\

OPE for XXX

Philippe Di Francesco, Fedor Smirnov

» To cite this version:

Philippe Di Francesco, Fedor Smirnov. OPE for XXX. Reviews in Mathematical Physics, 2018, 30
(6), pp.1840006. 10.1142/S0129055X18400068 . hal-01639490

HAL Id: hal-01639490
https://hal.science/hal-01639490

Submitted on 11 Apr 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01639490
https://hal.archives-ouvertes.fr

arXiv:1711.04123v1 [hep-th] 11 Nov 2017

OPE FOR XXX

PHILIPPE DI FRANCESCO AND FEDOR SMIRNOV

In memory of Ludwig Dmitrievich Faddeev

ABSTRACT. We explain a new method for finding the correlation functions for the XXX
model which is based on the concepts of Operator Product Expansion of Quantum Field
Theory on one hand and of fermionic bases for the XXX spin chain on the other. With
this method we are able to perform computations for up to 11 lattice sites. We show
that these “experimental" data allow to guess exact formulae for the OPE coefficients.

1. INTRODUCTION

This paper deals with the isotropic Heisenberg spin chain. However, even dealing with a
lattice model, it is important to have in mind certain general ideas coming from Quantum
Field Theory (QFT). One of them is the operator product expansion (OPE).

Suppose for a given QFT we know a complete set of local operators O;(x). Then for
small z we have an expansion

0i(2)0;(0) = CF;()0x(0) .
k

We take the OPE quite symbolically leaving aside the necessity of time ordering, the
convergence issues etc. An important feature of the OPE is that it is defined only by the
short distance, ultra-violet (UV) nature of the theory. The infra-red (IR) environment
becomes relevant when the correlation functions are computed. In the OPE approach, it
enters through the one-point functions only:

(11) <OZ('T)O](O)>CHV = ZCSJ(I)@k(O))enV

A first serious problem concerning the application of OPE consists in finding a conve-
nient way to enumerate the local operators. It is well known that in a two-dimensional
conformal field theory (CEFT) they correspond to representations of the Virasoro algebra.
A less known example is provided by the sine(h)-Gordon model for which there exists
a fermionic basis for the local operators where all the one-point functions are expressed
as determinants [1, 2]. In the UV limit the relation of the fermionic basis to the Vira-
soro basis is known, and this allows in principle to apply Perturbed CFT methods to the
computation of the two-point functions.

On the other hand, let us imagine a situation when for a large number of IR environ-
ments the one-point functions and two-point functions are known. Then the relations
(LI) provide equations for the coefficients of the OPE. One can dream that these equa-
tions could be sufficient to entirely fix all the coefficients of the OPE. For the moment this
program does not look realistic for the QFT. However, we shall show that it is applicable
to integrable lattice models.

Generally, the OPE does not depend on the IR environment. However, one can consider
classes of IR environments possessing certain symmetries. For example, they can respect
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translational invariance. In this case the spatial derivatives of one-point functions vanish,
and we can drop them in the right hand side of the OPE. We shall deal with much wider
symmetries of this kind, and write the OPE modulo symmetries as

0i(2)0;(0) = > CF;()0k(0).

Certainly, the symmetries in question will have to be carefully implemented. They can
be not only continuous, but also discrete ones, like C-symmetry for instance.

In this paper we shall consider the celebrated isotropic Heisenberg magnet (XXX spin
chain) with the Hamiltonian

o
H= Y hjj, hjj=30l08, —1),
j=—00
with usual notations for Pauli matrices o§ at site j, and where summation over repeated
indices is always implied. For some technical reasons which will be explained later we
consider the two-point functions of sly-invariant operators. The examples will be oo
and h172hN—1,N-

We consider the correlation functions with arbitrary Matsubara data which will be
introduced in the next section. This is a quite general situation which includes important
physical applications: zero-temperature anti-ferromagnet, (anti)-ferromagnet with non-
zero temperature and magnetic field or even the case of generalised Gibbs ensemble. All
these cases correspond to choosing certain special Matsubara data and taking limits for
them.

The set of local operators in the lattice analogue of OPE is expressed via the fermionic
basis. Crucial to our study are the cases with simple Matsubara data. For these the
one-point functions are computed as determinants and there is an efficient procedure for
computing the two-point functions using the quantum inverse scattering method (QISM)
techniques [3, 4] [5]. This allows to obtain an over-determined system of equations for the
OPE coefficients. We check that these systems have solutions up to N = 11 and compute
all the OPE coefficients. These coefficients can now be used for any Mastubara data.

It will be very interesting to guess general formulae for the OPE coefficients from our
“experimental" data. This part of the work is still under way, but we shall present here
some preliminary results.

The paper is organised as follows. In Section 2 we formulate the problem of computing
correlation functions on a cylinder (Matsubara environment). In Section 3 the fermionic
basis and its restriction to our problem are explained. In Section 4 we present an efficient
computation procedure for small Matsubara chains. In Section 5 we further restrict the
fermionic basis. The results of computations and formulae for some elements of OPE are
given in Section 6.

2. FORMULATION OF THE PROBLEM

Consider the following square lattice wrapped onto a cylinder R x S*

We associate the space C? to each horizontal lattice site (along each of the parallel
circles), and the space C**=T! together with the complex parameter 7, to the m-th site
of the compact Matsubara lattice (along horizontal lines). Denote by 73* the evaluation
representation of the Yangian with the dimension 2s + 1 and evaluation parameter .
Every crossing corresponds to the sl Yangian R-matrix in the tensor product of two

evaluation representations: mj and ﬁfs“ll Jo- Summation is implied over all indices except
m
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FIGURE 1.

the four fixed: €, €9,¢€],€,. We denote the partition function defined by the picture of

Fig.1 by Z:é;é, then the expectation value of o¢c% (correlation function of spins) with
the Matsubara data {Sm, Tm} is defined by

oo 2 — — —
G (N) = 1+~ (Z: 2+ 74 —-2217),

where Z is the usual partition function (without insertions). A similar formula based on
the partition function with four operator insertions (at the sites 1,2, N — 1, N) is easy to
write for the expectation value G"(N) of hi2hn—1n (correlation function of densities of
the Hamiltonian). The Matsubara direction has finite size n while the horizontal (space)
direction is infinite. The latter infinity may cause trouble, so we regularise the horizon-
tal space by assuming it has finite length equal to 2L and imposing periodic boundary
conditions (this amounts to putting our lattice on a torus), and then by finally sending
L — oo.

Let us be more formal. Consider the representation of Yangian mg which is the tensor
product of 2L representations 7i. Consider in addition the representation myy which is

the tensor product of the n representations 7T72_i"ll Jor = 1,2, ...,n. Define
T = (s @ ™v)(R),

with R being the universal R-matrix. Then for any O acting on a small (compared to L)

number of tensor components of the representation space of mg define

. TI"MTI"S (TS MO)
Z(0)=1 : .
( ) L1—I>Iolo TI"MTI”S (TS,M)

This is the more general definition of the functional Z which was introduced earlier in a
particular case.

To the left and to the right of the insertion (see Fig.1) we have products of Matsubara
transfer-matrices

where the trace is taken with respect to the first tensor component. Generically the
transfer-matrix Ty has a single eigenvector |max) corresponding to an eigenvalue 7' of
maximal absolute value. Suppose the operator O is localised on the interval [1, N| (like
on Fig.1). Clearly, because of the limit L — oo

2(0) = T (T mO) [max)

TN (max|max)
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This quantity was actually computed using the fermionic basis in [6]. The computation
is purely algebraic and uses only the fact that |max) is an eigenvector. For that reason
the computation extends to more general quantities of the form

(O] Trp vy (T mO) |9)
TN(W W) ’

with an arbitrary eigenstate |W) with eigenvalue T' of the transfer-matrix Ty;.

(2.1) Z(0,7) =

3. FERMIONIC BASIS

The fermionic basis is defined in [7] for the anisotropic XXZ model with the anisotropy
parameter A = %(q + ¢7'). Taking the limit ¢ — 1 is not a difficult problem. More

importantly, Ref. [7] deals with the quasi-local operators of the form ¢“ Y30, Taking
the limit o« — 0 in this expression is non trivial, and requires some explanation.

In the XXZ case the basic algebraic tool is the quantum affine algebra Uq(sAlg) which
replaces the Yangian used for the XXX case. The main result of [7] is the existence of
creation operators t; (boson), b}, ¢ (fermions) for j = 1,2, --. By acting on the primary

field ®, = ¢* 2j=—=7 these operators create a basis in the space of quasi-local operators
for which the expectation values of the type considered in the previous section are easily
computed. It should be noticed that contrary to the fermions the operators t} are of
rather simple origin, however they make computations much more involved.

In the limit o — 0 the operators b}, ¢} acting on ®, develop simple poles in a. As
a consequence, computing expectation values involves using L’Hospital’s rules. This is
doable, but leads eventually to the doubling of fermions: one has to consider for every
fermion its regular part and residue at & = 0. However, there is a notable exception
of this general picture. The algebra U,(sly) contains two finite-dimensional subalgebras
isomorphic to U,(slz). Consider the operators O commuting with the action of one of
them. In a weak sense (when inserted in expectation values) it can be shown that in
the limit & — 0 these operators are created by the action of regular parts of fermions
only. This is a great simplification. Another nice point is that the operators t* do not
contribute for a = 0.

Passing to the XXX case with o = 0 we assert that the local operators are created by
b}, c;. We use the multi-index notations: for I = {iy,--- ,i,} we define by = b} ---bj |
c; =c; ---c; . We denote by #(I) = n the cardinality of I, and by |I| =3, ;i,. Then
according to previous considerations the invariant operators are contained in the space
o of operators with the basis

(3.1) bicy -1, #(I) = #(J),

I standing for the unit operator. The operator ([B.]) is supported on an interval of length
at most |I| + |J].

It is important to identify among these the operators which are localised on an interval
of length N. The following first two conditions follow for instance from [8]:

(3.2) #(I) < [N/2], max(IUJ)<N.

Moreover, we consider C-invariant operators (invariant under 0§ — —o%). For them it
can be shown that the following additional condition can be imposed:

(3.3) [I| +1]J] =0 (mod 2).
Let us denote the subspace of ), satisfying (3.2), (33) by S’JSN).
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More sophisticated conditions result from the homogeneous limit of the results of [9].
Consider the annihilation operators by, ¢; canonically conjugated to b, ¢}, and annihi-
lating the vacuum. Introduce the operators

m—1
Qm:zcjbm—j7 m:1727’”
j=1

We state that the operators localised on [1, N] are linear combinations of (B.1) satisfying
(3.4) QRn0 =0, m > N.

Due to the second condition in ([B2) for given N we can restrict the values of m in the
above to m < 2N + 1.

The main theorem of [6] states that for #(1) = #(J)
(3.5) Z(bjch -1, ¥) = det (wil”jQ)p,q:L...,#(I) :

where w; ; is an infinite matrix depending on
Matsubara data = {{Sm, Tm }me1, |¥)} -

The exact definition of w; ; will be given in the next section.

In our case (o = 0) the matrix w; ; is symmetric. Since we decided to work in a weak
sense, this imposes additional restrictions. The first of them is obvious: we can consider
the space $)o/t, with ¢+ being the anti-homomorphism b} «» cj. For example, we can
require that I < J in lexicographical order. Another consequence is less trivial. The
following simple example explains that there are linear relations between minors of any
given symmetric matrix:

w13 W14 W12 W14 Wi2 W13 -0

Wa3 Wa4 Wa3 W34 Woa W34

This identity implies that working in a weak sense we can factor out the null-vector
(bibscich — bibscics + bybicict) - 1.

We look for a general formula for such null-vectors. Consider the operator

C = i C:bl s
i=1

and the space $); spanned by bjc’ -1 with #(1) = #(J) + 2. Then the subspace Mt = C'$)s
of the space $)5 consists of null-vectors. Indeed, by taking linear combinations, the formula
B3) can be rewritten as
Z(0,0) =1 0O,

where (2 = ZZ ;jwi jbicj and the left vacuum I* is annihilated by the right action of creation
operators. The fact that 91 consists of null-vectors follows from the commutation of C'
with 2. We do not have a formal proof that belonging to 91 is necessary for a vector to
be a null-vector, but since the computer does not contradict this, we shall assume it is
true.

Let us summarise what we have for the moment. In the weak sense for any local
operator O acting on N sites we have

(3.6) 0= Cava,
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where v, is a basis of the space
2N+1

(3.7) D0 = () Ker (Qilym) -

1=N+1

the dimension of this space is much smaller than the dimension of jﬁéN) /t. We shall see
that it is possible to reduce the space further, but with 84Y) we can already start working.

4. EXPLICIT COMPUTATIONS FOR SMALL MATSUBARA CHAIN

The main goal of this section is to show how to produce a large number of Matsubara
data, and subsequently compute the matrix (w; ;) and expectation values using them.

Suppose we are given some Matsubara parameters 7, Sy, - Ty, Sn. The eigenvectors
|W) are parametrised by Bethe roots (i, -, 8,,. They satisfy the Bethe equations which
are conveniently written in terms of the Baxter function Q(\) = [[jZ,(A — 5)):

(4.1) a(B))Q(B; + 1) +d(B)Q(B; —1) =0, j=1,--,m,
where
aN) =[O =7m—sm).  dN) =[]\ = 7+ sm)-

Recall sy, are given integers, however the subsequent formulae are all analytical in sy,
hence we may consider them as arbitrary complex parameters. Then a(\),d(\) will be
considered as arbitrary monic polynomials of degree n:

(4.2) a(A) = A"+ @AM dA) =AY dAn
j=1 Jj=1

The usual problem of the theory of quantum integrable models is to find solutions to
Bethe equations for the input data

(4.3) input = {ay, - an,dy, - -dn}.

Now solving the Bethe equations we would obtain an equivalent set of parameters to the
previously introduced

(4.4) Matsubara data = {{Tm},{sm}, V} = {61, B, a1, - an,d1, - -dn} .

For certain well-known reason we set m < [n/2].

The main problem here is that the Bethe equations constitute a complicated system of
algebraic equations for 5y, - - - 3,,. But we have to realise that our goal is different from the
usual one. We do not need to find the spectrum for a given chain. Rather we need a stock
of solutions of the Bethe equations in order to obtain equations for the OPE coefficients.
That is why we make the following new choice of input data

(4.5) input = {B1, -, B, Gty * Gy dy, -~ dn} .

The number of continuous parameters is the same, but the unknowns are now ay, - - -, a,,.
Note that for them the Bethe equations are linear. Solving them is easy, and we obtain
as a result some Matsubara data (4.4]).
Given some Matsubara data, we need first of all to construct the infinite matrix w; ;.
The latter is conveniently coded by the generating function
[e.e]
(4.6) w(A, p) = Z N,

h,j=1
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Let us define the latter in the spirit of [10]. Introduce the kernel and “half-kernel" func-
tions:
KN = ——2  HM) =
A1 A=A
and the measure
I SNV SR
S 1+a(N)’ AN -1)

We need an auxiliary function defined by the integral equation

dm(\)

where the contour I goes around the Bethe roots (1, -, 3,, and the point ¢ = u. For
a finite Matsubara chain we have a finite number of Bethe roots for which the equation
above reduces to a linear system for G(f;, ). The function w(\, p) is given by

1 1
WA p) = o— ¢ Hn = NG, p)dm(n) — KA = p),
T J1v 4
with IV containing one more point: 77 = A . It is easy to see that this function is symmetric.
Finally, extracting the coefficients of w(A, p) from (4.6 allows to compute the right hand

side of

(4.7) (O)va = Zoa<voe>Md>

where Md stands for Mastubara data and {v,} is the reduced fermion basis (3.0]).

The left hand side of (7)) is computed by QISM techniques. Let us begin by introducing
the main character of QISM, the monodromy matriz. We use the block decomposition
with respect to the first tensor component

. AN B(
(7T)\®7TM)(:R) = (CE)\% DE)\%) )

with A(A), B(A),C(X), D(X) acting in the Matsubara space. We shall denote A = A(0),

etc. We want to compute
<‘I’|T1"[1,N] (T[l,N],MO) v,

for O located on sites [1, N|. For given Matsubara data we write

(U] = (B, Bl = (L IB(B1) - B(B)
(U) = |81, B) = C(B1) - C(Bw)| 4) -

The normalisation is provided by the Gaudin formula below. Obviously, for given O the
expression Tr (T[l N},MO) is certain linear combination of monomials of A, B, C, D of
total degree N. So, we have to learn how to compute their averages in an efficient way.

We start with the Slavnov formula for the scalar product of the Bethe covector (3, - - - 5|
with an off-shell vector |p1,- -, ) = C(p11) -+ - C(pm)| 1), pt; being arbitrary. The for-
mula is

. 1(@' — pi+1)

(i = 15) TT(B5 — Bi)

i<j i<j

m

@8) BBl ) = [T d8)dlo) 1

J=1

T

det(N),
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where the matrix N has entries

1 1 1
Sl e 31 vy e e e S TRV

The left hand side of (A8)) is by definition a symmetric polynomial of 1, - -, i, hence
the singularities in the right hand side cancel. We shall return to this point later.

The normalisation of the Bethe vectors is given by the Gaudin formula, expressible via
L’Hospital rules from (L8]). Explicitly, we have

(4.9) Buv- Bl B} = T al3)d(3) 1772 o),
j=1 i

where the matrix G has entries

0
Gk’lza—ﬁlbga(ﬁk)’ kE,dl=1,---,m.

We want to compute
<B17 o ﬁm|X1X2 t 'XN‘ﬁlu T ﬁm) )

where X is one of A, B,C,D. We proceed as follows. Start with the Slavnov formula.
Use the following formulae which are easily obtained by methods of QISM. Consider any
Bethe covector (®|. Introduce the notations v(A\) = 1/A, u(\) = v(A) + 1. Provided

.f(,ula"' >,um):<q)|:ula a,um>a

is known for arbitrary puq,- -, tt,, We have
(4'10) <®|A|:u1’ T >:u771> = H u(_:uj)a(o)f(:ula T MUM)
j=1

M-

o) [Tl = pe)alias) s gy pom, 0)

j=1 rj

k k
(4.11) (@Dl ) = [Tut)a @ TT €)1 )
=1 =1

m

Z'U,U] Hu )f(ﬂla"'a,[[jf"’uﬂwo)?
7j=1

T#]
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k k
(412) (@IC 1, i) = (D2 (=) TT =) (e = p15))d(5)

J=1 T#j

k
(1) [T i) (5 = p)dO)alrs) ) S+ s i+ )

T#j
+ 3 (Aalisyo(=pyo(=Nulp; = i) TT wlir = poyuln; = )
j>i r#1,J
o+ alpe) g o (— ) e = ) T o = e = 115))
r#i,j
Xf(,ulu"' ’/1\2.7... Sy ”[[j’... 7,um’0)-
(413) <®|B|,ula >Mm> :f(lu“b ,,Um,O)

Notice that in the last two formulae the number of arguments changes. Using these
formulae we compute inductively

<51, e 'ﬁm|X1X2 e 'XN|M1, e 'Mm> )

and then set p; = 3, j=1,--- ,m.

Our goal is to implement the formulae above on a computer. To proceed fast we
have to avoid symbolic computations as much as possible. The input data are chosen
numerically as a set of random integers from 1 to 10. Still in the procedure described
above we cannot immediately exclude the symbolic variables p;. It has been said that
(Bi, - Bmlp1, -+, ) is a symmetric polynomial in gy, -+, ft,. So are the expressions
(4.10), (413), (4.12), (4.11). However, to arrive at the polynomial form we have to cancel
some singularities by factorizing the expressions in the right hand side. Factorisation
is a time consuming operation, it should be ultimately avoided. Actually, looking at the
Slavnov formula one realises that it can be easily rewritten as a sum of Schur polynomials.
Then with some effort one rewrites the right hand sides of (A10), (4I13), (EI12), (£11)
as operators acting in the basis of Schur polynomials (indexed by Young diagrams). In
this way we completely eliminate time-consuming symbolic computations. In fact acting
in the space of Young diagrams can be made very fast.

5. FINAL RESTRICTION OF THE NUMBER OF VARIABLES

Now for any given input data we construct the full Matsubara data which allow to
compute, as explained in the previous section, the quantities (O)yq and (v4)mq in the
main formula (Z.7).

We start with O = ofof,. It is interesting that in order to fix C, up to N = 4 we
do not need to resort to non-trivial excited states ¥ in the Matsubara data to fix the
coefficients. Thus for N = 4, absolutely trivial computations give results allowing access
to the correlation functions in any environment. For N = 5 we need one one-particle
state U. Starting from N = 8 a few two-particle states are needed. We always take more
Matsubara data than the number of unknowns, so that the systems of equations to solve
for C,, are overdetermined. The compatibility of all these equations is an important check
of the validity of our procedure.

We computed up to N =9, and going further was very hard. However, analysing the
results we made the following important observation. Decompose the operators v, in the
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fermionic basis to rewrite

OEZDLJ bi;Cik]I
1,J

A priori I, J are only lexicographically ordered, but we observe that the coefficients Dy ;
vanish unless

ipéjpa p:1a7#(l)
We shall write I < J.

We want to reduce the number of unknowns using this observation. The naive idea
consists in repeating the procedure of Section [3] starting with the subspace 5(()]\7) spanned
by bjc’ -1 satisfying (3.3), (82) and I < J. However, the resulting space (3.7)) would be
too small, there would be no solutions to the equations for C',. More careful consideration

and further experiments show that the correct choice is the subspace B of 5((]N) such

that
2N+1

m Im (Qi]gew) € N
i=N+1
This results in a drastic reduction of the dimension of the space. The dimensions up
to N = 12 are given in the table below.

N 2|3 4| 5| 6 7 8 9 10 11 12
dim(H§™) [ 11311 ]26 |99 | 253 | 1038|2816 | 12041 | 34062 | 148630
dim@™) | 12] 612 31| 79| 178 | 434 | 1141 | 2946 7888

6. RESULTS AND CONJECTURES

We computed the OPE coefficients for oo, and hyshy_1n up to N = 11. Starting
from N = 7 the data becomes too large to be presented here, they are available upon
request.

With the OPE coefficients at hand we can compute the correlation functions for any
Matsubara data, as well as the corresponding matrix w;; or equivalently the function
w(A, 1). In particular, for the anti-ferromagnet at zero temperature and zero magnetic
field we have

wQJQ:—%+ng@}+§¥A—m%<%@k+1X1—?ﬂj—%)

Let us present the numerical values for G??. Up to N = 8 they are known from [I1], so,
we use the normalisation of this paper G (N) — G??(N)/12 to simplify the comparison.

=

G7 (N)/12
~0.147715726853315103139077
0.0606797699564353014934941

~0.0502486272572352479503031
0.0346527769827281656556506
~0.0308903666476093257628751
0.0244467383279589065417695
~0.0224982227633722183770086
0.018973416958732107 7494075
~0.01777510646046 79461357958
0.0155478493216075886422179

= OO0 | O O = W N

—_ =
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The last two values are already in a good agreement with the asymptotic formula of [12].
We can proceed with computations for finite temperature and other Matsubara envi-
ronments, however, the most interesting applications of our “experimental" data consists
in trying to guess general structure of the OPE coefficients. We have some incomplete
results in this direction which we expose now.
Consider the decompositions

I<J
hhy_1=> D (N)bjch - 1.
I<J

A first question which we would like to address is the behaviour of the coefficients as
functions of N. The experimental data show that they are polynomial in N of degrees

(6.2) 77 =3I+ |J]) +#() - dity = 3(1I| + |J]) + #(1) -
Moreover, in these polynomials not all the coefficients are independent, we find that they
are of the form

aze, i,
' N -2 - N —14
o3 o= Y xzm(Y 7). oo = (YY)
s:l"‘} s:l?f]

The lower limits [9%, [}"; are rather subtle. Lower bounds for them are
ZI7J2maX(J)—2, 1 > max(J) — 4.

These estimates show that the coefficients vamsh if max(J) goes far from the rest of
elements of I U J. However, if two elements of J become large no vanishing happens.
There are some additional simple reason for the coefficients to vanish which will be clear
from examples below. In certain cases we were even able to make general conjectures for
the coefficients. Let us present them.

We begin with the simple case of X7 ; (coefficients in (6.3)) for the two-fermion case
with I = {k — p} and J = {k + p}. In that case we have 3 — p < 3 terms in our formula.
Since the space I is empty for the zero fermion case we have for any s

(6:4) > X fiphtint = 0

p
In particular, for s = k — 2 there is only one term in this sum. Hence X7, oy = 05
this is the above mentioned additional reason for coefficients to vanish. For nontrivial
coefficients it is easy to guess from our data that

_ 2 1 (1
XV %oy hepy = 2(=1)P7 ((p) +2(p)) o X ey ey = 2(—1)P 1(]9) -

Both coefficients vanish for p > 2 in agreement with the previous explanation.

It so happens that all the two fermions contribution to G"(N) vanish. The next
simplest case is that of four fermions contribution. For that case we use for the sets
I ={k—p,i}, J={k+p,j} fori+jevenand I = {k—p,i}, J={k+p+1,;} for
i+ 7 odd. For fixed i, 5 we shall vary k and p within the obvious limits. Non-vanishing
coefficients X" for some (k, p) correspond to boxes in a triangular array (see Tab. I for
i = 1,7 = 1). The vertical and horizontal sizes of the array are equal to S = [””} + 3.
Counting the rows by p = 0,--- ;5 — 1, and the columns by r = 0,---,5 — 1, then let
s=r+k—4foriv+jeven and s = k +r — 3 for i + j odd. Forgivenz',jwe shall
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simplify notations: define X, ,(k) := Xsh,f{Lk—p,l},{k—i-p,l} with r and s related as explained.
Sums over columns equal zero for the same reason as explained above, so, we do not write
down X, ,(k). Notice, in particular, that X, o(k) = 0.

We start from the simplest case ¢ = j = 1. Non-vanishing coefficients correspond to

boxes in the table

® | Tub. 1

So, we shall not write formulae for the boxes with bullets for the reasons which have
been explained. The coefficients grow rather fast with k, so, at the first glance there is
no hope to find a formula for them. However, looking at them attentively, we observed
that the simplest one (the second from the left in the first row) is just

1

Xio(k) = 6(3H —1).

Based on this observation and the experimental data we guessed further

5 g (2K 4k —45)
Xoo(k) = g3 51 ,
5 1 2K+ 8k —49
X30(k) = 13+ D :
5 ke
Xo1(k) = —3° (32 —1),
5 2k? + 8k — 159
X = _Z.3k_
aa(k) = -3 -3 24 ’
27 . k—3)(k+7
X372(k)zz-(3’“3—1)—( )é ).

For certain reason Xj35(3) = 0. This is made explicit in the last line. We shall continue
making such vanishings explicit.

Let us consider now the case i = 1, 7 = 2. The table is the same as for the previous
case. From experimental data we guess the formulae

Xio(k) = —% 31— (k — 1i;k+2) |
—1 2k + 18k2 4 23k + 21
XQ,o(k:):_Wlifj).gk:_ k:2+ 8k4; s+
bk 6k® + 52k + 89k + 128
X (k) = %_3;@ L 2 +38k:96+ 57k + 63
2k3 + 20k + 31 4
Xs1(k) ::%w k3+ 0!;3;3 ket 6d
Xs(k) :_%k.3k+2k + 4k 92231{;—64‘
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At this point one can think that the general formula consists of combinations with
polynomial coefficients of 1 and 3*. Actually, this is not the case: we were able to fix
several additional coefficients observing that 6% starts to appear.

Consider ¢ = 2,7 = 2. In this case our data allow to define only three coefficients:

1 - 2k+1) ., (k —1)(45k — 37)
Xio(k) = 125 (6 D 144 (3 1)+ 1800 ’
49 (k* — 19k —41) |
Xoo(k) = 5E0 (6 1)+ o6 (3 1)
N (k —1)(25k2 + 210k + 179)
1200 ’
98 (6k+13) .4 (45k + 43)(k — 1)
X (k) = 375 (6 1)+ 24 (3 1 300
Similarly for i = 1,7 = 3:
48 ~ (Tk —11) ~ (k — 2)(5k — 53)
X . k=2 1 \Nve ) k=2 1) —
to(k) 625 (6 )+ 60 (3 ) 750 :
144 -49 27(2k% — 15k — 18) _
X — . k-3 _ 1 _ X k-3 _ 1
20(k) 625 (6 ) 720 (3 )
N (k — 3)(25k* — 465k + 10054)
3000 ’
32 - 49 75k% + 1105k — 964
X. _ e 7 k=2 2% - k-2 ]
21(k) 625 0 k3704 1875

Finally, we were able to guess one coefficient for each i = 2,7 = 3 and
1t = 1,7 = 4. They are respectively

6(k — 4) 4k2 — 9k — 8)

Xl = A gty IS gy
(k — 1)(65k 4 91k + 96)
a 3000 ’
2
Xty = HEZD (g gy B gy
N (k —1)(5k? + 4Tk + 132)
500

An important question is that of the general structure. Is it true that the next exponent
to appear will be 9?7 This should be possible to answer considering the cases i+ j = 6 for
which we observe experimentally faster growth than 6*. Unfortunately, our experimental
data do not allow to guess a general formula for this case.

For four fermions contributions to G°° the coefficients are more complicated, we shall
not present them because we know only very few. We would mention, however, that the
structure looks similar, but 6% starts to appear from the very beginning.

7. CONCLUSION

We have demonstrated the power of the method to fix the OPE coefficients for the
XXX model based on the fermionic basis. Somebody with better computer skills than
ours may probably produce some more data. For example N = 12 should be reachable.

The main problem which we could not solve for the moment is finding general formulae
for the coefficients even for the four fermion contributions to G". For example, the

coeflicient X, ,(k) is known for {4, j} = {1,1},{1,2},{1,3},{1,4},{2,2},{2, 3}, but still
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we were unable to find a conjecture for general 7, 7. Probably, an independent look is
needed?
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