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A Weak Martingale Approach to Linear-Quadratic
McKean-Vlasov Stochastic Control Problems

Matteo BASEI * Huyén PHAM |

October 10, 2018

Abstract. We propose a simple and original approach for solving linear-quadratic mean-
field stochastic control problems. We study both finite-horizon and infinite-horizon problems,
and allow notably some coefficients to be stochastic. Extension to the common noise case is
also addressed. Our method is based on a suitable version of the martingale formulation for
verification theorems in control theory. The optimal control involves the solution to a system
of Riccati ordinary differential equations and to a linear mean-field backward stochastic
differential equation; existence and uniqueness conditions are provided for such a system.
Finally, we illustrate our results through an application to the production of an exhaustible
resource.

MSC Classification: 49N10, 49120, 93E20.
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1 Introduction

In recent years, optimal control of McKean-Vlasov stochastic differential equations, i.e., equa-
tions involving the law of the state process, has gained more and more attention, due to the
increasing importance of problems with mean-field interactions and problems with cost function-
als depending on the law of the state process and/or the law of the control (e.g., mean-variance
portfolio selection problems or risk measures in finance). The goal of this paper is to design an el-
ementary original approach for solving linear-quadratic McKean-Vlasov control problems, which
provides a unified framework for a wide class of problems and allows to treat problems which,
to our knowledge, have not been studied before (e.g., common noise and stochastic coefficients
in the infinite-horizon case).

Linear-quadratic McKean-Vlasov (LQMKYV) control problems are usually tackled by calculus
of variations methods via stochastic maximum principle and decoupling techniques. Instead, we
here consider a different approach, based on an extended version of the standard martingale
formulation for verification theorems in control theory. Our approach is valid for both finite-
horizon and infinite-horizon problems and is closely connected to the dynamic programming
principle (DPP), which holds in the LQ framework by taking into account both the state and
its mean, hence restoring the time consistency of the problem. Notice that [13] also used a
DPP approach, but in the Wasserstein space of probability measures, and considered a priori
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closed-loop controls. Our approach is simpler in the sense that it does not rely on the notion of
derivative in the Wasserstein space, and considers the larger class of open-loop controls. We are
able to obtain analytical solutions via the resolution of a system of two Riccati equations and
the solution to a linear mean-field backward stochastic differential equation.

We first consider linear-quadratic McKean-Vlasov (LQMKYV) control problems in finite hori-
zon, where we allow some coefficients to be stochastic. We prove, by means of a weak martingale
optimality principle, that there exists, under mild assumption on the coefficients, a unique op-
timal control, expressed in terms of the solution to a suitable system of Riccati equations and
SDEs. We then provide some alternative sets of assumptions for the coefficient. We also show
how the results adapt to the case where several independent Brownian motions are present. We
also consider problem with common noise: Here, a similar formula holds, now considering condi-
tional expectations. We then study the infinite-horizon case, characterizing the optimal control
and the value function. Finally, we propose a detailed application, dealing with an infinite-
horizon model of production of an exhaustible resource with a large number of producers and
random price process.

We remark that in the infinite-horizon case some additional assumptions on the coeflicients
are required. On the one hand, having a well-defined value function requires a lower bound on
the discounting parameter. On the other hand, we here deal with an infinite-horizon SDE, and
the existence of a solution is a non-trivial problem. Finally, the admissibility of the optimal
control requires a further condition of the discounting coefficient.

The literature on McKean-Vlasov control problems is now quite important, and we refer to
the recent books by Bensoussan, Frehse and Yam [3] and Carmona and Delarue [5], and the
references therein. In this McKean-Vlasov framework, linear-quadratic (LQ) models provide
an important class of solvable applications, and have been studied in many papers, including
[4, 17, 10, 13, 8], however mostly for constant or deterministic coefficients, with the exception of
[15] on finite horizon, and [12], which deals with stochastic coefficients but considering a priori
closed-loop strategies in linear form w.r.t. the state and its mean.

The contributions of this paper are the following. First, we provide a new elementary solving
technique for linear-quadratic McKean-Vlasov (LQMKYV) control problems both on finite and
infinite horizon. Second, the approach we propose has the advantage of being adaptable to
several problems and allows several generalizations, which have not yet been studied before, as
here outlined. In particular, we are able to solve the case with common noise with some random
coeflicients, in finite and infinite horizon. The only references to this class of problems are the
paper [8] on finite horizon where the coefficients are deterministic, and the paper [13], where
the controls are required to be adapted to the filtration of the common noise (we here consider
the case where « is adapted more generally to the pair of Brownian motions, that is, the one
in the SDE and the common noise). As in [15], we allow some coefficients to be stochastic,
but to the best of our knowledge, this is the first time that explicit formulas are provided for
infinite-horizon McKean-Vlasov control problems with random coefficients in the payoff. The
inclusion of randomness in some coefficients is an important point, as it leads to a richer class
of models, which is useful for many applications, see e.g. the investment problem in distributed
generation under a random centralised electricity price studied in [1].

The paper is organized as follows. Section 2 introduces finite-horizon LQMKYV problems.
Section 3 presents the precise assumptions on the coefficients of the problems and provides a
detailed description of the solving technique. In Section 4 we solve, step by step, the control
problem. Some remarks on the assumptions, and extensions are collected in Section 5. In Section
6 we adapt the results to the infinite-horizon case. An application is studied in Section 7, which
combines common noise and random coefficients. Finally, Section 8 concludes.



2 Formulation of the Finite-Horizon Problem

Given a finite horizon T" > 0 (in Section 6 we will extend the results to the infinite-horizon
case), we fix a filtered probability space (2, F,F,P), where F = (F;)o<i<7 satisfies the usual
conditions and is the natural filtration of a standard real Brownian motion W = (W;)o<i<7,
augmented with an independent o-algebra G. Let p > 0 be a discount factor, and define the set
of admissible (open-loop) controls as

T
A = {a : Q x [0, T] = R™ s.t. « is F-adapted and/ e P E[|oy|H)dt < oo} .
0

Given a square-integrable G-measurable random variable Xy, and a control « € A, we consider
the controlled linear mean-field stochastic differential equation in R? defined by
dX = b (X E[XP), ap, Elow])dt + o (X E[XP], o, Elow])dWy, 0<t < T,
X§F=X S
0 — <20y

where for each t € [0,7T], x,Z € R? and a,a € R™ we have set

b(z,%,a,a) = B+ B+ Bz + Cra + Cha,
ot (x, z,a, (‘1) = v+ Dix + DiT + Fia + Fia.

(2)

Here, the coefficients 3,7 of the affine terms are vector-valued F-progressively measurable pro-
cesses, whereas the other coefficients of the linear terms are deterministic matrix-valued pro-
cesses, see Section 3 for precise assumptions. The quadratic cost functional to be minimized
over a € A is

T
J(a) = E[/O e—f’fft(X;“,E[Xg],at,E[at])dt+e—PTg(X%,E[X%])},
(3)
- W = igf4J<a>’

where, for each t € [0,T], z,Z € R? and a,a € R™ we have set

fi(z,2,0,a) = (2 —2)Qu(x—2) +27(Qr + Q)T + 207 I,(x — T) + 2a"(I, + I,z
+ (a —a)"N¢(a — a) + a"(Ny + Ny)a + 2M[x + 2H] a, (4)
g(z,z) = (z-2)P(x—2)+a(P+P)z+2Lx.

Here, the coefficients M, H, L of the linear terms are vector-valued F-progressively measurable
processes, whereas the other coefficients are deterministic matrix-valued processes. We refer
again to Section 3 for the precise assumptions. The symbol T denotes the transpose of any
vector or matrix.

Remark 2.1. a. We have centred in (4) the quadratic terms in the payoff functions f and g.
One could equivalently formulate the quadratic terms in non-centred form as

fi(x,7,a,a) TQux + TTQiT + a"Nya + @' Na + 2MJx + 2H] a + 2a™ Iz + 267 I, T,
g(a:, a’c) = 2TPx+x"Px+2Lx,

by noting that, since @, P, N, I are assumed to be deterministic, we have
E[fi (X7 BIXP], o, Blow])] = E[fi (X7 BIXP], o, Blaw])], Elg(X, E[XE])] = B[G(XF, E[X£])].

b. Notice that the only coefficients allowed to be stochastic are B,7v,M,H, L. Moreover, we
note that in (3)-(4) we could also consider a term of the form M %, and then reduce for free the



resulting problem to the case M; = 0. Indeed, since we consider the expectation of the running
cost, we could equivalently substitute such a term with E[M;] Tz by noting that IE[M TE[X ]

E[E[Mt]TXt] Similarly, we do not need to consider terms Hja and a'l;z, a™l;Z (for a
deterministic matrix ;).

c. See Section 5 for the case where several Brownian motions and a common noise are present.
O

3 Assumptions and Verification Theorem

Throughout the paper, for each ¢ € N we denote by S? the set of g-dimensional symmetric
matrices. Moreover, for each normed space (M, | - |) we set

L>([0,T],M) := {¢ 1[0,T] — M s.t. ¢ is measurable and sup;c(o 7 [¢¢] < oo},

¢
SEQ % [0,T],M) :=4{ ¢

T
L*([0,T],M) := {¢ :[0,T] — M s.t. ¢ is measurable and / e P gy ?dt < oo},
0
L%, (M) := { Q — M s.t. ¢ is Fr-measurable and E[|¢]?] < oo},

Q x [0,T] — M s.t. ¢ is F-prog. meas. and E[ sup |¢¢|?] < oo},

0<t<T
T

LE(Q x [0,T],M) := {¢> :Q x [0,T] = M s.t. ¢ is F-progr. meas. and / e PUE[|gy|?)dt < oo}.
0

We ask the following conditions on the coefficients of the problem to hold in the finite-horizon
case.

(H1) The coefficients in (2) satisfy:

(ii) B,B,D,D e L>([0,T],R¥9), C,C, F,F € L=([0,T],R&>™),

(H2) The coefficients in (4) satisfy:

(i) Q,Q € L>([0,T],8%), P,P € S% N,N € L>*([0,T],S™), I,I € L>=([0, T],R"™*4),
(ii) M e Lg(Q x [0, T],R?), H € LE(Q2 x [0,T],R™), L € L% (RY),
(iii) there exists 6 > 0 such that, for each ¢ € [0,77],

Ni > 6T, P >0, Qu—IIN I > 0,
(iv) there exists § > 0 such that, for each ¢ € [0, 7],
Ni+Ny > 6Ly, P+P >0, (Qu+Q))—(Li+1) (Ne+N) " (Ii+1) > 0.
Remark 3.1. The uniform positive definite assumption on N and N + N is a standard and

natural coercive condition when dealing with linear-quadratic control problems. We discuss in
Section 4 (see Remark 5.1) alternative assumptions when N and N may be degenerate. O

By (H1) and classical results, e.g. [17, Prop. 2.6], there exists a unique strong solution
X = (X)o<t<r to the mean-field SDE (1), which satisfies the standard estimate

E[ sup |X{?] < Ca(1+E[Xof*]) < oo, (5)
t€[0,T]



where C,, is a constant which depends on «a € A only via fOT e P'E[|ay|?]dt. Also, by (H2) and
(5), the LQMKYV control problem (3) is well-defined, in the sense that

J(a) € R, for each o € A.

To solve the LQMKYV control problem, we are going to use a suitable verification theorem.
Namely, we consider an extended version of the martingale optimality principle usually cited in
stochastic control theory: see Remark 3.3 for a discussion.

Lemma 3.2 (Finite-horizon verification theorem). Let {Wf,t € [0,T],a € A} be a fam-
ily of F-adapted processes in the form Wit = wi (X, E[XD]) for some F-adapted random field
{w(x,7),t € [0,T),z,7 € R4} satisfying

wi(r,z) < COlxi+ |z +1z%), tel0,T], z,z € RY, (6)

for some positive constant C', and nonnegative process x with supycpo ) El|xt|] < oo, and such
that

(7') ’LUT(iL’,.f) - g($7f): T, € Rd;

(ii) the map t € [0,T) —> E[S?], with S := e PW& + [ ers £, (X2, E[X2], a5, Ela])ds, is
nondecreasing for all a € A;

(i4i) the map t € [0,T] — E[S¥] is constant for some a* € A.

Then, a* is an optimal control and E[wo(Xo, E[Xo])] is the value of the LQMKYV control problem

(3):
Vo = Efwo(Xo, E[Xo])] = J(a).

Moreover, any other optimal control satisfies the condition (iii).
Proof. From the growth condition (6) and estimation (5), we see that the function
tel0,7] — E[S)]
is well-defined for any o € A. By (i) and (ii), we have for all a € A
Elwo(Xo, E[Xo])] = E[S7]
< E[Sf] = B[l XR ) + [ e (XF BIXE) 00 Bl )]
= J(a), 0

which shows that E[wg(Xo, E[X0])] < Vo = infaeq J(@), since « is arbitrary. Moreover, condition
(iii) with o shows that E[wo(Xo, E[Xo])] = J(a*), which proves the optimality of o* with J(a*)
= E[wo(Xo, E[X0])]. Finally, suppose that & € A is another optimal control. Then

E[S§] = Elwo(Xo,E[Xo])] = J(&) = E[SF].

Since the map t € [0, T] — E[S{] is nondecreasing, this shows that this map is actually constant,
and concludes the proof. O

The general procedure to apply such a verification theorem consists of the following three
steps.

- Step 1. We guess a suitable parametric expression for the candidate random field wy(z, z),
and set for each o € A and t € [0, 7],

SO = e Pluy (X, E[XP]) + / S Fo(XE B[X2), g, Elas])ds. (7)
0

5



- Step 2. We apply Ito’s formula to Sf*, for a € A, and take the expectation to get
dE[S] = e P'E[DY|dt,

for some F-adapted processes D% with

d
E[Df] = E| - pw(X7EXP]) + ZBw (X2 EXT)] + fi(XEEXT], 0 Ela]) |
We then determine the coefficients in the random field wy(x, Z) s.t. condition (i) in Lemma
3.2 (i.e., wp(.) = g(.)) is satisfied, and so as to have

E[D{] > 0, t>0,Va € A, and E[Df‘*] = 0,t>0, for some a" € A,

which ensures that the mean optimality principle conditions (ii) and (iii) are satisfied, and
then o will be the optimal control. This leads to a system of backward ordinary and
stochastic differential equations.

- Step 3. We study the existence of solutions to the system obtained in Step 2, which will
also ensure the square integrability condition of a* in A, hence its optimality.

Remark 3.3. The standard martingale optimality principle used in the verification theorem for
stochastic control problems, see e.g. [7], consists in finding a family of processes {Wp,0 < ¢ <
T,a € A} s.t.

(ii’) the process S = e PPW§ + fg e P fo( X E[XY], as, Elog])ds, 0 <t < T, is a submartin-
gale for each o € A,

(iii’) 8" is a martingale for some a* € A,

which obviously implies the weaker conditions (ii) and (iii) in Proposition 3.2. Practically, the
martingale optimality conditions (ii’)-(iii’) would reduce via the It6 decomposition of 8% to
the condition that Dyt > 0, for each @ € A, and Df* = 0,0 <t < T, for a suitable control
a*. In the classical framework of stochastic control problem without mean-field dependence,
one looks for Wi* = w(X{*) for some random field w:(z) depending only on the state value,
and the martingale optimality principle leads to the classical Hamilton-Jacobi-Bellman (HJB)
equation (when all the coefficients are non-random) or to a stochastic HJB, see [14], in the
general random coefficients case. In our context of McKean-Vlasov control problems, one looks
for Wt = w(X{, E[X}]) depending also on the mean of the state value, and the pathwise
condition on Df* would not allow us to determine a suitable random field wy(z, ). Instead, we
exploit the weaker condition (ii) formulated as a mean condition on E[Dy{'], and we shall see in
the next section how it leads indeed to a suitable characterization of w;(x,Z). The methodology
of the weak martingale approach in Lemma 3.2 works concretely whenever one can find a family
of value functions for the McKean-Vlasov control problem that depends upon the law of the
state process only via its mean (or conditional mean in the case of common noise). This imposes
a Markov property on the pair of controlled process (X, E[X{]), and hence a linear structure
of the dynamics for X w.r.t. its mean and the control. The running payoff and terminal cost
function f, ¢ should then also depend on the state and its mean (or conditional mean in the
case of common noise), but not necessarily in the quadratic form. The quadratic form has the
advantage of suggesting a suitable quadratic form for the candidate value function, while in
general it is not explicit. Actually, the candidate wy(z, z") for the value function should satisfy
a Bellman PDE in finite dimension, namely the dimension of (X, E[X;]), which is a particular
finite dimensional case of the Master equation. This argument of making the McKean-Vlasov
control problem finite-dimensional is exploited more generally in [2] where the dependence on
the law is through the first p-moments of the state process. ]



4 Solution to LQMKYV

In this section, we apply the verification theorem in Lemma 3.2 to characterize an optimal
control for the problem (3). We will follow the procedure outlined at the end of Section 3. In
the sequel, and for convenience of notations, we set

Bt = Bt+Bt, ét = Ct+ét, ﬁt = Dt—|—Dt, Ft = Ft—FFt, (8)
jt = It+it7 Nt = Nt+Nt, Qt = Qt+@t7 PI: P+15

Remark 4.1. To simplify the notations, throughout the paper we will often denote expectations
by an upper bar and omit the dependence on controls. Hence, for example, we will write X; for
X7, Xy for E[X7], and &y for Eloy]. O
Step 1. Given the quadratic structure of the cost functional f; in (4), we infer a candidate for
the random field {w;(x,Z),t € [0,7], 7,7 € R?} in the form:

wi(x,z) = (v—2)"Ki(x — &)+ 7" AT + 2] + Ry, 9)

where Ky, Ay, Yy, Ry are suitable processes to be determined later. The centering of the quadratic
term is a convenient choice, which provides simpler calculations. Actually, since the quadratic
coefficients in the payoff (4) are deterministic symmetric matrices, we look for deterministic
symmetric matrices K, A as well. Moreover, since in the statement of Lemma 3.2 we always con-
sider the expectation of Wit = wy (X, E[X}*]), we can assume, w.l.o.g., that R is deterministic.
Given the randomness of the linear coefficients in (4), the process Y is considered in general
as an F-adapted process. Finally, the terminal condition wr(z,z) = g(z,z) ((i) in Lemma 3.2)
determines the terminal conditions satisfied by K, Ar, Yy, Rr. We then search for processes
(K,A,Y, R) valued in $? x S¢ x R x R in backward form:

dK, = Kdt, 0<t<T, Kp = P,
dA;, = Atdt, 0<t<T, Ap = P, (10)
dY; = Ydt+ZYdW,, 0<t<T, Ypr = L,
dR; = Rudt, 0<t<T, Rp =0,

for some deterministic processes (K A, R) valued in S% x $% x R, and F-adapted processes Y, ZY
valued in R,

Step 2. For a € A and ¢t € [0,7], let S* as in (7). We have

dE[S¥] = e P'E[DYdt,
for some F-adapted processes D with
(6% (0% (0% d « « (8% (6%
E[Dy] = E[ — pwr( X E[XF]) + %E[wt(Xt SE[X; m + (X ELXG ],at,E[at])].

We apply the Itd’s formula to we (X, E[X[]), recalling the quadratic form (9) of wy, the equations
in (10), and the dynamics (see equation (1))

dX¢ = (B + B X + Cuaydt,
d(X? — Xta) = [ﬁt — Bt + Bt(Xf — Xf‘) + Ct(Oét — @t)]dt

+ [+ De(XP — X)) + Di X+ Fylow — ay) + Fray] dW,

where we use the upper bar notation for expectation, see Remark 4.1. Recalling the quadratic
form (4) of the running cost f;, we obtain, after careful but straightforward computations, that

E[DY] = E[(Xt = X))y + @) (X — X)) + X7 (A + ) X,

+2(Yt+At)TXt+Rt*PRtwatwLXt(a)}a (11)

7



(we omit the dependence in a of X = X% X = X%), where

O, = —pKi+ KB+ B]/K{+ D{K;D; +Q; = ®4(K;),

U, = —pA+ ANB+ BIA + DK, Dy + @: Uy (K, Ay),

Ay = —pYi+ BlYi+ BlYi+ DIZY + DI Z} + Ki(B: — B) + MBr (12)
+ DIKy(vi — ) + DI Ky + My = Ay(Ky, AL Y2 Y, 2, 2Y),

ry = ’YtTKt'Yt“‘QBtTYVt‘FQ’YtTZX = Ft(KhY%aZtY%

for t € [0,T], and

Xt(Oé) = (Oét — O_ét)TSt(Oét — O_ét) + C_kggt@t
+ 2(U( Xy — X)) + ViXy + O + & — &) T u. (13)

Here, the deterministic coefficients S, S, Uy, Vi, Oy are defined, for ¢ € [0, T7], by

Sy = N+ FJKFy, = Si(Ky),

St = Nt +FtTKtFt = gt(Kt)v

Ug = L1+ FtTKtDt + CtTKt = Ut(Kt)> (14)
Vi = L+ FtTKtﬁt + étTAt = Vt(l(b Ay), _

Or = Hi+ FJKy+CIVi+ FTZ) = 0K, Yy, ZY),

and the stochastic coefficient & of mean & is defined, for ¢ € [0, T, by

{ & = Ht+FtTKt7t+C;n+FtTZE/ = gt(Ktan7£)v (15)

& = Hi+F KA+ CIYi+ F zY = &(Ki, Vs, ZY).

Notice that we have suitably rearranged the terms in (11) in order to keep only linear terms in

X and «, by using the elementary observation that E[¢] X;] = E[¢] X;], and E[¢)]ay] = E[¢)] o]
for any vector-valued random variable ¢y, 1; of mean ¢;, 1.

Next, the key-point is to complete the square w.r.t. the control «v in the process x¢(«) defined
in (13). Assuming for the moment that the symmetric matrices S; and S; are positive definite
in S™ (this will follow typically from the non-negativity of the matrix K, as checked in Step 3,
and conditions (iii)-(iv) in (H2)), it is clear that one can find a deterministic R™*™-valued ©
(which may be not unique) s.t. for all ¢ € [0, 7],

0,50] = S,

for all ¢t € [0, 7], and which is also deterministic like Sy, S,. We can then rewrite the expectation
of xi(a) as

Elxt(a)] = E[(at — a + Ofay — ) St (o — ay + Oy — 1) — gt},
where
ne = ag(Xe, Xo) + Ofa; (X),
with a?(X¢, X¢) a centred random variable, and a} (X;) a deterministic function
a}(2,7) = =87 V(e —2) = 57 (&~ &), aj(®) = =5 (Viz +Oy),
and
G o= (X — X)) (UFST U (X — X)) + XT (VIS VE) X
+2(U7 S & — &) + VIS 10X,
+ (&= &)S M (& — &) + 018 1O



We can then rewrite the expectation in (11) as
E[D?]
- E[(Xt — XK+ 99) (X, — Xo) + X7 (A + 00) X,
+2(Y; + A))' Xy + Ry — pRy+TY
+ (o = af(Xs, Ko) = @+ OF (@1 — af (X)) St (e — af (X, Xe) = ¢ + O (s — 0} (X0))]

where we set

) = & -US;'U, = DV(K),

U = U - VIS = WO(K, Ay,

AY = A UISTME—&) - ViS00 = AN A2 7D, (Y
Y = Ty —(&—&)S; (& — &) — 018710 = TY(K,, Y, Y4, 2, Z}),

and stress the dependence on (K, A,Y, ZY) in view of (12), (14), (15). Therefore, whenever
Ki+®) =0, A49) =0 YVi+AY =0, R —pR+I9 =0
holds for all ¢ € [0, 7], we have
E[Dy] (17)
= E[(at —af (X4, Xy) — @y + O] (ar — af (X1)))"Se(ow — a(Xy, Xi) — au + O (a — a%(Xt)))}»

which is non-negative for all 0 < ¢ < T, a € A, i.e., the process S* satisfies the condition (ii)
of the verification theorem in Lemma 3.2. We are then led to consider the following system of
backward (ordinary and stochastic) differential equations (ODEs and BSDE):

dK; = —-®)(K)dt, 0<t<T, Kr = P,

d\; = —U)(K;, A)dt, 0<t<T, Ay = P+ P, (18)
Y, = —AVK;, A, YL RY,], ZY BIZY)dt + 2YdW,, 0<t<T, Yp = L,

dR, = [pR;—E[I)(K:, Y, E[Y],Z} E[Z}])]dt, 0<t<T, Rp = 0.

Definition 4.2. A solution to the system (18) is a quintuple of processes (K,\,Y,ZY R) €
L2°([0,77,S%) x L>=([0,T],S%) x S2(Q x [0,T],R%) x LE(Q x [0,T],RY) x L>([0,T],R) s.t. the
S™-valued processes S(K), S(K) € L*>(][0,T],S™), are positive definite a.s., and the following
relation

K, = P+ [ ®K,)ds,

Ay = P+ P+ [TOUK,, A)ds,

Y = L+ [ AYK,, A, Y, EY.), 2Y E[ZY))ds + [, 2Ydw,

R = [ (= pRy+ E[DY(K,, Yo, BY.], 2} E[2)])])ds,
holds for all t € [0,T].

We shall discuss in the next paragraph (Step 3) the existence of a solution to the system
of ODEs-BSDE (18). For the moment, we provide the connection between this system and the
solution to the LQMKYV control problem.

Proposition 4.3. Suppose that (K,A,Y,ZY,R) is a solution to the system of ODEs-BSDE
(18). Then, the control process

af = a)(X] E[X]]) + af (E[X]])
= —S; U E)U(K) (X — E[X]]) — S; () (8(K Ye, Z)) — & (K, Y] E[Z)])
— S (K (Vi(Ky, M)E[X]] + Oy (Ko, E[Y3), E[Z)])),

9



where X* = X is the state process with the feedback control a?( X}, E[X}]) + a} (E[X}]), is the
optimal control for the LQMKYV problem (3), i.e., Vo = J(a*), and we have

Vo = E[(Xo—E[Xo]) Ko(Xo — E[Xo])] + E[Xo] AoE[Xo] + 2E[Y] Xo] + Ro.

Proof. Consider a solution (K, A,Y, ZY, R) to the system (18), and let w; as of the quadratic
form (9). First, notice that w satisfies the growth condition (6) as K, A, R are bounded and
Y satisfies a square-integrability condition in LZ(Q x [0, T],R%). The terminal condition wy(.)
= g is also satisfied from the terminal condition of the system (18). Next, for this choice of
(K,\,Y,ZY R), the expectation E[D$] in (17) is nonnegative for all ¢ € [0,7], a € A, which
means that the process S satisfies the condition (ii) of the verification theorem in Lemma 3.2.
Moreover, we see that E[D] = 0, 0 < ¢t < T, for some o = o* if and only if (recall that S; is
positive definite a.s.)

o — af (X, E[X{]) — Elof] + O] (Eloy] — 0y (E[X[])) = 0, 0<t<T.

Taking expectation in the above relation, and recalling that E[a? (X}, E[X[])] = 0, ©; is invert-
ible, we get E[a}] = a} (E[X/]), and thus

of = a(X{ E[X7) +ap(B[X{]), 0<t<T. (19)

Notice that X* = X is solution to a linear McKean-Vlasov dynamics, and satisfies the square-
integrability condition E[supg<;<7 |X;|?] < oo, which implies in its turn that o* satisfies the
square-integrability condition L2Z(Q x [0,T],R™), since S~1, S=1 U, V are bounded, and O,
¢ are square-integrable respectively in L?([0,7],R™) and LZ(Q2 x [0,T],R™). Therefore, o* €
A, and we conclude by the verification theorem in Lemma 3.2 that it is the unique optimal
control. O

Step 3. Let us now verify under assumptions (H1)-(H2) the existence and uniqueness of a
solution to the decoupled system in (18).

(i) We first consider the equation for K, which is actually a matrix Riccati equation written
as:
%Kt + Q¢ — pKi + KBy + B{ Ky + D{ K Dy
—(I; + FT KDy + CT K)"(Ny + FT K Fy) Y1 + FT K Dy + CTK;) = 0, t€[0,T],

Kr = P.

(20)

Multi-dimensional Riccati equations are known to be related to control theory. Namely,
(20) is associated to the standard linear-quadratic stochastic control problem:

T
vilz) = igiEM e (X2 QR 4 207 [ XL + TNy, ) ds

4 epr(X;,:c,a)TPX;w,a 7
where X%% is the controlled linear dynamics solution to
dX, = (BsXs+ Csay)ds + (DsXs+ Foag)dW,, t<s<T, X;=u.

By a standard result in control theory (see [18, Ch. 6, Thm. 6.1, 7,1, 7.2], with a straightfor-
ward adaptation of the arguments to include the discount factor), under (H1), (H2)(i)-(ii),
there exists a unique solution K € L>([0,T],S%) with K; > 0 to (20), provided that

P>0, Q-IN'L >0 N, > 6L, 0<t<T, (21)
for some ¢ > 0, which is true by (H2)(iii), and in this case, we have v;(z) = 27 K;x. Notice

also that S(K) = N + FTKF is positive definite.
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(i)

(iii)

Given K, we now consider the equation for A. Again, this is a matrix Riccati equation
that we rewrite as

A%At + QtK - PAt + Ath -I-ABtTAt
—(IE + CTA)T(NYH(IE + CTAy) =

0, t € [0, 7], (22)
Ar = P,

where we have set, for t € [0, 77,

QF = Qi+ DJK,Dy,
IAtI( = jt + FtTKtlA)t,
Ntl( = Nt + FtTKtFt.

As for the equation for K, there exists a unique solution A € L*([0,T],S%) with A; > 0
to (22), provided that

N

P >0, QFf —(If)yWNTNIF) =0, NE >4, 0<t<T, (23)

for some § > 0. Let us check that (H2)(iv) implies (23). We already have P > 0.
Moreover, as K > 0 we have: NX > N; > §1,,. By simple algebraic manipulations and as
N > 0, we have (omitting the time dependence)

QK — (I*y(N*) '[N =Q-I'N"'"I+(D—-FN'IyK(D - FN'I)
- (FTK(D - Ffv*lf))T(N + KR (FTK(D - FN*lf))

Y

O PN-1P 1 (D — EN-UTK (D — PR
~ (FTK(D - FN*lf))T(FTKF)*I (FTK(f) - FN*lf))
= Q-I"N"'I >0, by (H2)(iv).
Given (K,A), we consider the equation for (Y,ZY). This is a mean-field linear BSDE
written as
{dYt = (ﬁt +G(Y; —E[Y))) + GIEY)] + J; (2} —E[2)]) + ng{z,X])dt + ZY dW,

Yr=1L,
(24)
where the deterministic coefficients G, G, J, J € L>([0,T],R%?) and the stochastic
process ¥ € L2(Q x [0,7T],R?) are defined by

Gt = p ]Id - Bt + CtSflUt,
Gt = p ]Id - Bt + C’tgt_l‘/t,

Jt = —Dt +FtSt_1Ut7
J; == =Dy +thflvt7
Oy = —M; — Ki(B: — E[B]) — ME[B:] — DI Ki(v¢ — Elve]) — DFK(E[v:]

+ U7S; ' (He — B[H] + F]Ki(v — Elv))) + Vi7S7H (B[HY + F7 KEly)),
and the expressions for S, S, U,V are recalled in (14). By standard results, see [11,

Thm. 2.1], there exists a unique solution (Y, ZY) € S2(Q2 x [0,T],R%) x L2( x [0,T],R9)
to (24).
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(iv) Given (K, A,Y, ZY), the equation for R is a linear ODE, whose unique solution is explicitly
given by

T
R, = / e P hds. (25)
t

Here, the deterministic function h is defined, for ¢ € [0, T], by
he = E[—Key— B — 22 + &5, 6] - E[&]"S; 'El&] + O} S; 'O,

and the expressions of O and ¢ are recalled in (14) and (15).

To sum up the arguments of this section, we have proved the following result.

Theorem 4.4. Under assumptions (H1)-(H2), the optimal control for the LQMKYV problem
(3) is given by

af = —S7'UdX; - EIX[]) - ST (VEIX]] + Op) — S (& — E[&)), (26)

where X* = X and the deterministic coefficients S, S € L>=([0,T],S™), U,V in L>=([0, T], R™*%),
O € L>=([0,T],R™) and the stochastic coefficient & € L4(2 x [0,T],R™) are defined by

St = Nt + FtTKtFt,

S, = Ny+ N, + (F, + F)K,(F, + E,),

U = L+ FKD+ClKy, . . (27)
Vi = L+ 1L+ (F + Fy)TK(Dy + Dy) + (Cy + Cy) Ay,

Ot = E[Ht] + (Ft + Ft)TKtE[’Yt] + (Ct + ét)TE[Yt] + (Ft + Ft)TE[ZtY],

& = Hi+EKmy+ClY, + FZ),

with (K, A\, Y, ZY, R) € L*°([0,T],S%) x L>([0,T],S%) x S2(Q x [0, T], R?) x L2(2 x [0,T],RY) x
L>([0,T],R) the unique solution to (20), (22), (24), (25). The corresponding value of the
problem is

Vo = J(&) = E[(Xo— E[Xo])"Ko(Xo — E[X0])] + E[Xo]"AcE[Xo] + 2E[Yy Xo] + Ro.

5 Remarks and Extensions

We collect here some remarks and extensions for the problem presented in the previous sections.

Remark 5.1. Assumptions (H2)(iii)-(iv) are used only for ensuring the existence of a non-
negative solution (K, A) to equations (20), (22). In some specific cases, they can be substituted
by alternative conditions.

For example, in the one-dimensional case n = m = 1 (real-valued control and state variable),
with N = 0 (no quadratic term on the control in the running cost) and I = 0, the equation for
K writes

%Kt + Qi+ (—p+2B — C}/F} —20,D/F) K, =0, t€[0,T], Kr=P
This is a first-order linear ODE, which clearly admits a unique solution, provided that F; # 0.
Moreover, when P > 0, then K > 0 by classical maximum principle, so that we have S; > 0.
Hence, an alternative condition to (H2)(iii) is, for ¢ € [0,T7,

(H2)(iii") n=m=1,N=1=0,P>0,F #0.
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Let us now discuss an alternative condition to the uniform positive condition on N + N in
(H2)(iv), in the case where N 4 N is only assumed to be non-negative. When the constant
matrix P is positive definite, then K is uniformly positive definite in S, i.e., K; > 6l,,, 0 <
t < T, for some 6 > 0, by strong maximum principle for the ODE (20). Then, when F + F
is unlformly non-degenerate, i.e., [F} + F)| >6,0<t<T, for some § > 0, we see that S; =
N > (Ft + Ft)TKt(Ft + Ft) > (5’Hd for some & > 0. Notice also that when I + I = 0, then
QK (I (NEY="1(IK) > Q + Q. Consequently, assumption (H2)(iv) can be alternatively
replaced by

(HZ)(IV,) Nt+NtaP+P7 Qt+©t 207P>0) It+I~t:07 |Ft+Ft| 255

for t € [0,7] and some ¢ > 0, which ensures that condition (23) is satisfied, hence giving the
existence and uniqueness of a nonnegative solution A to (22).

We underline that (H2)(iii’)-(iv’) are not the unique alternative to (H2)(iii)-(iv). In some
applications, none of such conditions is satisfied, typically as Q = Q = 0, while I or I is non-zero.
However, a solution (K, A) (possibly non-positive) to (20)-(22) may still exist, with S(K) and
S (K) positive definite, and one can then still apply Proposition 4.3 to get the conclusion of
Theorem 4.4, i.e., the optimal control exists and is given by (26). O

Remark 5.2. The result in Theorem 4.4 can be easily extended to the case where several Brownian
motions are present in the controlled equation:

dxXy = bt(Xg,E[Xf],at,E[at])dtJrZag(Xf,E[Xg],at,E[at])dwg',
=1

where W1 ... W™ are standard independent real Brownian motions and, for each ¢t € [0, 7],
i€{l,...,n}, z,Z € R and a,a € R™, we set

bi(z,%,a,a) == By + Bix + BiT + Cya + Cia, 28)
oi(v,2,a,a) ==, + Diz + Dz + Fla + Fa.
We ask the coefficients in (28) to satisfy a suitable adaptation of (H1): namely, we substitute
D, D, F,F with D', D', F* F® fori € {1,...,n}. The cost functional and (H2) are unchanged.

The statement of Theorem 4.4 is easily adapted to this extended framework. To sim-
plify the notations we use Einstein convention: for example, we write (D{)TK D} instead of
S (DY)TKDj. The optimal control a* is given by (26), where the coefficients are now defined
by

St = Nt + (Fti)TKtFti,

Si = Ny+ Ny + (Ff + F)y Ky(F} + F}),

Ut = It —|— (FZ)TKtDé —|— CgKt,

Vi = L+ I+ (F} + F}))TK{(D} + Di) + (Cy + Cy)TAy,

O; = E[H]+ (F] + F}) K:E[y] + (Ci + C)'E[Y]] + (F} + F))'E[Z}],
& = Hy+ (F)) Ky + CfY; + (B} ZY,

and (K,A,Y,ZY, R) € L>=([0,T],S%) x L>=([0,T],S%) x S2(Q2 x [0, T], R%) x L4(Q x [0,T], R%) x
L*>([0,T],R) is the unique solution to (18), with

®y(K;) = —pKi+ KB+ B{K; + (D) KD} + Qy,
Ui(Ki, Ay) = —pAe+ A(By + By) + (B + By)TA,
+ (D} + DZ>TKt(DZ + D) + Q¢ + Qu,
Ay(Ey, A Y BV, Z)0 E[ZY]) = —pY, + BiY: + BIE[YZ] + k(B — Br) + Aify + M,
+ (DY) Keve + (D)) Ky + (D}) ZY + (D})E[Z) ],
L Ft(KtaY;vatY) = ’YtTthYt“‘QB;KE‘i‘Q’YtTZX, te [OvT]' O
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Remark 5.3. The optimal control provided by Theorem 4.4 generalizes known results and stan-
dard formulas in control theory.

- For example, in the case where
Li=Ii=B=v=M=H =L =0,

then Y = Z¥ = 0, R = 0 (correspondingly, we have O = ¢ = 0). We thus retrieve the
formula in [17, Thm. 4.1] for the optimal control (recalling the notations in (8)):

* _1 * *
af = —(Ny+ FJKFR) ™ (FTK,Dy + CJK) (X; — E[X]])
— (Ne+ F7KGE) T (BT KDy + CTA)ELXT).

- Consider now the case where all the mean-field coefficients are zero, that is
B=C,=D;=F,=Q=N,=P,=0.

Assume, in addition, that 8; = v = Hy = My = 0. In this case, K; = A; satisfy the same
Riccati equation, Y; = Y; = R; = 0, and we have

Sy = S = N+ FJKF,,
U, = V, = It-f-FtTKtDt‘l—CtTKt,
O = €=0,

which leads to the well-known formula for classical linear-quadratic control problems (see,
e.g. [18]):

af = —(Ny+ FJKF) " (I + FT KDy + CTK) X}, 0<t<T. O

Remark 5.4. The mean of the optimal state X* = X can be computed as the solution of a
linear ODE. Indeed,by plugging (26) into (1) and taking expectation, we get

SR = (Bi+ By~ (Cot COSTVORIX]] + (B[] — (G + C)S00),

which can be solved explicitly in the one-dimensional case d = 1, and expressed as an exponential
of matrices in the multidimensional case. O

Remark 5.5. (The case of common noise). We now extend the results in Theorem 4.4 to the case
where a common noise is present. Let W and WY be two independent real Brownian motions
defined on the same filtered probability space (2, Fr, I, P). Let F = {F; };co,7] be the filtration
generated by the pair (W, W9) and let F* = {f?}te[oﬂ be the filtration generated by WV.

For any X and a € A as in Section 1, the controlled process X;* is defined by

dX = by (X, E[XF WY, o, Bl |[WP]) dt + o (X7, BIX WP, a, Eloy| W) dW;
+od (X2 E[XP WP, o, Elag[ W)WY, 0<t<T, (29
X§ = Xo,

where for each t € [0,7T], x,Z € R? and a,a € R™ we have set

bt(.ZE,.’f,CL, C_L) = Bt+Bt$+Btff+Cta+ét(_l,
Ut(df,f‘,a,d) = ’Yt+Dt£U+Dt§3+FtCL+FtEL,
of(z,2,a,a) = A+ Dx+ D)z + Fa+ Fa.
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Here, B,B,C,C,D,D,F,F,D° D° FO FO are essentially bounded F°-adapted processes, whereas
B,7,~° are square-integrable F-adapted processes. We underline that 3,v,~" can depend on W
as well. The problem is

T
Hey o= B[ [ X0 B WP au Blad W) dr + g (X3 ELGHWE)
— Vo = ;relaj(a),

with fi, g asin (4). The coefficients in f;, g here satisfy the following assumptions: Q.Q.I,I,N.N
are essentially bounded F%-adapted processes, P, P are essentially bounded ]:%-measurable ran-
dom variables, M, H are square-integrable [F-adapted processes, L is a square-integrable Fp-
measurable random variables. We also ask conditions (iii) and (iv) in (H2) to hold. We remark
that M, H, L can also depend on W.

As in Section 4, we guess a quadratic expression for the candidate random field. Namely, we
consider wy (X, E[X2|WP)), with {w;(z,Z),t € [0,T], 2,7 € R?} as in (9), that we here recall:

wi(z,z) = (x—2) Ky(x —T) +3MT +2Y 2 + Ry, (30)

for suitable coefficients K, A,Y, R. Since the quadratic coefficients in f;, g are F%-adapted, we
guess that the coefficients K, A are F-adapted as well (notice the difference with respect to
Section 4, where K, A were deterministic). The affine coefficients in b, 0y, 0f and the linear
coefficients in f;, g are F-adapted, so that ¥ needs to depend on both W and WP. Finally, as
in Section 4 we can choose R deterministic. We then look for processes (K, A,Y, R) valued in
S% x §% x R% x R and in the form:

dK; = Kt + zKdw), 0<t<T, Kr = P,
d\y = Aedt + Z2aW?, 0<t<T, Ar = P,
dY, = Yyt + ZYdW, + z%aw?, 0<t<T, Yp = L,
dR, = Rudt, 0<t<T, Ry = 0,

for some F0-adapted processes K, A, ZX, Z7 valued in S%, some F-adapted processes Y, ZY, Z¥-0
valued in R% and a continuous function R valued in R.

We use the notations in (8) and extend them to the new coefficients DY, DO, FO, FO (e.g., we
denote ﬁ? = DY + DY). Moreover, for any random variable ¢, we denote by ¢ the conditional
expectation with respect ot W7, i.e., { = E[¢|W?]. For each a € A and t € [0,T], let Sf* be
defined by

t
Sp = e Mun (X ELCEWE) + [ e (X2 ELXE WS, o ElaWE)ds,
0
and let D be defined by dE[Sf*] = e P'E[D{]dt. By applying the It6 formula to S, an expression

for E[Df] is given by (11) and (13), whose coefficients are now defined as follows. The coefficients
in (11) are here given by

&, = —pK;+ KB+ B]K, + ZED? + (D)) ZE
+D] KDy + (DY)TK,D? + Q; = &4(Ky, ZE),
Uy, = —pAi+ MBi+ BIA + ZMDY + (DY) ZM
+DJK Dy + (DY) MDY + Qp = Wy(Ky, Ay, Z1),
Ay = —pYi+ B]Y,+ BlY,+DjzY + DjzY + (DV) Z}"° + (DY) z}°

+K (B — Be) + MiBi + ZE () — 30) + ZP30 + DI Ki(ve — %) + ﬁ{Kﬁ

H(DYY K (19 —39) + (DY AP + My, = MKy, A Y, 2Y, 200, 2Y, Z0),
Ly = (=) Ke(y — %) + 7 K + (7 = AT K () — 30) + (30) T A0

1287V, + 297 ZY +2(30) 20 = Tu(Ky, A Y, 2, 270,
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whereas the coefficients in (13) are given by

(S = Ne+ F K F + (FY)TKF = Si(Ky),

Sy = Ni+ F K/F, + (FO)TAtFO = St(KtaAt)v

Uy = L +F KtDt+(Ft)TKtD° CIK, + (F) Z[ = UKy, Z{),

Vi = I+ FtTKtﬁt + (FtO)T DO + éTAt + (FO)TZA = Vi(Ky, Ay, ZtA)’

Oy = H;+ FtTKtﬁt +( tO)TAt'Yt + C Y, + FTZY + (FtO)TZtY’O = Ot(Kh?t’ Zityv ZtY’O)’
\ & = Hiy+ FT Ky + (FtO)TKt'Yt + Cf Yy + FY Zt (Fto)TZtY’0 = &(Ky, Yy, ZtY’ Ztyp)'

Completing the square as in Section 4 and setting to zero all the terms which do not depend on
the control, we get that (K, A,Y, R) satisfy the following problem

dK; = —®dt+ ZKdw?, 0<t<T, Kr = P,
dhy = —00dt + ZraWw?, 0<t<T, Ar = P+ P, 31)
Ay, = —A%t+ ZYdWw, + z%aw?,  0<t<T, Yr = L,
dR; := (pR;—E[I'Y])dt, 0<t<T, Ry = 0,
where the coefficients <I>0, \Ilo, AO, 'Y are defined by
o) = & - UIS; Uy = (K, Z1Y),
oo = \Ift—VTS*lvt = \IJ?(Kt,At,Zt)
Ag = At ( ) 1Ot - A (KtpztI(aAth 7}/255Zt 7ZY0 ?tvztyvzyo)v
ro .= rt—@t @) & - &)—Otst Lo, = 00, 2Y, 20\ v, 2), 210).

Existence and uniqueness of a solution (K,A) to the backward stochastic Riccati equation
(BSRE) in (31) is discussed in Section 3.2 in [13] by relating BSRE to standard LQ control
problems. Given (K, A), existence of a solution (Y, ZY, Z¥:0) to the linear mean-field BSDE in
(31) is obtained as in Step 3(iii) of Section 4 by results in [11, Thm. 2.1]. Finally, the optimal
control is given by

af = =S5 'U(Xe — E[X;|W/]) = S; (& — E[&[WY]) — S; H(VE[X[ W] + O),

where we have set X* = X,

Remark 5.6. The method we propose requires some coefficients to be deterministic. Namely,
only 8,v, M, H, L are here allowed to be stochastic. Indeed, if any other coefficient in the SDE
or in the cost functional were stochastic, after completing the square we would have a term
in the form }E[EtXf‘P, with Z; stochastic. Due to the randomness of =;, this term cannot be
rewritten to match the terms in the candidate w: (X, E[X}]). Conversely, if (H1) holds, Z; is
deterministic and the term above rewrites as Z;E[X{]?. O

6 The Infinite-Horizon Problem

We now consider an infinite-horizon version of the problem in (3) and adapt the results to this
framework. The procedure is similar to the finite-horizon case, but non-trivial technical issues
emerge when dealing with the equations for (K, A,Y, R) and the admissibility of the optimal
control.

On a filtered probability space (2, F,F,P) as in Section 1 with F = (F¢)¢>0, let p > 0 be a
positive discount factor, and define the set of admissible controls as

A = {a QO x Ry — R™ s.t. « is F-adapted and/ e P'R[|ay)?]dt < oo} ,
0
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while the controlled process is defined on R by

dX{ = by (X, E[X7], ar, Eloy])dt + o4 (X7, E[XP], o, Elew])dWy, ¢ >0, (32)
)((()l = X07
where for each t > 0, z,Z € R% and a,a € R™ we now set
be(2,%,a,a) == B + Bx + Bz + Ca + Ca, (33)

at(x,j,a,d) = %—i—Dw—i—ﬁi—i—Fa-i—F&.

Notice that, unlike Section 1 and as usual in infinite-horizon problems, the coefficients of the
linear terms are constant vectors, but the coefficients S and ~ are allowed to be stochastic
processes.

The control problem on infinite horizon is formulated as

J@) = E| [t fi(XPLEIXP], ar, Elag))de),
. (34)
— Vo = inf J(a),
acA
where, for each t > 0, z,z € R% and a,a € R™ we have set
fi(r,2,0,a) = (2-2)Q(x—7)+7"(Q+ Q)T +2a"I(x —z) +2a"(I + )z
+(a—a)"N(a—a)+a (N + N)a+2Mz + 2H] a. (35)

Notice that, as usual in infinite-horizon problems, the coefficients of the quadratic terms are
here constant matrices, and the only non-constant coefficients are H, M, which may be stochastic
processes. Given a normed space (M, |.|), we set

LRy, M) := {gb : Ry — M s.t. ¢ is measurable and sup;> [¢¢] < oo},
LRy, M) := {gf) : Ry — M s.t. ¢ is measurable and [ e #*|¢y|?dt < oo},
LA xR, M) := {gb : Q xRy — M s.t. ¢ is F-adapted and / e P[] ¢ [H]dt < oo},
0

and ask the following conditions on the coefficients of the problem to hold in the infinite-horizon
case.

(HY’) The coefficients in (33) satisfy:

(i) B,y € LE(Q x R4, RY),
(ii) B,B,D,D e R¥4 C,C F, F € R&>™,
(H2’) The coefficients in (35) satisfy:
i) Q,QeS? N,NeS™, I,IeR™
(i) M € L2(Q x Ry, RY), H € L2(Q x R, R™),
(ili) N > 0, Q—I'N"'I > 0,
(iv) N+N > 0, (Q+Q)—(I+D"(N+N)"YI+1I) > 0.
(H3’) The coefficients in (33) satisfy p > 2max {|B| +|D|?, |B+ B|}
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Assumptions (H1’) and (H2’) are simply a rewriting of (H1) and (H2) for the case where
the coefficients do not depend on the time. A further condition (H3’), not present in the
finite-horizon case, is here required in order to have a well-defined problem, as justified below.

By (H1’) and classical results, there exists a unique strong solution X = (X§*)¢>0 to the
SDE in (32). Moreover, by (H1’) and (H3’), standard estimates (see Lemma 6.1 below) lead
to:

| B < Ga1+ ElXP) < . (36)
0

where C,, is a constant depending on a € A only via fooo e P'E[|ay|*]dt. Also, by (H2’) and
(36), the problem in (34) is well-defined, in the sense that J(«) is finite for each a € A.

Lemma 6.1. Under (HY1’) and (H3’), the estimate in (36) holds for each square-integrable
variable Xy and o € A.

Proof. By the It6 formula and the Young inequality, for each e > 0 we have (using shortened
bar notations, see Remark 4.1, e.g., X = E[X])

%‘f*pth}P = e "~ plXel* + 20 - Xp)
< efpt[_p\xt\uz(wtu)zg+\c+é|rat|!5<t!+X£(B+B>Xt)}
< (= p+2AB+Bl+2) 1%+ e (1B + |al?) | (37)

where ¢, > 0 is a suitable constant. We define
(o]
2 _ ~
¢ = [ELX] +cE/ e[ + Jul?] dt, n = p—2B+B|—e
0

and notice that (. < oo by (H1’) and by o € A, while 1. > 0 for ¢ small enough, by (H3?).
Applying the Gronwall inequality, we then get

J e < G e < e+ BIXOP), (38)
0 0

for a suitable constant c, .. By similar estimates, we have

d B _
aE[e pt|Xt - Xt|2]

= e P'E[ - p|lXi — Xo? +2(b — br) - (Xy — Xy) + |ou[?]
e’ptIE[ - p|Xt—Xt]2+2<\6t—BtHXt—X}\+\CHat—dt|]Xt—)_(t!—ir(Xt—X't)’B(Xt—)_(t))

IN

+2(1f2 + IDPIX; = Kif2 + D+ DRIXI + | Fllol® + | Fllasl?)]

IN

eE|(—p+ 2Bl +2ADP +¢) X — X + & (182 + il + ool + %) | (39)
where ¢. > 0 is a suitable constant, and hence

/Oo e PE[|1X; — E[X]|"|dt < Cae(1+E[Xo]%), (40)
0

for a suitable ¢o - > 0 (recall that [~ e™#!|E[X] ‘th < oo by (38)). The estimate in (36) follows
by (38) and (40), since

/0 eE[| X[t = /0 eME[| X, — E[X)|*]dt - /0 e " E[X]|"dt. -
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Remark 6.2. In some particular cases, the condition in (H3?) can be weakened. For example,
assume that B <0 and B+ B < 0. Then, since 2Bz, 27(B + B)z < 0 for each x, one term in
(37) and in (38) can be simplified, so that (H3’) simply writes

p > 2|D

If, in addition, y = D = F = F = 0, then |o|? = |D|?| X2, so that we do not need the estimate
on the square which introduces the factor 2 in (39). Correspondingly, (H3’) simply writes

p > |DJ O

The infinite-horizon version of the verification theorem is an easy adaptation of the arguments
in Lemma 3.2.

Lemma 6.3 (Infinite-horizon verification theorem). Let {Wy,t > 0, € A} be a fam-
ily of F-adapted processes in the form Wit = wi( X7, E[XF]) for some F-adapted random field
{w(z,T),t > 0,2,Z € R} satisfying

wt(xaj) < C(Xt + |l‘|2 + |j‘2)a le R+? ZL‘,Q_7 € Rda (41)

for some positive constant C', and non-negative process x §.t. e*ptE[Xt} converges to zero as
t — 00, and such that

(i) the map t € Ry — E[Sp], with S = e PWp + [y e P fo(X2, E[XY], as, Elas])ds, is

non-decreasing for all o € A;
(ii) the map t € Ry — E[SY"] is constant for some o* € A.

Then, o* is an optimal control and Elwo(Xo, E[Xo])] is the value of the LQMKYV control problem
(34):
Vo = Efwo(Xo, E[Xo])] = J(a”).

Moreover, any other optimal control satisfies the condition (iii).

Proof. Since the integral in (36) is finite, we have lim;_,o, e "P!E[| X{|?] = 0 for each a; by (41),
we deduce that lim;_,o e P!E[[W?|] = limy_o0 e P'E[Jwi (X, E[X?])|] = 0. Then, the rest of the
proof follows the same arguments as in the one of Lemma 3.2. O

The steps to apply Lemma 6.3 are the same as the ones in the finite-horizon case. We report
the main changes in the arguments with respect to the finite-horizon case.

Steps 1-2. We search for a random field w;(z, z) in a quadratic form as in (9):
wi(x,z) = (v—2)"Ki(x — &)+ 7" AT + 2] + Ry,

where the mean optimality principle of Lemma 6.3 leads now to the following system

dK; = —®Y(K;)dt, t>0,

d\y = —UY(Ky, Ay)dt, t>0, 49
dY; = —AVNK, A, YL EY), Z)  B[Z))dt + ZY dWy, t >0, (42)
dR; = [pR:—E[}(K:, Y3, E[Yy], 2} E[Z}])]dt, t>0.

Notice that there are no terminal conditions in the system, since we are considering an infinite-
horizon framework. The maps <I>~0, \IJOJ AY, FO are defined as in (16), (12), (14), (15), where the
coefficients B, B,C,C,D,D,F,F,Q,Q,N,N,I,I are now constant.

Step 3. We now prove the existence of a solution to the system in (42).
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(i)

(i)

Consider the ODE for K. Notice that the map k € S — ®°(k) does not depend on time
as the coefficients are constant. We then look for a constant non-negative matrix K € S¢
satisfying ®°(K) = 0, i.e., solution to
Q—-—pK+KB+B"K+D'KD
~(I+FKD+CK)(N+FKF)"(I+F KD+C'K) = 0. (43)
As in the finite-horizon case, we prove the existence of a solution to (43) by relating it to a
suitable infinite-horizon linear-quadratic control problem. However, as we could not find a

direct result in the literature for such a connection, we proceed through an approximation
argument. For T € Ry U {oo} and = € R?, we consider the following control problems:

T
Vi) = aieanE[ /O e‘pt<(Xf’°‘)TQXf’a + 2] IX5 + a{Nozt)dt},

where we have set
T
Arp = {a Q% [0,T[— R s.t. a is F-progr. measurable and/ e PR oy |?]dt < oo},
0

and where, for o € Arp, (Xx’o‘)ogth is the solution to
dX; = (BX;+ Coy)dt+ (DX;+ Foy)dWs,  Xo = z.

The integrability condition o € Ap implies that fOT e PE[|X]Y?])dt < oo, and so the
problems Vp(z) are well-defined for any 7' € Ry U {oco}. If T' < o0, as already recalled in
the finite-horizon case, (H1’)-(H2’) imply that there exists a unique symmetric solution

{KtT}te[o,T] to

LK +Q— pK! + KB+ B'K!' + D'KI'D
~(I+FKI'D+C KN+ FKIF)Y Y I+ F KD+ C'Kl') = 0,te][0,T],
KL = o,
(44)
and that for every z € R? we have: V7 (z) = 27Kl z. It is easy to check from the definition
of VT that VT (xz) — V>°(x) as T goes to infinity, from which we deduce that

Ve(z) = lim 2'Klz = 27( lim K1)z, VzeR%
T—o00 T—o00

This implies the existence of the limit K = limy_ Kg . By passing to the limit in 7" in
the above ODE (44) at t = 0, we obtain by standard arguments (see, e.g., Lemma 2.8 in
[16]) that K satisfies (43). Moreover, K € S and K > 0 as it is the limit of symmetric
non-negative matrices.

Given K, we now consider the equation for A. Notice that the map ¢ € S? - VO(K, /)
does not depend on time as the coeflicients are constant. We then look for a constant
non-negative matrix A € S satisfying ®°(K, A) = 0, i.e., solution to

Q¥ —pA+ A(B + B) + (B+ B)"A

—(IK + (C+CyA) (NEY L (IE 4 (C+O)A) = 0, (45)
where we set
QF = (Q@+Q) +(D+D)K(D+D),
" = (I+1)+(F+F)K(D+ D),
NK = (N+N)+(F+F)K(F+F).

Existence of a solution to (45) is obtained by the same arguments used for (43) under
(H2%).
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(iii) Given (K,A), we consider the equation for (Y, Z"). This is a mean-field linear BSDE on
infinite-horizon

Y, = (9 +G"(Y,—EY) + GE[Y] + J7(Z) —B[Z))) + JE[Z]])dt
+ ZYdw,, t>0 (46)

where G G, J, J are constant coefficients in R%¢, and o is a random process in LA(Q x
R, ,R?) defined by

G :=ply—B+CS™'U,
G :=ply—B-B+(C+C)SY,
J = —D+ FS™'U,
J == —(D+ D)+ (F+F)Sv,
0y = —M; — K(8 —E[8]) — AE[8)] — D"K (v — E[]) — D"KE[y,]
+UTS™ (Hy — B[H] + FTK (v — El])) + V'S~ (B[H{] + (F + F)"KE[v]),
with

N+ F'KF = S(K),

N+ N+ (F+FyK(F+F) = S(K),

I+ F KD+ C'K = U(K),
I+I+(F+F)K(D+ D)+ (C+C)yA = V(K,A).
Although in many practical case an explicit solution is possible (see below), there are no

general existence results for such a mean-field BSDE on infinite-horizon, to the best of our
knowledge. We then assume what follows.

(47)

< S v

(H4’) There exists a solution (Y, ZY) € LE(Q x Ry, RY) x L2(2 x Ry, R?) to (46).

Remark 6.4. In many practical cases, (H4”) is satisfied and explicit expressions for Y may
be available. We list here some examples.

- In the case where f =~v=H = M =0, so that ¥ = 0, we see that Y = Z¥ =01is a
solution to (46), and (H4”) clearly holds.

- If B,v, H, M are deterministic (hence, all the coefficients are non-random), the process
Y is deterministic as well, that is Z¥ = 0 and E[Y] = Y. Then, the mean-field BSDE
becomes a standard linear ODE:

dY, = (9+GY)dt, t>0.

In the one-dimensional case d = 1, we get
o8} ~
Y, = —/ e_G(S_t)f}sds, t>0.
t

Therefore, when G- p >0, ie, (C+ C’)S’*lV > B + B, we have by the Jensen
inequality and the Fubini theorem

/ e PtY2dt <cl/ / (5= t192dsdt<02/ e P592ds < oo,
0 0

for suitable constants ¢, ¢ > 0, so that (H4”) is satisfied. In the multi-dimensional
case d > 1, if 8,~v, H, M are constant vectors (hence, ¥ is constant as well), we have
Y, =Y, with

= =G,

and (H4) is clearly satisfied.
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- In many relevant cases, the sources of randomness of the state variable and the
coefficients in the payoff are independent. More precisely, let us consider a problem
with two independent Brownian motions (W, W?) (to adapt the formulas above, we
proceed as in Remark 5.2). Assume that only W' appears in the controlled mean-field
SDE:

dXy = (B + BX{ + BE[X?] + Coy + CE[ay))dt
+ (v + D'XP + D'E[X{] + Flay + F'Elev])dW},
where 3,7! are deterministic processes. On the other hand, the coefficients M, H in
the payoff are adapted to the filtration of W?2 and independent from W?. In this case,
the equation for (Y, z¥ = (ZVY, ZQ’Y)) writes
_ T Ar 1yt 7L,Y 1,Y SNt 1Y
aY, = (¥, +G'(Yi —E[Vi]) + GE[¥] + (1) (2} —E[Z" ) + (J)EZM])dt
+ ZPYaw) + ZzEaw?,  t >,

where we notice that Z2Y does not appear in the drift as the corresponding coefficients
are zero. Notice that the process (9;); is adapted with respect to the filtration of W?2,
while the other coefficients are constant. Then, it is natural to look for a solution Y
which is, as well, adapted to the filtration of W?2, i.e., such that Z1Y" = 0. This leads
to the equation:

v, = (0 +G(Y; - EB[V)) + GE[Y)))dt + 2" dw?, 1> 0.

For simplicity, let us consider the one-dimensional case d = 1. Taking expectation in
the above equation, we get a linear ODE for E[Y}], and a linear BSDE for Y; — E[Y{],

given by
dE[Y;] = (E[0:]+GE[Yi])dt, t>0,
A ~EY]) = (9~ EWi]+ GV~ E[V]))dt + 2" aW2, ¢ >0,
which lead to
Yi = - / Oy ds — / " (76 - =660 Ry Jas.

Provided that G — p,G — p > 0, and recalling that ¥ € LA(Q x R4, RY), condition
(H4’) is satisfied by the same estimates as above. See [1] and Section 7 for practical
examples from mathematical finance with such properties. ]

(iv) Given (K,A,Y, ZY) the equation for R is a linear ODE, whose unique solution is explicitly

given by
R, = / e P Dhds, >0, (48)
t
where the deterministic function h is defined, for t € Ry, by
he = E[=]Ky — B]Y: — 297 20 +€57'¢] — E[&]'ST'E[&] + 07570,

with

gt = Ht + FTK’YL‘ +~CT1/;‘, + FTZtYa 5 5 (49)

Oy := E[H;]+ (F+ F)'KE[y] + (C + C)E[Y;] 4+ (F + F)'E[Z}].

Under assumptions (H1’)(i), (H2’)(ii) and (H4’), we see that [;~ e #*|hi|dt < oo, from
which we obtain that R; is well-defined for all ¢ > 0. Therefore, e #|R;| < [ e77|h,|ds
— 0 as t goes to infinity.
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Final step. Given (K,A,Y,ZY R) solution to (43), (45), (46), (48), i.e., to the system in (42),
the function

wi(xz,z) = (r—2)'K(z—2)+2"Az + 2]z + Ry,

satisfies the growth condition (41), and by construction the conditions (i)-(ii) of the verification
theorem in Lemma 6.3. Let us now consider as in the finite-horizon case the candidate for the
optimal control given by

of = af(X{E[X]) + ap (B[X}])
—S7U(X: —E[X;]) = 571 (& — El&]) - STH(VEIX[] + Or), =0,  (50)

where X* = X" is the state process with the feedback control af (X}, E[X[]) + a} (E[X}]), and
S, S,U,V, €, 0 are recalled in (47), (49). With respect to the finite-horizon case in Proposition
4.3, the main technical issue is to check that o* satisfies the admissibility condition in A. We
need to make an additional condition on the discount factor:

(H5’) p>2mM@B—C$%n+m—ps4m%KB+Bywc+éﬁ4v@

From the expression of a* in (50), we see that X* = X" satisfies,
dXy = bjdt+ofdW;, t>0,
with
b = B+ BY(X{ —E[X;)) + B'E[X]], o} = % +D"(X{ —E[X;]) + D*E[X]],

where we set

B* .= B—CS~'U, B*:= (B+B) - (C+ ()57,
D* := D - FS™'U, D* := (D+D)—(F+F)S™1V,
Bf = By— CS™H& —E[&]) — (C+ C)S 10y,

Vo= - FSTH & —El&) — (F+ F)ST'o

If (H5’) holds, by replicating the arguments in the proof of Lemma 6.1 to X*, we get
JoZ e "B X[[*]dt < oo, so that [~ e P'E[|a;|*]dt < oo by (50), hence a* € A.

Remark 6.5. In some specific cases, (H5’) can be weakened. For example, assume that
B-CS™'U <0, (B+B-(C+C)S'Vv <0 ~v=D=F=F=0.

In this case, the matrices B*, B* are negative definite and |o}|? = | D||X|?, so that, by the same
arguments as in Remark 6.2, Assumption (H5”) can be simplified into

p > |D|%. O
To sum up the arguments of this section, we have proved the following result.

Theorem 6.6. Under assumptions (H1?)-(H5’), the optimal control for the LQMKYV problem
on infinite-horizon (34) is given by (50), and the corresponding value of the problem is

Vo = J(@) = E[(Xo - E[Xo])"K (Xo — E[Xo])] + E[Xo]"AE[Xo] + 2E[Y{ Xo] + Ro.
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Remark 6.7. The remarks in Section 5 can be immediately adapted to the infinite-horizon
framework. In particular, as in Remark 5.1, one can have existence of a solution to (43)-(45),
even when condition (H2’) is not satisfied, and obtain the optimal control as in (50) provided
that (H4’)-(H5’) are satisfied. On the other hand, the model considered here easily extends
to the case where several independent Brownian motions are present, as described in Remark
5.2. Finally, the results can be extended to the common noise case of Remark 5.5, recalling that
only the coefficients By, v, My, H; are time-dependent and stochastic, namely, adapted to the
filtration generated by the pair (W, W?), where W is a Brownian motion independent of W.

O

Remark 6.8. McKean-Vlasov control problems in infinite horizon have also been considered
in [10]. Besides the new approach, as outlined in Section 1, the novelty in this paper is the
presence of some stochastic coefficients (namely, S, v+, Hy, My). Allowing some coefficients to be
stochastic is important from the practical point of view of applications, see the example in the
next Section 7. O

7 Application to Production of Exhaustible Resource

We study an infinite-horizon model of substitutable production goods of exhaustible resource
with a large number N of producers, inspired by the papers [9] and [6], see also [8]. For a
producer i = 1,..., N, denote by a! her quantity supplied at time ¢ > 0, and by X} her current
level of reserve in the good. As in [9], we assume that the dynamics of the reserve is stochastic
with a noise proportional to the current level of reserves, hence evolving according to

dXi = —aldt+oXdW!, t>0, Xi = ai >0,

where ¢ > 0, and W¢ i = 1,..., N, are independent standard Brownian motions. The selling
price P? for producer i follows a linear inverse demand rule, as in [6], and is subject to a
permanent market impact depending on the average extracted quantity of the other producers.
It is then given by

, . t 1 M
PtZ = Pto—éﬂé—{f/ NZagdS,
0 j=1

where 8, > 0 are positive constants, and P° is some continuous random process driven by a
Brownian motion W9 independent of W*. The interpretation is that the exogenous price P° in
absence of transaction is independent of the idiosyncratic noises of the producers. We assume
that the filtration generated by the common observation of the process P is equal to the natural
filtration FO of WO,

The gain functional for producer 7 is'

. 00 .y . . opb o X
Jiat, ..., oY) = E[/ e Pt (oszlotZ — nVar(af|W?) — cai(%))dt] ,
0 0
where p > 0 is the discount rate over an infinite horizon. The first term represents the instanta-
neous profit from selling quantity o’ at price P, the second term penalizes via the non-negative
parameter 7 high individual variations of the produced quantity (given the observation of the
process P?) measured by the theoretical (conditional) variance, while the last term C;(a’) =

cal %U;Xiz, with ¢ > 0, represents the cost of extraction. In the beginning, this cost is negligible,

0
and increases as the reserve is depleted. Notice that we assume that the constants ¢ and n are
the same for all the producers i, i.e., the producers are indistinguishable.

"'We thank René Aid for insightful discussions on this example.

24



We consider a social planner who imposes the same feedback control policy for all the pro-
ducers of = a(t, X}, (P9)p<s<t) for some measurable function a on Ry x R x C'(R;;R), and
look for a Pareto optimality among all the producers. This means that, in contrast with Nash
equilibrium where the producers act strategically, i.e., each control is perturbed one at a time,
here, we focus on a cooperative equilibrium where all the controls are perturbed simultaneously.
From the theory of propagation of chaos, the individual level of reserve X* and price process
P, i =1,...,N, become independent and identically distributed, conditionally on P°, when
N goes to mﬁnlty, with a common distribution given by the law of the solution (X, P) to the
stochastic McKean-Vlasov equation

{ dXt = —O[tdt‘l‘O'Xtth,

1
P, = P?—6a;— EfJE[oz5|W0]ds (51)

for some Brownian motion W independent of W°, and where oy = a(t, Xt, (P9)o<s<t), t > 0.
We are then reduced to the problem of a representative producer with initial reserve xy > 0,
dynamics of level of resource X as in (51), controlled by the extracted quantity a, and selling
price P asin (51). Her objective is to maximize over o € A, i.e., the set of R-valued progressively
measurable process w.r.t. the natural filtration of (W, W), the gain functional

J(a) = E[/OOO e Pt (atPt — nVar(a [ W) — cat(m;oXtht].

By noting that E[X;|W°] = zg — fOtE[aS]WO]ds, so that P, = P — Say — e(zo — E[X3|WY]), we
see that we are in the framework of Section 6 with d = m = 1 (one-dimensional state variable
and control) in the common noise case of Remark 5.5, and the coefficients in (33) and (35) are
given by:

C=-1, D=0, N=6+n N+N=34,

[—_ C pyfo ctem o cten- B
21‘0 2.2120 2

while the other coefficients are identically zero. Notice that (H;); is a random FY-adapted
process. Under the following assumptions

[o@)
/ R[] PY|2]dt < oo, p> o (52)
0

it is clear that (H1’) and (H3’) hold true (for the condition in (H3’), we can omit the factor
2, see Remark 6.2). The equations for K and A read as

(K+55-)°
T O 02>K = 0, (53)
(A +4QCJ§§§ )?
—20 " 4 pA-0’K = 0.
Notice that condition (H2’) is not satisfied. However, we have existence of a solution (K, A) to
K+ ctexq
(53) such that K, := 6+2;0 >0, Ae := —"2— > 0, and given by
o o *(p702)+\/(p 02)? +20W .
no= 2 _ ’ (54)
_p+\/p2+2p(c+axo)+20 K
Ae = o > 0
) - 2 .

The (linear) BSDE for Y is written as

A
Yy = [(p+ 8~ (et exo — B)]dt + z70aw?, t>o,
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whose solution is explicitly given by
[e'S) 0_ ._
Y, = _E[/ AEe%pM»(yﬂwdS‘fﬂ, £ 0.
¢

It clearly satisfies condition (H4’) from the square integrability condition (52) on PY. We also
notice with Remark 6.5 that the condition in (H5’) here writes as p > o2, which is satisfied.
By Theorem 6.6, the optimal control is then given by

af = Ky(X; —E[X; W) + AE[X; W]
+ % (Pto - / Ace=(PHAIG=OR PO FOds — (¢ + exq)
t

+ )
p Aa

plc+em) 1—e i
26 Ac(p+Ao)

E[X WO = zpe At 4 (55)

1

t [e%}
L (PSO - / Aee—(P+As)(u—5)E[P3|}"t0]du> ds, t>0.
25 J,

S
Suppose that the price P? admits a stationary level in mean, i.e., E[P] converges to some
constant p when ¢ goes to infinity: p is interpreted as a substitute price for the exhaustible
resource. In this case, it is easy to see from (55) that the optimal level of reserve also admits a
stationary level in mean:

lm E[xy] = Aerero—p oo

t—o0

20Ac(p + Ac)

From straightforward algebraic calculations on (53), we have:

K,+p c
20 A = o TE s 52
(p+Ae) P5+Kn+p_02(P U)xo’
and thus
1 D
Too (1- )zo (56)
ciigo + ctexo )‘77 c+ €X0

with A, = ”;—‘2’2% € (0,1). The term ¢+ exq is the cost of extraction for the last unit of
resource. When it is larger than the substitute price p, i.e., the Hotelling rent H, := p—c—exg
is negative, this ensures that the average long term level of reserve Z, is positive, meaning that
there is remaining resource when switching to the substitute good.

One can study the sensitivity of ZToo = ZToo(n,€) w.r.t. the intermittence parameter n and
permanent market impact . When the Hotelling rent H, is negative, and noting that K, is
decreasing with 7, and so ), is increasing with 7, we see from (56) that Zo, is decreasing with
n, and

Too N\ :vo(l—c+p€x0), as n / oo.

On the other hand, for fixed 7, we easily see from (56) that

N 1 P A
il_r)r[l)xoo = )\—nxo(l—z), and Ell)rgoxoo = x9.

Finally, notice that the existence of a stationary level of resource in mean implies that lim;_,~ E[c}]
= 0. In other words, one stops on average to extract the resource in the long term.
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8 Conclusion

In this paper we propose a weak martingale approach to solve linear-quadratic McKean-Vlasov
stochastic control problems. In particular, we allow some coefficients to be stochastic. We
first consider finite-horizon problems, characterizing the value function and the optimal control
through a suitable system of BSDEs and ODEs. Precise conditions are set on the coefficients,
ensuring that such a system admits a unique solution. We then extend the results to the case
where several Brownian motions and a common noise are present. Infinite-horizon problems
are also considered. In this case, additional conditions are required to the coefficients of the
problem. We finally provide a detailed example from mathematical finance.
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