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1 University Road, Yenchau, Kaohsiung 824, Taiwan
b Department of Mechanical Engineering, Far East College, 49 Chung-Hua Road, Shin-Shi, Tainan 744, Taiwan
The piezoelectric actuator has been used for precision positioning from micro-meter down to nano-meter scale. In this 
paper, the impact drive mechanism (IDM) is designed to achieve a high accuracy and ability in precision positioning 
motion, where the frictional force is described by the Leuven model combined with the Bounc–Wen model of the hyster-
esis. The frictional model allows accurate dynamic modeling both in the sliding and the presliding regimes without using 
switching functions. The governing equations with the hysteresis effects of the distributed parameter system are formulated 
to obtain the dynamic responses. By using the finite element formulation, numerical solutions due to effects of the piezo-
electric element (PE) are provided to compare between the distributed and lumped parameter systems of the IDM. It is 
shown that the neglect in the mass of the PE will cause the precision errors in the scale of tens nano-meters.
1. Introduction

The most widely recognized descriptions of the behaviors of the piezoelectric element (PE) were published
by a standard committee of the IEEE ultrasonics, ferroelectrics, and frequency control society [1]. The piezo-
electric actuator are more and more widely used in modern precision positioning and driving system because
that the PE has the characteristics of good performances in nano-meter resolution in displacement, high stiff-
ness, fast-frequency response, high conversion efficiency between electrical energy and mechanical energy,
miniature size, and small thermal expansion during actuation.

A precision positioning mechanism utilizing rapid deformations of the PE makes very minute stepping
motions by utilizing the frictional force and the inertial force [2]. The IDM includes a weight being attached
to a moved main body through a PE. The principle of the forward motion of the IDM is described in Fig. 1.
The forward motion can be separated as three parts: (1) Start at original state. (2) A rapid extension of the PE.
* Corresponding author. Tel.: +886 7 6011088; fax: +886 7 6011013.
E-mail address: rffung@ccms.nkfust.edu.tw (R.-F. Fung).
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(a) The Main Body

(b) The Piezoelectric Element
(c) The Weight

(1) Stopped

(2) Rapid Extension

Direction of motion

(3) Slow Contraction

Fig. 1. Principle of the forward motion of the IDM.
(3) Contracted the PE slowly to keep the main body hold its position by the frictional force until stop the input
voltage suddenly to achieve the second forward movement. Repeating these three steps, the main body could
move forward in infinite distance theoretically. The IDM has been recently developed for the practical appli-
cations in the fields of precision positioning tables, for examples, scanning tunneling microscope [3], pencil-size
electrical-discharge machine [4], ultrahigh vacuum precise positioning device [2], and micro-robot arm [5], etc.
In a practical assemble line for the CCD lens, a Piezopecker� [6] for the alignment works was developed
successfully.

The most influences of the positioning on the IDM system might be the hysteresis effect and frictional force.
However, it is difficult to control the frictional force, especially in the impact driving system. In the preview
studies [2–6], theoretical analysis of the IDM model was too simplified to consider the hysteresis effect and non-
linear frictional forces. Besides, only Coulomb frictional force is considered and the static frictional force is
assumed to equal the reaction force [7,8]. However, it is noted that the Stribeck effect and the viscous frictional
force in the sliding regime, and the nonlinear behavior of hysteresis frictional force in the presliding regime
should be taken into account in the frictional model [9]. Moreover, only the lumped parameter system is dis-
cussed on the IDM’s modeling and the influence of the mass of the PE is always neglected [7,8]. To the authors’
knowledge, theoretical analyses for the IDM employing the distributed parameter system are still not found.

In this paper, the frictional force is described by the Leuven model in conjunction with the hysteresis effect
being described by the Bounc–Wen model for the IDM system. The dynamic responses are based on the gov-
erning equations of the distributed parameter system, where the hysteresis effects are introduced. The numer-
ical simulations are carried out by the finite element formulation. It is seen that the frictional effects play a very
important role to describe the precise position of the IDM in the micro- and nano-meter scalar.

2. Dynamic modeling

In general, the models of actuating systems can be divided into two broad classes, distributed parameter
system (DPS) and lumped parameter system (LPS), depending on the nature of the system parameters.

2.1. The distributed parameter system

When the mass of the PE is not negligible and is a function of the spatial variable, the situation must be
treated as a DPS. The motion of a DPS is governed by a partial differential equation, which involves variables
depending on time as well as the spatial coordinates.
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For the case that the PE is an elastic body, the axial deflection, denoted as u(z, t), along the axial of z-coor-
dinate is shown in Fig. 2, u(0, t) and u(l, t) representing the boundary deflections of the PE are also the dis-
placements of the weight and the main body, respectively. m1 and m2 are the masses of the main body and
the weight, respectively. Ff is the frictional force between the sliding surface and the IDM, and l is the initial
length of the PE.
2.1.1. The kinetic energy

When an external step voltage is employed to excite the PE in the polarization direction, the PE extends
rapidly and impacts the main body and the weight. The kinetic energies of the main body, the weight and
the PE are expressed respectively as:
T ð _uð0; tÞ; _uðl; tÞÞ ¼ 1

2
m1 _u2ðl; tÞ þ 1

2
m2 _u2ð0; tÞ; ð1aÞ

T P ð _uðz; tÞÞ ¼
1

2

Z l

0

qpAp _u2ðz; tÞdz; ð1bÞ
where the subscript p is used for the PE, p and Ap represent the density and the uniform cross-sectional area of
the PE, respectively.
2.1.2. The strain energy

The Lagrangian strain in the z-direction of the PE is S3 = ou(z,t)/oz = uz(z,t). One-dimensional constitutive
equation of the PE can be written as:
r3

D3

� �
¼

cE
33 �e33

�e33 eS
33

� �
S3

E3

� �
; ð2Þ
where r3, E3, and D3 are stress, electric field, and electric displacement along the z-direction, respectively, cE
33 is

the elastic coefficient under the constant electric field, eS
33 is the dielectric coefficient under constant strain, and

e33 is the piezoelectric coefficient [10] which equals Epd33, where Ep is the Young’s modulus and d33 is the pie-
zoelectric constant of the PE.

The potential energy of the PE is
U P ðE3; uzðz; tÞÞ ¼
1

2

Z
V p

ðr3S3 þ D3E3ÞdV p ¼
1

2

Z l

0

½EpApu2
z ðz; tÞ � 2Epd33ApE3uzðz; tÞ þ eS

33ApE2
3� dz: ð3Þ
2.1.3. The virtual work

The virtual work done by the frictional force Ff is:
dW F ¼ �F fduðl; tÞ; ð4aÞ
where the frictional force will be described in the next section.
Due to the applied voltage V ¼

R l
0

E3dz being applied across the thickness of the PE, the virtual work done
on the PE can be expressed as:
),0( tu

fF
2m

1m

),( tlu

),( tzu
0=z lz =

z

Fig. 2. The system diagrams of the distributed parameter system.
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dW P ¼
Z l

0

ApD3dE3dz: ð4bÞ
Then, the total virtual work of the system is:
dW ¼ dW P þ dW F: ð5Þ
2.1.4. The frictional force

The integrated frictional force model [9,11] is a more elaborated frictional model than the LuGre model.
A state variable g is employed to represent the average deformation of the asperities of contacting surfaces.
It consists of two equations: a nonlinear state Eq. (6) and a frictional force Eq. (7) as:
dg
dt
¼ v 1� sgn

F hðgÞ
sðvÞ

� �
F hðgÞ
sðvÞ

����
����
n� �
; ð6Þ

F f ¼ F hðgÞ þ r1

dg
dt
þ r2v; ð7Þ
where v ¼ _uðl; tÞ is the current velocity of the main body, n is a coefficient used to shape the transition curve
and s(v) is a function that models the constant-velocity behavior and s(v) is given by:
sðvÞ ¼ sgnðvÞðF c þ ðF s � F cÞe�ðjvj=vsÞdÞ; ð8Þ
where d is an arbitrary exponent and vs is the Stribeck velocity. The Coulomb frictional force Fc = lkFn and
the static frictional force Fs = lsFn denote the dynamic frictional force and the maximum static frictional
force, respectively, where Fn is the normal force, and lk and ls denote their corresponding coefficients.

Fh(g) represents the hysteresis frictional force, i.e., the part of the frictional force exhibiting hysteresis
behavior with state variable g as input. For steady-state motion, the relation between the frictional force
and velocity of the main body is shown in Fig. 3. The frictional force in the presliding regime shows a hyster-
esis-like behavior only when the frictional force less than the maximum static frictional force as shown in
Fig. 4.

In this paper, the Bounc–Wen model [12] is employed to describe the hysteresis effect of the frictional force.
Thus, the hysteresis frictional force Fh can be transferred and simplified to this form [13]:
_F h ¼ a _g� bj _gjF h � c _gjF hj; ð9Þ

where the parameter a controls the restoring force amplitude, b and c control the shape of hysteresis loop. The
detailed effects of the hysteresis frictional force on the IDM system are discussed in [14], where the LPS is
considered.
),( tlu

fF

sF

cF

Stribeck effect

Viscous

Presliding

Fig. 3. The characteristic frictional force–velocity curve of the Leuven model.
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fF

sF

u(l,t)

Fig. 4. The hysteresis curve of the frictional force Ff versus the displacement uðl; tÞ in the Leuven model.
2.1.5. The Hamilton’s principle

Substituting Eqs. (1), (3) and (5) into Hamilton’s principle
Z t2

t1

½dLP þ dLþ dW �dt ¼ 0; ð10Þ
where
Lðuð0; tÞ; _uð0; tÞ; _uðl; tÞÞ ¼ T ð _uð0; tÞ; _uðl; tÞÞ; ð11aÞ
LP ðE3; uzðz; tÞ; _uðz; tÞÞ ¼ T P ð _uðz; tÞÞ � U P ðE3; uzðz; tÞÞ: ð11bÞ
By taking variation and applying the integration by parts, we obtain the governing equations for the PE as
follows:
qpAputtðz; tÞ ¼ EpApuzzðz; tÞ; ð12aÞ

E3 ¼
Epd33uzðz; tÞ þ D3

eS
33

; ð12bÞ
and the associated boundary conditions are written as:
m1uttðl; tÞ þ EpApuzðl; tÞ ¼ F p � F f ; ð13aÞ
m2uttð0; tÞ � EpApuzð0; tÞ ¼ �F p; ð13bÞ
where the piezoelectric force is Fp = EpAPd33E3. By using the input voltage V = E3l and according to the
description of the piezoelectric force [12] with hysteresis effects, the piezoelectric force Fp can be rewritten
in the form:
F p ¼
EpAP

l
ðd33V � hÞ ¼ kpðd33V � hÞ; ð14Þ
where kp represents the mechanical stiffness of the PE, the hysteresis function h can be described by the Bounc–
Wen hysteresis model [12,14]:
_h ¼ apd33
_V � bpj _V jh� cp

_V jhj; ð15Þ
where the parameter ap controls the restoring force amplitude, bp and cp control the shape of hysteresis
loop.
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2.2. Finite element formulation

The finite element method (FEM) detailed in [15] aims at deriving the equations of motion by discretizing
the kinetic energy, potential energy and virtual work and then making use of Lagrange’s equation. In the
FEM, the PE is divided into n elements, and each node has one degree of freedom. In order to meet the energy
dissipation of the experimental results, we choose the proportional damping matrix Cp of the form [16]
Fig. 5.
(b) Th
Cp ¼ acMp þ bcKp; ð16Þ
where ac and bc are the proportionality constants; Mp and Kp are the mass and stiffness matrices of the PE,
respectively. Then the global ordinary differential equation of the system can be obtained as:
Mu
€Qu þ Cu

_Qu þ KuQu ¼ Fu; ð17Þ
where Qu = {n1,n2,n3, . . .,nn,nn+1}T is the nodal displacement vector of the PE. Mu, Cu, and Ku are the global
mass, damping, and stiffness matrices, respectively. The force vector is Fu = {Fp � Ff 0 . . . . . .0 � Fp}T. The ini-
tial conditions Qu and _Qu at t = 0 are set to zero for the force vibrations.

2.2.1. The special case

Considering the special case that the PE is treated as one element, i.e., n = 1 the schematic diagram is shown
in Fig. 5a, and we have the governing equations as:
qpApl

6

2 1

1 2

� �
þ

m1 0

0 m2

� �� � €f1

€f2

( )
þ ac

qpApl

6

2 1

1 2

� �
þ bc

EpAp

l

1 �1

�1 1

� �� � _f1

_f2

( )

þ EpAp

l

1 �1

�1 1

� �
f1

f2

� �
¼

F p � F f

�F p

� �
: ð18Þ
It is seen that the terms containing the PE mass qpApl include the inertia and damping effects. These equations
are to be compared with those modeled by the lumped parameter system.

2.2.2. The lumped parameter system

In order to simply formulate the theoretical modeling, the PE can be regarded as an equivalent spring,
denoted as kp, and a viscous damping, denoted as cp. Fig. 5b shows the free-body diagram of the IDM for
the theoretical LPS modeling. By using Newton’s second law, the governing equations are obtained as follows:
1

fF
2m 1m

2ξ ξa

2x

pk

pc fF

pF

1x

pF
1m2m

b

The IDM system of the lumped parameter system. (a) Schematic diagram of the special case with one element modeled as the LPS.
e free-body diagram for the LPS modeling.
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Table
The pa

Cross-
Piezoe
Young
Length
Mass o
Mass o
Shape
Stribec
Param
Shape
Shape
Param
Shape
Shape
Arbitr
Dynam
Static
Densit
Damp
Viscou
m1 0

0 m2

� �
€x1

€x2

� �
þ

cp �cp

�cp cp

� �
_x1

_x2

� �
þ

kp �kp

�kp kp

� �
x1

x2

� �
¼

F p � F f

�F p

� �
: ð19Þ
Considering the practical case that the mass qpApl of the PE is much smaller than the masses m1 and m2 of the
main body and the weight respectively, one could neglect the terms containing the mass qpApl of the PE in Eq.
(18a, b). Then Eq. (18a, b) can be reduced to Eq. (19a, b) by taking kp = EpAp/l, and cp = bckp. It is found that
the governing equations formulated by Newton’s second law are the special case of the FEM, as the PE is
considered as one element.
2.3. Discussion of various methods

From the mathematical point of view, the system could be modeled as the distributed and lumped param-
eter models for dynamic analysis. Indeed, the vibration of the IDM modeled by the LPS is described by a set
of ordinary differential Eq. (18a, b), whereas the vibration modeled by the DPS is a boundary-value problem,
and is described by a partial differential Eq. (12a) and boundary conditions (13a, b). In the dynamic formu-
lation of the DPS, Hamilton’s principle is clearly superior to the Newtonian approach, as it permits the der-
ivation on the basis of three scalar quantities alone, the kinetic energy (1), potential energy (3), and virtual
work (5) of the nonconservative forces.

By using the lumped parameter model, the IDM system is divided into segments and the distributed masses
over the segments are concentrated at certain discrete points inside these segments. Moreover, the stiffnesses
are replaced by equivalent springs connecting these points. The FEM is commonly used to discrete the DPS
into the LPS. The components of the displacement vector for the system discretized by the FEM represent
actual displacements at the nodes, which are defined as boundary points shared by adjacent finite elements.
3. Dynamic responses

In the numerical simulations, the model parameters of the IDM are detailed in Table 1. It can be obtained
that the mass of the PE is qpApl = 4 g. The Runge–Kutta method is employed to solve Eqs. (17) and (19a, b)
for the DPS and LPS, respectively. In the DPS, the PE is divided into four elements, because the difference of
displacements of the main body between four and five elements used in the FEM analysis is less than
1 · 10�10 m. The proportionality constants ac = 4 · 103 and bc = 5 · 10�7 of the proportional damping are
1
rameters of the IDM system

sectional area of the PE Ap 2.5 · 10�5 m2

lectric constant of the PE d33 1.24 · 10�7 m/V
’s modulus of the PE Ep 2.216 · 1010 N/m2

of the PE l 2 · 10�2m

f the main body m1 400 · 10�3 kg
f the weight m2 300 · 10�3 kg
coefficient of the transition curve n 1
k velocity vs 0.001 m/s
eter of the hysteresis frictional force a 2 · 1010

parameter of the hysteresis loop b 0.2 · 1010

parameter of the hysteresis loop c 0.3 · 1010

eter of the hysteresis piezoelectric force ap 4.297 · 10�1 [12]
parameter of the hysteresis loop bp 3.438 · 10�2 [12]
parameter of the hysteresis loop cp �2.865 · 10�3 [12]
ary exponent d 2

ic frictional coefficient lk 0.5
frictional coefficient ls 0.6
y of the PE qp 8000 kg/m3

ing frictional coefficient r1 100 Ns/m
s frictional coefficient r2 0.4 Ns/m
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taken for the PE such that the system is under-damped and the numerical simulations are convergent. The
other damping and frictional coefficients can also be seen in Table 1.

A triangular single-wave input V(t) [17] is given in Fig. 6a to excite the IDM system, where the maximum
voltage is 80 V at 0.5 ms. The dynamic responses of the DPS via the FEM and the LPS are also shown in
Fig. 6a, they are the same at beginning but their final positions are 2.459 lm and 2.413 lm, respectively. It
is seen that the neglect in the mass of the PE in the LPS will cause the precision errors in the scale of
nano-meters.

The Leuven model is employed to describe the frictional force, and the relation between the frictional force
and the velocity of the main body is depicted in Fig. 6b, where the small right bottom diagram shows the
whole relationship. It is seen that when the velocity closes to zero, the frictional force will leads to the hyster-
esis nonlinear behavior. The transient responses shown in Fig. 6c are for the time interval from 4 ms to 10 ms,
and their corresponding frictional forces will bring about the hysteresis loops with respect to the displacement
of the main body as shown in Fig. 6d. It is seen that the frictional effects play a very important role to describe
the precise position of the IDM in the micro- and nano-meter scalar.

Fig. 7a shows the effect of the mass ratio of the PE versus the main body on the dynamic responses of the
main body. The results are obtained by considering the special case of the FEM in Eq. (18a, b). It is shown
that the dynamic responses of the main body n1/l will increase proportionally to the mass ratio. In Fig. 7b it is
found that the driving property has the best performance, as the mass of the weight is about equal to the main
body. Fig. 7c shows the dynamic responses of the main body n1/l due to the effects of the stiffness of the PE,
which has the value of 2.77 · 107 N/m as reference. It is shown that as the stiffness of the PE increases, the
dynamic responses of the main body decrease. Moreover, the influence of the applied voltage is shown in
Fig. 7d, and it is found that the dynamic responses of the main body n1/l will increase if one increases the
applied voltage, which has 80 V as reference.
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Fig. 7. Effects of the parameters on the dynamic responses. (a) The mass ratio of the PE versus the main body. (b) The mass ratio. (c) The
stiffness of the PE. (d) The applied voltage.
From the above numerical simulations it can be found that the mass rations of the PE, the weight with
respect to the main body, and the stiffness of the PE have great influences on the dynamic responses of the
IDM system.
4. Conclusion

In this paper, the dynamic formulations of the IDM system are performed by Hamilton’s principle, the
FEM, and Newton’s second law. When the mass of the PE is not so smaller than the masses of the main body
and the weight, the mass of the PE should not be neglected in analyzing the dynamic responses to avoid the
precision errors in the scale of tens nano-meters. The most influences of the positioning on the IDM system
might be the hysteresis effect and frictional force. Due to the frictional effects in the presliding regime and the
hysteresis effect of the PE, the Leuven frictional and Bounc–Wen hysteresis models are introduced into the
governing equation for deep insight into dynamic analyses. From our findings and the comparisons of the
numerical solutions, the analytic methods described by the distributed parameter system can provide the effec-
tive analyses of the IDM system, and this is also main merit of this paper.
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