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Modal Logic of Transition Systems in the Topos
of Trees

Colin Riba and Guilhem Jaber

ENS de Lyon, Université de Lyon, LIP*

Abstract. We investigate the adjunction between the category of tran-
sition systems (with not nec. bounded morphisms) and the topos of trees
. from the perspective of the basic modal logic K on transition systems.
More specifically, we show how the modal logic K over an object of .
seen as a transition system can be lifted back as a subobject of .. This
relies on the usual mutually transpose formulations of modal satisfaction
as either a map of transition system or as a map of Boolean algebras with
operators. Moreover, thanks to the usual geometric morphism from the
Boolean topos Psh(|N.|) of presheaves over the discrete category of nat-
ural numbers to ., we can give a characterization of modal satisfaction
within . as a map from formulae to total subobjects of . whose image
in the Boolean topos Psh(|N,|) is an internal map of Boolean algebras.

1 Introduction

Modal logics over transition systems are widespread languages to express prop-
erties and reason about abstractions of executions of programs, in particular
with automatic methods based on model-checking (see e.g. [3]). Most modal log-
ics used in verification (LTL, CTL, CTL", the modal p-calculus) are extensions
of the basic modal logic K, whose modalities simulate quantifications over the
immediate successors of a state.

In this paper, we investigate the modal logic K over the objects of the topos
of trees . [4], the presheaf category over the total order of natural numbers. The
topos of trees is a versatile structure for semantics of programming languages.
It is for instance a natural setting to formulate and reason about realizability
models or logical relations (called Kripke logical relations) for ML-like languages
with recursive and polymorphic types and higher-order references [4]. It can
also be used to build denotational models, e.g. for the languages PCF [28] and
FPC [25]. Moreover, . is a convenient model to program with and reason about
coinductive types [7].

Each object X of ., as a forest [17], can be seen as a transition system X ®.
We observe that there is an adjunction (—)® + (=)g : TS — . (actually a
coreflection!) where TS is the category of t.s.’s with not necessarily bounded
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! The unit 7 : Ids — (=)@ o (—)® is a natural iso, or equivalently (—)® :.# — TS is
full and faithful (see e.g. [21, Thm. IV.3.1]).



morphisms. We show how via this adjunction, the modal logic of an object of
7 seen as a t.s. can be lifted back to .. This adjunction moreover allows
to see every t.s. with state set |K| as a subobject of the internal type Str g
of streams over |K| in .#.2 Each type Strg of .7, like every coinductive type
for a polynomial functor, admits a representation as an object of . whose set
of global sections (i.e. the set of .#-morphisms from 1 to that object) is the
final coalgebra of that functor in Sets [24] (see also [7]). On the other hand,
t.s.’s defined in . arise naturally e.g. with Kripke logical relations for languages
with states, which require the representation of the heap as a transition system.
Besides, in [8] a logic with an S4 modality is used in external reasonings over
Kripke logical relations.

A lot of the power of . comes from the presence of an endofunctor »
equipped with a principle of guarded recursion [26]. The functor » induces a
modality on the subobject classifier of . (i.e. its object of internal truth val-
ues) which satisfies a Lob rule, expressing a well-founded induction principle. In
other words, the recursion principle of » on the one hand gives a great power to
build complex structures in ., but on the other hand makes its internal logic
unsuitable for usual modal logics over descendent relations of transition systems,
which are in general not well-founded.

Our approach rests on the well-established tradition of (co-)algebraic ap-
proaches to modal logics (see e.g. [5, 31, 12]). We start from the usual obser-
vation that the modal satisfaction relation I+ over a Kripke model K leads to
a TS-map from the t.s. part of K to the t.s. of ultrafilter over modal formulae
modulo logical equivalence (i.e. over the Lindenbaum-Tarski algebra LT).? This
gives, via the adjunction (—)® + (—)g, a notion of modal satisfaction for an ar-
bitrary object X of ., which can moreover be expressed as a subobject of X x A
for a suitable presheaf A representing modal formulae. We then follow the usual
methodology (see e.g. [5, 31, 12]), turning I the other way around as a map of
Boolean algebras with operators (BAQO) from LT to the powerset of states of
the t.s. X® induced by X. In order to express the Boolean connectives, we rely
on the left-adjoint part of the geometric morphism from the Boolean topos of
presheaves over the discrete category of natural numbers to .#.* On the other
hand, the modality is captured thanks to the observation that the .-map in-
duced by IF from LT (with suitable presheaf structure) to the subobjects of
X factors through the subobjects of X which are total in the sense of [4]. We
moreover show that this completely captures the usual characterization of IF as
inducing the unique BAO map from LT to the powerset algebra of a t.s.

The paper is organized as follows. The preliminary §2 introduces notations for
the topos of trees, transition systems and modal satisfaction. Section 3 presents

2 Transition systems are represented by their unfoldings as forests. Note that this is
harmless for modal logics, since modal satisfaction is preserved under bisimulation.

3 This TS-map is a coalgebra map iff the Kripke model K is modally saturated.

4 This geometric morphism is an instance of a general pattern for categorical models
of S4 [9, 29, 19, 2]. However we consider K rather than S4 (no reflexive-transitive
closure is imposed on transitions).



the adjunction (=)® 4 (=)g : TS — . and shows how the induced notion
of modal satisfaction can be lifted back to .. We then introduce some usual
algebraic material in §4, that we use in §5 for our characterization of modal
satisfaction. Finally, §6 presents some extensions of K, namely an adaptation
of [19, 2] to our setting, which gives S4 for reversed (i.e. “past”) modalities, and
sketches an interpretation of the modal p-calculus.

2 Preliminaries

2.1 The Topos of Trees

Let N, be the set of strictly positive natural numbers. The topos of trees . is the
category of presheaves over (N,, <). Its objects are functors X : NiP — Sets, or
equivalently families of sets X (n) indexed over N, and equipped with restriction
maps (=) : X(n + 1) — X(n). The morphisms from X to Y are natural
transformations f : X — Y, equivalently families of functions® f, : X(n) —
Y (n) commuting with restriction: f,1+1(x)1 = fn(z1) for x € X(n+1). If k < n,
we write 2, for the restriction of x € X (n) into X (k), so that x|, = ok,

As any presheaf category, . is a topos, so it is in particular Cartesian closed.
The product is given by (X x Y)(n) = X(n) x Y(n) and the exponent presheaf
YX at n is the set of all sequences (f¢)¢<,, of functions fy : X (¢) — Y (¢) which
are compatible with restriction (i.e. (—=)1 o fo41 = feo (—)1), see e.g. [22, §1.6].

A subobject S of X, notation S — X, is a family of subsets S(n) C X(n)
such that 1 € S(n) whenever x € S(n+ 1). The subobject classifier of . is the
object £2 with 2(n) = {0,...,n}, and restriction 2(n + 1) — £2(n) mapping k
to min(k,n). The characteristic map xs : X — {2 of a subobject S — X takes
z € X(n) to max{m < n |z}, € S(m)}, with max = 0.

Remark 2.1. In ., each object 2% is isomorphic to the object whose component
at n is the set of sequences (S¢)¢<n of sets Sy C X (¢) such that x1 € Sy for all
x € Spy1, and with restrictions taking (S1, ..., Sn, Snt+1) to (S1,...,50). O

2.2 Transition Systems

A transition system K = (|K|, Ox) is given by a set of states | K|, together with
a transition function 0 : |K| — P(|K]). We may write x =k y for y € Ik (z).
A morphism of transition systems K — K’ is given by a function h : |K| —
|K'| which respects transitions, in the sense that h(y) € Ik (h(x)) whenever
y € Ok (x). We write TS for the category of transition systems and morphisms
of transition systems.

As usual (see [31, 10]), transition systems are Sets-coalgebras for the covari-
ant powerset functor P, and among the morphisms of transitions systems, we
distinguish the bounded morphisms, i.e. the TS-maps h : K — K’ which are
maps of coalgebras, that is s.t. g o h = P(h) 0 Ox. We write Coalg(P) for the
category of transition systems and bounded morphisms.

® We write either fo or f(C) for the component at C of a natural transformation f.



2.3 Modal Logic

Assume given a set AP of atomic propositions, ranged over by p, g, etc. We take
as basic modal language the formulae defined as follows:

pped = p | L | VY | —p | Op

We use the following expected defined formulae

Given a transition system K and a valuation v : AP — 2| the modal satis-
faction relation s IF¥ ¢ is defined by induction on formulae as usual:

slFYp iff s € v(p) sIpY L sIFY =g iff s @
sl vy iff slFY por sIFY ¢ sIFY O iff tIFY ¢ for some t € O(s)

We write s IF ¢ for s IFY ¢ when the valuation v is understood from the context.

Remark 2.2. Note that since the relation I is a subset of | K| x A, so we can see
it equivalently as function |K| x A — 2, or as either of its transposes |K| — 24
or [-]V: A — 2Kl O

3 Modal Logic of Transition Systems in the Topos of
Trees

This Section presents the adjunction (—)® 4 (=)g : TS — . (§3.1), and
briefly discuss how it specializes to Coalg(P) thanks to notion of open maps
of [16, 18, 17] (§3.2). Then in §3.3 we explain how, for an object X of ., the
modal satisfaction relation induced by (=)® H (=)g : TS — % leads to a
subobject of X x A in .7, for a suitable presheaf A.

3.1 An Adjunction Between TS and .¥

There is a functor (—)g : TS — . from transition systems to the topos of trees.
On objects, (—)g takes K to the presheaf Kg with

Ko(n) = {(s1,...,8n) |Vi<n.siz1 €9(si)} < |K|"

and restriction maps Kg(n+1) — Kg(n) taking (s1, ..., Sn, Snt+1) t0 (81, -, 8n).
On maps, (—)g takes h : K — K’ to the natural transformation hg with com-
ponent at n mapping (s1,...,8,) to (h(s1),...,h(sn))-

Remark 3.1. The functor (—)g is faithful, but not full. A .-map f: Kg — K
must be such that f,(s1,...,8,) = (t1,...,tn) whenever fri11(s1,...,8041) =
(t1,...,tns1). It is thus determined by a family of functions Kg(n) — | K|, which
are in general not induced by functions |K| — |K]. O



Remark 3.2. Note that Kg is a subobject of the streams Str| x| over |K|, where
following [4, Ex. 2.1], Str|g|(n) = |K|" and (s1,...,8n,8n41)T = (51,...,5,).
More generally, its was shown in [24, Thm. 2] (see also [7, Ex. 2.4.(i)]) that for
each polynomial functor T' : Sets — Sets, there is an object Ap of . such that
the set of global sections .#[1, Ar] is a terminal coalgebra for T O

It is known since [17] that the objects of . can be seen as transition systems.
The functor (—)® : . — TS takes a presheaf X to the transition system X®
with states | X®| :=[],,., X (n) and transitions given by® y € dxe (z) iff 2 = y1.
On maps, (—)% takes f : X — Y to the function f® : [[ X(n) — [],Y(n)
with f®(n,z) := f(n)(z). Hence, if y € dya (), then we have yT = z, so that
fEn+1y) € Oxe (f®(n,x)).

Proposition 3.3. ()% is left adjoint to (—)g. The unit has component nx :
X = (X9®)g taking x € X (n) to (x)1,...,Tp-1,2) € (XF)g(n).

Remark 3.4. The adjunction (—)® 4 (—)g : TS — .7 is a coreflection (the unit
is a natural iso, equivalently (—)® is full and faithful ([21, Thm. IV.3.1])). O

Remark 3.5. As usual with presheaves, an object X of . can be represented by
its category of elements [ X. The objects of [ X are pairs (n,z) where n > 0
and = € X(n), and there is an arrow from (n,z) to (k,y) iff n <k and y), = =.

Note that [ X is a partial order. Moreover, the set of objects of [ X is exactly
1, X(n), so that [ X is the reflexive transitive closure of (| X®|, = xe). O

3.2 Open Maps and Coalgebra Morphisms

The notion of open map, introduced in [16], provides categorical formulations of
bisimulation [18]. The case of t.s.’s and . is already discussed in [17].

Definition 3.6. A %-map f : X — Y is open if for every n > 0 and every
x € X(n),y € Y(n+1) such that y't = fn(x), there is some 2’ € X(n + 1)
such that fni1(2') =9y and 2’1 = z.

Note that open maps compose, and that the identity is open. Write O(.%)
for the lluf subcategory of open maps. The following result builds on the known
correspondence between open maps and coalgebra morphisms.

Proposition 3.7. The adjunction (—)® 4 (=)g of Prop. 3.3 restricts to an
adjunction between Coalg(P) and O(.7).

Remark 3.8. In particular, for a transition system K the transition system Kég
is bisimilar to K. Note that the states of K are duplicated in K&, so that this
does not extend well to valuations v : AP — 251 a

® TI,-0 X(n) is the coproduct of the X (n) for n > 0. Formally, its elements are pairs
(n,z) with z € X(n), but we write = for (n,z) whenever convenient.



3.3 Representation of Modal Satisfaction in the Topos of Trees

The functor (—)® : ¥ — TS allows to define a modal satisfaction relation on
objects of . seen as transitions systems. Note that this assumes, for an object
X of ., valuations of atomic propositions to be of the form v : AP — 2L X(7)
They are thus not constrained by the restriction maps of ..

Definition 3.9. Given an object X of ¥ and a valuation v : AP — 2|X@‘, the
relations (IF3)n C [1,,(X(n) x A) are defined by

@ iff (n,z) IF” ¢ in X©

Given a transition system K and a valuation v : AP — 2Kl the relation
Ik C |K|x A can be seen as a function |K|x A — 2. We shall now see that for an
object X of ., we can actually represent the relations (IFy,), C ], (X(n) x A)
as a subobject of X x A in ., for a suitable presheaf A. This relies on a simple
observation underlying the usual construction of ultrafilter frames in modal logic
(see e.g. [5, §2.5]).

Recall from Rem. 2.2 that given a transition system K and a valuation v :
AP — 21K the relation IF¥ C |K| x A can be seen as a function

K| — 24

s — A{p]slkp} 1)

Note that if ¢t € 9(s), then s IF G whenever ¢ IF ¢. In other words, if we equip
24 with the transition function

Ogn 240 — P29 5
F +— {G|Vo(peG= CpeF)} (2)

then the function (1) becomes a TS-map from K to (24,054). We now devise
an object A of . such that for any subobject S < A we have

S(n+1) € 034(S(n)) for allm >0 (3)

Definition 3.10. Define the object A of % as N(n) := A for each n > 0, and
with restriction maps (—)1: A(n+ 1) = A(n) taking ¢ to Oo.

We indeed obtain (3) since the shape of subobjects in . imposes that for S < A,
for all n > 0 we have ¢T = O € S(n) whenever ¢ € S(n + 1). Moreover, given
an object X of . and a valuation v, for all (z,¢) € X(n+ 1) x A(n + 1) such
that z IF} | ¢, we have x1 I}, . We thus have shown the following.

Proposition 3.11. Given X and v as above, the family of relations (IFY), is a
subobject of X x N\ in &.

Definition 3.12. Given X and v as above, we write % : X x N = §2 for the
classifying map in .7 of the family of relations (IF2), — X X A.



Remark 3.13. As sanity check, note that 2" ~ (24,054)g in .7, so that the
object A of .# indeed represents in .# the transition system (24, 954). Moreover,
the image under the adjunction (—)® - (—)g of the map X — (24,054)a
induced by Y is the TS-map X® — (24,054) induced by the the transpose of
IFv C | X®| x A. 0

Remark 3.14. The topos of trees is equipped with a full and faithful endofunc-
tor », which takes an object X to the presheaf defined as (»X)(1) := 1 and
(»X)(n+ 1) := X(n). Moreover, the action of » on subobjects can be repre-
sented by a modality > on 2 [4, §2.2 & Thm. 2.7].

However, the modality ¢ does not seem to be easily interpretable via >,
because intuitively » goes “in the wrong direction”. Besides, > satisfies a Lob
rule [4, Thm. 2.7], expressing well-founded induction principle, while on the
other hand & quantify over the descendents of a state in transition systems with
possibly infinite descending paths.

The functor » has left-exact left-adjoint <« (so that <€ < » is a geometric
morphism), defined as (4X)(n) = X(n+1) [4, §2.1 & §6.1]. However, it is not
clear to us how the action of 4 can be internalized on subobjects. Moreover,
we do not know how to use € - » for our purposes since 4(BX)(n + 1) =
>(4X)(n+1)=X(n+1) for all n > 0 (see also §6). O

4 Elements of Algebraic Perspectives

So far, given an object X of .¥ and a valuation v : AP — 2|X®|, we have seen
that the modal satisfaction relations I on the t.s. X can be expressed as a
subobject of X x A in ., for a suitable presheaf A.

We are going to see how we can characterize this subobject, or more precisely
its classifying map % : X x A — §2. This Section discusses some known algebraic
tools on which we rely for this, and §5 presents the characterization itself. We
recall the setting of Boolean algebras with operators in §4.1, and following a
known construction, we present in §4.2 a functor from .# to a Boolean topos.

4.1 Boolean Algebras with Operators

Given a t.s. K and a valuation v : AP — 2/%! we have recalled in §3.3 how we
can equip 2 with a transition relation so that the transpose (1) of IF? C | K| x A
is a TS-map. We now discuss some known structure on this map.

Each set {p | s IF¥ o}, for s a state of K, is a complete consistent theory, that
is a set of modal formulae F' such that (1) F' does not contain falsity L, (2) F is
closed under logical consequence, and (3) F is maximal with these two properties
(so that ¢ ¢ F implies = € F'). Such sets of formulae are best understood as
ultrafilters on Boolean algebras, so we first recall the usual Lindenbaum-Tarski
Boolean algebra over the basic modal language (see e.g. [5, §4.1]).



Definition 4.1. Lindenbaum-Tarski algebra LT is the quotient of A with the

notion of logical equivalence =y induced by the following rules :

F =
Fo

@ propositional tautology Fo
Feo = lv/p)

(p€ AP)

e
FO(p — q) — (Op — Og) FOp

LT is of course a Boolean algebra (see e.g. [5, Chap. 5]). We often leave implicit
the function A — LT taking a formula ¢ € A to its =k-class in [¢]k € LT, and
write ¢ € LT for o]k € LT.

Continuing our discussion, if we look at the transpose (1) of IFV as function
|K| — 257 then for every state s € |K]|, its image at s is an ultrafilter on LT.
Recall that an wltrafilter on a Boolean algebra B is a set F' C B such that (1)
1L ¢F (2)TeF,3)ifaecFanda<bthenbde F, (4) if a,b € F then
aAbe F,and (5) if a ¢ F then —a € F. Write Uf(B) for the set of ultrafilter
on B. The function (1) induces a TS-map K — Uf(LT), where Oyjrr) is the
restriction of the function 2L7 — P(2L7T) induced by 054 (see e.g. [5, Def. 5.40]).

We are now going to see how we can characterize the function modal satis-
faction in this algebraic setting. An interesting thing to notice is that the notion
of coalgebra map does not seem to directly help us here, since as discussed in
Rem. 4.2 below, for a given valuation v, the TS-map K — 2*/(ZT) is map of
coalgebras exactly when the model (K, v) is modally-saturated.

Remark 4.2. Following the usual terminology, a (Kripke) model is a transition
system K together with a valuation of atomic propositions v : AP — 2IKI. We
say that a model (K,v) is modally saturated (see e.g.[5, §2.5]) whenever for all
state s € |K| and all (possibly infinite) set of formulae @, if s IF¥ & AW for all
finite ¥ C @, then there is t € J(s) s.t. t IFY ¢ for all ¢ € ®. It is well-known
that modally saturated models satisfy the Hennessy-Milner property (see e.g. [5,
§2.5]), and moreover that ultrafilter frames as well as image finite models are
modally saturated.

We note the following property. Given a t.s. K and a valuation v : AP — 21
the TS-map K — Uf(LT) induced by IF¥ is a map of coalgebras if and only if
the model (K, v) is modally saturated. O

Moreover, Rem. 4.3 below tells us that we may equally well see modal satisfac-
tion either as a TS-map K — f(LT) or as a Boolean algebra map LT — 21K1,

Remark 4.3. Consider a Boolean algebra B, a set S and a function f : Sx B — 2
together with its transposes f*: S — 28 and tf : B — 2°. Then f is a map of
Boolean algebras iff for all s € S, the set f*(s) C B is an ultrafilter. O

Hence modal satisfaction IF” leads to a Boolean algebra map LT — 2K
which moreover extends v : AP — 2%l in the sense that the following diagram

" So that ¢ =k ® if and only if (F ¢ — v and F 9 — ).



commutes:

AP

This, however, does not completely characterize modal satisfaction since the
property of being a Boolean algebra map specifies the behavior of the Boolean
connectives, but not of the modalities. In algebraic modal logic, modalities are
handled by Boolean algebras equipped with certain operators.

Definition 4.4. A Boolean algebra with operator (BAO ) is a Boolean algebra
B with a function ¢p : B — B s.t. gLl =1 and OgaVb) = CpaV Opb.

A map of BAO'’s form (B,Op) to (B',$p/) is a map of Boolean algebras
f : B — B’ which preserves the operators in the sense that f o Og = <pio f.

Remark 4.5. We have taken in Def. 4.4 the notion of BAO used in [5], but it is
also customary to work with the equivalent notion of a Boolean algebra equipped
with a function Opg which commutes over T and A. a

LT equipped with the operator < is a BAO (see e.g. [5, Lem. 4.6 & Thm. 5.33]).
Moreover, the notion of BAO completely characterizes modal satisfaction once
the powerset Boolean algebra 2/X! is equipped with the operator ¢k taking a
set A C |K| to the set O (A) of all one-step predecessors of A, i.e. the set of
all s € | K| such that ¢ € dx(s) for some t € A (see e.g. [5, §5.2]).

Proposition 4.6. Given a t.s. K and a valuation v : AP — 2IX1 the function
LT — 2151 induced by |- is the unique BAO map extending v (see (4)).

4.2 Mapping . to a Boolean Topos

We now present some categorical machinery that will help us expressing the
characterization of modal satisfaction given by Prop. 4.6 in our setting. We
follow the usual approach when representing algebraic structures in categories.

Remark 4.7 (Algebraic Structures in Categories). We say that an object C of
a category C with finite limits has a given algebraic structure if it is equipped
with maps for each operation of the algebraic structure, which moreover satisfy
diagrams corresponding to the equations of the algebraic structure. See e.g. [21,
pp. 2-5] for the example of monoids. For Boolean algebras we follow the equa-
tional presentation induced by [14, §I.1]. O

First, we devise an object LT of . in the same way as the object A in Def. 3.10.

Definition 4.8. Define the object LT of . as LT(n) := LT for eachn >0, and
with restriction maps (—)1: LT(n+ 1) — LT(n) taking [¢]k to [Cv|k.

The restriction maps of the object LT are well-defined since & preserves logical
equivalence (see e.g. [5, Lem. 4.6]). Given an object X of . and a valuation v,
for each n > 0 we lift IF2 C X(n) x A to IF2 € X(n) x LT in the obvious way,
and Prop. 3.11 trivially extends.
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Definition 4.9. Given X and v as above, we write ¥ : X x LT — {2 for the
classifying map in 7 of the family of relations (IFY), — X x LT.

It is easy to see that since < is an operator on LT, the #-object LT is
equipped in . with the structure of an internal V-semilattice. It is however not
a Boolean algebra, because the Boolean connectives A, T, — do not commute with
<. In other words, the restriction maps of LT, which on the one hand allows us
to see modal satisfaction as a subobject in ., on the other hand prevent us from
seeing LT as a Boolean algebra. We shall thus look to a version of LT “without
restriction maps”.

As simple way to “remove restriction maps” from an object of .7 is to send it
to Psh(|N.|), the category of N,-indexed families of sets. The functor t* : ./ —
Psh(|N,|) just maps X to the family X* := (X,,),. We shall use the following
properties of +*, which are standard categorical material (see e.g. [15, §A.4]).

Lemma 4.10. The functor * is faithful and preserves limits. It induces for each
object X of 7 an injective map of lattices Ax : Sub .o (X) — Subpgy(n, ) (X™).

Lemma 4.11. The object LT* = .*(LT) 4s a Boolean algebra in Psh(|N.|).

The topos Psh(|N,|) is Boolean since its subobject classifier 2 is an internal
Boolean algebra. In particular, for any object X of ., the object 2% of Psh(|N,|)
is a Boolean algebra, whose connectives (A,V, T, L, —) are given by the point-
wise set-theoretic operations (N, U, X (n),0, X (n) \ —). We will use this fact to
characterize the behavior of the transpose LT — 2% on Boolean connectives.

5 Characterization of the Modal Satisfaction Relation

Using the material of §4.2, we can now give an adaptation of Prop. 4.6 to our
context. Let us first set some concepts and notations.

Notation 5.1 (Valuations of Atomic Propositions). We let AP be the ob-
ject of Psh(|N,|) with constant value AP. Moreover, we write AP — LT for the
extension with o*(N — LT) of the inclusion map AP — N*.

Up to now, valuations of atomic propositions for an object X of . were
seen as usual Sets functions v : AP — 2|X€B‘, that is as functions from AP to
[1,,-0(X(n)) — 2. But such functions are in bijection with ][, . (AP — 2X(™),
that is with Psh(|N,|)-maps AP — 2% . From now on, we assume valuations to
be maps AP — 2%

We thus arrive at the first characteristic property of modal satisfaction in .%,
namely that it induces a map of Boolean algebras in Psh(|N.|). Given an object
X of . and a valuation v, we write A(k?) : X* X LT* — 2 for the image in
Psh(|N,|) of k¥ : X x LT — {2 induced by the map Axy 7 of Lem. 4.10.
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Proposition 5.2. Given X and v as above, the transpose *A(kV) : LT* — 2X"
of A(K¥) : X* x LT* — 2 4s a map of Boolean algebras in Psh(|N,|), which
moreover extends v, in the sense that
. tA(K'U)
LT —

b

AP

2X"

It remains to characterize the behavior of the map ¥ : X x LT — 2 on
modalities. We rely on notion of total subobjects of .7 (see [4, Def. 2.6]).

Definition 5.3. An object of % is total if all its restriction maps are surjective.

Recall from §4.1 that usual modal satisfaction LT — 2X% ig map of BAO
when 2X° is equipped with the C,xe takes a set of states S to the set of all
states which have a one-step successor in S, that is the set of all z such that
there is y € Oxe(z) with y € S. Actually, for every subobject S — X, we do
have OxeS(n—+1) C S(n) for each n. The converse inclusion corresponds to the
surjectivity of restriction maps.

Lemma 5.4. Consider an object X of ., some n > 0 and subsets S C X (n),
S’ C X (n + 1) which are compatible with restriction (x1 € S whenever x € S”).
Then OxeS’ C S. Moreover, we have OxeS’ = S iff the restriction of (—)1 :
X(n+1)— X(n) to S’ — S is surjective.

Given an object X of .7, consider the family of sets (TotSubx (n))n>0, where
TotSubx (n) is the set of all sequences (Sg)s<n, of sets Sy € X (¢) such that the
restrictions of (—)1: X({ +1) = X(¢) to S¢+ 1) — S(¥) are surjective. We
equip TotSubx with restriction maps taking (S1,...,Sn, Snt1) to (S1,...,S0),
so that TotSubx induces a subobject of 2% via Rem. 2.1. This leads to the
second characteristic property of k¥, which specifies its behavior on modalities.

Proposition 5.5. The map 'x? : LT — 2% factors as LT — TotSuby — 2.

We can now give our characterization of kV: it is the unique map satisfying
Prop. 5.2 and Prop. 5.5.

Theorem 5.6. Given v : AP — 257 the map ¥ : X x LT — 2 is the unique
map which satisfies all the following conditions:

(i) *A(K?) : LT* = 2X7 is a map of Boolean algebras which extends v, and
(ii) *k? : LT — 2% factors as LT — TotSubyx — 2X.

6 Extensions

We now discuss two extensions of K in our framework. The first one is the logic
S4 with reversed modalities, which corresponds to the direct adaptation of [2, 19]
to our case. The second is a brief discussion on fixpoints. We begin with some
standard categorical material extending §4.2.
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6.1 A Geometric Morphism

The functor o* : ¥ — Psh(|N,|) of §4.2 takes X : Ni¥ — Sets to its pre-
composition with ¢ : |[N,| < N,. As usual (see e.g. [15, Ex. A.4.1.4]), /* has a
right adjoint ¢, given by right Kan extensions along ¢. Explicitly, t.(A)(n) =
[I,<p<,, A(k) for A € Psh(|N,|), and restrictions ¢.(A)(n + 1) = t4(A)(n) map
(a1,...,an,an11) to (a1,...,a,). Since t* preserves finite limits [15, Ex. A.4.1.4],
we have a geometric morphism ¢* = ¢, : Psh(|N,|) — .#. This geometric mor-
phism is an instance of a widespread construction in categorical approaches to
S4 (see e.g. 29, 2, 19]).

Lemma 6.1. Consider a geometric morphism f = f* - fo + F — &. The
inverse image functor f* induces for each object A of £ an (external) homomor-
phism of subobjects lattices Ay : Subg(A) — Subx(f*A), which moreover has
an (external) right adjoint of posets I'a : Subz(f*A) — Subg(A).

Proposition 6.2. In the case of t* 4 1 : Psh(|Ny|) = .7, given an object X of
S, the map I'x : Subpgy (v, ) (X™) — Subgs(X) takes a subobject A — X* in
Psh(|N,|) to I'x (A) = X where I'x (A)(n) = {z € X(n) | Vk < n. z, € A(k)}.
Moreover, the composite I'y o Ax is the identity on Subg(X).

In the case of t* - ., the crucial construction of [2, 19] specializes to the follow-
ing, where we write 2, for ¢,(2).

Lemma 6.3. The map )\ : 2 — 2., taking k € 2(n) to (1¥,0"%) is a map of
internal lattices. It is an internal left-adjoint to 7 : 2, — (2, the classifying map
of tx(t) 1 1 (1) = 2, in 7. Moreover, 7o A = idg.

In particular, A o 7 induces a left-exact comonad on 2,.

6.2 Accommodating an S4 Reverse Modality

As a sanity check, we verify here that an obvious adaption of [9, 29, 2, 19] is
compatible with our setting, and gives an S4 reverse modality, that is a reflexive-
transitive modality H* quantifying over the predecessors of a state. Consider
formulae Ag- extending A with the clause H*p € Ag- whenever ¢ € Ag-. Given
a t.s. K and a valuation v, write —7 for the reflexive-transitive closure of — .
The relation I3, extends IF” with the clause

slkg. B iff  Vte|K|(t—-ks = tiFg. )

Following Rem. 2.2, we look at the relation %, C |K| X Ag« as a function
[-]g. : Ag- — 2Kl In the case of an object X of trees, we therefore get
-1&. : Ag- — 21X We now extend the approach of §3.3. Define (Il—’é*,n)n -
Hn(X X AEI*) as

L SR iff (n,z) IF5. @ (iff  (n,2) € [¢]&.)

Defining the object Ag- of % similarly as A in Def. 3.10, Prop. 3.11 easily
extends.
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Lemma 6.4. Given X and v, the family of relations (k3. | )n is a subobject of
X x /\E|* mn y

Write k3, © X x Ag« — 2 for the classifying map of (H_UEI*,n)n‘ Consider
now the image A(k}_, ) : X* xAg« — 2 of k}__ induced by the map Ang, xx of
Lem. 4.10. Note that A(x}_ ) is a function [[,, (X (n) x Ag- — 2), and moreover

[[(x(n) x 45 = 2) ~ Ag. » ([[X(n) — 2 (5)

n

Lemma 6.5. The function Ag- — ([], X(n)) — 2 induced by (5) coincides
with the interpretation function [-]&. : Ag- — 2/X9.

In other words, the interpretation [¢]&. of a formula ¢ € Ag- is a subobject
of X*, that we still write [¢]&.. This interpretation is lifted to

x myox, W, (6)
where we have written X, for ¢, (¢*X).

Proposition 6.6. The interpretation of B*¢ as the map X — 2, of (6) is the
image under the comonad X o T of the interpretation of ¢ as a map X — 2,.

Remark 6.7. The comparison with [2, 19] can be pushed one step further. The
approach of [2, 19] in particular includes the case of the (surjective) geometric
morphism j* - 7, : Sets! X! — Sets” where K is a transition system seen as
a preorder, and where j* is precomposition with 5 : |[K| — K and 7. is given
by right Kan extensions. When restricted to propositional logic over Kripke
structures, a modal formula over K is interpreted as a map 1 — 2x where 2x
is the image by j. of the (Boolean) subobject classifier 2 of Sets!X!.

Recall from e.g. [22, Ex. II1.8] that given a presheaf category Psh(C), the
slice category Psh(C)/P is equivalent to the category of presheaves over [ P.
The part * : Psh([ P) — Psh(C)/P of the equivalence takes S : ([ P)°? — Sets
to (1,6 : T — P), where T' € Psh(C) is given by T'(C) = [[,cp(c S(C, a), and
Oc : T(C) — P(C) is the first projection (taking (a,—) to a € P(C)). Hence, if
| P is equivalent to the opposite of the reflexive-transitive closure of a transition
system K, then the interpretation of formulae as Sets™-maps 1 — 2 of [2, 19]
induces an interpretation of formulae as Psh(C)/P-maps from 1 to 2 — P,
that is as Psh(C)-maps P — 2 since the 1 of Psh(C)/P is idp : P — P.

In the case of . and K°° = [ X, recall from Rem. 3.5 that K°P is the
reflexive-transitive closure of (| X®|, — xs). Note that 2 (n,z) = Iie,y)— ) 2-
But [ X-maps (¢£,y) — (n,z) for fixed (n,z) are completely determined by ¢
since we must have y = x|,. We thus have 2x(n,z) ~ 2" = 2,(n). It follows
that ~ : Sets”™ — /X takes 2k to the first projection X x 2, — X so that
a formula 1 — 2k in Sets™ is taken to a map K — K x 2, whose composite
with the first projection is the identity, that is to a .-map 1 — 2,. In the case
of a formula ¢ € Ag« with no occurrence of <, it follows from the correctness
of 2, 19] ([2, Prop. 4.9]) that the induced map X — 2, coincides with (6). O
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6.3 Extension to the Modal p-Calculus

The modal p-calculus [20] extends the basic modal language (§2.3) with fixpoints
of monotone formulae. Its formulae ¢,%,... € A, are obtained by extending
A with the clause up.p € A, whenever ¢ € A, and p only occurs under an
even number of negations in ¢.® Given a transition system K and a valuation
v: AP — 2Kl the modal satisfaction relation IF* C |K| x A of §2.3, seen as a
function [—]¥ : A — 251 (see Rem. 2.2) is extended to -1 : A, — 2151 with

pell = (LlUA? | AC K| & []54/7 C A}

We now proceed similarly as in §6.2 above. For X an object of ., we define
the relations (I}, ,)n C [[,(X x 4,) as z I}, ¢ iff (n,2) IF}, . We let A,
be the object of . with the obvious adaptation of A, and we get the expected
extension of Prop. 3.11. Similarly as in §6.2 above, writing /@%u X x N, = 0
for the classifying map of (IF%,,),, we consider the function A4, — |[X%| — 2

wyn
induced by A(Hl/)lu) : X* x A}, — 2. Lemma 6.5 is trivially adapted.

Lemma 6.8. The function A, — (][, X(n)) — 2 induced by A(ky, ) « X* X
N — 2 coincides with [~]Y : A, — 21X°1.
We can say the following on the interpretation [[cp]]z seen as a subobject of X ™.

Proposition 6.9. Given a formula o monotone in the propositional variable c,
the interpretation [[ua.gp}]fb coincides with the following subobject of X*:

/\{A | A € Subpgyn. ) (X*) & [e]ol4/ SSubpanm, p (X*) A} (7)

Remark 6.10. Since I'x preserves limits, (7) leads in Sub(X) to

/\{FXA | A € Subpgyn.p(X™) & [[‘P]]Z[A/a} SSubpan(n, ) (X*) A}

7 Conclusion

In this paper, we noticed the existence of a coreflection (—)® 4 (=)g : TS — .77
allowing to see every object X as t.s. X, and moreover to lift the modal logic K
over X as a subobject of X x A in ., for a suitable presheaf A. We have shown
how the usual (co)-algebraic characterization of modal satisfaction as a mor-
phism of BAQ'’s can expressed using the left adjoint part of the usual geometric
morphism Psh(|N,|) — .7 for Boolean connectives, and the notion of total sub-
object in . (in the sense of [4]) for the modality. Furthermore, we have sketched
how the usual categorical approaches to S4 instantiate with Psh(|N,|) — .% to
give an S4 reverse (i.e. past) modality, and we briefly presented the computation
of fixpoints of the modal p-calculus [20].

8 In this Section, we see atomic propositions as propositional variables.
9 Reminiscent from the coreflection of synchronization trees in labeled transition sys-
tems [32, §4].
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Further Works. First, among the general motivations of this work are the
formulation of logics for verification directly in (fragments of) semantic models,
whether they be denotational or based on realizability (or logical relations). One
track to explore is the application of higher-order model checking [27] (with the
hope that denotational models allow to interpret more structure than Bohm
trees, i.e. fully expanded syntactic trees), but we also aim at devising syntactic
type/proofs system lifted back from .7 (in the spirit of e.g. [7]).

A second (more exploratory) direction is to look at generalizations. Following
Rem. 3.2, the coreflection (—)® 4 (—)g allows to see every object X of . as a
subobject of the internal streams of . over | X®|. On the other hand, the carriers
of final coalgebras for polynomial functors are represented in . as the sets of
global sections of the corresponding coinductive types. This might suggest to
look for generalizations to polynomial functors (see e.g. [12]). But our approach
is also reminiscent from [13] (if we see Xg < Str|xe| as representing X by its
traces), and [13, 11] might also present interesting hints.

An other direction concerns completeness, in particular for settings where
algebraic approaches are available, e.g. normal modal logics (see e.g. [5, Chap.
4]), finitary Kripke polynomial functors (see e.g. [12]), or flat fixpoints [30] (a
family of subsystems of the modal p-calculus which in particular encompasses
CTL). In a more prospective direction, it might be interesting to know if there is
a connection with usual categorical completeness results (see e.g. [23]). Besides,
our way to represent transition systems and modal logic in . (in particular
with the usual cover modality V in mind (see e.g. [30])), when formulated in
first-order logic, is reminiscent from the construction of syntactic sites in topos
theory (see e.g. [22, §X.5]).

Finally, we have shown in §6.3 how the fixpoints of the modal p-calculus act
on objects of .. But further work is still required in order to see what could
be the corresponding extension of Thm. 5.6. A possibly more accessible step
would be to focus on flat fixpoints [30], because they are equipped with simpler
algebraic structure than the full modal p-calculus, which seems to require a full
Stone-type approach [1] (see also [6] for modal logics over Vietoris polynomial
functors).
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A Proofs of §2 (Preliminaries)

A.1 Proofs of §2.1 (The Topos of Trees)

Remark A.1 (Rem. 2.1). In ., each object 2% is isomorphic to the object
whose component at n is the set of sequences (S¢)¢<n of sets S € X (¢) such
that 1 € Sy for all € Sp41, and with restrictions taking (S1,...,Sn, Snt+1) to
(S1,.-,5n). O

Proof. First note that (£2%)(n) is the set of sequences (x¢)e<y such that

X(0+1) —= X(0)

Xe+1l lxe

QL+ 1) — 2(0)

(that is x¢(21) = min(¢, x¢4+1(2))).-

For each n > 0, let g, take (x1,...,Xxn) to (S1,...,S5,) where Sy is the set
of all z € X (¢) such that x,(z) = ¢.

Each map g, is surjective, since any (S1, ..., Sy) is the image of (x1,...,Xn)
where x¢(z) = max{k < ¢ | z);, € S} Finally, each g, is injective since
Gn(X15-- s Xn) = (S1,...,8,) implies that x,(z) = max{k < £ | z;, € Sy},
80 (X1, - -+ Xn) is completely determined by (S1,...,S,). It follows that each g,
is a bijection, and therefore that g is an iso. a

B Proofs of §3 (Modal Logic of Transition Systems in the
Topos of Trees)

B.1 Proofs of §3.1 (An Adjunction Between TS and .¥)

Proposition B.1 (Prop. 3.3). ()% is left adjoint to (—)g. The unit has
component nx : X — (X®)g taking x € X (n) to (x1,...,2,_1,7) € (X¥)g(n).

Proof. Following [21, Thm. IV.1.2.(ii)], we show that for any .-map f : X —
Kg there is a unique TS-map h : X® — K such that f = hg onx.

Consider f : X — Kg, so that f,(y1) = (s1,...,8,) whenever f,11(y) =
(81,.++,5n,8n41). Define h : I, X(n) — |K| as h(n,z) := s, whenever
fa(x) = (81,...,8,). We first show that h is a TS-map. Assume that z =
yT € X(n) and let fr11(y) = (S1,--., Sn, Snt1). We have f,11(y)T = fu(z) and
we get h(n + 1,y) € Ok (h(n,z)) by definition of Kg(n + 1). We now show that
f=heonx. Given x € X (n), writting f,(z) = (s1,...,$n), we have

h@(”)(nX(n)@C)) = h@(”)(x\lv'--axmfl?x)
= (h<x\1)77h(x|n71)7h(x))

= (51,0r50)
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It remains to show that & is unique. So let g € TS[X®, K] such that f = ggonx.
Given z € X(n) with f,(z) = (s1,...,Sn), we have

9@(”)(77X(”)(z)) = (g(il?u),...,g($|n_1),g($)) - (Sla"'asn)
so that g(z) = h(z). O

Remark B.2 (Rem. 3.4). The adjunction (—)® - (—)g is a coreflection (i.e. the
unit 7 is a natural isomorphism). O

Proof. Fix an object X of .. First, each nx(n) is obviously injective. On the

other hand, note that (s1,...,s,) € Xg(n) iff for all £ < n we have sp11 €
Oxe(s¢), that is iff s, = sT,, ;. It follows that s, = (s,)|¢, so that (s1,...,s,) is
of the form (x|, ..., z),—1, ) for some x € X (n), so that nx(n) is surjective. O

B.2 Proofs of §3.2 (Open Maps and Coalgebra Morphisms)

Following [16], in a category with pullbacks we say that a commutative diagram

Q—=A

|

B——C

is a quasi-pullback if the canonical map @ — B x¢ B is an epi.

Still following [16] (but see also [17, §IIL.1] and [18, Lem. 17]), in presheaf
topos Psh(C), we say that a map f: P — Q is open if for any k € C[C, D], the
following commutative diagram is a quasi-pullback:

(D) 22 pioy

fDl/ fe

D C
QD) —=Q(C)
Note that this means that for any ¢ € Q(D), p € P(C) such that Q(k)(q) =
fc(p), there is some p’ € P(D) s.t. P(k)(p') =p and fp(p’) = q.
In the case of the topos of trees, this leads to Def. 3.6, that we recall here.

Definition B.3 (Def. 3.6). A “-map f: X — Y is open if for every n > 0
and every x € X(n), y' € Y(n+1) s.t. y'+ = fu(x), there is some 2’ € X(n+1)
s.t. for1(2) =y and 't =x.

Proposition B.4 (Prop. 3.7). The adjunction (—)® 4 (=) of Prop. 3.3 re-
stricts to an adjunction between Coalg(P) and O(F).

Proof. We first check that (—)® (resp. (—)g) restricts to a functor O() —
Coalg(P) (resp. Coalg(P) — O(F)).
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— Assume first that f : X — Y is an open map in .. We check that f® is a
map of coalgebras X® — Y®.
Since f® is TS-map, we just have to check the “back condition”, namely
that for every (n,z) € |X®| and every (n+ 1,y) € dys (f®(n,x)), there is
some (n+ 1,2') € Oxe(n,x) s.t. fF(n+ 1,2") = (n + 1,y). But note that
we have v € X(n) and y € Y(n + 1) with yt = f,(x), so that since f is
open, there is some 2’ € X(n + 1) s.t. 2’1 = z and f,41(2') = y, that is
(n+1,2") € Oxe(n,z) and fE(n+1,2') = (n+ 1,y).

— Conversely, assume that h is a Coalg(P) map K — L. We check that
he : K¢ — Lg is open. So consider n > 0, (s1,...,8n) € Kg(n) and
(t1,..-,tn,tny1) € Lg(n + 1) such that

h@(n)(317~-~75n) = (tla-“atnatn-‘rl)T

Note that this implies (t1,...,t,) = (S1,...,8,) and t,11 € 9(t,). Now,
since h is a coalgebra map, there is some s, 11 € Ok (8,) such that h(sp41) =
tn+1, and we are done since this implies

he(n+1)(s1,- - 8nt1)) = (t1, -+ s tng1) and (81, Sn+1)T = (81, -

Moreover, it is easy to see that the unit nx : X — Xg is open. Indeed, given
z € X(n) and (s1,...,8n,$n41) € X (n+1), if nx(n)(z) = (s1,...,5,), the we
must have

(815-++,80) = (T)1,...,T) and Sni1T =2

It follows that nx(n+ 1)(spt1) = (81, .., Snt1) and we are done.

Finally, we have to check that the universal property shown in Prop. 3.3
(Prop. B.1) restricts to O(#) and Coalg(P), namely that h : X% — K is
a coalgebra map whenever f : X — Kg is open. This amounts to show that

given (n,z) € | X®| and s,+1 € 9Ok (sy) (for (s1,...,8,) = fu(z)), there is some
(n+1,2') € | X®| such that #1' =z and f,11(z') = (s1,. .., Sn, Snt+1), and this
directly follows from f being an open map. ad

B.3 Proofs of §3.3 (Representation of Modal Satisfaction in the
Topos of Trees)

Remark B.5 (Rem. 3.13). As sanity check, note that 2" ~ (24,054)g in .7, so
that the object A of . indeed represents the transition system (24, 9a4). More-
over, the image under the adjunction (—)® - (—)g of the map X — (24,054)e
induced by xY is the TS-map X® — (24,0,4) induced by the the tranpose of
v C | X®| x A. 0

Proof. Recall the iso g from proof of Rem. A.1 (Rem. 2.1).

First note that we actually have g : 2" — (24, 054) ), since given (51, ..., S,)
in the image of g,,, we have ¢ € Sy; whenever Gy € Sy, so that Sp1 € Jaa(Sy).
So the first part follows from Rem. A.1 (Rem. 2.1).

»Sn)
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As for the second part of the statment, the image under (—)® - (=)g of a

52}
&-map f: X — Kg is the composite X® EAN Kg <X K, where ex, the co-unit
of (—)® 4 (—)g takes (k,(s1,...,5,)) € |[KS| to s, € |K|. Consider now the
composite

v @
X% oM o@2hg S5 2

It takes (k,z) € | X®| to the set of all formulae ¢ such that = IF} ¢, that is such
that (z, k) IFY . O

C Proofs of §4 (Elements of Algebraic Perspectives)

C.1 Proofs of §4.1 (Boolean Algebras with Operators)

Remark C.1 (Rem. 4.2). Following the usual terminology, a (Kripke) model is a
transition system K together with a valuation of atomic propositions v : AP —
2151 We say that a model (K,v) is modaly saturated (see e.g.[5, §2.5]) whenever
for all state s € |K| and all (possibly infinite) set of formulae @, if s IF? O A&
for all finite ¥ C &, then there is t € 9(s) s.t. t IFY ¢ for all ¢ € &. It is
well-known that modaly saturated models satisfy the Hennessy-Milner property,
and moreover that ultrafilter frames as well as image finite models are modaly
saturated.

We note the following property. Given a t.s. K and a valuationv : AP — 2
the TS-map K — Uf(LT) is a map of coalgebras if and only if the model (K, v)
is modaly saturated. ad

|K]
)

The proof of Rem. C.1 (Rem. 4.2) relies on the following well-known fact.

Lemma C.2. Given a BAO (B, g), letting f(a) := ~g(—a), and F € U§(B), if
Go C B is such that the set

H = GouU{a] f(a) € F}
has the finite meet property, then Gy is included in an ultrafilter G € Oyspy(F).
Proof (of Lem. C.2). First, we note that

— G € Oyjy(B) iff a € G whenever f(a) € F.

Proof. If G € Oyjpy(F) and f(a) € F', we have g(—a) ¢ F so that —a ¢ G
and a € G. Conversely, given a € G, we have ~a ¢ G so that f(-a) =
—g(a) ¢ F and g(a) € F. O

Returning to our property, it follows from Zorn’s Lemma that H is contained in
an ultrafilter G, and we have G € dyjp)(F) because a € G whenever f(a) € F.
O
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Proof (of Rem. C.1). Write 0 : K — Uf(LT) for the TS-map induced by I-*.
Note that since # is a map of TS, we only have to consider the back property of
bisimulation.

Assume first that (K, v) is modaly saturated. Let s € |K| and F := 0(s), and
consider G' € Jys7)(F). We have to show that for some ¢ € d(s), G is exactly
the set of all ¢ s.t. t I ¢. But for every finite ¥ C G, we have A\ @ € G since
G is an ultrafilter, so that s I-* & AW by definition of dyjzr), and by modal
saturation we get some t € 9(s) s.t. ¢t IF¥ @ for all ¢ € G. Since G is an ultrafilter,
we have ¢ ¢ G iff =p € G, so that tIFY ¢ iff ¢ € G.

Conversely, assume that 6 is a map of coalgebras. Consider a state s € | K|
and a set of formulae @ C A such that s IF¥ & AW for all finite ¥ C . We are
going to show that & is contained in an ultrafilter G' € 9y (F) for F':= 0(s).
As soon as this holds we are done since 6 being a map of coalgebras implies
G = 6(t) for some t € J(s). We invoke Lem. C.2, so that we have to show that
the following set H has the finite meet property

H = &dU{y|OyperF}

But note that the finite meet property holds for @ (since for any finite ¥ C @
we have s IF¥ O A W) as well as for the set of all ¢ s.t. Oy € F. So we are left
with showing that ¢ Ay # L for ¢ € @ and Oy € F. But this follows from the
fact that ¢ € @ implies t IFV ¢ for some t € 9(s), which must also force 1) since
s |FY O a

Remark C.8 (Rem. 4.3). Consider a Boolean algebra B, a set S and a function
f + SxB — 2

together with its transposes f': S — 28 and 'f : B — 2°. Then ' f is a map of
Boolean algebras iff for all s € S, the set f!(s) C B is an ultrafilter. O

Proof. Assume first that *f : B — 2° is a map of Boolan algebra, and consider
s € S. First we have L ¢ f*(s), since otherwise we would have s € *f(L),
contradicting ' f(L) = 0. Moreover, we have T € f*(s) since ' f(T) = S. Consider
now a,b € B. If a € f*(s) and a < b, then since *f(a) C *f(b), we have s € " f(b),
so that b € f%(s). Also, if a,b € f*(s), then we have s € *f(a) N*f(b), so that
s€'f(anb)and aAbe f(s). Finally, if a ¢ f*(s), we have s € *f(—a) so that
—-a € fY(s).

Conversely, assume that each f*(s) is an ultrafilter. We have *f(_L) = () since
1 ¢ f%s) for all s € S. Moreover, we have "f(T) = S since T € f(s) for
all s € S. Consider now a,b € B. We have "f(a A b) = *f(a) N *f(b) since
tflanb) C *f(a) Ntf(b) and since s € *f(a) N *f(b) implies a,b € fi(s), so
that a Ab € f'(s) and s € *f(a A b). Finally, *f(—a) = S\ *f(a) since a & f*(s)
implies —a € f*(s) by assumption on ft(s), and a € f%(s) implies —a ¢ f*(s),
since a, —a € f*(s) would lead to L € f(s). 0
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C.2 Proofs of §4.2 (Mapping .7 to a Boolean Topos)
The proof of Lem. 4.10 is defered to §E.

Lemma C.4 (Lem. 4.11). The object LT* = *(LT) is a Boolean algebra in
Psh(|N,|).

Proof. This follows from the fact that each component LT*(n) = LT is a Boolean
algebra. 0O

D Proofs of §5 (Characterization of the Modal
Satisfaction Relation)

Proposition D.1 (Prop. 5.2). Given X and v, the transpose *A(k") : LT* —
2% of A(KY) : X* x LT* — 2 is a map of Boolean algebras in Psh(|N,|), which
moreover extends v, in the sense that
. tA(K'U)
LT /4

AP

2X"

Proof. We have to show that for each n > 0, *A(k"),, takes [p]k to v,(p) for
p € AP and satisfy the equations:

AR (L) = 0
AR (V) = CAE)n(p) U AR ) (9)
FAE () = Ty X(O\NTAE)n ()
where ¢ stands for sequence ([p1]k, .- -, [¢n]x) (and similarly for ¢), U is point-

wise union and \ pointwise set difference. Note that the equations for T and A
follow, since they are defined connectives in A.

Then result follows from the fact that by definition of A (a.k.a. ¢*), we have
(1, @) € "A(KY)n () iff (£, 20) IFY g for all £ < n. 0

Lemma D.2 (Lem. 5.4). Consider an object X of ., some n > 0 and subsets
S C X(n), S" C X(n+1) which are compatible with restriction (x1 € S whenever
x €S8'). Then OxeS’ C S. Moreover, we have Oxe S’ = S iff the restriction of
(=)1:X(n+1) = X(n) to S" — S is surjective.

Proof. If z € OxeS, then for some y € Oxe (z) we havey € S(n+1). Buty € S
implies y1 € S(n), and yT = z since y € dxe ().

As for the second point, if (—)1 : 5" — S is surjective, then for all 2z € S there
is some y € S’ with y1 = x, so that y € dxe(z) and x € Cxe(S5”). Conversely,
if S C Oxo(S’) then for all z € S there is some y € S” such that y = x. O

Proposition D.3 (Prop. 5.5). The map 'x* : LT — 02X factors as LT —
TotSubx «— 2.



24

Proof. Recall the iso g from proof of Rem. A.1 (Rem. 2.1).

Given n > 0 and a formula ¢, let (S1,...,S5,) := g.((*s")n([¥]k)) and note
that for all £ < n we have (S1,...,5) = go((*6¥)e([O"¢]K))-

Then for all £ < n and all z € S(¢), we have z IFY O"~‘p, that is (£, x) IF°
O"ty. Since n — £ > 0, there is some y € X (¢ + 1) such that yt = 2 and
(€ +1,y) IF? O"~f=1y. But this implies y € S¢; 1 and we are done. O

Theorem D.4 (Thm. 5.6). Given v : AP — 2% the map ¥ : X x LT — 2
1s the unique map which satisfies all the following conditions:

(i) YA(K?) : LT* = 2X7 is a map of Boolean algebras which extends v.
(ii) *k? : LT — 02X factors as LT — TotSubx — 2.

Proof. Tt follows from Prop. 5.2 and Prop. 5.5 that k¥ satisfy (i) and (ii). As for
uniqueness, consider two maps f, g : X x LT — {2 which both satisfy (i) and (ii).
We show by induction on formulae ¢ € A that for all n > 0 and all z € X (n),

we have f,,(p, ) = gn(p, ).

In the base case ¢ is an atomic proposition p. Then by (i) for all n > 0 we
have *A(f)n([plk) = vn(p) = *A(g)n([p]k), and we conclude by injectivity of A
(Lem. 4.10). The Boolean connectives are dealt with similarly, using the I.H. and
the fact that we must have e.g. *A(f),n([eV¥]k) = *A(f)n([]x) U A )n([Y]k)-

It remains to deal with Gp. Fix n > 0. By (ii), let (Sy,...,Sp+1) and
(Ty,...,Tny1) be the respective images of * f,, 11([¢]k) and *gni1([p]k). By LH.
we have S;,+1 = T),+1. But this implies (S1,...,S5,) = (T1,...,T,) since for all
for all £ < n the restrictions of (=)t : X(/ +1) = X(¥) to S(¢(+1) — S(¢)
and T(¢ + 1) — T({) are both surjective. It thus follows that °f,([C¢]k) =

“gn([O¢]k)- O

E Proofs of §6.1 (A Geometric Morphism)

We spell out Lem. 6.1 in details.
Lemma E.1. Consider a geometric morphism f = f* 4 fo : F = E.

(a) The inverse image functor f* induces for each object A of €, an homomor-
phism of subobjects lattices

Ag @ Subg(A) —  Subz(fTA)
Moreover, the action of A on classifying maps takes xy : A — ¢ to
* f* (XU) * P
ffA =0 () — 0OF

where p is the classifying map of f*(t) — f*(¢).
(b) For each object A of £, Ay has an (external) right adjoint (of posets)

Iy : Subr(ffA) — Sube(A)
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which takes v : V »— f*(A) to T'a(v) : La(V) — A given by the pullback

Ta(V) IV
_|
I'a(v) fe(v)
A FfrA

na

Moreover, the action of I'4 on classifying maps takes xv : f*A — 2¢ to

A2 gAY r0n T o

where T is the classifying map of f«(t) — f.(2%).
(c) Writing X : 2 — f.25 for the transpose of p: f*Qr — Q¢ along f* - f.,
we have an internal adjunction of posets A 471 : 2 — f.02F.

Proof. (a) Recall from [22, Prop. IV.6.4] that in subobjects lattices, meets are
computed by pullbacks and joins by coproducts and images. So the result
follows form the fact that f* preserves colimits and finite limits.

As for the second point, consider for a subobject u : U — A, the diagram

FHU) —— (1) ——

£ (u) £ () t
[H(A) —— f"(2e) —— 0F
f(xv) P

Since the outer rectangle is a pullback, it follows that p o f*(xy) classifies
f*(U), and therefore that x ¢y = po f*(xv)-
(b) We have to show that given subobjects u : U — A and v : V — f*A, we
have
AU LV iff U< T\V

— Assume first that A U < V,say with h : f*U — V such that f*u = voh.
Consider the composite map

voonpeu IS oppv IS a4
Since f*u = v o h and using the naturality of 7 we have:
fevofihony = fi(lvoh)ony
= [fuffuonu

= naAou

Then the pullback defining I'4 gives a (unique) map U — I'4(V) such

that

U X = U-—Iyv) 2% x

and we are done.
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— Assume now that U < 4V, say with k : U — I'4V such that u =
I's(v) o k. We will show that A,U <V with

FULE PV RV Sy

that is

* fru * * frk * * €y v *

ffU— ffA = fU— ffI4W — f"f,V—>V — ffA
First, by naturality of €, we have
* €V v * _ * frfv px * EF*A px

LYV =V — A = [ f,V = fffiffA— ffA

Thanks to the diagram defining I'4, we then have
* * Fr v s * _ * f*i‘\)'u * f*lé * *

LAV — LRV = [TLTA = [TV A I f A

The triangular equality

FATR LA A = A A
implies
* frk * * (2% v * * f 'k * frrav *
ffULS ff IV — 1LV SV S A = ffULS Iy’ =8 A

and we are done since u = I'4(v) o k.
The second point on 7 follows from the pasting of pullback diagrams

Ia V) > fa V) I« 1)
| | |
I'a(v) J«(v) fa(t) t

A A G o 0) o e

First note that

Qe 25 1.0F = 28 110 28 0

We will show idp, < 70X and Ao7 <idy, o,. We refer to [22, §IV.9, pp.
205-206] for the precise notion of internal adjunction between partial orders
(see also [22, Prop. I1X.6.4]).

First, given U € Subg(A), using the naturality of n, a simple digram chasing
shows that I'4A4U is classified by

AXYS 00 2 £.0F T 0

But since U < I'y AU, this implies idg, < 70 A.
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Conversely, assume given V € Subz(f*A). Note that AsT4V is classified
by

PAT g AT I o DS e £ 0r
We now apply f. on the above composite, use the equality f.f*na =ny, -a
and apply the naturality of n twice to obtain

fxasrv = LAY f0r T 00 2 0F

But AuI'aV <V implies fL Aal'aV < f.V (since f, preserves limits, hence
monos), so that we must have A o7 <idy .. O

The following is a detailed version of Prop. 6.2.
Proposition E.2. In the case of v* - 1. : Psh(|N,|) — .7

(a) The unit of the adjunction t* - 1. has components nx € [X, t.t*X| with

nx(n) : seX(n) +— (8‘1,...,8|n,1,8)€HX(]€)
k<n

(b) Given an object X of .7, the (external) map I'x : Subpgyn,))(t*X) —
Sub .y (X) takes a subobject A — 1*X in Psh(|N,|) to I'x(A) — X where

I'x(A)(n) = {seX(n)|Vk<n. s;ecAk)}

(¢) The composite I'x o Ax is the identity on Sub.»(X).

(d) The map 7 : 2, — 2 at n > 0 takes (b1,...,b,) € 2™ to max{{ < n | by =
o= by = 1),

(e) The map p: *(2) = 2 atn > 0 takesn < n tol and k < n to 0. Since
A = 1(p) ong, the map A : 2 — 2, at n > 0 takes k < n to the sequence
(1%,0n%) € 2,(n).

Proof.

(a) This follows from the general form of the unit for a geometric morphisms
f* 4 f. : Sets® — Sets” induced by a functor f : C — D, where the functor
f* : Sets” — Sets® is given by precomposition with f, and its right-adjoint
f. : Sets® — Sets” is given by right Kan extensions along f. (see e.g. [15,
Ex. A.4.1.4)).

Explicitelly, given @ : C — Sets and D € Obj(C), f.(Q)(D) is the set of all
s € [1,.po o) QC) st fork € C[C,C'), if f(k)og = ¢’ then sy = Q(k)(sg).
Then, the unit np at P : D — Sets has component at D € Obj(D) the func-
tion np(D) : P(D) — f.f*P(D) which takes x € P(D) to (Pg(x))g.p—f(c)
(recall that f*P(C) = Pf(C) for C € Obj(C), and that f*P(k) = Pf(k)
for k € C[C,C"]).

In the case of an object X of .7, nx : X — X, thus takes © € X(n) to the
family ()¢)¢<n and we are done.
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(b) Since limits in functor cateogries are comupted pointwise (see e.g. [22, pp.
22-23]), we should have

I's(A)(n) =~ {(z,(s1,...,8n)) € X(n) x H Al) | s¢ = x4}

<n

This implies that for (z, (s1,...,8,)) € I'x(4)(n), (s1,...,Sy) is completelly
determined by x, so that we can indeed take

I'x(A)(n) = {xe€X(n)|zee A() for all £ <n}

(¢) Let A — X.Lemma E.1.(b) implies that I'x Ax (A) C A. Conversely, assume
that 2 € A(n). Then since A € Suby(X), we have x|, € A({) for all £ < n,
so that z € I'y (A)(n).

(d) By definition, 7, takes (b1,...,b,) € 2* to

max{¢ <n | (by,...,b,)¢ = 1%}

that is to
max{{<n|by=---=b =1}

(e) The part on p follows directly from the definition of t : 1 — 2 in . as
tn(1) = n. As for the second part, given k € £2(n), we have

nen)(k) = (min(k,1),...,min(k,n —1),k)

so that (t«(p)ong)n(k) = (b1,...,b,) where by = 1 iff min(k, ) = £ iff £ < k.
O

Lemma E.3 (Lem. 4.10). The functor t* is faithful and preserves limits. It
induces for each object X of . an injective map of lattices Ax : Suby(X) —
Subpsh(‘N*‘)(X*).

Proof. Preservation of limits (which in particular implies that ¢* - ¢, is a geo-
metric morphism) is given by [15, Ex. A.4.1.4]. It follows from [15, Lem. A.4.2.6
& Ex. A.4.2.7.(b)] that * is faithful since ¢ is surjective on objects. Moreover,
in the context of a geometric morphism f* - f, : F — &, by [22, Lem. VI1.4.3]
f* is faithful iff A4 is an injective map of lattices, or equivalently iff f* reflects
inclusion of subobjects (or equivalently iff the unit of f* H f. is a mono by [15,
Lem. A.4.2.6]). O

Lemma E.4 (Lem. 6.3). The map \: 2 — 2., taking k € £2(n) to (1%,0"~F)
is a map of internal lattices. It is an internal left-adjoint to T : 2, — 2, with
moreover T o X = idg.

Proof. The adjunction A - 7 follows from Lem. E.1.(c) and Prop. E.2.(e). As for
the last part, let k& € 2(n). Then A\, (k) = (1*,0"~%) so that (7 o \),.(k) = k by
Prop. E.2.(d). O
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F Proofs of §6 (Extensions)

F.1 Proofs of §6.2 (Accommodating an S4 Reverse Modality)

Lemma F.1 (Lem. 6.5). The function Ag« — (][, X(n)) — 2 induced by (5)
coincides with the interpretation function [—]4. : Ag- — 21X

Proof. First, note that A(k}_, )(n) takes (z, ) to 1iff (n,z) IF5. ¢. It follows
that the induced function Ag« — ([], X(n)) — 2 takes ¢ and (n,z) to 1 iff
(n,z) € [¢]. and we are done. 0

Proposition F.2 (Prop. 6.6). The interpretation of B*p as the map X — 2,
of (6) is the image under the comonad Ao T of the interpretation of ¢ as a map
X — 2,.

Proof. Indeed, for a fixed formula ¢, [¢]4. in Psh(|N,|) at n takes z € X(n)
to 1iff II—%*’H . It follows that the image of [p]g. via X — X, — 2, takes
z € X(n) to the tuple (by,...,b,) € 2" where by = [¢]4. (€)(z)¢). The composite
of X = X, — 2, with 8% : 2, — 2 — 2, takes z € X(n) to (1¥,0"%) where
k=max{{ <n|b = --=0by =1} It follows that X — X, = 2, —» 2 — 2,
takes x € X(n) to the tuple (by,...,b,) € 2* where b, = [B*¢]4. (€)(z),). O

Proof (of Rem. 6.7). Fix an object X of . and a valuation v : AP — 21X
(reverting the convention of Not. 5.1). We consider the following formulae:

pbedd w= p | L | pvy | —p | B%

where p € AP. We also assume the usual defined formulae (see §2.3). This
amounts to the following terms in the language of [2, §2] (where P refer to the
type of propositions):

p:P PP p:P p:P
p:P pVy:P —p:P H*p:P

We first consider the interpretation of formulae following the instance of [2]
for the geometric morphism 7* - g, : Sets®l — Sets® (see [2, Ex. 2.1.1]).
Following [2, Def. 2.3], formulae p € AZ. are interpreted as maps [¢]% : 1 — 2
in Sets” for Ko = J X. The interpretation [—]Y% is defined by induction on
formulae, with the following clauses from [2, Def. 2.3]:

Pl = 1708 2

[y = 1-52k
vl = 1L 9 o Vg
[~elx = 1 Ll 90 5 2
[y = 19, Meemg,

where
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e v(p):1— 2is a shorthand for

o(p) (]_[X@))az ~ [T 2 =~ sets™[1,2

n>0 (n,2)€Obj(K)

o —: 2 — 2 is the lift of the = :2 — 2 of Sets! X! to SetsK, so that — at
(n,z) takes (b1,...,by) to (2by,...,—by).
e The maps Ag and 7k are given by Lem. E.1.

It then follows from [2, Prop. 4.9] that for (n,z) € Obj(K) = [],,., X (n), we
have [¢]%(n,z) = (b1,...,b,) where b, = 1iff (¢,z,) IFg. ¢. It follows that

[[/g;]]?( induces the “-map X — 2, which at n takes z € X(n) to (b1,...,b,)
where by = 1 iff (£,2),) IF. ¢, and we are done (reasoning as in the proof of
Prop. F.2). O

F.2 Proofs of §6.3 (Extension to the Modal p-Calculus)

Proposition F.3 (Prop. 6.9). Given a formula ¢ monotone in the proposi-
tional variable o, the interpretation [uo.p]y, conincides with the following sub-
object of X*:

\{A | A € Subpg. ) (X) & [2l5 ) <subpage. (x5 A}

Proof. Since subobjects of X* in Psh(|N,|) conincide with subsets of |Xg| =
L, X(n), and since g.1.b.’s (resp. inclusions) of subobjects in presheaf topos are
pointwise intersections (resp. inclusions) (see e.g. [22, §II1.8]), we are left with
showing that for all n > 0, [ua.¢]},(n) conincides with

N{AMn) | Az X* =2 & [o] 4 C A}

But = € [uo.g]}(n) iff (n,z) € A for all A: [X9] = 2 s.t. [[gpﬂfL[A/a] C A, that

is iff x € A(n) for all A: [[,(X(n) = 2) s.t. [[cp]]Z[A/a] C A. O
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