € {1,...,4}, let us denote ui =u; +¢ and wi = uf(log u; =1+ 1.
Note that w? > 0 for every i € {1,...,4}. We have
Vs
V1 <i<4, Vi =log(u;)Vu;, Aw; = log(ui)Au; + — (259)
Then, from (258) and (259), we have that for every 1 <i < 4,
—diAw? + d; lV:flz =(=1) log(uf ) (ufus — usug — e(uy + uz — up — ug)) inQQ, (260)
% =0 on 0Q.
We add the four equations of (260) and we integrate on Q. We get
4 g2
|Vu?|
O+f d; L
Q ; u;
= - (f(log(ufug — log(u5ug))(uius — uéui))
o)
+ s(f(log(ufug) —log(u5ul))(uy + uz — up — u4))
Q
< s(f(log(u’i:ug) —log(u5ug))(uy + uz — uy — u4)). (261)
Q

Moreover,

|Vus|? )
V1<i<4, fdi i =f4di|V\/;f|. (262)
Q u; Q

Consequently, from (261), (262) and by taking & sufficiently small, for every 1 <i <4,

f4di|V \/u?lz < s(f(log(u’fug) — log(u5ug))(ur + uz — us — u4))
Q Q

< a(f |log(e¥)||ur + us — ur — u4|).
Q
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Then, by letting € — 0, we get that

VI<i<d4, f4di|V\/u_i|2=0.
Q

Consequently, for every 1 <i <4, ; is constant. O

We can also remark that there exist non constant solutions of (258). For example, in the
case of (dy,d»,d3,dy) = (1,1,1,1), (uf,u;,ufg,ufl) = (1, =2, 2 — A, —,), where 4 > 0 and
@, are respectively an eigenvalue and a corresponding eigenfunction of the unbounded operator
(—A, HZZ\,E(Q)) (see Definition 4.13), is a solution of (258). The result of Theorem 3.2 is still
valid for non constant stationary solutions under a natural condition of sign of (uj, u;, u3, u;)
on a nonempty open subset wy C w (see (54), (64), (79) after linearization). There is only
one nontrivial thing to verify. For the proof of the observability inequalities (95) and (96), the
application of A to some equations does not create “bad” terms. A good meaning to be convinced
is to look at the inequality (138) which becomes

T 3 T
100, 4, s,A¢4>SC[ f f e““{z |A¢i|2+|v(,oi|2|+|¢i|2}+ f f eZSG(s¢>3|A¢4|2]. (263)
0 Ja =1 0 Jw,

3
It is clear that fOT fQ e (Z |A@i> + |V 2| + Igo,-lz) can be absorbed by the left hand side of (140)
i=1
by taking s sufficiently large.

6.3. Nonnegative solutions and nonnegative controls

In the spirit of the works [43] and [47] and in order to make the model more realistic, an
interesting open problem could be: for nonnegative initial conditions (u;);<;<4, and nonnegative
stationary state (u)1<j<4, does there exit a control (h;)1<i<; such that the solution (1;)1<j<4 of (4)
remains nonnegative and satisfies (5)?

6.4. Constraints on the initial condition for the controllability of the linearized system

The goal of this section is to show that the linear transformation we do before linearization
(see (59) and (73)), seems to be essential. Indeed, this adequate change of variable leads to con-
trol all possible initial conditions (see the necessary conditions on the initial conditions due to
invariant quantities of the nonlinear dynamics: Section 2.2). One could think about [3, Theorem
5.3] which gives sufficient conditions of controllability when the rank condition of Theorem 1.6
is not verified. But it reduces the space of initial condition once more and it becomes “artificial”
in our case.

The linearized-system of (4) around (u});<i<4 i8

du—DAu = Au+ B;h'1,, in(0,T)xQ,

-0 on (0, T) x 4Q, (264)
u(0,.) = uy in Q,
where
—u; ”Z u’f u;
u=(urs s, ), D = diag(dy, da,dydi), A= "5, T ML TR (265)
3 4 1 2
wy  —uy, uy U
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and B;, h/ are defined in (45).

Definition 6.2. The system (264) is (u;)1<i<4-controllable if for every ug € L*(Q)*, there exists
h' e L2(Q)7 such that the solution u of (264) satisfies u(7,.) = u*.

We would also use [3, Theorem 1] in order to deduce the necessary and sufficient condition
of controllability to («])1<;<4 for (264). First, let us denote by (Ax)ren the increasing sequence of
the eigenvalues of the unbounded operator (—A, HI%,E(Q)) (see Definition 4.13 for the definition
of H3,,(Q)). In particular, 1 = 0.

Theorem 6.3. The system (264) is (u)1<i<4-controllable if and only if
Vk € N, rank(-;D + A|B)) = 4, (266)

where
(%D + A)|B)) := (Bj, (=D + A)B;, (4D + A)sz, (—4D + A)3Bj).

For j = 3, we can check that for every k € N, rank(—A4;D + A|B3) = 4 if and only if
(], u3, uy) # (0,0,0). It is consistent with Section 4.1.1.1.

For j = 2 and d5 # d4, we can check that rank(dy + A|B>) < 4, then (264) is not (u})1<j<4-
controllable. It is consistent with the hypothesis we have to make for the initial condition i.e.
(23). But, we can deduce from [3, Theorem 5.3] that (264) is (u])<i<4-controllable for initial
conditions verifying

1
Vie{l,...,4), @fui,o(x)zu;‘. (267)
Q

The condition (267) is a more restrictive hypothesis than (23). It is only a sufficient condition.
Actually, we have found a necessary and sufficient condition on the initial data for (u})i<i<4-
controllability.

Proposition 6.4. Let j =2, ds # dy.

For every uy € L*(Q)* such that \ﬁll J;)(u3’0 + us0) = uy + uy, there exists h? € L*(Q)? such that
the solution u of (264) satisfies u(T,.) = u*.

Ifuy € L*(Q)* does not satisfy Ilﬁ\ fQ(MB,O +ugp) = uy + uy, for every h? € L*(Q)?, the solution u
of (264) does not satisfy w(T,.) = u".

Proof. The necessary condition of controllability is a consequence of

ae. te[0,T], % (f(u3(t, X) + uy(t, x))dx) =0.
Q

The sufficient condition of controllability is a consequence of the adequate change of variable
1, v2,Vv3,v4) = (U1, up, us, us + uy) and the proof of the observability inequality (95). O

Remark 6.5. We chose to state our previous result in the particular case j = 2 and d3 # d4 for
simplicity but one can generalize this proposition to other cases.

An interesting open problem could consist in trying to find precisely the initial conditions
that can be controlled for systems of the form (264) when (266) is not satisfied. This will lead
to a better understanding of the controllability properties of a large class of nonlinear reaction-
diffusion systems.
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6.5. More general nonlinear reaction-diffusion systems

Let k € N*, (ay,...,ar) € (N)*, (B1,...,Br) € (N)* such that for every | <i <k, a; #8,
d,...,dy) € (0,+0) and J c {1,...,k}. We consider the following nonlinear controlled
reaction-diffusion system:

atl/ti — d,'AI/ti =
o n o n X . ' .
vl < lSk, (ﬂl al)(kl_ll uk kI_Ilufj)-'-h’l‘“llEJ n (O, T)XQ, (268)
% =0 on (0,T) X 9Q,
u;(0,.) = uip in Q.

The article [36] by the author treats the local-controllability of (268) around nonnegative (con-
stant) stationary states by using the same kind of change of variables as in (59) and (73). Never-
theless, the proof of observability inequalities for the linearized system cannot follow the same
strategy as performed in Section 4.3.7. Indeed, if we apply Carleman estimates to each equation
of the adjoint system, it leads to some global terms in the right hand side of the inequality that
cannot be absorbed by the left hand side. Thus, as in [26, Hypothesis 3], a similar technical
obstruction appears. Inspired by the recent work of Pierre Lissy and Enrique Zuazua (see [41,
Section 3]), who obtained sharp results for the null-controllability of non-diagonalizable systems
of parabolic equations, the author proves the null-controllability of the linearized system. Then,
the source term method introduced by Yuning Liu, Takéo Takahashi, Marius Tucsnak (see [42])
enables to go back to the nonlinear reaction-diffusion system.

Appendix A. Appendix

Appendix A.1. L™ -estimate for parabolic systems
We give the proof of Proposition 2.3.

Proof. By using the fact that D is diagonalizable and S p(D) c (0, +00), we only have to prove
the result when D = diag(d,, ..., d;) with d; € (0, +00).

The first point of the proof i.e. the existence and the uniqueness of the weak solution u € Y*
is based on Galerkin approximations and energy estimates. One can easily adapt the arguments
given in [25, Section 7.1.2] to the Neumann cases.

The second point of the proof i.e. the L™ estimate is based on Stampacchia’s method. We
introduce

I6) = (L), ..., ))T = lyexpeM)(1,..., D = L(n)(1,..., DT e R, (A.1)
for every ¢ € [0, T] and Iy, M € (0, +c0) which will be chosen later. By (15), we have

Yw e L*(0, T; H (Q)"),

T
f (G,M,W)(Hl(g)kyﬂl(mk)—f(sign(u)l’).w+fDVu.Vw= f(Au+g).w—f(sign(u)l').w,
0 Q0 0 Q0 Q0
(A.2)
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where sign(u)l’ = (sign(u))l’, ..., sign(uk)l;()T. We fix t € [0,7] and we apply (A.2) with w
defined by

V(t,x) € [0,T] X Q,w(r, x) := sign(u)(lu|(z, x) — l(t))+1[0,,](‘r)
= (sign(u)(ui (2, X) = Li (D) .. ., (sign(ue) (gl (£, x) = 1)) 110D

We get
"1d (+ 2 AR
- L (7, ) = 1)) dxd + f f AVt Vi o,
fOZder;( ) ; Q; >
¢~ k(K
= f f Z Z aijuj+ gi — sign(ui)l,'-] sign(up)(ui| — 1)™. (A.3)
0 Yoo =0

‘We remark that
—sign(u)l; sign(u)(|uil — )" = =1 (luil — I))".

Moreover, we have

k k
(Z aiju; + i - sign(u,-)l;] sign(u)(ui| = )" < (Z il | + il - l;] (il = 1"

J=0 J=0

k
< (Z Jai Il = 1)* + Ai] (il = )", (A4
J=0

k k
where A; := 3, ljla;j| + gi— 1! = L 3, |a;;| + gi — ML (see (A.1)). We choose Iy, M € (0, +o0) such
Jj=0 j=0

that
k
M > mgx{ Dl + 1}, lo = max ([l + llgll} (A5)
Jj=0 0
Then, we find
Ai<LM-1)+lp-MLLSLM-1)+L-ML<O. (A.6)

k
By using Iy > max; luollees [j foy X diVetr. Vitilpzy, 2 0, (A4), (A6), together with (A.3), we
i=0
have that for every ¢ € [0, T],
k 5 ; kK k
(e - Vax<2 [ [ 303 lault - 1yl - 1y’ dsar. )
Q%20 0 JQ55 =0

Cauchy-Schwartz inequality applied to the right hand side term of (A.7) gives

k ; k
Ve [0,T], fg Z((lui|(t,x)—l,-(t))+)2dxSC fo fﬂ Z((|ui|(‘r,x)—li(T))+)2dxdT, (A.8)
i=0 i=0

where C := 2k max; ; ||a,~ j“w. Gronwall’s lemma applied to (A.8) gives
Vie{l,...,k}, YVt €[0,T], |u;(t)| < I;(t) = lp exp(tM). (A9)

Therefore, from (A.9), we deduce (18) with our choice of [ (see (A.5)). O]
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Appendix A.2. Dissipation of the energy for crossed-diffusion parabolic systems

The goal of this section is to give a sketch of the proof of the dissipation of the energy (in
time) for some parabolic systems.

Lemma A.l. Let j € {1,2,3}, D; defined by (52), (62), (77), A € &; (see (83), (85) and (87)),
o7 € L2(Q)* and ¢ be the solution of the following Cauchy problem

- — D;Atp =ATp in(0,T)xQ,

2=0 on (0,T) X 6Q,
¢(T, ) =¢r in Q.

Then, there exists C > 0 such that for every (t1, 1) € [0, T, 1 < t,

j+1 4

Z H‘Pi(tlw)”iz(g) + Z llpi(z1,.) = (%)Q(ﬁ)”iz(g)

i=1 i=j+2
j+l 4

<C Z||90i(t2,-)||iz(g) + Z litz, ) = (@@l 2q, |- (A.10)
i=1 i=j+2

Proof. By using the fact that D; is diagonalizable, we only have to prove the result when D is

diagonal. First, we introduce = (901 e @inl> @2 — (@jr2)a(), o P4 — (904)9(.)). We look for
the parabolic system satisfied by . Then, we multiply the variational formulation (see (15)) by
w(t, x) = Y(t, x)1y, ,1(H). By Young inequalities, we find a differential inequality as follows

d 2 2
a.c. t € [tl’t2]7 d_t ||¢,(t)|| Z(Q) S C ||w(t)”L2(Q) .
Then, we use Gronwall’s lemma to deduce (A.10). O

Appendix A.3. Technical estimates for the observability inequality in the case of 1 control

The goal of this section is to prove Lemma 4.31 and Lemma 4.32. We use the same notations
as in Section 4.3.7. We recall that s is supposed to be fixed and the constants C may depend on
s.

First, we recall two classical facts on the heat equation for Dirichlet conditions: a well-
posedness result and a regularity result.

Appendix A.3.1. General lemmas

Proposition A.2. Let d € (0,+0), ug € L*(Q), g € L*(Q). From [25, Section 7.1, Theorem
3 and Theorem 4], the following Cauchy problem admits a unique weak solution u € Z :=
L*(0,T; Hy(Q)) N W0, T; H1(Q))

u=0 on (0,7) X 09,

ou—dAu=g in(0,T)xQ,
u(0,.) = up in Q.

This means that u is the unique function in Z that satisfies the variational fomulation

T
Yw € L*(0, T; Hy(Q), f @t W11} () + f dVuNw = f gw, (A.11)
0 Q Q



and
u(0,.) = ug in L*(Q). (A.12)

Moreover, there exists C > 0 independent of uy and g such that
llull < € (luollzzey + gz o)) -

Proposition A.3. Let d € (0, +), g € L*(Q), up € Cy(Q). From Proposition A.2, the following
Cauchy problem admits a unique weak solution u € Z

u=>0 on (0,7) x 0Q),

ou—dAu=g in(0,T)xQ,
u(0,.) = uy in Q.

Moreover, from [25, Section 7.1, Theorem 5], u € Z, := L*(0, T, HZ(Q)ﬁHé(Q))ﬁWu(O, T; L*(Q))
and if up = 0, then there exists C > 0 independent of g such that
llullz, < Cligllz2(g) -
The following lemma is inspired by the proof of [13, Theorem 2.2].

Lemma A4. Let d € (0,+00), f € Y, (see Definition 4.13), @y € C;(Q), w be an open

subset such that w CC wq, ¥ € C“(ﬁ; [0, +o0[) such that supp(y) CC w, (r,k) € R x [1, +0),
O = xe**(s¢). Let ® € Z, (see Proposition A.3) be the solution of

D=0 on (0,T) x 09, (A.13)

0,0 -dAD =Af in(0,T)xQ,
O(T,.) =Dr in Q.

We decompose

OD =7+, (A.14)
where n € Z, and € Z; satisfy

n=0 on (0,T) x 62, (A.15)

—9m—dAy = OAf in(0,T)xQ,
n(T,.) =0 inQ,

W =0 on (0, T) x 09, (A.16)

-0 — dAY = —(8,0)D - 2dVO.VD — d(A®)® in (0,T) X Q,
w(T,.)=0 in Q.

Then, there exist ¥ € C*(Q; [0, +oo[) such that supp(y) CC @, ¥ = 1 on supp(x) and C > 0 such
that

T
il <€ [ [ B st (A17)
0 w

"
’ ((s@k),

L2(0,T;H(Q)) ‘

T
SC(unuiz(Q)+ [ [ ez“’(saﬁ)z(”z"‘)lfblz)- (A18)
0
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Proof. Letl e L*(Q) and let z € Z, be the solution of

0z—dAz=T in(0,T)xQ,
z=0 on (0, T) x 0Q, (A.19)
2(0,.) =0 in Q.

By Proposition A.3, we have

21720 721220y < C 12 - (A.20)

A duality argument between (A.15) and (A.19) gives

T T
f f nCdxdt = f f OA(f)zdxdr. (A21)
0 Q 0 Q

We integrate by parts with respect to the spatial variable,

T T
f f OA(f)zdxdt = f f FA@z)dxd. (A.22)
0 Q 0 Q

There exists ¥ € C®(Q; [0, +oo[) such that supp(y) cC @, ¥ = 1 on supp(y) and
Vie {1,2}, |D'O| < Cy(sp) e’ in (0,T) x Q. (A.23)
Therefore, from (A.20) and (A.23), we can deduce that

T 1 T r_
FA@)dxdt < = T2, +C Yo (s¢)* | fIFdxdt. (A.24)
0 Q 2 o 0 Q
By using (A.21), (A.22), (A.24) and by taking I = n, we deduce (A.17).

We introduce
p=(sp)™. (A.25)

Then, we have

—9,(o¥) — dA(p¥) = p(—(9,0)D — 2dVO. VD — d(AB)D)

—(0p) —2dVp.Vy —d(Ap)y  in(0,T) X,
oy =0 on (0,T) X 0Q,
oy(T,)=0 in Q.

We estimate the source term of (A.26). We have by definition of ®, the fact that k > 1, (A.14),
(A.25) and the embedding LX(Q) — H'(Q), the following estimates

(A.26)

T
N (A27)
0 Q

AL = IV.(0®VO) - (o(AO)D) - (Vp.VO)DIL,

< C(llo@veols,

(0.T;H='(Q)) (0,T:H='(Q))

+o(A®)DIE, ) + (V. VOIDIZ, )

T
< C f f 825(1 ((S¢)2(r+|—k) + (S¢)2(r+2_k) + (S¢)2(r+]_k)) |q)|2
0 Q

T
<C f f 625(1/(s¢)2(r+2—k)|q)|2, (AZS)
0 Q
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100012 ) = @)@ = D)liEs )

T T
< C(f f(s¢)2(fk+1)|n|2 + f f eZSa(s¢)2(r+1k)|¢)|2)
0 Q 0 Q
T T
<C (f f |77|2 + f f eZ.f(t(S¢)2(r+2—k)|q)|2) , (A29)
0 Q 0 Q

VOV 0 711 = IV-WV0) = YOI 0 111 )
= [IV-(O® ~m)Vp) = (OD ~ MAPIIT2 0 7410y

T T
< C( f f (s9) P + f f e””(s«p)z“")@ﬁ).
0 Q 0 Q
T T
<C (f f |77|2 + f f eZS(l(s¢)2(r+2—k)|q)|2) . (A30)
0 Q 0 Q

By using (A.26), (A.27), (A.28), (A.29), (A.30) and Proposition A.2, we deduce (A.18). O

Corollary A.5. We take the same notations as in Lemma A.4 and g € Y>. Then, for every § > 0,

T
fo f~ xe* " yhg
T T
<$ (f f}‘(’ZeZSa/(S¢)2(r+2)|f|2 + f f eZS(l(s¢)2(r+27k) |(I)|2
0 W 0 Q

T
vC [ [ ot (A31)
0 w

T
[ Lo
0 w
T T
S(S(f fX"Qe2S(Y(S¢)Z(r+2)|f|2 _,’_f erSa(s¢)2(r+2—k)|q)|2) (A32)
0 @ 0 Q
T T
L s e N e (A33)
0 ) 0 w
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Proof. We integrate by parts with respect to the spatial variable and we use (A.18), (A.17),

T
fo ﬁ xe**yAg
T T
l!/ sa k sa k l!/
== Vixe™(s¢)").Vg - f f xe ' (sg)'v Vg
\fo fm(ﬂﬁ)k 0o Ja (sp)*
v |’ d
_k +C6f fe2sa(s¢)2(k+l)|vg|2
(s9) L2(0,T;HY(Q) 0 Jo
T T
Sa(”rl”iz(g)_'_fo\ fgzeZsa(s¢)2(r+2—k)|cD|2)+C§f0 ﬁeZSa(S¢)2(k+l)|Vg|2
T T
< 6([ f;(*ZeZs(y(s¢)2(r+2)|f|2+f erAsa(s¢)2(r+2—k)|(D|2)
0o Ja 0o Ja
T
+C6f erSQ(S¢)2(k+1)|Vg|2.
0o Ja
We integrate by parts with respect to the time variable and we use (A.18), (A.17),
T
f f xe* ' yo,g
0o Ja
= —<( ‘”k) ,xem(m)"g}
(s9) ), L2(0,T;H-1 (), L2(0,T;H) (@)

! Y k
- [ [ Spraeor
2
v
<6
= ‘((Y‘p)k)t
W 2 T
oL +C [ [ oo ie
‘((S‘ﬁ)k) L2(0,T:12(Q) *Jo Uz
T
55(||77||12‘2(Q) +£ \fg;eZS(l(s¢)2(r+2—k)|(D|2)
T T
+C§ (f ﬁeZSa(s¢)2(k+2)|g|2 +f ﬁeZSa(s¢)2k|Vg|2)
]E) w 0 , w
< 6(f f)‘(‘ZEZS(Y(S¢)2(r+2)|f|2 +f felv(l(s¢)2(r+2k)|q)|2)
0 w 0 Q
T T
+C6(f erJ(I(s¢)2(k+2)|g|2+f f6250(s¢)2k|vg|2).
0 Jao 0 Jo

Appendix A.3.2. Proof of technical lemmas: Lemma 4.31 and Lemma 4.32
Let € € (0, 1). We introduce

<é

sa k|12
+ Cs |IX€ (s¢) g”LZ(O’T;Hé(Q))
L2(0,T;H-1(Q))

0 = y3e**(s¢)’. (A.34)
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The function 6AAg, satisfies the following parabolic system (see (158)),

—01(0AAQs) — ds A(AAps)
= 0AA(m3 (@1 — ¢2)) — 0,0AA@py — 2d4VON(AApy) — dyAOAApy  in (0,T) X Q,
0AApy =0 on (0,7) X 0Q,
OAAp4(T,.) =0 in Q.
(A.35)
We decompose
OAAps =+, (A.36)

where 1 and ¢ solve, respectively,

n=0 on (0,7) x 09, (A.37)

—0m — dyAn = 0AA(m3 (@1 — ¢2)) in(0,T) X £,
nT,)=0 in Q,

W=0 on (0,T) x 09, (A.38)

—00 — ds Ny = —0,0AA@s — 2d3VO.V(AA@s) — dsAOAAp, in (0,T) X Q,
W(T,)=0 in Q.

Appendix A.3.2.1. Proof of Lemma 4.31. We have

T T
f f (X3(0))*e> (50)° (AAps)(AAp3)doxdt = f f X3(0)e™ ( + ) (AAgy)dxdt.  (A.39)
0 wy 0 w2

The first term in the right-hand side of (A.39) can be estimated as follows,

T
fo f W AAGs)dxdr < f f A (s9)AAps? + C, f 0P

<eg f f e (sp)AAps)* + C, f f (A.40)
Lemma A.6. For every ¢ > 0,

T T
f f Pdxdt < 6 f f e (s¢) (1Ap1l* + |Agal*)
0 Q 0 Q

T
+C6j(; f {503 U1 + leal +1Ag3P) + () (Vi + Vo).
| (A41)

Proof. The idea of the proof is to apply two times Lemma A.4 because the source term of (A.37)
is OAA(. ..).

Step 1: We apply Lemma A.4: (A.17) with d = ds, [ = m3A(p1 — ¢2), Or = AAgar,
w = ws, X=Xx37r=3,0=00=AAyp, and the decomposition (A.36). Then, there exists
X3 € C*(Q; [0, +00]) such that supp(y3) CC wy, x3 = 1 on supp(x3) and

T
il ) < € f f (13)°™(s9)' (101> + [Apal)dxdr. (A42)
0 wr
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Remark A.7. This estimate is not sufficient because we can not absorb the right hand side term

of (A.42) by the left hand side term of (165).

Step 2: Now, our aim is to prove that for every i € {1,2}, 6 > 0, we have

T
f f (13)°e*(s9)"*|Agif* dxdr
0 wr

T
sé( f f e2m(s¢)4|A¢,~|2dxdz)
0 Q

’ T
+Ca( f f e (59 (1 + lpal” + [Agaf")dlxd + f f 2 (s Voidxdr). (A43)
0 w> 0 "

Remark A.8. This previous estimate is also useful for the proof of the observability inequality

with one component (see (170)).

First, we remark that

T T
f f (03)2e™ (s9) " |Apil* = f f X3¢ 0 Ay,
0 w? 0 w2

5= )de.m(s(p)lO’

with

Moreover, EAgo,- satisfies the following parabolic system (see (156) and Lemma 4.23),

~0,(0Ap) — diA(0A@;)
= 0A(a1ip1 + azipy + 6i(dy — d3)Ag3)
—3,0Ag; — 2d;VO.V(Ag)) — diAOAg; in (0,T) x Q,
0A@; =0 on (0,T) X 09,
OA@(T,.) =0 in Q.

We decompose _ _
OAp; = i + Y,

where 77; and z;, solve, respectively,

{ =0 — diAn; = 0A(ayip1 + azipsr + 8ip(dy — d3)Ap3) in (0,T) X Q,
=0 on (0,T) X 0Q,
7(T,)=0 in Q,
—d; — diNg; = —0,0Ap; — 2d:VO.V(Ag:) — diNOAg; in (0,T) x Q,
Ui =0 on (0, T) x 69,
Yi(T,)=0 in Q.

‘We have

T T
f f (03)° > (5¢) | Agi|*dxdt = f f 00T + Ui (Agy)dxdt.
0 w2 0 wr
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The first term in the right-hand side of (A.49) can be estimated as follows,

T T T
f f 3T (Ap)dxdt < 6 f f ¥ (s¢)*|ApiPdxdt + Cs f f 7 dxdt. (A.50)
0 wy 0 Q 0 Q

Then, we apply Lemma A.4: (A.17) withd = d;, f = aji¢: +azip +012(dy—d3)Aps € Y, (because
A € My(CF(Q))), Or = Ay; 1, W=wy,x =x3r=10,0 =0, ® = Ap; and the decomposition
(A.46). There exists y3* € C ©(Q; [0, +00[) such that supp(y3*) cC w, and C which depends on
lAllL= ()

T T
f f FiPdxdi < € f f (sH2e (50)™ (1 + ol + |Ags P (AS)
0 Q 0 w)

Then, (A.50) and (A.51) give

T
ff/\%emﬁ(Aga[)dxdt
0 w2
T T
<6 f f e (s¢)*|Apil*dxdt + Cs f f e (s¢) (1> + lgal* + [A@sP)dxdt.  (A.52)
0 Q 0 w>

For the second term in the right-hand side of (A.49), we use Corollary A.5: (A.31) withd = d,
f = aiior + axis + 8pp(do — d3)Ap3 € Yo, Oy = Apir, 0 = wy, ¥ = X3, (k) = (10,10), © = 6,
® = Agy; and the decomposition (A.46)). Then, we have

T —
ff)?se“w,-Aso,-
< ( f (PP (s (o1 + leal + 1AeaP) + f f P (sg)* |A¢,|2)

£ G, f f P (s Vil (A53)

Gathering (A.49), (A.52) and (A.53), we have (A.43).

The estimates (A.42) and (A.43) give (A.41). O]
End of the proof of Lemma 4.31: Applying Lemma A.6 with § = &/C,, we find

T
f f Inl>dxdt

<= f f 2 (59) (g1 P + [ApaP)dxdt

+C, f f 250X (1P + ool + 18g3P) + (s9)2(Ver P + Vel dxdr.  (A.54)
0 W
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Then, we put (A.54) in (A.40) to get

T
fo f x3(0)e* n(AAp3)
2T T
s8( f f e (s¢)|AAps|* + f f 62”(S¢)4(|A901I2+|A902I2))
0 Q 0 Q

T T
+C, ( f f e (s0)* (1 + lpal* + |Ag3l*) + f f A (s¢)2(Ve > + |V<p2|2)). (A.55)
0 w) 0 s

Lemma A.9. For every é > 0,

T
f f X3¢ Y(AAp3)dxdt

< ( f (T2 (56)°(Ag1P + [Agal) + f f & (sg)° |AA¢4|2)

w)

e f f 5 (5)’ IV Ags . (A.56)

Proof. We apply Corollary A.5: (A.31) with d = du, f = m3A(e1 — ¢2), P = AA@sr, @ = wy,
X =X3, (k) =(3,7/2),0 = 6, ® = AAg,, the decomposition (A.36) and g = Ags. O]

Applying Lemma A.9 with 6 = &, we find

T
f f X3¢ Y(AAp3)dxdt
0 w2
T T
Ss( f f (03)2e™ (s¢)"°(1Ap1 > + 1Aga ) + f f ez'*"<s¢)3|AAso4|2)
0 w) 0 Q

T
+C, f f ¥ (5¢)° |V Ags|*. (A.57)
0 w?

Then, we put (A.43) with § = £ in (A.57) to get
T
f f X3¢ Y(AAgp3)
0 wy
T
< s( [ [ elooraan + gt + <s¢>3|AA¢4|2})
0 Jao

T
+C£(f0 f ezsa{(s¢)24<'9"l|2+|¢2I2+IA%F)+(s¢)22<|wl|2+|wz|2+|vmo3|2)}).
| (A.58)

Therefore, recalling (A.39), (A.55), (A.58), we get (168) and consequently Lemma 4.31.
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Appendix A.3.2.2. Proof of Lemma 4.32. We have by (A.34) and (A.36)

T T
fo f (r3(0))2e*(5¢)’ (AAps)(0;Ap3)dxdt = fo f X3(0e™ (7 + ¥)d(Ap3)dxdt.  (A.59)

We easily have by Young’s inequality

T T T
f f x3(0)e* 0 (Ap3)dxdt < & f f ¥ (5¢)|0,(Ag3)Pdxdt+C, f f Infdxdt. (A.60)
0 wy 0 wr 0 Q

By using Lemma A.6 with 6 = &/C,, we can deduce from (A.60) that

T
f f X3(0)e* (8, Ap3)dxdt
0

T T
< 8(f f eZSH(S¢)|a;A¢3|2 + f f 6250(s¢)4(|A¢1|2 + |A¢2|2))
0 Q 0 Q
! T
+Co ( f f P (s (o1 + ol + Agsf) + f f e (s¢)2(Vr [ + |v¢2|2)). (A.61)
0 w) 0 w2

Then, we estimate the other term in the right hand side of (A.59).

Lemma A.10. For every 6 > 0,

T
L f x3e Y0, Ap3
2T )
0 Wy 0 o
T T
+ Cs (f f ezm(s¢)1l|A<p3|2 +f f ezsa(s¢)7|VAgo3|2)_ (A.62)
0 Wy 0 w

Proof. We apply Corollary A.5: (A.33) withd = dy, f = A1 — ¢2), Or = AAgar, © = wa,
X =Xx3, (k) =3,7/2),0 =6, ® = AAg,, the decomposition (A.36) and g = Ags. O

Then, we put (A.43) with 6 = € in (A.62) to get

T
j(; f x3e" " Y(0:Ap3)

T
s 5([() Lezm{(S¢)4(|A<,01|2 +1Ag?) + (S¢)3|AA¢4|2})

T
+C, ( [ [ @soteiP + oo + 1863) + (s972(T0rf + 94l + |VA903|2)}).
0 wy
(A.63)
Recalling (A.59), (A.61), (A.63), we get (169) and consequently Lemma 4.32.
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