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Abstract
We investigate the validity of the Gagliardo-Nirenberg type inequality

0 1-6
(1) ”f”WS*P(Q),S ”f”Wsl,pl(Q)”f”WSQ,Pz(Q))

with Q c RN. Here, 0 < s; < s < sy are non negative numbers (not necessarily integers), 1 <
p1,p,p2 < o0, and we assume the standard relations

s$=0s1+(1-0)s9, 1/p =60/p1+(1—-0)/ps for some 6 € (0,1).

By the seminal contributions of E. Gagliardo and L. Nirenberg, (1) holds when s1,s9,s are
integers. It turns out that (1) holds for “most” of values of s1,..., pg, but not for all of them. We
present an explicit condition on s1,s92,p1, p2 which allows to decide whether (1) holds or fails.

1 Introduction

In two seminal independent contributions, E. Gagliardo [8] and L. Nirenberg [10] established the
interpolation inequality

1 o SNy NI s ¥ F € WEDPL@RY) A WR2P2 (RY), 1 (1.1)

Wka.p2?

where k1,k9,k are non negative integers and 1 < p1,p2,p < oco. These quantities are related by
the standard relations
1 6 1-0

k=0k1+(1-0)ky, —=—+
P p1 P2

and0<0<1. (1.2)

We investigate the validity of the analogous inequality when the smoothness exponents k1,k9, %
are not necessarily integers. More specifically, assume that the real numbers 0 < s1,s9,s, 0 €(0,1)
and 1< p1,p2, p <oo satisfy the relations

1 6 1-6

§=0s1+(1-0)sg, —=—+
b pP1 P2

and0<6<1. (1.3)
We ask whether the estimate
I lwsp@) S U Igsior @l f ireaps iy ¥ F € WHHPHQ) NWH2P2(Q) (1.4)
holds. Here, Q is a standard domain in RV, i.e.,

Q is either RY or a half space or a Lipschitz bounded domain in RY , (1.5)

Here, A < B means A < CB for some positive constant C.



and | f|lws» denotes the usual Sobolev norm (see Section 2).
Let us note that (1.4) holds when s1 = sg; this is simply Holder’s inequality. In our analysis, we
may thus assume that

s1<s<so. (1.6)

It has been part of the folklore of the Sobolev spaces theory that (1.4) holds in “most” cases but
fails in some “limiting” cases. For example if 0 <s; <s2 <1, (1.4) is an immediate consequence of
Holder’s inequality. While if Q =(0,1),s1=0,s9=1, p1 =00, pa =1, 0 =1/2, (1.4) becomes

1 1 grvzgo,1y) S ”f”‘1)‘/]21,1((0’1))”f”}J/oQo((O’l)); v feWhi((o,1)), (1.7)
which implies
< IfIv2 Y2 o1y ¥ F €BV((0,1)) (1.8)
”f”Hl/Q(((),l))N ”f”BV((O,l))|If”L°°((O,1))’ f€ >+ .

But (1.8) is clearly wrong (take e.g. f =1q,1/2)), so that (1.7) also fails.
To the best of our knowledge, the precise “dividing line” between the “good” and the “bad” cases
in (1.4) was never clarified. It is our goal to fill this gap.
The following condition plays an essential role.
. . 1,
sg is aninteger =1, pe=1andsg—s;<1- p_l

(1.9)

Here is our main result.

Theorem 1. Inequality (1.4) holds if and only if (1.9) fails.

More precisely, we have
A) If (1.9) fails then, for every 0 € (0,1), there exists a constant C depending on s1, so, p1, peo, 6
and Q such that

If Iws.oi) < CUF Iperon il f Ispacay ¥ F € WEHPHQ) N WS2P2(Q). (1.10)

B) If (1.9) holds there exists some f € W3LP1(Q) n W¥2:P2(Q)) such that f ¢ W5P(Q), VO € (0, 1).

An amusing consequence is that

[(1.10) holds for all N, all standard domains in rRY ,and all 6 € (0,1)]
<=[(1.10) holds in (0, 1) with 6 = 1/2].

Remark 1.1. Part A of Theorem 1 covers of course all cases of (1.10) which were known before.
We mention in particular:

1) A result of Cohen [5] settling the case s1 =0, 0<s9 <00, p1 =1and 1< py <oo when s and so
are not integers (with a proof involving wavelets).

ii) A result of Oru [11] (unpublished; for a proof, see [3, Section III]) yields in full generality the
case 0 < sy <sg2<00,1<p;<ooand 1< py<ocoand also implies the validity of (1.10) in some
special cases where pi € {1,00} and/or ps € {1,00}; see Section 5 below.

iii) The case 0 < sy <s9o =1, p1 <1/s1, po = 1lis treated by Cohen, Dahmen, Daubechies and DeVore
[6] (with a proof involving again wavelets).

iv) Inequality (1.10) holds when W*? is obtained by real or complex interpolation from W*%-1 and
Ws2:P2 This covers a number of cases, for example 0 <s; <sg <00, p1 =p2=p =1 (see e.g. [1,
Section 7.32]).

1 1
2The latter condition can also be written in the more symmetric form s; — — = s9 — —.

p1 D2



The above results enter as crucial ingredients in the proof of Theorem 1, part A. We should
also mention important work by the Soviet school (see Kasin [9] and the references therein), in
particular a contribution of Besov which settles the case s; =0, so =1, p; =1, pa = co. However,
this case is not used in our proof (see Case 4 in Section 3.2.2).

We also mention that a special case of Oru’s result [11] appears in Runst [12, Section 5.1,
Theorem 1], with a proof which can be adapted to the more general situation in [11].

Remark 1.2. Part B of Theorem 1 applied with s1 = a €(0,1), s9=1, p1 =1, peo =00, 8§ =1/2
asserts that we have the non embedding

W 922(0,1) ¢ C*4((0, 1) nW(0,1)), Ya €(0,1),
whose endpoint for a = 0 corresponds to the failure of (1.7).

Our paper is organized as follows. In Section 2, we briefly recall the definition of fractional
Sobolev spaces and some of their standard properties. Section 3 is devoted to the proof of Theorem
1, part A. Part B is established in Section 4. In some cases, the proof of part A requires an
excursion into the world of Triebel-Lizorkin spaces, which is postponed to Section 5. We take
advantage of this trip and establish there the analogue of Theorem 1 in these spaces, as well as in
the scale of Besov spaces.
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2 Preliminaries on fractional Sobolev spaces

We recall here several equivalent characterizations of fractional Sobolev spaces W*%? (i.e., W5?
with non integer s), involving differences.?

3In the last section, we will recall the characterization of Sobolev spaces via the Littlewood-Paley theory. Our
presentation of such fundamental properties follows mainly [15], [16] and [13]. Another useful reference for fractional
Sobolev spaces is [7].



Definition 2.1. A standard domain Q in RY is: RY, or a half space, or a Lipschitz bounded
domain.

We start by recalling the definition of the spaces W%?({2) when s is not an integer.
Let 0<s<1and1<p<oco. Then we set

|f ()= f())IP
p _ p o —
|f|Ws,P - |f|Ws,p(Q) '_/Q o |x—y|N+SP dXdy, Ilf”Ws,p = ”f”Lp + IfIWs’p7

WP(Q):={f : Q — R; f is measurable and ||f|lws»r < oo}.
When p = oo, we let W*°(QQ) be the Holder space C*((2), and set

[flwseo = 1f lwseo := I les = SUPM, I lwsee :=Nflles = 1 fllLe +1f lcs-
X7y lx — yl®

When s > 1 is not an integer, we write s = m + o, with m e N and o € (0,1), and then we let
WP(Q):={f e W™P(Q); D" f e W7P(Q)},

normed with

I lwse = 1 f lwse@) = If lwme + ID™ f lwo.r.

The above spaces are fractional order Sobolev spaces (also known as Slobodeskii spaces).

Alternatively, it is possible to define the Sobolev spaces inductively [15, Section 2.3.8], [13,
Section 2.1.4]:

Proposition 2.2. Let s = n =1, with n integer. Let ) be a standard domain. Let f € L?(Q2). Then
f e W3P(Q) if and only if D" f € W3™P(Q), and the quantity ||f|Lr + D" fllws-nr is equivalent to
£ llws.e.

When n =1, the above theorem asserts the following. For s =1, let ( )ws.» denote the following
seminorm on W52

(Frwse :=IIDf llys-1p-
Then
I llwse = I fllLe + (F st

The next result (for which we refer to [14, Sections VI.3 and VI.4]) is useful in reducing the
analysis of (1.10) to the case where Q =RY.

Proposition 2.3. Let () be a standard domain in RYN. Then there exists a linear extension operator
P:L} (Q)—L} (RY)such that:

1. Pf=finQ,VfeLl (Q.

2. If s= 0 and 1 < p < oo, then P(WSP(Q)) € W(RN) and P f lyso@v) = If lwsriy, VF €
WSP(Q).

3. Assume that Q is bounded, and let U be a bounded open set such that Q c U. Then we may
construct P such that suppPf cU, Vf e L1(Q).

4Here, A ~ B means C'A < B < CA for some positive constants C,C’.



It is possible to characterize the spaces W*P? using differences, as in the case where s € (0,1)
[16, Section 3.5.3], [13, Section 2.3.1]. More specifically, set Ay f(x) = f(x+ h)— f(x), and Afl’[ =
Apo...oAp, with M > 0 an integer. Define
———

M times
B:={(x,h) € Q x (RN \{0}); [x,x + Mh] = Q}
and, for j=1,...,N,
Aj:={(x,t) € Qx(0,00); [x,x + Mte ;] < Q}.

Proposition 2.4. Let s >0 be non integer and let 1 < p <oco. Let M > s be an integer. Let Q) be a
standard domain. Then | f|ws» is equivalent to the following quantities

1/p

1Age, F )P
||f||Lp+Z ff —rep dxdt| (2.1)

( )p 1/p
IF il + (ffl p /@) dxdh) . 2.2)

|h|N+sp

When p = oo, the following analogous norm equivalences hold:

N f(x)l
I lwseo = 1 f llzeo+ Y esssup—, (2.3)
J=1 A £
A f ()]
17 Iwseo = I f Lo +esssup ————. (2.4)
B R
By (2.1)~(2.4), when 1< p < oo and Q = RY we have
N 1/p
”f”Ws,P([RN) ~ Zi (/ ”f(xl""’xj—l?"xfrl""’xN)”IV)VSvP(R)d@ , (2.5)
J:

with the obvious modification when p = co.
Here, dfj = dx1 cen dxj_ldxj+1 e de.

Lemma 2.5. Let s >0 and 1 < p <oco. Assume N = N;+ Nq. Let v € C?(IRNZ), v #0. Let
f:RN1 — R. Then

foyeWSP(RY) = f e WP([RM)
and

1 @ Wllenny = 1+ 1 F sy

Proof. When s is not an integer, the conclusion is an immediate consequence of (2.5). We let to the
reader the straightforward case where s is an integer. O

We next present another norm equivalence, useful in dimensional reductions. Compared to
(2.5), it has the advantage of being valid for both fractional and integer s. If w € SV 71, let wt
denote the hyperplane {x € RY; x - w = 0}. Consider the partial functions

wl3x— fX with — f3(t):= f(x +tw), VI ER. (2.6)

Then we have [2, Proof of Lemma D.2]



Proposition 2.6. Let s=>0 and 1< p <oco. Then

T E— /S . ( /w NSl dx | de, 2.7

with the obvious modification when p = co.
For further use, we introduce the following distinction between Sobolev spaces.

Definition 2.7. An ordinary Sobolev space is a space W®? such that either s is not an integer or
1< p < oco. The remaining spaces, W*! and W% with k € N, are exceptional Sobolev spaces.

3 Proof of Theorem 1, part A

Throughout this section, we assume that sq,...,pe satisfy (1.3) and (1.6), and that they do not
satisfy (1.9). We will prove that for such numbers the inequality (1.10) is valid.

3.1 Some standard reductions

The purpose of this subsection is to reduce the study of the general case to the study the validity

of (1.10) for some special N, Q, s1,...,po.

3.1.1 Dimensional reduction

We start by recalling a standard argument that reduces the general case to the special case where
N=1 Q=R (3.1)

Assume that (1.10) holds in R (for some s1,...,p2). Assume e.g. that 1 < p1,p,p2 < co (the
remaining cases are similar). Applying (1.10) to the partial functions in (2.6) and then Holder’s
inequality to the integral in (2.7), we find that

0 (1-0)
8= fo ([ Ve )0 [ (17w VN )

» 0p/p1 » (1-0)p/p2
< o =2 dx) dw) ( ( x| P2 dx) da))
(/SN—I (/wl “fw' WSLP1(R) -1\ J L ”fwl Ws2:P2(R)

0 1-6
= 1 F lyysros @I 1 F lypsama gy 14702,

and thus (1.10) holds in RY (for the same s1,...,p2).
Assume next that (1.10) holds in RY (for some s1,...,p2). Using Proposition 2.3, we find that
(1.10) holds in any standard domain in RY (for the same s1,...,p2).
In conclusion, it suffices to establish the validity of (1.10) under the assumption (3.1).
3.1.2 Lowering s;
We next explain why it suffices to consider the case where

0<si<1. (3.2)

Assume that (1.10) holds when N =1, QO =R for some s1,...,p2. Let m =1 be an integer. Then
we claim that (1.10) holds for s1 :=s1+m,s:=s+m,Sy :=so+m,0,p1,p, pe. To see this, we combine
Hoélder’s inequality applied to f with (1.10) applied to £ and find that

1 Nze + 1™ Mwse SAFlzer + 1™ lwsio0)? x AF ez + 1™ Iwsams) 0. (3.3)

We obtain (1.10) for s1,..., pg via (3.3) and Proposition 2.2.
By the above discussion, from now on we may assume that (3.2) holds.

6



3.1.3 Reduction to a semi-norm inequality

Let ) (ws»r be any semi-norm on W*?(R) such that |[f|lws»r = |[fllLr+)f (wsr. Assume that, with
$1,...,p2 asin (1.3), we have

M wer S I Wpsron I Tipeps - (3.4)

Combining (3.4) with Holder’s inequality | £llz» < 119, If1I}5%, we find that (1.10) holds.

3.1.4 Reiteration procedure

This is a very simple technique which allows to generate new cases from a known cases for which
(1.10) holds.

The proportionality relation (1.3) is equivalent to the fact that (s1,1/p1), (s,1/p), (sg,1/p2) are
collinear as points in R2, and that the second point is “between” the first and the third one.

A possible reiteration procedure is the following. Let s;1 < 01 < s < 09 < s9. Assume that
(s1,1/p1), (01,1/p1), (s,1/p), (02,1/p2), (s2,1/p3) are collinear. Assume also that (1.10) holds respec-
tively for:

(s1,82,01,p1,P2,pP1), (81,82,02,p1,Pp2,p2), (01,02,8,01,P2,P)

(and the corresponding 0’s, which are uniquely determined by s1,s9,8,01,02,p1,p2).
Then we claim that (1.10) holds for (s1,s2,s,p1,p2,p). Indeed, for appropriate 01, 02, O3 we
have

0 1-0
”f”WULPl S ”f”V[}'sl’Pl ”f"WSQ,po (35)
6 1-0
”f”WUZ’fJQ S ”f”V[%'sl’Pl ||fllws2,2p2 (36)
0 1-6
I lwse ST Iy 1 liyos o - (8.7

We obtain (1.10) for (s1,s2,s,p1,p2, p) (With the correct 0) by inserting (3.5)—(3.6) into (3.7).

Here is another illustration of the reiteration procedure. Assume that s; <s < g9 < sg and that
(s1,1/p1), (s,1/p), (02,1/p2), (s2,1/p2) are collinear. Assume also that (1.10) holds respectively for:

(81,02,8,p1,p2,P), (8,82,02,P, P2, p2)-
Then we claim that (1.10) holds for (s1,s92,s,p1, p2,p). This time, we rely on
1 s SNy o0 1 ke (3.8)
1F wosor S U100 IF gt (3.9)
and we insert (3.9) into (3.8).
Here is a typical situation where reiteration is useful.
Corollary 3.1. Assume 0 =sy1<sg<1, p;=1and 1< pg <oco. Then (1.10) holds.

Proof. In view of items i) and iv) in Remark 1.1, it suffices to prove that (1.10) holds when
$1=0,s92=1, p1=1and 1< pg <co.

We will establish this via reiteration. Fix o2, pg such that 0 <s <09 <1 and (0,1), (s,1/p),
(02,1/p2), (1,1/p2) are collinear.

Note that (1.10) holds for (0,09,s,1, p2,p) (by i) in Remark 1.1) and for (s,1,09,p, p2,p2) (by
Corollary 5.1 when 1 < pg < oo and by Corollary 5.2 when pg = 00). [Indeed, we are in position to
apply item i) in Remark 1.1 and Corollaries 5.1 and 5.2 since 0 <s<1,1<p <o00,0<09<1 and
1 < pg < 00.] Therefore, (1.10) holds also for (0,1,s,1, pa, p). O

7



3.2 Proof of Theorem 1, part A, when 0<s;<sy<1

An easy inspection shows that in this range (1.9) holds exactly when

1
0s—=<s1<1,s89=1, pa=1. (3.10)
P1

Thus we must show that (1.10) holds in all cases except in the range defined by (3.10). The
proof consists of a tedious analysis of all possibilities. We distinguish four subsections:
3.21 0=s1<s9<1
3.2.2 S1 = 0, S9 = 1
3.23 0<syi<sg<1
3.24 0<sy<sg=1

3.2.1 0=s1<s9<1

Case 1. p1=1,1< p9 <oo. Apply Corollary 3.1.
Case 2. 1< pi <00, 1<pg<oco. Apply Corollary 5.1.
Case 3. p1 =00, 1< p9 <o0o. Apply Corollary 5.2.

3.2.2 S1 = 0, S9 = 1

Case4. p1=1,1< pg <oco. Apply Corollary 3.1.

Case 5. 1< p1<oo, pe =1. Here we use again reiteration. Let 0 <8 < 1 be such that

s=1-0, l:i+1—0:i+ﬂ.
P D1 P1

Choose 02 and pg such that 0 <s <09 <1 and (0,1/py1), (s,1/p), (62,1/p2), (1,1) are collinear.
Then (1.10) holds for (0,09,s,p1,p2,p) by Case 2 above (since 1 < pg <00). On the other hand,
(1.10) also holds for (s,1,09,p, 1, p2), by item iii) in Remark 1.1 (since p < 1/s).

Case 6. 1< pj <00, 1< pg<oo. Apply Corollary 5.1.

Case 7. 1< p1 <oo, pg =o00. Apply Corollary 5.2.

Case 8. p1 =00, pg =1. Here, (3.10) (and thus (1.9)) holds. There is nothing to prove!
Case 9. p1 =00, 1< pgo <oo. Apply Corollary 5.2.

Case 10. p1 =00, pg =oo. This case corresponds to the inequality

Fles SUF NGNS, V e WhEMR. (3.11)
We have
/ 1-s .

IFx) = Fy) |1 eel™™2, il -yl <
R I . (3.12)

lx — I TR if lx—y| =1

We obtain (3.11) by taking, in (3.12), first [ := ||||]]:,||||L°° and then the supremum over x and y.
LOO

323 0<si<se<l

This case is fully covered by Corollary 5.1.



324 0<si<sg=1

Case 11. 1< pq1<1/s1, pg =1. This follows from item iii) in Remark 1.1.

Case 12. 1< p;<1/s1,1< pg <oo. Apply Corollary 5.1.

Case 13. 1 < p1<1/s1, po =oc0. Apply Corollary 5.2.

Case 14. 1/s1 < p1 <00, pg = 1. Here, (3.10) (and thus (1.9)) holds. There is nothing to prove!

Case 15. 1/s1 < p1 <00, 1< pg <oo. Apply Corollary 5.1.

Case 16. 1/s1 < p1 <00, pg =oco. Apply Corollary 5.2. a

3.3 Proof of Theorem 1, part A, when 0<s;<land 1<sy<o00

We must show that (1.10) holds in all cases. The proof consists of a tedious analysis of all possi-
bilities. We distinguish twosubsections:

3.3.1 s1=0,1<s9<00

3.3.2 0<s1<1,1<s9<00

33.1 s1=0,1<s9<00

Case 17. p1 =1, pg =1. We use item iv) in Remark 1.1.
Case 18. p1 =1, 1< pg <oo, W32P2 ig an ordinary Sobolev space. Apply Corollary 5.1.
Case 19. p1 =1, pg =00, s9 is an integer. Apply Corollary 5.2.

Note that Cases 17-19 cover all the possible situations where s; =0 and p; =1.
Case 20. 1< p1 <00, 1< pg <oo, W52:P2 ig an ordinary Sobolev space. Apply Corollary 5.1.
Case 21. 1< p1 <00, pg =00, S9 1s an integer. Apply Corollary 5.2.

Case 22. 1< p1<o0, pe =1, sg is an integer. In this case, we rely on the lowering s; procedure
(applied once) and reiteration (applied twice). Choose o1, 02, p1, p2 such that

max{s,se—1} <01 <09 <S89

and (0,1/p1), (s,1/p), (01,1/p1), (02,1/p2), (s2,1) are collinear.

By item iii) in Remark 1.1, (1.10) holds for (01 —s2+1,1,02 —s2 +1,p1,1, p2).

By the lowering s; procedure, we find that (1.10) holds for (01,s2,02, 01,1, p2).

On the other hand, (1.10) holds for (s,02,01, p, p2,p1) (by Corollary 5.1).

By reiteration we find that (1.10) holds for (s,s2,02,p,1, p2).

We next invoke the fact that (1.10) holds for (0,09,s,p1,p2,p) (by Corollary 5.1). Reiterating
again, we obtain (1.10) for (s1,s2,s,p1,p,1).

Note that Cases 20—22 cover all the possible situations where s; =0 and 1 < p; <oo.
Case 23. p1 =00, 1< pg <oo. Apply Corollary 5.2.
Case 24. p1 =00, pg =00, So is not an integer. Apply Corollary 5.2.
Case 25. p1 =00, p2 =1, sg is an integer. Repeat the argument in Case 22, with the only modifica-
tion that the second reiteration relies on Corollary 5.2 instead of Corollary 5.1.
Case 26. p1 =00, pg =00, s is not an integer. This case relies on the lowering s procedure (applied
once) and reiteration (applied twice). Choose non integers numbers 01, 02 such that

max{s,se—1} <01 <09 < s9.

Let m be the least integer = s9. By Case 16 (when sg is an integer) and Subsection 3.2.3 (when
$9 is not an integer), (1.10) holds for (01 —-m +1,s9—m+1,09 —m+1,00,00,00). By the lowering s
procedure, (1.10) also holds for (g1,s2,09,00,00,00).



On the other hand, Corollary 5.1 implies that (1.10) holds for (s,09,01,00,00,00) (here, we use
the fact that none of s, 01, 02 is an integer).

By reiteration, (1.10) holds for (s, s9,09,00,00,00).

We next invoke the fact that (1.10) holds for (0,09,s,00,00,00) (by Corollary 5.2). Reiterating
again, we obtain (1.10) for (s1,s92,s,00,00,00).
Case 27. p1 =00, pg =00, s is an integer. By the previous case, (1.10) holds for (0,s9,s — €,00,00,00)
and for (0,s9,s + 8§, 00,00,00) for sufficiently small €,6 > 0. In view of the reiteration procedure, it
thus suffices to prove that

(1.10) holds for (s —&,s + 8, $00,00,00). (3.13)

By the lowering s; procedure, it is enough to establish (3.13) when s = 1. Setting o :=1-¢¢€
(0,1), (3.13) with s =1 amounts to

1! Iz SIF1Golf 16" Y F € CXM®. (3.14)

Here, 0 €(0,1) is defined by 1 =00 + (1 -0)(1+ ).
In order to obtain (3.14), we start (with / > 0 to be defined later) from

|f/(x)| < ‘w _f/(x) n ‘w
1 1 (3.15)
= sup If'@=f@I+Iflos 17 = If ol +Iflos 17
zelx,x+

|f|CU 1/(1+5—0’)
) , then the sup over x € R, we obtain (3.14).

1o
Note that Cases 23-27 cover all the possible situations where s; =0 and p; = oo.
The analysis of Subsection 3.3.1 is complete.

Taking, in (3.15), first / := (

33.2 0<si<l,1<s9<00

Case 28. 1 < p <2 <oo. Apply Corollary 5.1.
Case 29. 1 < p1 <00, pg =00, S9 1s not an integer. Apply Corollary 5.1.
Case 30. 1 < p1 <00, pg =00, Sg is an integer. Apply Corollary 5.2.

Case 31. p1 =00, pg =00. As explained in the analysis of Case 27, if (1.10) holds when s is not an
integer, then (1.10) holds also when s is an integer. We may thus assume that s is not an integer.
In this case, the validity of (1.10) follows from Corollary 5.1 (when s is not an integer), respectively
from Corollary 5.2 (when s9 is an integer).

Case 32. p1 =1, pg =1. We rely on item iv) in Remark 1.9.
The proof of Theorem 1, part A, is complete. a

4 Proof of Theorem 1, part B

The main step of the proof consists of establishing the following result, which is a variant of
Theorem 1, part B with so =1, po=1and Q=(0,1).

Lemma 4.1. Let 0 <07 <1 and 1 <rj < oo be such that 07 = 1/r;. For 0 <0 <1 and define
og=0(0)€(o1,1), r=r(0) € (1,ry) via the conditions

1 06 6 1-60
c=001+1-0=001+(1-0)-1, - =—+1-0=—+——. (4.1)
r ri ri 1
Then there exists a sequence (u ;) of Lipschitz functions u; :[0,1] — [0, 1] such that
lwjliwiio.1y — 0, llujllworrio,) — 0, llujllworo,1) — oo, V6 €(0,1). (4.2)

10



We postpone the proof of Lemma 4.1 and turn to the

Proof of Theorem 1, part B, assuming Lemma 4.1. Let s1,...,pg be as in (1.9).
Let (1) be as in Lemma 4.1, corresponding to 01 :=s1—sg+1 and r1:= p1. Thus, if s, p are as
in (1.3), then (4.1) is satisfied by c =s—sg+1landr=p. If sg =1, we set v;:=u;. If s9 =2, we let

. . Sso—2
vj(x):= ” 2_2)'/ (x—1t)2"u;(t)dt, Vx€[0,1],
so that
p27D = uj (4.3)

J
and (using the fact that ||u |z ~(0,1)) — 0)

lvllLe(o,1)) — O. (4.4)

Using (4.2)—(4.4) and Proposition 2.2, we find that the sequence (v;) € W*2® of functions on
[0,1] satisfies

lojllwse10.1) S 15 lvjllwsirio,y S 1, vjllwseo,1) — 00, Vs, p as in (1.3). (4.5)
By (4.5) and Proposition 2.3, there exists a sequence (v;) € W2 of functions on R such that
suppv; < (=1,2), IU;llysongy S 1, 105llwsrriw) S 1, 105llws.p(-1,2)) = 00, Vs, p as in (1.3). (4.6)

By (4.6) and Lemma 2.5, for every N = 1 and every ball B c RY we may construct a sequence
(w;) ©« W.¥(B) satisfying

lw;llyseamyy S 1, llw; lwsiri@yy S 1, lwjllwse@) — 0o, Vs, p asin (1.3). 4.7)
Let Q be any standard domain in RY. Define the numbers s, p?, 8¢, ¢ =2, by
1 6 1-6°
— =—+ .
p* D1 1

0°:=1-1/¢, s" :=0's1 +(1-0%)sy, @8

Consider also a sequence of mutually disjoint balls B* c Q, & = 1. By (4.7), there exist functions
wk € W»*°(B*) such that

1 1
lw* o) < 7 lw* lyps1on @y < oL 1w* st ot iy 2 s VR,V O <. (4.9)

Set f:= w”. By (4.9), we have
f e WSrPLQ)NW>1(Q), (4.10)
while

”fllws[,pg(g) = h]:-r_l)g}f”fllws[,pg(Bk) =00,

and thus
Fews P @), ve. (4.11)
Using (4.11), we find that
fegW?*P(Q), Vs, p such that (1.3) holds. (4.12)

Indeed, argue by contradiction and assume that
f e W9P(Q) for some s and p as in (1.3). (4.13)

For ¢ sufficiently large, we have s > s’. Since (s1,s,s’, p1,p,p?) does not satisfy (1.9), we find
that Theorem 1, part A applies for this sextuple, and thus (using (4.10) and (4.13)) we find that
f e Wsi’p[(Q). This contradicts (4.12), and completes the proof of Theorem 1, part B, granted
Lemma 4.1. 0
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Proof of Lemma 4.1. As explained in the proof of Theorem 1, part B, it suffices to establish the
seemingly weaker form of (4.2). There exists a sequence (« ;) such that, with ol =00, r’ :=r®"),
we have

llwrigo, = 0 Najlwerraqo,mn = 0, 1 llyat e o 1)) = 005 V€= 2. (4.14)

Step 1. Construction of (uj) when o1 = 1/r1. In this case, we have o = 1/r.
0, ifx<1/2
For £ =3, let w*(x):={ 1, ifx=1/2+1/k . A direct calculation shows that
k(x—1/2), if1/2<x<1/2+1/k

lw" Iy = 1, |w*llyveq = Ink)Y? as k — oo, V1< g < oo. (4.15)

1 4
We set, for a sequence (k;) tending to oo sufficiently fast, u; := Inh AU Ining: w”i. Then
nk;)"inlnk;

clearly u; satisfies (4.14) (since rf<rqy, Vo).
Step 2. Construction of (uj) when o1 > 1/r1.

Step 2.1. Outline of the construction. In view of the relation (4.1), the points (01,1/r1), (o,1/r),

(1,1) € R? are collinear. The line they determine intersects the x-axis at the point («,0), where

01—1/7'1
=——€(0,1).
@= Ty, O

Consider the line segment L and the arc of hyperbola H given respectively by
L :={0(a,0)+(1-0)(1,1);0 €(0,11} and H :={(s, p);(s,1/p) € L}. (4.16)

We note that, in particular, we have (01,r1) € H and (o,r) € H.
We will construct, by induction on j € N*, sequences {w;‘?}kzg such that:

w”:10,11—-10,11, ¥ j, Y, (4.17)
wf. is Lipschitz, V j, V£, (4.18)
wf is non decreasing (and thus Iwa lwii<2), Vj,VEk, 4.19)
1iknigolf|w§|ws,p ~ P, 1iglso1jp|w?|ws,p ~jYP v j VY(s,p)eH. (4.20)

Note that in particular estimate (4.20) holds for s =01 and p =r1, resp. for s=¢? and p =r’.

Granted the existence of wﬁ?, we set, for a sequence (k) tending to oo sufficiently fast, u; :=

1 .
ey w" . Then clearly u ; satisfies (4.2) (since rl<ry, VO).
JYrng Y

Step 2.2. Construction of w’f. Let € = ¢; := kY% g0 that 0 <e <1 and ke® = 1. Consider the
following 2% intervals

1% :=10,e], IE ;= [e%, 6% + €], IF :=[26%,2¢" +€]...,IF := [(k - 1)e?, (k — 1)e® + €] (4.21)

JE = [e,e%], JE = [e" +£,2e%], J¥ :=[26% +£,3e%]...,JF = [(k — 1)e” + &, ke®]. (4.22)

Clearly, these intervals have disjoint interiors and cover [0, 1] (since, by the definition of ¢, we

have k&% =1).
We uniquely define w]f :[0,1]1— [0, 1] via its following properties.
1. w’f is continuous.

2. w’f is constant on each o/ 2"/.

12



3. wk(0)=0.
4. Oneach I ;f, w}{' is affine and increases by the value €% = 1/k.

Analytically, for each ¢ € {1,...,k} we have

_ a a-1¢.. _(p_ a . _ a _ a
w,f(x):{(e De® + e L(x— (£ - De%), if(¢-1De%<x<(l-1) re 4.93)

le?, if(0—1)e%*+e<x</lc®

The above formula defines w’f on [0,1].
Note that the graph of w’f consists of k£ oblique line segments and of £ horizontal line segments.

Step 2.3. Construction of wé"'. The idea consists of modifying w}I"' only on the set where it is not
locally constant, i.e., on each of the the intervals ]lf’. More specifically, wg is obtained by replacing,
on [ Ilf’, the function w’f by an appropriate rescaled copy of w’f; this copy is uniquely determined by
the requirement that wg is continuous (we will give below the analytical formula of wlze). Thus,
while on [ ’;’ the graph of w’f is an oblique line segment, the one of wé"' consists of £ oblique line
segments and of 2 horizontal line segments.

Analytically, wlz"’ is defined as follows:

wé’(x) _ {w]f(x), ifx e Jf for some ¢ (4.24)

(0 —1)e® +e"wk((x - (¢ - 1)e%)e), ifx €I for some ¢

Note that the graph of wé"' consists of 22 oblique line segments and of %2 horizontal segments,
but unlike in the case of w’f the horizontal segments are not of equal length.

Step 2.4. Construction of w;‘? for j = 3. We iterate the above construction. There are two possible
ways to iterate, and both lead to the same functions. The first one consists of replacing, on each
maximal interval on which w?_l is not locally constant, w?_l by an adapted rescaled copy of w}{'.

The other one consists of replacing, on each maximal interval on which w’f is not locally constant,

w]f by an adapted rescaled copy of wf_l. We adopt the latter point of view and define, by induction
on j,

B wlle(x), ifxe Jé” for some ¢
wi(x)= o a k o ] N . (4.25)
J (¢—1)e*+¢ wJ._l((x —(¢-1e%e), ifxel; for some ¢
Step 3. Proof of (4.17)—-(4.19) and of (4.20) when p = oo.
Step 3.1. First properties of wé"'. Clearly, wé"' satisfies (4.17)—(4.19). In addition,
w? is constant on each Jé’/, (=1,...,k,Vk,V]. (4.26)

Step 3.2. Property (4.20) holds for s = a and p = co. More specifically, we will prove, by induction
on j, that

lim [w”|ca =1, Vj=1. (4.27)
k—oo 7

We start by noting that property (4.26) has the following consequence. Let 0 <x <y <1 and
assume e.g. that ye J é". Let z be the right endpoint of I%, so that wﬁ‘? (2)= w;‘?(y). We thus have

wa(y)—wﬁ?(x)l _ wf(y)—wf(x) _ wf(Z)—wf-(x) _ wa(Z)—wf(x)l

ly — x|® (y—x)2* —  (z—x)° |z — x|@
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()~ wh ()

Thus we may “project” y on [ ’Z without decreasing the quotient | @ . A similar
y—x
observation holds for x. We find that
b w? (- w? (x) b k
lw”|ce =supy ———;0<x<y=<1l,xel,,yel, for some ¢{,m ;. (4.28)
J ( y— x)a

Inequality |w;‘7’|(1a > 1 follows from wﬁ?(O) =0 and wﬁ?(l) =1, Vk, Vj. It thus suffices to prove
that

limsup|w”lca <1, ¥j=1. (4.29)

k—o0

Step 3.2.1. Proof of (4.29) when j=1. Ifx,y € I]lf (same /), then
wk(y) —wk ) = e Ny —x) < (y —x)°. (4.30)

On the other hand, if x € I% and y € I%, for some £ < m, write x = (/- 1)¢" + A¢, y = (m—1)e% + ¢,
with0<A1,0<1. Sett:=1-d€e[-1,1]andn:=m—-¢€{1,...,k—1}. Then

w]f(y) - w]f(x) =ne +te% y—x=ne" +1te,

and thus
B ne® +te®
lwilce =max{l,supi——————;1<n<k-1-1<t<1
(ne® +te)¥
(n+1)e” (4.31)
Smax{l,sup{—;lﬁnsk—l}}.
(ne*—¢g)e

(n+1)e”
(ne® —¢g)a’
and the denominator is concave in n. We find that the maximal value of this expression is achieved
either for n =1 or for n = k£ — 1. Going back to (4.31), we find that

Let us next note that, in the expression the numerator is affine (thus convex) in n

1 2e% ke?
T(e%—e)® (B —1)e® —¢g)e

Iw]f|ca5max{ }—>1ask—>oo;
here, we took into account the fact that ke® = 1. This proves (4.29) for j = 1.
Step 3.2.2. Proof of (4.29) when j = 2. Assume that (4.29) holds for j— 1. Let x,y € I’; (same 7).

Taking into account the definition (4.25) of w?, we find that

wi () -whx)  ewh  (y=(-DeMe) - e*wh_ (x - (0= 1Dee)

(y-x)2% (y—x)%

< |wJ_1|CUC. (4'32)

Ifxe I’Z and y € If"n for some ¢ < m, we estimate, as for j =1,

wf-(y) - wj‘?(x) _ (n+1e"

(y—x)*  (ne¥—¢)™

withn:=m-2¢.

We find that
2e% ke®
(e*—e)®” (B —1)e% —g)*

|wj?|ca Smax{lw?_llca, }—» 1 ask—»oo,
i.e., (4.27) holds for j.
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Our final task is to prove that (4.20) holds when (s, p) € H \ {(a,00)}, i.e., if
a<s<l, 1<p<ooand(s,p)eH. (4.33)

This will be done in the next two steps of the proof.
Let us note that

[a<s<1l,l<p<ococand(s,p)eH]<—=[a<s<1,l<p<ocoand a(p—-1)=sp—1]. (4.34)

Step 4. Proof of the lower bound in (4.20) when p < co. More specifically, we will prove the
following. Let (s, p) satisfy (4.33). Then

11m1nf|w |WSP >(Cj, Vj=1, for some C > 0. (4.35)
k—o00

The proof is by induction on j = 1.
Step 4.1. Proof of (4.35) when j = 1. The starting point is the inequality

Wk (y) — wk(x))P
k k. _ 1 1
lwi I{,’Vs,p >S": = 1<[<Em<k ff(]kang dxdy

_ +)1l+sp
o= . (4.36)
= (m—ﬂ)peapff ————dxdy.
1s£;nsk JExTE, (y —x)i*sp Y
Noting that
y—x<(m-0+1)e% <2(m - 0)e?, ‘v’15£<msk,Vx€J§’,‘v’y€J,]fl,
and that, for large k£ (and thus for small ) we have |J é”l > e%/2, we find that
liminfS” = liminf2 =573 g®(P—sp+D Y (m- ¢yp—sp-1
k—oo k—oo ., 1st<msk
=Cq liminfe®®-sP+1) Z (k —n)nP~sp-1
k—o0 l<n<k-1
C == 4.37)
> “Lliminfre®P-op+D) Y ppospol
k—oo 1<n<k/2
= Climinfe®P=sP+DpP=sP+l — Climinf [ke*P~5P* = C.
k—o0 k—o0

In the last line, we use successively the fact that p —sp —1> -1 and thus

Z nP=sP~1 L ckP~SP a5 k — oo for some constant ¢ > 0,
l<n<k/2

resp. the equality ke® = 1.
This completes the proof of (4.35) when j = 1.

Let us note that this first induction step does not use the fact that (s, p) € H (but the next one
does).

Step 4.2. Proof of (4.35) when j = 2. Assume that (4.35) holds for j— 1, with C the constant in
(4.37). Then we estimate, using the analytical definition (4.25) of wﬁ? in terms of w;‘?_l and the
scaling of the semi-norm | |ws.»,

11m1nf|w IWspzhmme + liminf Z Iw P
k —00 k—’OO 1<[<k

T Wep(I%)

> C + liminfke® —SP+1 |k
— 00

>C+C(j— 1)1ikminfke“l’—sp+1 >C+C(j-1)=Cj;

AL (4.38)
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here, we rely on the fact that 2 =¢™% and thus
Re@P sl = gratap=sptl - pa@=D-(p~1) = 1 (using (4.34)). (4.39)

This completes the proof of (4.35).
Step 5. Proof of the upper bound in (4.20) when p < oco. Let (s, p) satisfy (4.33). We will prove that
limsup Iwﬁ?lﬁ,s,p <C'j, Vj=1, for some C' > 0. (4.40)

k—o00
As in Step 4, the proof is by induction on j. It will be convenient to prove a slightly stronger
0, ifx<0

1, ifx=1
We will prove by induction on j that for every (s, p) satisfying (4.33) we have

assertion. We extend wﬁ‘? to (—1,2) by setting w?(x) = {

limsup wal{}’vs,p((_l,z)) <(C"j, ¥j=1, for some C" > 0. (4.41)

k—o0

Step 5.1. Proof of (4.41) when j=1. Set Jé” = (—e%+¢,0], J}f’ﬂ =[1,1+e%-¢), I’S =@, I]l:+1 =@,
ko
Ik+2'_ @, and

AR = (=" +e,1+e% —e) =T udEuTb ugfu. uJF UIFUgRUIE UJdE UIE .

We have

k k
lw}flé’Vs,p«_msz(ZT%ZU?+ S Vi 4 Y zh apteqiert] @z
’ /=1 /=1 ’ ’

1<l<m=<k+1 0<m</l<k+1

where

Wk (y) - wh @)

= L 1 -

T, '_fflkxlk ly — x|1+sP dxdy, U, ._ffIkx(Jk - )...dxdy,
e ¢\ VI UL

vk ::ff ...dxdy zk ::ff ...dxdy
tm (I urkudByxgk ol ) P omt Ik uTE)x(TE  uIkuTk) ’

Pk::ff ...dxdy, Qk::/ ...dxdy,Rk::ff ...dxdy.
(—1,—e%+e)x Ak Al x(1+e%—¢,2) (=1,—e%+e)x(1+£%—¢,2)

By scaling and the relation £e®?~5P*1 = 1 (see (4.39)), we have

k
T],f’ =¢16%P75P*1 and thus Y T;’ = c1ke™ 5P = ¢ for some ¢q > 0. (4.43)
=1

By symmetry and scaling, we have

1—x/e)P 1
Uf stf e“p%dxdy+2p£“pff —————dxdy
(0,6)x(e,e%) (y —x)ttsp (0,e)x(e%,e%+¢) (y —x)itsp

1-X)P
=275+ f f .S 1) dXdY
0,1)x(1,ea-1) (Y = X)1*sP

! (4.44)
+2Pgap—sp+1ff R SR
(0,1)X(5a—1’ga—1+1) (Y _X)1+sp

1
<coe®P 5P+l (/ (1-X)P°PdX + 1) = 5™ ~P*L for some cg, c3 > 0.
0
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As in (4.43), using (4.44) we obtain
k
Y Uk <cs. (4.45)
/=1

We next estimate ngm. The estimate of Zf1 ¢ 18 similar and will not be detailed.

Assume firstthat f <m —-1. If x € Jé”_luI]; UJ;/ and y € J,’ﬁl LJIZ’;L+1 with ¢ <m -1, then
lw®(y) —wk (@)l = wh(y) - wh(x) < m — £ +2)e® < 3(m - 0)e”,
ly—xl=y—-x=(m—-¢—-1)e%=(m—0)e“/2.

For such ¢, m, we find that

(m _ [)pgap+2a
s (m—f) +sp£a( +sp)

Arguing as in the proof of (4.37), we find that

= cq(m — 0)P 5P~ 1gap=sp+1) (4.46)

k
limsup Z V;em < C4Ea(p—sp+1) Z (k- n)np—sp—l

k— < —1< =
o 1<f<m-1s<k n 2 (4.47)
< cyke¥P=sP+D Y nPsPl< cskPsP+1galp=sp+l) _ o
n=1
We now estimate V[ oy With1<l<k. Ifxe Jé”_l UI’; UJ? and y € Jé”ﬂ UI];H, then
le(y) wl(x)l = (y) wl(x) < 3¢e”
and thus

1
VE, . <cee®® ff ————dxdy
bevl (=269 0)x(e,c9+¢) (y — x)1+5P

1
= cee™P P —————dXdY
ce¢ ff(—zgwl,mxa,aalﬂ) (Y —X)1l+sp (4.48)

e* 1+1 1
< C7e“p_3p+1/ 7or dX < cge®P~P*L (since sp > 1).
1

This implies, as above, that

Z Vz 0415 (4.49)

The estimates of P*, @* and R* are straightforward, using the fact that
(0-De® swh(x)< e, VE,¥j,VCe(l,....k}, Ve [(£ - 1e®, le"]. (4.50)

We find for example that, for large % (such that ¢! =% < 1/2),

5 k+1 1
ph Y e [[ L ey
z; (—1,—e@+e)x((—1)e,ex) (y —x)1HsP

k+1
T W f f — 1 ixay
r=1 (—e~@ —1+el-a)x(¢-1,0) (Y = X)1*sP
k+1
<Pty Z o f f ;ldXdY (4.51)
(—00,~1/2)x(¢—1,0) (Y = X)*+sP
( +1)k+1 4 (r—spr1y L
< alp—sp _— < 2Sp a(p—sp [p—sp
C9€ P C9€ [;1

< Cloé‘a(p_'gp+1)kp_8p+1 (since p—sp>-1) = Clo[kEa]p_Sp+1 =c1o.
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Similarly we have

Q" < cio. (4.52)
On the other hand,
k<ff ;dxdy:cu<oo (4.53)
~ Jc10)x2) (y —x)t*sp ’ i

Combining (4.42), (4.43), (4.45), (4.47), (4.49) and the analogues of (4.47) and (4.49) for Zf;L /
and (4.51)—(4.53), we find that

hmsuplwlIWsp(( 1) = €12 <00. (4.54)
k—o0

Step 5.2. Proof of (4.41) when j = 2. Consider the segments
L}; =[0-1e%—¢,(0 -1+ 2e]l ={(¢ — D&} +e(-1,2), £ =1,...,k. (4.55)

Using (4.55) and the definition (4.25) of w;‘? in terms of w;‘?_l, we find that

ap-sp+1,, k |p .
lw” |WSP(Lk) € ij_IIWs’p((_w)), Vj=2,VEk, (4.56)
and thus (by (4.39))
k 1 kP
_ ap— Sp+ _
Z Wsp(Lk = ke |wJ 1|stp((—1,2)) = wj_1lysr1,2) (4.57)
Clearly, by (4.34),
i wa(y)—wf(x)lp Jed 458)
whiz, = xdy. .
WsP((-1,2)) — = Wsp(Lk (- 12)\u’; lL’;)X(Ué 1Ll§) Iy_x|1+sp
Y?"
J
Assume for the moment that
lim squ < c13 for some c¢13 < oo independent of j = 2. (4.59)

k—oo0

Combining (4.54) with (4.57)—(4.59), we obtain by induction on j that (4.41) holds with C" :=
max{clz, 2013}.

It remains to prove (4.59). The proof is very similar to the one of (4.54), and we do not provide
all the details.

Set, for each /€ {1,...,k}, Mk Jk \ Ufl lL]fn For large &, we have M]lf’ =(2e+(0—-1)e%, le*—¢).
We split ij as follows:

v i i ff wa-(y)—w;‘?(x)lpd J ' ded
o
s e W N V(R 7 N LA T R 4 (~1,—e%+&)x(Uk_ k)

(=1"¢

J

B P (4.60)

+ff dxdy+ff ..dxdy.
(Uk Lk)><(1+£“—£2) (-1, £“+£)><(1+£“—£2)

r=1"¢ .

J

Qk Rk

18



One of the crucial ingredients in the proof of (4.59) is the fact that the sets L}; and Mﬁf do
not depend on j. We will combine this fact with j-independent estimates of the quantity Iw?(y) -
w;‘?(x)lp; this will lead to j-independent estimates of the integrals in (4.60) and to the desired
conclusion (4.59).

When m > ¢ or m < ¢ -1, we estimate B’; n s we did for V;"m when ¢ <m —1. As in (4.46), we
find that

B}, <calm— 0P~ P e®PTPHD v j> 2 ¢ me(l,...,k} such that m > £ or m < £ - 1. (4.61)
As in (4.47), this leads to
B <2c5. (4.62)

{m
m>¢ or m<f-1

The estimates of B}l‘f , and B’; ¢, are similar to the one of vk For example, in order to

0,0+1°

estimate B’; , we take advantage of the fact that wﬁ‘? is constant on é" and find, as in (4.48), that
w”(y) - wh(x)P

B]; = ff ’ 14{3 dxdy

’ (0-1)e—e,(0-1)e®)x(((-1)e+2¢,0e7) |y —x|*F5P

1
Sgapff —dxdy508gap—sp+1.
(—£,0)x(2¢,em) (y —2)1T5P

We are led to

> B}, =2c. (4.63)
m={¢-1or /¢
Finally, exactly as in (4.51)—(4.53) we have
P* <¢19, QF <19 (4.64)
and
R* <ecyy. (4.65)
Combining (4.62)—(4.65), we obtain (4.59).
The proof of Lemma 4.1 is complete. O

5 Gagliardo-Nirenberg inequalities in Triebel-Lizorkin and
Besov spaces

In the first part of this section, we recall the definition of these spaces. We next investigate the
validity of the Gagliardo-Nirenberg inequalities in such functional settings. As we have already
seen in the proof of Theorem 1, part A, part of the corresponding analysis is relevant for Sobolev
spaces.

We start by recalling the (most commonly used) Littlewood-Paley decomposition of a temperate
distribution.

Definition 5.1. Let v € CSO([RZN) be such that v =1 in By/3(0) and suppy < Bs/5(0). Define

wo=v and, for j = 1, j(x) := w(x/2/) — w(x/2/ 1) (5.1)
Set ¢;:= F 1y ; € #.5 Then for each temperate distribution f we have
f:ij in &/, with f;:=f *¢;. (5.2)
Jj=0

f= Z;’.';O fj is “the” Littlewood-Paley decomposition of f € &'

5Equivalently, we have @o =% 1y and, for j > 1, @jlx)= 2N po(27x) — 2NU=D (277 1x).
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Note that #f; =y ;% f is compactly supported, and therefore f; € C* for each ;.

Definition 5.2. Starting from the Littlewood-Paley decomposition, we define the Triebel-Lizorkin
spaces F, , = Ff,’q(IRN) as follows: for s =0, 1< p,q <oo, we let

1Fllps, =

(2ijj(x)) .

7=0

={f e S I lFs,, < ook (5.3)

1TN) I Lp(RY)

This definition has to be changed when p =oco and 1 < ¢ <oo [13, p. 9], but this case will not be
considered in what follows.

Most of the Sobolev spaces can be identified with Triebel-Lizorkin spaces [15, Section 2.3.5],
[13, Section 2.1.2].

Proposition 5.3. The following equalities of spaces hold, with equivalence of norms:
1. If s >0 is not an integer and 1 < p < co, then WSP(RV) = Fls,,p(RN).
2. If s=0is an integer and 1 < p < co, then WSP(RN) = Fs ,(RM).

When s = 0 is an integer and either p =1 or p = oo, the Sobolev space W*? cannot be identified
with a Triebel-Lizorkin space.

Remark 5.4. By Definition 2.7 and Proposition 5.3, ordinary Sobolev spaces in the sense of Def-
inition 2.7 are precisely the Sobolev spaces W** which can be identified with a Triebel-Lizorkin
space.

Reversing the roles of /9 and L? in (5.3), we obtain the Besov spaces.

Definition 5.5. We define the Besov spaces B}, , = B;’q([RZN) as follows: for s =0, 1 < p,q < oo, we
let

25/ f

Iz, = H { ={f €.7"; If gy, <ool. (5.4)

L”(RN))J'EO 1)

By Proposition 5.3 item 1, when s > 0 is not an integer and 1 < p < oo we have W*? =B7 .
Given s1,...p9 satisfying (1.3) and (1.6), we discuss the validity of the following analogues of
(1.4):

1 1lFs, N ||f|| Fl ||f|| F2. NFEF ( NF s (5.5)
respectively
17 1lBs N ||f|| ||f|| Y feB ., NBY .. (5.6)

p1q1 pzqz

It turns out that the analysis of (5.5) and (5.6) is much easier than the one of (1.4).
In the scale of Triebel-Lizorkin spaces, we have the following remarkable result due to Oru
[11] (unpublished); for a proof, see [3, Lemma 3.1 and Section III].

Proposition 5.6. Let sq,..., pg satisfy (1.3) and (1.6). Then for every q1,q2,q €[1,00] we have

I s <IIfII ||f|| NYfeF, o NFy (5.7

pg ~ g AR p1.q1' T p2.q2°
[If one of the p1,p2, p equals oo, then the corresponding g has to be > 1.]
We emphasize the fact that the values of q1,q2,q are irrelevant for the validity of (5.7).

Combining Propositions 2.3, 5.3 and 5.6, we obtain the following
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Corollary 5.1. Let sq,..., ps satisfy (1.3) and (1.6). Let Q be a standard domain in RY. If W51-P1
W?3P and W*2P2 are ordinary Sobolev spaces, then

”f”WSP(Q) ||f||Ws1p1(Q)||f”Wszp2(Q),VfEWSl’pl(Q)ﬂWSQ’pZ(Q)- (5-8)

Corollary 5.2. Inequality (1.10) holds when p; = co and W*%?, W52:P2 are ordinary, resp. pg = oo
and W8L.P1 WSP are ordinary.

Proof of Corollary 5.2. Assume e.g. that we are in the first case; the other one is similar. If s in
not an integer, then all the three spaces are ordinary, and we are done, by the previous corollary.
When s; is an integer, we rely on the (well-known) embedding

Whe®N) — FE (RY), Yk eN, VN, (5.9)

whose proof we sketch here. Let f € W°(RY) and let f i be as in (5.2). Then
I1£ g, =sup2Ifjlz = max{ Ifolzes, sup2™ £l } Smax{lf e, 1F Pl = 1f s
’ Jj= j=

for the justification of the last inequality (via “direct” and “reverse” Nikolski’i inequalities) see e.g.
[4, Lemma 2.1.1].
By Proposition 5.6 and (5.9), we have

lullwse < IIullesl IIuIIWsm S ”u||W8100”u||W82p27
and thus (1.10) holds. O

In the scale of Besov spaces, we have the following result.

Proposition 5.7. Let sq,...,peo satisfy (1.3) and (1.6). Then we have

||f||B§,q§||f|| ||f|| ,YfeB} ,,NBY ., (5.10)
171 q1 172 q2
if and only if
1 6 @1-0
1_0_ a-0 (5.11)
q9 q1 q2
- L. 1 6 1-6
Proof. Assume first that (5.11) holds. Let g satisfy — = — + ——. By (5.11), we have ¢ = q, and
_ q Qg1 q2
thus ¢9 — ¢9. Using twice Holder’s inequality, we find that
1 hmy, <0 =< (l2vn], o]
Bra =1 Waa = L2 TlLp2 @) 720117
) ) 1-6 0
< 231.] . 282.] . — s
( & Lpl(RN))ij 191 (N) ( /i LpQ(RN))ij 192(N) ”f” Bplay ”f” Bpaz

Conversely, assume that (5.10) holds. Let y; be as in (5.1). Then y; =0 in B(0,3/2) \ B(0,4/3),
VY j =2, while v; # 0 in B(0,3/2) \ B(0,4/3). Consider some g € C°(B(0,3/2)\ B(0,4/3)) such that
gy1#0,andlet A := Z1g. By our choice of g, we have

hxpr=F gy1)#0. (5.12)
Define f™ .= Z?'z"m a jh(2j -), Vm = 2. The numbers a; >0 will be chosen later. It follows from

the definition of A that for every m =2 and j = 0 we have

7w = {a,-h(zf-) spj=a;hxp)2/), ifm=<j<2m ‘ 5.13)

0, otherwise
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For s=0and 1< p,q < oo, we find using (5.12) and (5.13) that

i~ ~ PO 2m
1™ % @ sy = 2N Pa;, Ym< j<2m, and | gs = '(2<S‘N’P)Ja Dol (5.14)
s 14
We now let b be such that
N N N
b<min{—s+—,—sl+—,—32+—} (5.15)
p P1 P2
and set a; .= j2bi,
It follows from (5.14) and (5.15) that
1F™ B, = m 92N Ty igm eI, j= 1,9, (5.16)
o Pj;
Combining (5.10) and (5.16) and letting m — oo, we find that (5.11) holds. O

Remark 5.8. Triebel-Lizorkin F; , and Besov spaces B}, , are defined when s€R and 0 < p,q <
00.% Tt is easy to see that Propositions 5.6 and 5.7 hold when —co < s; < s <s3 <00, 0< p1,p,p2 < 00
and 0< ¢,q1,q2 < oo.
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