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In this paper, we consider the Weak Treﬀtz Discontinuous Galerkin (WTDG) method, which enables
one to use at the same time the Finite Element Method (FEM) or Variational Theory of Complex
Rays (VTCR) discretizations (polynoms and waves), for vibration problems. It has already been
developed such that the FEM and the VTCR can be used in diﬀerent adjacent subdomains in the
same problem. Here, it is revisited and extended in order to allow one to use the two discretizations
in the same subdomain, at the same time. Numerical examples illustrate the performances of such
an approach.
Keywords: Hybrid methods; Treﬀtz methods; discontinuous Galerkin methods; VTCR; FEM.

1. Introduction
Today, the numerical simulation has become indispensable to analyze and optimize the
problems in every part of engineering processes. Based on the piecewise, continuous polynomial approximation, the standard Galerkin Finite Element Method (FEM)1 is a wellestablished method which is commonly used for the analysis of time-harmonic dynamic
problems. However, it suﬀers from the pollution eﬀect.2 As a consequence, when the wave
number is increased, the meshes need drastically to be reﬁned. This leads to ineﬃcient calculations for problems when the medium and the high frequencies are considered. As the
FEM is based on polynomial approximations, the problem cannot fundamentally be solved.
Other approaches have been developed in order to alleviate this problem, namely the
Treﬀtz approaches.3 They are based on the use of exact approximations of the governing
equation. Such methods are, for example, the partition of unity method,4 the ultra weak variational method,5,6 the least square method,7,8 the plane wave discontinuous Galerkin methods,9 the method of fundamental solutions10,11 the discontinuous enrichment method,12,13
the element free Galerkin method,14 the wave boundary element method15,16 and the wave
based method.17,18 The Variational Theory of Complex Rays (VTCR), ﬁrst introduced in
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Ref. 19, belongs to this category of numerical strategies which uses waves in order to get
some approximations for vibration problems. It has been developed for 3D plate assemblies
in Ref. 20, for plates with heterogeneities in Ref. 21 and for shells in Ref. 22. Its extensions
to acoustics problems can be seen in Refs. 23 and 24. In opposition to FEM, the VTCR
has good performances for medium frequency applications, but is less eﬃcient for very low
frequency problems.
Recently, a new approach called the Weak Treﬀtz Discontinuous Galerkin (WTDG)
method has been introduced.25 It diﬀers from the pure Treﬀtz methods, because the necessity to use exact solution of the governing equations can be weaken. Then it allows one to
couple the FEM (based on polynoms) and the VTCR (based on waves) approximations at
the same time. In the illustrations proposed Ref. 25, the polynoms and the waves approximations where used in diﬀerent adjacent subdomains of a problem. Here, we propose to
mix the approximations in the same subdomains, at the same time. This allow us to give
to the strategy a strong ﬂexibility for engineering problems. Through this paper, it will
be shown that such a mix approach (which uses at the same time the polynomial and
the wave descriptions) presents better performances than a pure FEM approach (which
uses only a polynomial description) or a pure VTCR approach (which uses only a wave
description).
This work is presented as follows: in Sec. 2 we present the reference problem and develop
some fundamental properties of WTDG. In Sec. 3, we propose some numerical examples to
illustrate the strategy. Conclusions are drawn in Sec. 4.

2. The Weak Treﬀtz Discontinuous Galerkin Method
2.1. The reference problem
The reference problem to solve is illustrated in the context of Helmholtz problem, which
can be applied into acoustic vibration problems. Let us consider the domain Ω with the
boundaries ∂Ω = ∂1 Ω ∪ ∂2 Ω, where ∂1 Ω corresponds to the boundary where Dirichlet
conditions are prescribed, and ∂2 Ω corresponds to the boundary where Neumann conditions are prescribed (see Fig. 1). The following problem is considered: ﬁnd u ∈ H 1 (Ω)

gd

∂1 Ω
∂2 Ω

ud
rd
ΩE
Ω

Ω

ΓEE
ΩE

Fig. 1. Left: Deﬁnition of the computational domain Ω. Right: Deﬁnition of the subdomains of Ω.
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such that
(1 + iζ)∆u + k2 u + rd = 0

over Ω,

u = ud

over ∂1 Ω,

(1 + iζ)∂n u = gd

over ∂2 Ω,

(1)

where ∂n u = grad u · n and n is the outward normal. u is the physical variable studied
such as the pressure in acoustics. ζ is the damping coeﬃcient, which is positive or equals to
zero. k is the wave number, which is a real, positive and constant value. ud and gd are the
prescribed Dirichlet and Neumann data. The ﬁrst equation of (1) is the standard Helmholtz
equation. The second and third equations correspond to the boundary conditions.
2.2. The WTDG variational formulation of the reference problem
In order to get an equivalent variational formulation of (1), the domain is divided into
subdomains ΩE with E ∈ E (see Fig. 1). ΓEE  denotes the interface between two subdomains

E and E . ΓEE denotes the interface between subdomain ΩE and boundary ∂Ω. The WTDG
method consists in using the working space U ⊂ H 1 (Ω):
U = {u | u|ΩE ∈ UE },

(2)

UE = {uE | uE ∈ VE ⊂ H 1 (ΩE )}.
The vector spaces associated with U and UE where rd = 0 are denoted by U0 and UE,0 .
Denoting
{u}EE  = (uE + uE  )|Γ



,

[u]EE  = (uE − uE  )|Γ



,

EE

EE

(3)

qu = (1 + iζ)grad u
the WTDG formulation can be written25 : ﬁnd u ∈ U such that




 
1
1


{qu · n}EE  {ṽ}EE  − [q̃v ]EE  [u]EE  dS
Re −ik
2
2
Γ 

E,E ∈E

−
+



EE

E∈E ΓEE ∩∂1 Ω



E∈E ΓEE ∩∂2 Ω

−


E∈E ΩE

q̃v · n (u − ud )dS +


E∈E ΓEE ∩∂1 Ω

α · i · ṽ (u − ud )dS

(qu · n − gd )ṽdS


(div qu + k2 u + rd )ṽdΩ

= 0 ∀ v ∈ U0 ,

where α is a parameter strictly positive to enforce the boundary Dirichlet condition.

3
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As one can see, there is no a priori constraint on the choice of the spaces U and U0 . As a
consequence, one can select polynoms, like in FEM, or waves, like in VTCR, or even both.
This gives to the strategy a very strong ﬂexibility.
2.3. Properties of the WTDG formulation
Let us note that (4) can be written as: ﬁnd u ∈ U such that
b(u, v) = l(v),

∀ v ∈ U0 ,

(5)

where b and l, are u-linear in U and v-(anti)linear in U0 . b is such that b(u, u) is real.
Property 1. For u ∈ U0 , we have



kζ
grad ũ · grad udΩ +
b(u, u) =
ΩE

E∈E

Proof.



b(u, u) = Re −ik




E∈E ∂ΩE

E∈E ΓEE ∩∂1 Ω

(qu · n)ũdS −


E∈E ΩE

div qu ũdΩ +

kαuũdS ≥ 0.



(6)


αiuũdS

.

E∈E ΓEE ∩∂1 Ω

(7)
Consequently,
b(u, u) =


E∈E


kζ
ΩE

grad ũ · grad udΩ +



kαuũdS.

(8)

E∈E ΓEE ∩∂1 Ω

From Property 1 it can be deduced that if b(u, u) = 0, then u is equal to zero over
∂ΩE ∩ ∂1 Ω. It is a piecewise constant within subdomains ΩE , E ∈ E and is not equal to
zero. To keep the uniqueness of the solution, condition (P) is introduced to be satisﬁed by
the shape functions which belong to U0 .
Condition (P). Let aE ∈ UE be a piecewise constant function within subdomains E ∈ E.
aE satisﬁes condition (P) if







 
(qv · n)ãE  dS  = 0 ⇒ aE = ±a,
(9)
∀ v ∈ U0 , ∀ E ∈ E, Re−ik 


∂ΩE

E,E ∈E



where E is a subdomain sharing a common boundary with E. And let us take the convention
aE  = −aE over ∂ΩE ∩ ∂Ω.
Property 2. If U0 satisﬁes condition (P) and if ζ is positive, the WTDG formulation (4)
has a unique solution.
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Proof. Existence of solution is evident. And suppose (4) has two solutions u1 and u2 .
v = u1 − u2 ∈ U0 and



kζ
grad ṽ · grad vdΩ +
kαvṽdS = 0.
(10)
b(v, v) =
E∈E

ΩE

E∈E ΓEE ∩∂1 Ω

It can be observed that vE = aE with E ∈ E, where aE is piecewise constant within
the subdomains and aE = 0 in the subdomains sharing a common boundary with ∂1 Ω.
Back-substituting this result into (4), one also ﬁnds b(v, v ∗ ) = 0 ∀ v ∗ ∈ U0 , which leads to



 
(qv · n) ãE  dS  = 0.
(11)
∀ v ∗ ∈ U0 , Re−ik 
E,E  ∈E

∂ΩE



Equation (11) corresponds to the condition (P), where E represents a subdomain sharing
a common boundary with E, with the convention aE  = −aE over ∂ΩE ∩ ∂Ω. Consequently,
aE = ±a ∀ E ∈ E. Moreover, given that aE = 0 over ∂1 Ω, we have a = 0.
Property 3. If UE is the combination of solution spaces of FEM and VTCR, then the
condition (P) is satisﬁed, and
u2U0 = b(u, u) + γ 2 (u)

(12)

is a norm over U0 , with the deﬁnition
U E,0 = {u|u ∈ VE , u = CE · XE },

(13)

where CE is constant over ΩE and XE is the position vector relative to the center of inertia
of element E. U 0 denotes the associated space deﬁned over Ω of U E,0 . And for u ∈ U0 the
deﬁnition of quantity γ is introduced as
γ(u) = sup b(u, v)/||Cv ||L2 (Ω) ,

(14)

v∈U 0

where Cv corresponds to the vector CE of v according to (13).
Proof. To demonstrate that condition (P) is satisﬁed, let us take aE ∈ UE , E ∈ E a
piecewise constant. Since UE is the combination of FEM and VTCR, u could be any linear
combination of polynoms and wave functions. Therefore when u = aE a piecewise constant,
u could only be the polynomial function of order 0. Let us note that ∀ E ∈ E aE  = βE

(βE constant over ΩE ) for any subdomain E sharing a common boundary with E. Let
us introduce zE = βE + aE . zE is continuous because zE|Γ  = aE  + aE = zE  |Γ  . It
EE
EE
follows that z is constant over Ω. Since z is zero over ∂Ω, z = 0 over Ω and βE = −aE .
Consequently, aE can be only the values of +a or −a, a being a constant over Ω.
To demonstrate that ||u||2U0 is a norm over U0 , let us consider that u2U0 = b(u, u) +
γ 2 (u) = 0. It follows that b(u, u) = 0 and γ(u) = 0. From (8) it can be obtained that
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u|ΩE = aE is constant over ΩE and that u = 0 over ∂1 Ω. Then γ(u) is equal to





1
Re−ik 
(qv · n)ãE  dS  = 0.
γ(u) = sup
||C
||
v L2 (Ω)
∂ΩE
v∈U 0


(15)

E,E ∈E

Since condition (P) is satisﬁed, it can be derived that uE = ±a, a being a constant over Ω.
Finally from u = 0 on ∂1 Ω, one gets u = 0 over Ω.
2.4. Implementation of the WTDG method
As said before, we here seek the approximation solution as a sum of traditional FEM shape
functions and traditional VTCR shape functions. As a consequence, we can write

Nj


U = u ∈ L2 (Ω) : u(x)|Ωj =
λnj ϕnj (x)

nj =1

Mj


Amj eikdmj ·x , λnj ∈ C, Amj ∈ C, j = 1, . . . , ns ,
(16)
+

mj =1

where ϕn correspond to the standard, continuous piecewise polynomial FEM shape function,
associated to the unknown degree of freedom λn , and eikdm ·x is the standard wave VTCR
shape function, associated to the unknown degree of freedom Am (dm is the unitary vector
deﬁning a direction of propagation of wave).
As a consequence, after back-substituting (16) into (4), we get the matrix problem
    

λ
LF
KFF KFV
·
=
,
(17)
KVF KVV
LV
A
where KFF and KVV are the matrix blocks of pure FEM part and pure VTCR part,
respectively. KFV and KVF denote the matrix blocks of couple terms of FEM and VTCR.
λ and A are the unknown degrees of freedom to be found. The terms of KFF are calculated
by the Gauss integration. The KVV , KFV and KVF terms are calculated through analytical
calculations. The exponential form of the VTCR shape functions allow one to do this, at
least on straight line boundaries. On the seldom cases where the boundaries are not straight,
these terms are computed through numerical computations.
3. Numerical Examples
3.1. Homogeneous Helmholtz problem with variation
of scales in the solution
The domain being considered is the square Ω = [0 m; 0.5 m] × [0 m; 0.5 m] The prescribed

boundary conditions are such that the exact solution is uexact = 5j=1 exp(ik(1 + iζ)−1/2 (x ·
cos(θj ) + y · sin(θj ))) with θ1 = 5.6◦ , θ2 = 12.8◦ , θ3 = 18◦ , θ4 = 33.5◦ , θ5 = 41.2◦ and
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0.5m

0.5m

Ω

Fig. 2. Example considered in Sec. 3.1. Left: Deﬁnition of domain. Middle: VTCR wave directions discretization. Right: FEM mesh reﬁnement.

ζ = 0.0001. We satisfy Eq. (1) with k which varies from 5 m−1 to 72 m−1 . This example is
interesting, because it covers diﬀerent scales (from slow varying scale with k = 5 m−1 to
fast varying scale with k = 72 m−1 ) for the same model of problem, in the solution. It can
be seen from this example how the WTDG method works from lower frequency problem to
medium frequency problem. This deﬁnition of the problem and the discretization strategy
can be seen in Fig. 2.
The WTDG strategy is used to ﬁnd an approximation of uexact . The WTDG formulation (4) is applied with Dirichlet boundary condition with α = 0.0001. For the FEM
part, we use a regular squared mesh with a polynomial discretization of degree 1. The discretization uses 10 elements per wave length. For the VTCR, we use a 2D regular polar
repartition of the directions of the waves in Ω. The discretization strategy complies with
a geometrical heuristic criterion: Ne = δkRe /(2π), where Ne is the number of directions
of waves, δ a parameter to be chosen24 and Re is the characteristic radius of Ω. Here we
take δ = 10. The convergence
is assessed by computing the relative
of the WTDG strategy

2
2
error |uexact − u|/|uexact | =
Ω |uexact − u| dΩ/ Ω |uexact | dΩ. We compare the pure FEM
approach (which uses only a polynomial description), the pure VTCR approach (which uses
only a wave description) and the WTDG approach (which uses at the same time the polynomial and the wave descriptions). Each time, the comparisons are done with a WTDG which
is based on the same discretization than the pure FEM or the pure VTCR. The convergence
curve is represented in Fig. 3.
As one can see, the WTDG presents a better behavior than the pure FEM or the pure
VTCR. The pure FEM suﬀers from a lack of accuracy when the frequency becomes to be
too high. The pure VTCR is not so eﬃcient in the low frequency domain. This shows the
beneﬁts of using the WTDG method for ﬁnding the solution for low and medium frequency
problems with the same descriptions, at the same time.
The convergence of the WTDG method depends on discretization strategies of both
polynomial and wave shape functions. A study has been made to see how the discretization
strategy of wave shape functions aﬀects the performance of the WTDG method. With the
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Relatif Error with evolution of wave numbers

0

10

FEM
VTCR
WTDG
−1

Relative Error of energy

10

−2

10

−3

10

−4

10

0

10

1

10
Evolution of k

2

10

Fig. 3. The convergence curves for the example of Sec. 3.1. The FEM curve corresponds to the solution
obtained with a pure FEM discretization explained in Sec. 3.1. The VTCR curve corresponds to the solution
obtained with a pure VTCR discretization explained in Sec. 3.1. The WTDG curve corresponds to the
solution obtained with an enrichment of the FEM shape functions with waves, according to the WTDG
strategy explained in Sec. 2.4.

model of the same computational domain and the same boundary condition deﬁned in
this section, we take k = 25 m−1 . Seven diﬀerent discretization strategies of wave shape
functions have been used to draw the convergence curves of the WTDG method as Fig. 4
shows. For each discretization strategy of wave functions, increasing of degree of freedoms
of polynomial functions leads to convergence of the WTDG method. As one can see, for a
ﬁxed number of waves, the curves converge when the number of polynomial shape functions
is increased. It can be seen that when using the same degree of freedoms of polynomial
functions, enrichment of wave functions used in WTDG leads to more precise result. For
the VTCR method, 32 wave shape functions are suﬃcient to have a precise simulation result
in this problem. So here the convergence curve of FEM with 32 VTCR waves locates always
in a zone of good precision.
3.2. Nonhomogeneous Helmholtz problem with two scales in the solution
We now consider the Helmholtz problem deﬁned on Ω = [−0.5 m; 0.5 m] × [−0.5 m; 0.5 m],
with k = 100 m−1 , θ1 = 30◦ , θ2 = 82◦ , rd = (k2 − ke2 ) exp(ike (1 + iζ)−1/2 (cos θ2 · x +
sin θ2 · y)), ke = 10 m−1 and ζ = 0.0001. We prescribe the boundary conditions such
that the exact solution is uexact = exp(ik(1 + iζ)−1/2 (cos θ1 · x + sin θ1 · y)) + exp(ike (1 +
iζ)−1/2 (cos θ2 · x + sin θ2 · y)). This example is again interesting, because it corresponds
to a nonhomogeneous Helmholtz problem with two scales in the solution (slow varying
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Relatif Error with evolution DoFs of FEM

0

10

−1

Relative Error of energy

10

Only FEM
FEM with 4 VTCR waves
FEM with 8 VTCR waves
FEM with 12 VTCR waves
FEM with 16 VTCR waves
FEM with 20 VTCR waves
FEM with 32 VTCR waves

−2

10

−3

10

−4

10

−5

10

0

10

1

2

10

10

3

10

DoFs of FEM

Fig. 4. The convergence curves for the example of Sec. 3.1. For each convergence curve, a ﬁxed number of
wave directions of VTCR part is chosen in WTDG strategy. The degree of freedoms of FEM part is varied
in order to attain the convergence.

scale with ke and fast varying scale with k). The exact solution uexact is represented in
Fig. 5.
We here consider the WTDG method, used with Dirichlet boundary condition with
α = 0.0001. We mix the polynomial and wave shape functions. As we expect here that the
polynomial shape functions help us to ﬁnd the slow varying scale, and that the waves recover
the fast varying scale, we consider a regular squared mesh with a polynomial discretization
of degree 2, and 2 waves, propagating in the 30◦ and 210◦ directions. The FEM descriptions
uses 10 elements per wave length to simulate the slow varying scale. The exact solution of
fast varying scale is taken directly as shape function of VTCR part. There is no need to
add more shape function to simulate the fast varying scale. With such a choice, the solution
given by the wave description, denoted uVTCR and the polynomial description, denoted
uFEM is depicted in Fig. 5.
The comparison between the exact and the WTDG solution is represented in Fig. 6.
According to the deﬁnition of the error in Sec. 3.1, the error is here 4.48 × 10−5 . As one
can see, the WTDG method is able to recover the exact approximation with a very good
accuracy and adopts the scale of the approximation to the physics of the problem.
3.3. The WTDG method applied with diﬀerent types of approximations
We ﬁnally consider the computational domain deﬁned in Fig. 7. This L shape domain is
ﬁlled with a ﬂuid with k = 30 m−1 and ζ = 0.0001. The boundary conditions are such
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1m

rd
θ2
1m

Fig. 5. Example considered in Sec. 3.2. Up left: Deﬁnition of the computational domain. Up right: Exact
solution uexact . Down left: Representation of the fast varying scale result simulated by VTCR part uVTCR .
Down right: Representation of the slow varying scale result simulated by FEM part uFEM .

Fig. 6. Example considered in Sec. 3.2. Left: WTDG solution uapprox . Right: Exact solution uexact .
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FEM
0.3

m

VTCR
0.2 m

Hyrid of FEM and VTCR

1m

Fig. 7. Example considered in Sec. 3.3. Left: Computational domain Ω. Right: Selected discretizations in the
subdomains.

that the exact solution is uexact = exp(k(1 + iζ)−1/2 · cos( π3 )x + k(1 + iζ)−1/2 · sin( π3 )y) +
exp(k(1 + iζ)−1/2 · sin( π3 )x + k(1 + iζ)−1/2 · cos( π3 )y).
On this example, we use diﬀerent kinds of approximations: even a pure FEM approximation, or a pure VTCR approximation, or a mix between polynomial and wave shape functions
(see Fig. 7). The formulation of Discontinuous Galerkin method allows this possibility. This
example diﬀers from the one given in Ref. 25 by the fact that here, in one subdomain of Ω,
we mix the approximations. In order to be sure to have a good approximation, we select 20

Fig. 8. Example considered in Sec. 3.3. Left: WTDG solution. Right: Exact solution.
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elements of degree 1 per wave length for the FEM description, and δ = 14 for the VTCR
description. The WTDG uses δ = 17 for the wave approximations and 6 elements of degree
1 in the subdomain. Again, Dirichlet boundary conditions with α = 0.0001 allow us to
prescribe uexact on the boundaries of Ω.
The exact solution and the WTDG solution are depicted in Fig. 8. As one can see, the
solutions are very closed. This is because the formulation of weak Treﬀtz Galerkin method
allows the couple using FEM and VTCR and their hybrid. According to the deﬁnition of the
error in Sec. 3.1, the error is here 2.187 × 10−2 . It can be deduced from this example that all
combinations of methods such as pure FEM, pure VTCR, hybrid of FEM and VTCR can
be integrated together in one complex geometry problem. In each subdomain the concrete
method can be chosen depend on speciﬁc requirement of engineering problems.
4. Conclusion
This paper proposed an hybrid use of FEM and VTCR thanks to the Weak Treﬀtz Discontinuous Galerkin method. It is illustrated on the Helmholtz problem. The WTDG method
allows one to use a combination of traditional FEM shape functions and VTCR shape
functions. It is based on a variational formulation which is equivalent to the reference problem. All the conditions such as the governing equation, the transmission continuity and the
boundary conditions are included in the formulation. No a priori constraint is needed for
the deﬁnition of the shape functions that are used. As a consequence, any shape function
can be used, with no diﬃculty. It gives then to the WTDG method a great ﬂexibility, as
the used can select polynomials or wave shape functions (or a combination of them) very
easily in the approximated space, with no restriction. It is successfully illustrated on different examples of diﬀerent complexity, homogeneous or not, with sometimes two scales in
the solution. An extension to vibro-acoustic problems would present no particular diﬃculty
and will be addressed in future works.
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