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A Schrodinger Equation for Solving the Riemann Hypothesis

Frederick Ira Moxley IIT!

!Hearne Institute for Theoretical Physics, Department of Physics & Astronomy,
Louisiana State University, Baton Rouge, Louisiana 70803-4001, USA

The Hamiltonian of a quantum mechanical system has an affiliated spectrum. If this spectrum is
the sequence of prime numbers, a connection between quantum mechanics and the nontrivial zeros
of the Riemann zeta function can be made. In this case, the Riemann zeta function is analogous
to chaotic quantum systems, as the harmonic oscillator is for integrable quantum systems. Such
quantum Riemann zeta function analogies have led to the Bender-Brody-Miiller (BBM) conjecture,
which involves a non-Hermitian Hamiltonian that maps to the zeros of the Riemann zeta function.
If the BBM Hamiltonian can be shown to be Hermitian, then the Riemann Hypothesis follows. As
such, herein we perform a symmetrization procedure of the BBM Hamiltonian to obtain a unique
Hermitian Hamiltonian that maps to the zeros of the analytic continuation of the Riemann zeta func-
tion, and provide an analytical expression for the eigenvalues of the results. The holomorphicity of
the resulting eigenvalues is examined. Moreover, a second quantization of the resulting Schrédinger
equation is performed, and a convergent solution for the nontrivial zeros of the analytic continuation
of the Riemann zeta function is obtained. Finally, from the holomorphicity of the eigenvalues it is
shown that the real part of every nontrivial zero of the Riemann zeta function converges at o = 1/2.

Keywords: quantum chaos; Riemann hypothesis; eigenspectra

I. INTRODUCTION

The unification of number theory with quantum mechanics has been the subject of many research investigations
[1H5]. It has been proven that an infinitude of prime numbers exist [6]. In Ref. [7], it was shown that the eigenvalues of
a Bender-Brody-Miiller (BBM) Hamiltonian operator correspond to the nontrivial zeros of the Riemann zeta function.
If the Riemann hypothesis is correct []], the zeros of the Riemann zeta function can be considered as the spectrum of
an operator R=1 /2 + iH , where H is a self-adjoint Hamiltonian operator [5] 9], and Iis identity. Hilbert proposed
the Riemann Hypothesis as the eighth problem on a list of significant mathematics problems [10]. Although the BBM
Hamiltonian is pseudo-Hermitian [IT], it is consistent with the Berry-Keating conjecture [12HI4], which states that
when Z and p commute, the Hamiltonian reduces to the classical H = 2xp. Berry, Keating and Connes proposed the
classical Hamiltonian in an effort to map the Riemann zeros to the Hamiltonian spectrum. More recently, the classical
Berry-Keating Hamiltonians were quantized, and were found to contain a smooth approximation of the Riemann zeros
[15, 16]. This reformulation was found to be physically equivalent to the Dirac equation in Rindler spacetime [I7].
Herein, the eigenvalues of the BBM Hamiltonian are taken to be the imaginary parts of the nontrivial zeroes of the
analytical continuation of the Riemann zeta function

X _1\yn—1
() = T > (1)
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n=1

where the complex number s = ¢ + it, and $(s) > 0. The idea that the imaginary parts of the zeros of Eq. (]
are given by a self-adjoint operator was conjectured by Hilbert and Pdélya [I8]. Hilbert and Pdélya asserted that the
nontrivial zeros of Eq. can be considered as the spectrum of a self-adjoint operator in a suitable Hilbert space.
The Hilbert-Pélya conjecture has also found applications in quantum field theories [I9]. The Riemann Hypothesis
states that the zeros of Eq. on 0 < o < 1 have real part equal to 1/2 [8, 20]. In Ref. [2I], Hardy proved that
infinitely many zeros are located at o = 1/2. According to the Prime Number Theorem [22] 23], no zeros of Eq.
can exist at ¢ = 1. In this paper we present a Schrodinger equation that maps to the nontrivial zeros of the
Riemann zeta function, and evaluate the convergence of the expression by imposing a normalization constraint on the
density. A self-adjoint Hamiltonian is derived from the BBM Hamiltonian, and a second quantization of the resulting
Schrodinger equation is performed to obtain the equations of motion. We study the nontrivial zeros of the Riemann
zeta function by taking the expectation values of the resulting Schrédinger equation to show that the real part of
every nontrivial zero of the analytic continuation of the Riemann zeta function converges at ¢ = 1/2. Finally we
obtain a general solution to the Riemann zeta Schrédinger equation by performing a similarity transformation.



II. RIEMANN ZETA SCHRODINGER EQUATION
We consider the eigenvalues of the Hamiltonian
H = ———(ip+pi)(1—e ), (2)
where p = —ihd,, h = 1, and & = z. In Ref. [1], it is conjectured that if the Riemann hypothesis is correct, the
eigenvalues of Eq. are non-degenerate. Next, we let U,(z) be an eigenfunction of Eq. with an eigenvalue
t =i(2s — 1), such that
H|Ws(z)) = t|¥s(x)), 3)

and z € R*, s € C. Solutions to Eq. are given by the analytic continuation of the Hurwitz zeta function

Ws(z)) = —C(s,z+1)
s—1_(z+1)z
= T8y p T, (4)
2t Jo 1 —e*

on the positive half line z € RT with eigenvalues i(2s — 1), s € C, R(s) < 1, the contour C' is a loop around the
negative real axis, and T is the Euler gamma function for R(s) > 0

I(s) = /0 T ety (5)

As —|Uy(z=1)) is 1 — ¢(s*), this implies that s belongs to the discrete set of zeros of the Riemann zeta function
when s* = o —it, and as — |¥4(z = —1)) is ((s), this implies that s belongs to the discrete set of zeros of the Riemann
zeta function when s = o + it. From inserting Eq. into Eq. , we have the relation

5 (@D + pE)(1 — e 7) [Wy(2)) = ¢ [Ws(2)). (6)

Given that Eq. is not Hermitian, it is useful to symmetrize the system. This can be accomplished by letting

‘¢s(x)> - [1 - eXp(faac)] |\Ifs(l‘)> )

= AT, (2))
= [Ws(x)) = [s(z - 1)), (7)
and defining a shift operator
A=1—exp(—8,). (8)

For s > 0 the only singularity of {(s,z) in the range of 0 < x < 1 is located at = 0, behaving as 7. More
specifically,

1
C(87$+1) :<(87$> - Ea (9)
with (s, ) finite for > 1 [25]. As such, it can be seen from Eq. that the eigenfunction
6u(a)) = = (10)
s(@) = —-

Upon inserting Eq. into Eq. @ we obtain

—i[20y + 0,7] | (7)) =t |ps()) . (11)



Let 57 be a Hilbert space, and from Eq. we have the Hamiltonian operator

i = —m[xaw + amx}
_ —ih{Qm@z + 1}, (12)
for x € R acting in 42, such that
(Hf.g)=(fHg) Y f,g € 2(H). (13)

Restricting x € RT, Eq. is then written

H = —2ih/20./7, (14)

where s € C, and x € RT. For the Hamiltonian operator as given by Eq. 7 the Hilbert space is ## = L?(1, 00)
[26128]. We then impose on Eq. the following minimal requirements, such that its domain is not too artificially
restricted.

i H is a symmetric (Hermitian) linear operator;

ii H can be applied on all functions of the form

2

g(z,s) = P(x, s) exp ( — %), (15)

where P is a polynomial of x and s. Here, it should be pointed out that H=T+ V, and from Eq. , it can be

seen that T = —2ihxd,, V = —ih. From (ii), Vg(x,s) must belong to the Hilbert space # = L? defined over the
space x. This is guaranteed as

| —ih |< h, (16)

where £ is the reduced Planck constant or Dirac constant. The domain %y, of the potential energy 1% consists of all

¢ € A for which V¢ € . As such, V is self-adjoint. It is not necessary to specify the domain of Eq. , as it is
only necessary to admit that Eq. is defined on a certain 2, such that (i) and (11) are satisfied. If we denote by
(19

), then (ii) implies that 25 2 Z,. By lettlng H; be the contraction of H with

domain %, i.e., H is an extension of Hy, and letting H; be the closure of H, it can be seen that H1 is self-adjoint.
Since H is Symmetrlc and H D Hl, ie., H is an extension of Hl, it follows that H = Hy, and H is essentially
self-adjoint, where H is the unique self—adpmt extension [29]. Other than eigenfunctions ¢s(x) in configuration space
as seen in Eq. , it is useful to represent eigenfunctions in momentum space ®¢(p). The transformation between
configuration space eigenfunctions and momentum space eigenfunctions can be obtained via Plancherel transforms
[30], where the one-to-one correspondence ¢4(x) = ®,(p) is linear and isometric.

24 the set of all functions in Eq.

Theorem 1. The eigenstate ¢ps(x) : X — C is measurable. That is, ¢s(x) = ¢o(x) + id(x) where oo (), Pt : X —
(=00, —1]U[1,00) are measurable.

Proof.
—1 oo —1 [e’e}
QE s 2 d s 2 dr = s 2 d s 2 dp = 27
161 [m|¢un x+ﬁf|¢un v [m|¢@ﬂ p+ﬂf|@@n p=la | (17)

from which

KA
)
S
N~—

|

1 o0 .
— %73/2/ ¢s(x) exp(—ipz)dx

67%2-71—5 sgn(p —+ 1 SiIl s F 1 —S) P .
- e SR <) <1, (as)
1

0.0) = 5o [ @) esplipmydp = - (19)




and
lolr=op= Ly L (20)
20 — 1 20 —1’
where o > 1/2. Interestingly, it can be seen that
. (1)~ 1 .
o2 L 20 — 1 +2071} im = log(w = —1) (21)
Then,
b(x) € L2() = /X|¢(,(x)\2du < o, (22)
and
[ 1orta) P < o (23)
X
O

Eqgs. and are two vector representations of the same Hilbert space 5. From Eq. , it can be seen that
T = —2ihxd,, (24)
such that we define a multiplicative operator Ty in momentum space (Ty®)(p) = To(p)®(p), where

To(p) = 22p. (25)

Here, it should be pointed out that as & = ihd/dp, Eq. reduces to

To(p) = 2ih, (26)

and Eq. is then rewritten in momentum space as H (p) = th. The domain %, of Tp is defined as the set of all
functions ®,(p) €  such that Ty(p)®,(p) € . As such, T} is definitively self-adjoint. From Eq. we have
defined the set 2, of functions in configuration space. From the Plancherel transform [30] of Eq. , we obtain the
set 24 of functions in momentum space having the form

p2

P(p, s) exp ( - 5), (27)

G(p,s)

where P is a polynomial of p and s. Egs. and are true if ¢4(x) € Py or 4(p) € 1 and since P4(p) € 1 — 0
as p — oo then 2, C %y. Moreover, for ¢ € 2y, Tjy coincides with Eq. (24) [29]. Using Eq. and H(p) = ih, the

eigenrelation

H(p) |®s(p)) = A|s(p)) (28)

is obtained. In order to find the expectation value for H we take the complex conjugate of Eq. , set h = 1,
multiply by the eigenfunction ®4(p), and then integrate over p to obtain

/ ) (z-f%’“@gn(p) + 1) sin(rs)0(1 — ) |p|s_1)* (ei%i”@gn(p) + 1) sin(ms)T(1 — s) |pl*~

% 2
o o Jdp ="l @ |2, (29)

— 00

where X is the eigenvalue. It can be seen that the integral on the LHS vanishes for o > 1/2. Hence, using Eq.
on the RHS, Eq. is then rewritten as

lim A (—=1)7%7 = —\*, (30)

o—1/2

demonstrating that the eigenvalues in momentum space vanish along the critical line ¢ = 1/2. As a result, it is our
ambition to study the eigenvalues in configuration space.



Definition 1. The Riemann zeta Schridinger equation is
10, [0 (2)) = i [A~"apd + A7 A [w,(@)), (31)

where A is given by Eq. (@, f=ux, p=—ihdy, h=1, x € R* > 1 owing to the difference operator A |[Tq(x)), and
s e C.

Upon inserting Eq. into Eq. for z € RT, we obtain the symmetrized Riemann zeta Schrédinger equation,
ie.,

0s |ps()) 1/2(05 — i0y) |¢s())

= VEOE I64(2) (32

Theorem 2. The eigenvalues of H = —2ifi\/zd,/T occur at 0 = £1/2V t € C for i = 1 and |¢,(z)) = 2 when
Dy — (—o00,—1]U[1,00).

Proof. Let |¢s(2)) be an eigenfunction of H with eigenvalue t, i.e.,

H|os(2)) = t|os(2)). (33)

In order to find the expectation value for H we take the complex conjugate of Eq. , multiply by the eigenfunction,
and then integrate over x € [1,00), [—1, —00) to obtain

2i [ O: (\/Eax\/a?qﬁs(z))*gbs(x)dxwi /1 b (\/Eam\/i(ﬁs(z))* bu(@)dn = 1 [ o: b () bu(2)dx

st [T oiwenle)ds

=t ol (34)
Integrating by parts on the LHS then gives
(ol + [ st [ e to@a) = o1 (35)
oo dx " . 8 dr"° '
Carrying out the integration on the LHS we obtain
2i(=1)7%7 ((=1)% + 1) (o + it) )
=(t*+2i .
— (" +20) | 9| (36)
Upon inserting Eq. it can be seen that
2i(—1)"2° ((71)2" + 1) (0 +it) = (t* + 2@)((71)*2" + 1). (37)
Hence,
1
o=V (38)
O

Taking the complex conjugate of Eq. , setting A = 1, multiplying by the eigenfunction, and then integrating



over z € [1,00), [—1,—00), it can be seen that
3] o) o [ (@) oarie = =5 [ (0o 6.0

= Oo VE0T0(@)) 6. (2)da
=7 (Ve E @) ez (39)

Integrating by parts the last two terms on the RHS we obtain

5 [ (0@ @ar s § [ (00,0 ou@iae = 5 [ (00,@) ou(wras

— 00 — 00

)

-5 (p0@) s

—1 d
b2lol 4z [ gl o

+ 2/100 ¢:(x)x%¢s($)dx- (40)
Evaluating those integrals on LHS, we have
1 -1 * 1 oo * 1 _1720_1+. 1-92
§[m (8g¢s(a:)> ¢s(x)dx+§/l (c%d)s(ac)) ¢s(z)dr = S 5oy L&D 2((1_2:;(2 a)), (1)

for o > 1/2. Evaluating those first two integrals on the RHS of Eq. , we have

R T B N s e LLL s R RS

2/ 2 (1-20)2 2(1 — 20)2

for o > 1/2. Evaluating those last two integrals on the RHS of Eq. , we have

2 [ e oot 2 [ e ooy = 2 AN ORI, (43
for ¢ > 1/2. Finally, by using Egs. and in Eq. (40), it can be seen that
(—1)1-2 (i7r(20 1)+ (1) + 1) - (4)*2“( — 802 — Siot + (—1)2+(40(20 + 2it — 3) — dit + 3))
+ (-1 <2i7m 120 + 4it —im — 3). (44)

Hence, in the limit as ¢ — 1/2, Eq. is satisfied V ¢, t*.

A. Convergence

Theorem 3. The eigenfunction ¢4(x) = 2~ of H= —2ih\/x0;+/x normalizes at © = +1.

Proof. In order to study convergent solutions to the Riemann zeta Schrédinger Eq. , it can be seen that upon
inserting Eq. into Eq. , we obtain

s = o+t
1 log(x)

=55 (45)




Hence, at = 1 and letting s = |s|e? € C

0 =—ilog (2|1$|) + 27, (46)
and
=22, (4)
for n € Z, such that 8 = Oy + i0s like
Oy = arccos (ﬁ) + 27mn, (48)
and
Os = 2mn. (49)
At x = —1, Eq. becomes
= —ilog ( - i(;; Z.)) + 27, (50)
and
|s| = %(e‘w - iﬂe_w), (51)
for n € Z, such that 6 = 0y + ifg like
O = arccos ( s ‘) + 2mn, (52)
and
fs = arcsin ( 35 ‘) + 27n. (53)

In agreement with Eq. (21]). This condition is required such that the density is normalized, i.e.,

ZZb ) ($mldn)
= Z by ()

= Jm. (54)

e ll?

B. Second Quantization

Theorem 4. If all of the nontrivial zeros of ((s) = (1 —27%)71 3" (=1)""'n"* occur at s = 1/2 + it,, then

the numbers t,, correspond to the eigenvalues (spectrum) of H = —2ih\/20,+/x, and n € C, for the eigenstates
|65(2)) = bn(s)a™ P mtimlel,

Proof. In order to perform a second quantization [32], we can express the complex order parameter as a linear
combination of basis states

|65 (x Z bu(s) |6 (@) | (55)



where s = |o|exp(in) € C, |o| € R and n is the complex phase. As such, using Eq. we can rewrite Eq. as

o)) = D bl e (56)
From Eq. we find
Bbals) = ~tuba(s) (57)

We now find a Hamiltonian that yields Eq. as the equation of motion. Hence, we take

—1

(G () H |pnl(z)) = —2 /1°°<¢m<x>|ﬁam|¢n<x>> dr 2 / (6 (@) VEOVE [$n(a)) dz,  (58)

as the expectation value. Upon substituting Eq. into Eq. , we obtain the harmonic oscillator

_222/100 L~ &P (—m—im)\a\ﬁamﬁx— exp(—n+in)\o\dx

(Sm (@) H |¢n(2))

~1
o 222[@ xfexp(fmfim)\ﬂ\/gaxﬁxfexp(fnjLin)\a\dx

eIHIm (e — 2¢im |g)) (= 1yl (et e

= — bt ()b
; ;bm(s)bn(s) e H AT — [g] (en 1 eliim+in) lm, n)
R R (143i)m (en _ 2€in |0.|)
t e
2 W0 S) i o] (on 3 ey ) (59)
for |o| R (e(’lfi)m + e(’1+i)") > 1. Hence at m = n,
N (1+i)n(71)1+(fﬁ(ilii)n*e(ipﬂl)n)|‘7| ( n_9 zn| |)
. e e e o
(Pn(2)| H |pn(2)) = —WZ eHin — (en 4 e(1420)n) 5| n)
1+7,)n (en _ in |O.D
+ Zﬂ—z (2+1 " en T €(1+27’)n) ‘0_| |n> (60)
where |n) =1,2,3,...,00. In accordance with Eq. (38), at |o| = 1/2,
o 1+;(_e(71—z‘>n_e<—1+i)n) 144) )
~ ) (_1) 2 e( in (en _ em)
()| H |¢pp(x)) = —im _ - n
<¢ ( )| |¢ ( )> nz::l %(76’”’ - €(1+21)n) +€(2+1)" | >
) (1+Z)’I’L( n _ 'Ln)
e e
+ — N
TLZ::I % ( en — e(142i) n) + e(2+i)n | >
50 2( ) 1(71 me~ cos(n)) (1 +ei7r87" cos(n))
= Z e?in _ 26(1+i)n +1 |n>
n=1
= 2mi V n. (61)

O
Theorem 5. If all of the nontrivial zeros of ((s) = (1 —2!7%)71 3> (=1)""'n=% occur at s = 1/2 + it,, then the

n=1

numbers t,, correspond to the eigenvalues (spectrum) of H = —2ih\/x0,/x, and |n| € Z C R, for the eigenstates
|0s(2)) = 27"

Proof. In order to perform a second quantization [32], we can express the complex order parameter as a linear
combination of basis states

|ps (@ Z bn(8) [n(T)) (62)



where n € Z C R. As such, using Eq. we can rewrite Eq. as
|6 (2 Z bn( (63)

From Eq. we find

d - .
h==bu(s) = —tuba(s). (64)

We now find a Hamiltonian that yields Eq. as the equation of motion. Hence, we take
[e%s} —1
(Om (@) H [pn(2)) = —2/ (D ()| Va0 v/ [dn(x)) do — 2/ (P (2)| VeV |pn(2)) dr, (65)
1 —00
as the expectation value. Upon substituting Eq. into Eq. (71)), we obtain the harmonic oscillator

=Yy / RN Ir) 3 O IR et

[en -y ((=1)ym+n 41)

ZZ ()b m+n—1 I, m)

(2n —1)(=1) ™" ((=1)™F" + 1)

ZZM e Im, ), (66)

for ®(m + n) > 1. Hence at m = n,

(Gu(@) B |on(@) = > im (=17 +1) In)

n
= 2mi V¥ n, (67)
where |n) =1,2,3,...,00. O

Theorem 6. If all of the nontrivial zeros of ((s) = (1 — 21_3)_1 S0 (=1)""In7% occur at s = 1/2 + it,, then the

n=

numbers ¢, correspond to the eigenvalues (spectrum) of H = —2ih\/z0,\/z, and |n| € Z C R, for the eigenstates
|6 (2)) = bu(s)z™ P O],

Proof. In order to perform a second quantization [32], we can express the complex order parameter as a linear
combination of basis states

EXE Z b (5) [fn(2)) | (68)

where s = |o|exp(in) € C, and |o| € R. As such, using Eq. we can rewrite Eq. as
on(a) = S oy O (69)
From Eq. we find
hLho(s) = —tnba(s) (70)
dS n - nvn M

We now find a Hamiltonian that yields Eq. as the equation of motion. Hence, we take

—1

(G (@) H |60 (x)) = —2 /1w<¢m<w>|ﬁaz\/i|¢n<x>> dz 2 / (6 (@) VEONE |Gu(a)) do,  (T1)

as the expectation value.
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Upon substituting Eq. into Eq. , we obtain the harmonic oscillator

(Gm ()| H | (z)) = —QZZ/ g P (—imlol [z [ g e (in)lo] g
m n 1
-1

_ 222/ xfexp(*im”ff\\/gax\/gZ.fexp(in)|o\dx

) ) e'm (_1 + 2¢™m |UD (1 + (—1)_eiim|a‘ (1+ei(m+n))>
= ZZ b;rn(S)bn(S) ‘O’| (1 T ei(m+n)) _oim ‘man> ) (72)

for [o| R (e7"™ + ™) > 1. Hence at m = n,

(¢ ()| H |¢n(2)) =

2ime?™ |o| (—1)211¢03(") cos(27 |o| cos(n) 4 n) In) + Z 2ime?™ || cos(2m |o| cos(n) + n)

2|o|cos(n) — 1 — 2|o|cos(n) — 1 )

- Z 2\0’|Cob(n) cos(2m |o| cos(n) Z ™ cos(2m |o| cos(n) + n)

2lo|cos(n) — 1 2|U\cos() 1

n n

n)

2me? |g| (—1)211908(n) gin (27 |o| cos(n) + n) 21e?™ |o| sin(27 |o| cos(n) + n)
+ 2 ) +2

~ 2|o|cos(n) — 1 — 2|o|cos(n) — 1 )
me' (—1)2loleos() gin (27 |o| cos(n) + n) met™ sin(27 |o| cos(n) + n)
- - 73
27; 2]o]cos(n) — 1 ) =2 20| cos(n) — 1 In}s (73)

where |n) =1,2,3,...,00. In accordance with Eq. , at |o] =1/2,

- i (1 4 eim cos(n)> (cot <2> + z) (cos(m cos(n)) — isin(mw cos(n))) |n)

— 0V (2n— 1) (74)

(fn (@) H |pn())

Taking l;n(s) as an operator, and IA)IL (s) as the adjoint, we obtain the usual properties:

(b (), b ()] = [bf,(s), b}, ()] =0,
[Bn(s)agln(s)} = Onm- (75)

From the analogous Heisenberg equations of motion,

S ba(s) = [bals) A

The eigenvalues of H are then
(Gn(@)| H |$n(x Zt n) - (77)
However, since t,, = i(o,, — 1/2) at the normalization constraint z = 1, we can rewrite Eq. as

(s ()] H |5(2)) = zz (on - ) (78)
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From Eq. it can be seen that

ds
d » 1\
e _ _ Lygi
h—-bf, i <am 2>bm (79)

Finally, upon setting t, = i(o, — 1/2) and t,,, = —i(0,, — 1/2), we obtain

i, = i ( 1—2¢"In] eif (1)~ "I+ D (g — 2@”‘”'))5
—h—b, = 1 - - - - n
ds e~ n| + efn| — 1 e?|n| + |n| — et
d - 1 — 2¢i0 i0(_1 —e O (|m|+e%?|m]) 1 — 2¢i0 R
ds e~ 0|m| + e?|m| — 1 e2¥|m| + |m| — et
Eq. is in agreement with Eq. , and can be solved using the Wirtinger derivatives. O

Remark. Theorem|[fimplies the Riemann hypothesis, as the spectrum of a Hermitian operator consists of real numbers
as seen in Theorem [

Theorem 7. The densely defined operator H = —2/T0y\/T on the Hilbert space A = L2[1,00) is non-symmetric
(non-Hermitian) [31] for the eigenstates ¢ (x) = by~ P (=¥l on 4 € (—o00, —1] U [1,00) when |o| = 1/2.

Proof. By taking the inner products

0 —1
(ﬁ¢*,¢) — —227’(’2/ mfexp(fn+in)|a|ﬁax\/5xfexp(7n7in)|0'|d1,
n=1Y ~

— iy [ e el g, e il
n=1"1

i (72 ‘O’| + e(lJri)n) (71)726_”‘0‘C05(n) ((71)26_"|0\cos(n) + 1)

= - - 5 81
e(1+i)n _ (1 + ezm) ‘U| ( )
for 2|o| R (e7" cos(n)) > 1, and
A e _1 . .
((b*,H(b) _ _27’772/ T~ exp(—n—zn)|o|\/§az\/§x— exp (—n+zn)|o\dw
n=1v >
— % Z /OO T~ exp(—n—in)|a\\/58w\/§x— exp(—n—&-in)\a\dx
n=1"1
n _ 9ein —1)—2e "|o|cos(n) -1 2in
g (20D (£ B e 1, (82)
e” — 20| cos(n) e?ing — e(+ingen(o) + o
for 2|o| R (e cos(n)) > 1. It can be seen that
R i (_1 + e(l+i)n) (_1)—6771' cos(n) ((_1)67’” cos(n) + 1)
lim (6, ¢) = , ‘ , 83
01_r>n%( ", ) 1 (1= e2in) + e(im (83)
and
R i (en _ ein) (71)78_77’ cos(n) (1 + Z‘Qe_”cos(n))
li *Ho) = 84
O-I_I)n%((b ’ (b) en — COS(n) ’ ( )
¥ 6, 9" € (H). 0

Theorem 8. The densely defined operator H = —2/Td,/T on the Hilbert space S = L2[1,00) is symmetric
(Hermitian) [31] for the eigenstates ¢y, (x) = bz~ Pl on 1 € (—o00, —1] U [1,00) when |o| = 1/2.
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Proof. By taking the inner products

0 o1
(Ho".¢) = ~2ir Y / o= P Mol /zp Jrg—exp (—imlel gy
n=1"Y ">

00 00
. 2“_(_2/ x—exp(in)|o’|ﬁazﬁx—exp(_i”)|o‘dx
n=1"1

=2 (=2|o| + €™) cos®(m |o| cos(n))(tan(r |o| cos(n)) + i) $5)
- Z 20| cos(n) — 1 ’ (
n=1
for 2 |o| R(cos(n)) > 1, and
0o a1
(¢*7]f]¢> = —%mr Z/ = exp(—in)|a|\/§aw\/5x— exp (in)\o\dx
n=1Y "
_ 9ir Z/ o exp (imlol Jrg | exp (inlol gy
n=1"1
o (=14 2e™|o]) (sin(2m |o| cos(n)) + 2i cos?(m |o| cos(n))) %6
B 20| cos(n) — 1 ’ (86)
for 2 |o| R(cos(n)) > 1. It can be seen that
. 2me~" (=1 4 €™) cos? (37 cos(n)) (tan (37 cos(n)) + z)
ah_in%(Hﬁb a¢) = = cos(n) 1 ’ (87)
and
. . T (=1+e™m) (Sin(w cos(n)) + 2icos? (37 cos(n)))
Uh_{n%@) 7H¢) = COS(n) 1 ’ (88)
Y ¢, ¢* € @(I:[) Finally,
lim (Ho*,¢) = lim (¢*, Ho), V¥ 2mn. (89)
o1 o1
O

Theorem 9. The densely defined operator H= —24/20,\/T on the Hilbert space 7 = L?[1,00) is holomorphic for
the eigenstates ¢g(x) = bga~1719P(0) on 2 € (—00, —1] U [1, 00).

Proof. By taking the inner products

e’} —1 e e’}
(Ho*,p) = —QiFZ/ x_“’leXp(w)\/faz\/Ex_“’leXp(_w)dx—22’772/ g lolexe(0) /20, \fra=lolexp(=i0) gy
p=1" 70 o=1"1

/1 ! ‘ — (1 0 ‘
= —2i7rz (5 — exp(—i9)|o|) / g 2loleos(®) gy QiWZ (5 - exp(—i9)|a|) / g 2loleos®) gy
=1 1

— 00 —1

0
B . 0o 1 ‘ (_1)72|U|cos(0) ) > 1 . 1
= —227{'; (5 — GXp(7%9)|O'|> W - 227’(’; <§ - eXP(*ZQMU‘)W
' o0 1 ' (71)72|0|cos(0) +1
= —2 - -
”TQZ::I (2 exp( 29)|0|> 2|o|cos(0) —1 )

and
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o] —1 o [e ]
(6", Hp) = —2ir / 1ol (0 /30, faa 171 dg — 237y / g lolexe(=0) /25, \frg~lolexp(i) gy
=17~ o=1"1

[e'e) 1 —1 oo 1 [e'e}
= —21'712 (5 — exp(i0)|a\) / g 2loleos@) gy 2i7TZ (5 — exp(i0)|a\) / g 2ol eos®) gy
—o0 o—=1 1

( 1)—2|0|cos(0) ) > 1 ) 1
”921 ( eXp(w”U‘) 2/o| cos() — 1 ”9; (2 eXp(w)'“') 20| cos() — 1
) el 1 ) (_1>—2|a| cos(0) +1
= —2 _ —
”; (2 eXp(w”(") 20ofcos(0) — 1 (o1)
it can be seen that
§ e o)ip = § (6 Ho)i =0, (92)
c c
Y ¢, ¢* € Q(ﬁ ). Here, it is useful to implement the following identities:
cos(f) = cos(Oy) cosh(fs) — isin(fy) sinh(fs), (93)
and
exp(£if) = exp(—0g)cos(On) £ iexp(—bOs)sin(Oy). (94)

where 6 = Oy + ifg. The path C is then parametrized as follows:
0(q) = 16| cos(q) + i[6] sin(q), (95)

with 0 < ¢ < 2, whilst f(6) is given by Eq. , and the real and imaginary parts of Eq. are given by Eqgs.

and (53), and

0] = Va?+ B2, (96)
where
a = 2|o|cos(fx) cosh(fs) — 1, (97)
and
B = —2|o|sin(fy)sinh(fy). (98)

By performing the parametrization of the path C, the real and imaginary parts of (¢*, H ¢) are then

~ ™

R(o*, Ho) = W(—(l—ka)exp(w,@)sm (7(1+a)) = Bexp(rp) cos (n(1 + a))
exp(rf) sin (7(1+a)) = 6 +2lo(a+ 1) exp(~0s) cos(0n) exp(a) sin (n(1 + a))

28|0| exp(—fs ) cos(fx) exp(rf) cos( 1+a>—2|0|exp o) cos(Bx) exp(mf) sin <7r(1+0z))
2|3 exp(—0s) cos(0n) — 2/o|(1 + ) exp(~05) sin(0r) exp(r) cos (x(1 +a))

2|0|8 exp(—0s) sin(fy) exp(r3) sm( 1+a)

2| exp(~05) sin(0x) exp(r8) cos (m(1 + a) ) = 2l(a + 1) exp(~03) sin(0x)

2] exp(~03) sin(6) ), (99)

+ 4+ o+ o+ o+ o+

and



where

R(¢*, Hp) =

14

~ ™

S(¢p*, Hop) = —— < — (14 ) exp(7fB) cos (77(1 + a)) + Bexp(nf) sin (7‘(‘(1 + a))

|02
+ exp(mf) cos (ﬂ(l + a)) —a
+ 2|0|(1 + a) cos(Bx) exp(—0s ) exp(nB) cos (7r 1-|—a)
— 2/o5 cos () exp(—0s) exp(nB) sin (x(1 +a))

— 2|o| cos(bx) exp(—0s) exp(nf) cos (7r(1 + a)) + 2|o|(a + 1) cos(fn) exp(—0g)
— 2|ofcos(Op) exp(—bs) + 2|o| B sin(fn) exp(—0s)
+ 2lo|(a + 1) sin(f) exp(—0s ) exp(nf) sin <7r(1 n a))

+ 2|o|Bsin(fg) exp(—bs) exp(nf) co <7r(1 + a))

S
— 2|o|sin(fy) exp(—0s) exp(7/3) sin (7‘(‘(1 + a))), (100)

—27|o| cos(0x) cosh(bg) exp ( — 2o sin(Oy) sinh(Gg)) sin (27m cos(fx) cosh(Hg))

1 — 4]o| cos(fg) cosh(fs) + 202 ( cos(20%) + cosh(29g)>

27|o| sin(fy ) sinh(fg ) exp ( — 270 sin(fg) sinh(Gg)) cos (27r0 cos(fy) cosh(Gg))

1 — 4|o| cos(Ox) cosh(fs) + 202 ( cos(20%) + cosh(?Hg))

T exp ( — 2o sin(fy) sinh(Gg)) sin (271'0 cos(Ox) cosh(@@)

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20g) + cosh(2
27|o| sin(fy) sinh(fg)

1 — 4|o| cos(fy) cosh(fs) + 202<cos(20%) + cosh(293)>

47|0|? cos?(Oy) cosh(fs) exp(—0s) exp ( 2o sin(fy ) sinh(fs )) sin (27r0 cos(0x) cosh (g ))

1 — 4|o] cos(Oy) cosh(fs) + 202 ( cos(20x) + cosh(29g))

—47|o|? cos(Ox) sin(fg) sinh(fg) exp(—fs) exp ( — 270 sin(fg) sinh(Gg)) cos (27m cos(fy) cosh(eg))

1 — 4|o| cos(Oxn) cosh(fs) + 202 ( cos(20%) + cosh(?Hg))

—2m|o| cos(Ox) exp(—0s) exp ( — 2o sin(Og) sinh(t%)) sin (27m cos(fx) cosh(ﬁg))

1 — 4|o| cos(fy) cosh(fs) + 202 ( cos(20n) + cosh(QGg))
—47|o|? exp(—0g) cos(fx) sin(fx) sinh(fg)

1 — 4|o| cos(8x) cosh(ds) + 202 (cos(?&m) n cosh(29g))

—2m|o| cos(Ox) exp(—0s) exp ( — 270 sin(fy) sinh (6 )) sin (27ra cos(fy) cosh(f ))

1 — 4|o| cos(fg) cosh(fs) + 20’2(COS (20%) + cosh(2

—47|o|? exp(—0g) cos(Ox) sin(fx) cosh(fg) exp ( — 270 sin(fg) blnh(@g)) cos (27ra cos(Ox) cosh(ﬁg))

1 — 4|o] cos(fx) cosh(fs) + 202 ( cos(20x) + COSh(29g))

—47|o|? exp(—0g) sin? (Oy) sinh(fg) exp ( — 2o sin(fy) sinh(&;,)) sin (27r0 cos(Ox) cosh(Hg))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20%) + cosh(20g))



and

(", Hp) =

15

2m|o| exp(—0s) sin(fy) exp ( — 2o sin(Oy) sinh(é)g)) cos (27r0 cos(Ox) cosh(ﬁg))

1 — 4|o| cos(Ox) cosh(0s) + 202 ( cos(20%) + cosh(20g))
—4r|o|? exp(—0g) sin(fg) cos(fx) cosh(fs)

1 — 4|o| cos(fy) cosh(fs) + 202 (cos(?&m) + cosh(QGg))
27| o| exp(—0g) sin(fx)

: (101)
1 — 4|o| cos(Oy) cosh(fs) + 202 (cos(?&m) + cosh(29c3))

—2m|o| cos(Ox) cosh(fs) exp ( — 270 sin(fg) sinh(Hg)) cos (27r0 cos(Oy) cosh(ﬁg))

1 — 4|o| cos(Ox) cosh(fs) + 202 ( cos(20x) + cosh(%g))

—2m|o|sin(fx ) sinh(0g) exp ( — 27o sin(fyg) sinh(ﬂg)) sin (27?0 cos(fx) cosh(&@)

1 — 4|o| cos(fx) cosh(fs) + 202((:05(299?) + cosh (20 ))

T exp ( — 270 sin(fy ) sinh(0g) ) cos ( 2mo cos(Ox) cosh(ﬂg))

1 — 4|o| cos(fg) cosh(fs) + 202 ( cos(20x) + cosh(20g)
—27|o| cos(Ox) cosh(0g)
1 — 4|o| cos(fg) cosh(fs) + 202 ( cos(20%) + cosh(29g))
™

1 — 4|o| cos(0x) cosh(0g) + 202 ( cos(20%) + COSh(29g))

47|o|? cos? () cosh(fs) exp(—0s) exp ( — 270 sin(fy) sinh(Hg)) cos (271'0 cos(Ox) cosh(H@)

1 — 4|o| cos(fy) cosh(fs) + 202 ( cos(20%) + cosh(QGg))

4rr|o|? sin(f) sinh (85 ) exp(—0s) cos(fx) exp ( — 970 sin(6y) sinh(Gg)) sin (27rcr cos(f) Cosh(ﬂg))

1 — 4|o| cos(Oy) cosh(fs) + 202(cos(29§y¢) + cosh(29g))

—2m|o| cos(Ox) exp(—0s) exp ( — 2o sin(fy) sinh(Gg)) cos (27ra cos(fx) cosh(eg))

1 — 4|o| cos(Ox) cosh(0s) + 202 ( cos(20%) + cosh(20g))
47|o|? cos?(Ox) cosh(fs) exp(—0s)
1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20gn) + cosh(29g))

—27|o| cos(Ox) exp(—0s)
1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20g) + cosh(29<\))

47|0|? cos(Ox) sin(Ox ) cosh(fs) exp(—0g) exp ( 2o sin(fy) sinh (6 )) sin (27r0 cos(fx) cosh (g ))

1 — 4|o] cos(fx) cosh(fs) + 202 ( cos(20%) + cosh (26 ))

—4r|o|? sin?(Ay) sinh(Ag ) exp(—0g) exp ( — 270 sin(fy) sinh(f ) cos | 2mo cos(Oy) cosh(Og ))

1 — 4|o| cos(0x) cosh(0s) + 202 ( cos(20%) + cosh(2 Hg))

—2m|o| sin(0x) exp(—0s) exp ( — 2o sin(Og) sinh(@@) sin (271'0 cos(Og) cosh(ﬁg))

1 — 4|o| cos(fy) cosh(fs) + 202 (cos(ZGgg) + cosh(29g)>
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—47|o|? sin?(Ax) sinh(Ag ) exp(—0s)

. (102)
1 — 4|o| cos(Oy) cosh(fs) + 202(005(299?) + cosh(29g))
Hence, from the relation
o f0) = § (R HO) +i3(6", o)) (d0n + idhs)
c c
— § R Ho)ibe ~ § 37, Ho)db
c c
+ i R TN i 6 o)ty
27 R deﬁ 2m . deg
= R(¢™, Hp)——dq — (o, Hp)——d
[ w o) G- [ s o) P
‘ 27 . deg ) 2#(\ . - degg
i R o) g+ [ o o) G (103)
at |6] = 1, we obtain
2m PN 72 1,
/ R(¢*, Hp)——dq = —n* (2exp(—0g)cos(fx)[0] — 1), (104)
0 dgq 2
Mo dfg 1,
/ S(¢*, Hp)——dq = —7* (2exp(—bs) cos(dx) 0] — 1), (105)
0 dq 2
2m
| R 16y = 't exp(-05) sin(0n) 0] (106)
0
2m
|00 110) % da = ' exp(—63)sin(ow) ] (107)
such that
@ i) = § (117,088 ~0, (108)
c c
O

III. HOLOMORPHICITY

Cauchy’s theorem states that if ¢,(6) is an analytic function, and ¢/ () is continuous at each point within and on
a closed contour C', then

7( £,(6)d6 = 0. (109)
C

Theorem 10. Let 0 = Op +ibs and t,(0) = uy(0n, 0s) +iv, (On, O0s) on some region G containing the point 6y. Then
the eigenvalues t, are holomorphic.

Proof. Integrating 6 along C, Eq. is then written

. Zﬁ (|0\cos(9) cos(20mcos(f))  |o]|sin(f) Sin(207rcos(9)))d9

1 —2|o| cos(0) 2|o| cos(0) — 1
B j{ (\a| cos(0) sin(20mcos(d))  |o|cos(20m cos(h)) sin(@))de
C 2|o| cos(9) — 1 1 —2|o| cos(0)
i [ cos(20m cos(0)) 1 [ sin(207 cos(6))
* jS 2|o|cos(d) — 1 40 = 5}{; 1 —2|o| cos(h) 0. (110)

The path C' is then parametrized as follows:
0(q) = 16| cos(q) + i[6] sin(q), (111)
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with 0 < ¢ < 2, whilst f(6) is given by Eq. , and the real and imaginary parts of Eq. are given by Eqgs.
and , and

where

and

0] = Vo2 + 52 (112)

a = 2|o|cos(fx) cosh(fg) — 1, (113)

B = —2|o|sin(0p)sinh(0g). (114)

Here, it is useful to implement the following identities:

and

cos(On + ifs) = cos(fx) cosh(fs) — isin(fx) sinh(fg), (115)

cos(20m cos(Op + ifs)) = cos (2770 cos(Oy) cosh(ﬁg)) cosh (271'0 sin(fy) sinh(fs)

N—

+ isinh (27m sin(fy) sinh(Gg)) sin (2770 cos(Ox) cosh(@@), (116)

sin(fy + i0s) = sin(fy) cosh(fs) + i cos(fy) sinh(fg), (117)

sin(20m cos(fy + ifs)) = sin (2#0 cos(fy) cosh(93)> cosh (2770 sin(fy) sinh(fs)

N——

— dsinh (27ra sin(fx) Sinh(t‘)g)> cos (27ra cos(Ox) cosh(93)>. (118)

By performing the parametrization of the path C as given by Eq. (L11]), the real and imaginary parts of t, = u, + v,

are then

and

where

Uo

™

Uy = (
6]
+ 2|o|asin(fy) cosh(bs) + 2|c| B cos(On) sinh(fs) — 2|0 |8 cos(Ox) sinh(fs) exp(nf) cos(ma)
— 2|o|asin(fy) cosh(fs) exp(mf) cos(ma) — 2|o|a cos(fx) sinh(fs) exp(7f) sin(7roz)> ) (119)

(|0|2 sin(ra) exp(wf) + 2|0 | sin(fy) cosh(fs) exp(7f) sin

)

Vg = # ( — 102 + |0)% exp(7 ) cos(mar) + 2|o| B sin(fx) cosh(fs) exp(m3) cos(ma)
+ 2|o|B cos(fx) sinh(fs) exp(nf) sin(ra) — 2|o|asin(fg) cosh(0g) exp(w3) sin(mar)
— 2|o|acos(fg) sinh(0s) exp(nf) cos(ma) — 4|o| sin(fy ) cosh(bs) exp(w3) sin(ma)

— 2|o|Bsin(fg) cosh(0s) 4 2|o|a cos(Ox) sinh(Gg)), (120)

27|o| sin(fy) sinh(fs)

1 — 4|o] cos(fg) cosh(fs) + 202 ( cos(20g) + Cosh(293))

—47|o|? cos(fx) cosh(fs) sin(fx ) sinh(fg) exp ( — 2o sin(Og) sinh(ﬁg)> cos (77 — 2o cos(fx) cosh(ﬁg)>

1 — 4|o| cos(fg) cosh(fs) + 202 ( cos(20x) + cosh(293))

—47|o|? cos? (Ax) cosh? (As) exp ( — 2o sin(fy) sinh(Hg)) sin (7r — 270 cos(fx) cosh(9<\~,))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20%) + cosh(29g))
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27|o| cos(fx ) cosh(fs) exp ( 270 sin(fy ) sinh(fs )) sin (77 — 270 cos(fy ) cosh(fs ))

1 — 4]o| cos(Og) cosh(fs) + 202 ( cos(20%) + COSh(29g)>

47|o|? sin(fg) sinh(Ag) cos(fx) cosh(fg) exp ( — 270 sin(fy) sinh(Gg)) cos (77 — 270 cos(fy) cosh(t?g))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20gn) + cosh(20g)>

—27|o| sin(0g) sinh(0g) exp ( — 2o sin(Oy) sinh(ﬂg)) cos <7r — 270 cos(Ox) cosh(ﬂg))

1 — 4|o| cos(Og) cosh(fs) + 202 < cos(20y) + cosh(%'g))

—47|o|? sin?(Ax ) sinh? (Ag ) exp ( — 2o sin(Oy) Sinh(Og)) sin (7r — 270 cos(fn) cosh(@@)

1 — 4|o] cos(fy) cosh(fs) + 202 (cos(?@m) + COSh(29g)>

—27|o| sin(fy) sinh(fs) exp ( — 270 sin(fy) sinh(fg) ) cos (271' — 270 cos(Oy) cosh(eg))

1 —4|o| cos(Ox) cosh(fs) + 20 ( 0s(20%) + cosh(QGg))

—27|o| cos(Og) cosh(bg) exp ( — 270 sin(fy ) sinh(fg )) sin (2% — 270 cos(fx) COSh(Hg))
1 — 4|o] cos(Ox) cosh(fs) + 202 ( cos(20x) + cosh(29g))

T exp ( — 2o sin(Oy) Sinh(93)) sin (27r — 270 cos(fy ) cosh(fs ))

1 — 4]o| cos(fg) cosh(fs) + 202 ( cos(20x) + cosh(2

—47|o|? sin(fx) cos(Ox) cosh? (A ) exp < — 270 sin(fy) smh(Gg)) cos (77 — 270 cos(fy) COSh(eg))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20gn) + cosh(20g)>

27|o| sin(fg) cosh(fs) exp ( 2o sin(fy ) sinh(fy )) cos <7r — 270 cos(fy) cosh(fy ))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20gn) + Cosh(29g))

47|o|? sin? By ) cosh(fg) sinh(Ag) exp ( — 2o sin(fy) sinh(Gg)) sin (7r — 270 cos(Ox) cosh(f%))

1 — 4]o| cos(fg) cosh(fs) + 202 ( cos(20%) + cosh(20g))

4r|o|? sin(fy) cos(x) sinh? (O ) exp ( — 270 sin(fg) sinh(Hg)) cos (77 — 270 cos(fy) cosh(Hg))

1 — 4|o] cos(Ox) cosh(fs) + 202 ( cos(20g) + cosh(293)>

47|o|? cos? () sinh(Ag) cosh(fg) exp ( — 2o sin(fy) sinh(ﬁg)) sin (77 — 270 cos(fx) cosh(ﬁg))

1 — 4|o| cos(fg) cosh(fs) + 202 ( cos(20gn) + cosh(29g))

—27|o| cos(fg) sinh(fg) exp ( — 2o sin(fy) sinh(Gg)) sin (7r — 2o cos(Ox) cosh(ﬁg))

1 — 4]o| cos(fg) cosh(fs) + 202 ( cos(20g) + cosh(20g))
—27|o| sin(fy) sinh(Ag) + 47|o|? sin(fx) cosh? (Ag) cos(Ox)
1 — 4]o] cos(dx) cosh(fs) + 202 ( cos(20) + cosh(29<\))
—27|o| sin(fy) cosh(fs) — 47|o|? cos(fy) sin(fy) sinh? (Os)
1 — 4]o] cos(fx) cosh(fs) + 202(005(29§R + cosh( 290))

(121)
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—47|0|? cos?(Ax) cosh? (g ) — 4m|o|? sin? (fy) sinh? (O

4r|o| cos(On) cosh(Os) — 7

)
1 — 4|o| cos(0g) cosh(fsg) + 202 ( cos(20g) + cosh(264) )

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20g) + cosh(264)

4r|o|? cos?(Ax) cosh? (fg) exp ( — 270 sin(Oy) smh(Gg)) cos (71' — 270 cos(Ox) cosh(ﬁg))

1 — 4|o| cos(Og) cosh(fs) + 202(005(29%) + cosh(QHg))

—27|o| cos(Og) cosh(0s) exp ( — 2o sin(fy) sinh(ﬂg)) cos (77 — 270 cos(fx) cosh(Gg))

1 — 4|o] cos(fx) cosh(fs) + 202 ( cos(20y) + cosh(20g))

4r|o|? sin?(Ay) sinh? (0 ) exp ( — 270 sin(fy) sinh(eg)) cos (71' — 270 cos(Oy) cosh(@@)

1 — 4|o] cos(fx) cosh(fs) + 202 ( cos(20g) + cosh(29g)>

—2m|o|sin(fx ) sinh(fs) exp ( — 270 sin(fy) sinh(ﬂg)) sin (ﬂ' — 270 cos(fn) cosh(eg))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20x) + cosh(2€g))

27|o| cos(fy ) cosh(fs) exp ( — 270 sin(Oy) sinh(ﬁg)) cos (27r — 270 cos(Ox) cosh(9g))

1 — 4|o] cos(fx) cosh(fs) + 20’2(COS(20§R) + cosh (20 ))

— T exp ( — 270 sin(fy ) sinh (4 ) cos (27r — 270 cos(fy) cosh (b ))

1 — 4|o| cos(Oy) cosh(fs) + 202 (cos(?&m) + cosh(20<\))

—2m|o|sin(fx ) sinh(0s) exp ( 2o sin(fx) smh(ﬂo)) sin (27r — 270 cos(fy) cosh(Hg))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20gn) + COSh(ZQg))

—4r|o|? sin?(Ay) cosh(fg) sinh(fs) exp ( — 2o sin(Oy) sinh(9g)> cos (7r — 2o cos(Ox) cosh(@@)

1 — 4|o| cos(Oy) cosh(fs) + 202(cos(29§n) + cosh(%g))

—4r|o|? sin(fx) cos(fx) cosh? (Ag) exp ( — 270 sin(fy) sinh(Hg)) sin (71' — 270 cos(Og) cosh(eg))

1 — 4|o]| cos(fgn) cosh(fs) + 202 ( cos(20gn) + cosh(29g))

27|o| sin(fy) cosh(fs) exp ( — 270 sin(fy) sinh(Og)) sin (71' — 270 cos(Ox) cosh(Gg-))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20xn) + cosh(29g))

—47|0|? cos?(0x) sinh(fg) exp ( — 2o sin(Oy) sinh(&@) cos <7r — 270 cos(Ox) cosh(0g))

1 — 4|o| cos(0x) cosh(fg) + 202 ( cos(20%) + COSh(QGg))

27|o| cos(fy) sinh(fg) exp ( — 270 sin(fy) sinh(Hg)) oS (77 — 270 cos(fy) cosh(Hg))

1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20%) + Cosh(20<\))

4r|o|? cos(Bx) sin(fy) sinh? (Ag) exp ( — 270 sin(fy) sinh(fg )) sin (7r — 270 cos(fy) cosh (s ))

1 — 4|o| cos(Oy) cosh(fs) + 202 ( cos(20%) + Cosh(29g))
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n 4r|o|? sin® (O ) cosh(fg) sinh(Og) + 47|o|? cos?(Ax) sinh(fg) cosh(fg) — 27|o| cos(fx ) sinh(fg)

(122)
1 — 4|o| cos(Og) cosh(fs) + 202 ( cos(20n) + cosh(QHg))
Hence, from the relation
7( 1 (0)d0 = j{ (o + vy ) (O + idBs)
C C
= j{ UsdOp —j{ Vo dis —|—i7{ UgdOs +i% Ve dOp
C C C C
27 2m 27 2
dfg / dfg / dfs / dOg
= Ug——dq — Vo——dq + 1 Uy ——dq + 1 Vg ——d 123
/0 dgq ! 0 dgq ! 0 dgq ! 0 dgq I (123)
at |§| = 1, we obtain
2m
db
/ 1o TOR 40— 2410] cos(0y) sinh(6s), (124)
0 dgq
2m
/ vg%dq = 7°|o| (7r cos(fx) sinh(fg) — 4sin(fy) cosh(Hg))7 (125)
0 q
2m
/ ugdde—gdq = %7‘(3((4 + ) sin(fn) |o| cosh(fs) + 2), (126)
0 q
2m 1 1
/0 vg%dq = —5772 (4 + 772) sin(fy) |o| cosh(fs) + §7T4 sin(fy) |o| cosh(fs)
+ 272 sin(fx) |o| cosh(fg) — 7 (127)
such that
’L'7T3 sin~?! (—ﬁ)-&-Qﬂ'n cos™ ! (2‘15|>+27r<7 ) .
f Loy = T [ / o (7 + (4~ 89)) sin(@) lo] cosh(05) 00y
C sin™ (—2‘“) cos™ (2‘3‘)
=2 (8 +4i 4+ i7r> 73|o| sin(mo) sinh(7o) cosh <7TO' —sin~* (ﬁ))
) Viass* — 141 )
cos (z log (T) + 7o — zlog(2)>
= 0Vo. (128)
O

Here, it should be pointed out, that in accordance with Eq. , when |o| = 1/2, and since g = 0, Eq. (121]) then
reduces to

Ug(0) = —msin (71' 005(9)) - 7r(cos (7‘(‘ cos(@)) + 1) cot (g) ) (129)

and Eq. (122)) then reduces to

Ve (0) = —m (cos (77 cos(@)) — cot (Z) sin (7r COS(Q)) + 1) ) (130)

such that ¢, = u, + v, in agreement with Eq. .

Theorem 11. Imaginary solutions of hds |ps(x)) = —24/20,1/T |¢ps(x)) at x = 1 map to the nontrivial zeros of
C(s) = (1 —2"7") 71 302 ()"t
Proof. At x = 1, the normalization constraint Eq. is satisfied, o = % —it, and Eq. can be written



21

Uy =1) = ~((0,2)
1 s—1_,2z
= -T(1-y¢) ?{Z © 4
2m Jo 1 —¢€?
1
= 1—((025—%) (131)
where the contour C' is about R™. From the analytic continuation relations of Eq.
1 > (—1)n! 1 o (=1)""Lexp ( —q- tln(n))
1—21—82::1 ns 1_21_3; 4
) o (=1)" cos (t : ln(n)) o (—1)"sin (t : ln(n))
= — 1 132
1—215[;:1 ne Z; ne }’( )
n—1 ;
1 2 (—1)n Ly * 1 o (=1)""lexp (z-tln(n))
1— - 1-
1 o (—1)""Lcos (t - ln(n))
1—21-s ne
n=1
o (~1)"lsin (t : ln(n))
] . 133
HiX — | (133)
Owing to t, = us + iv, and Egs. (115) and , it can be seen that
1 i (1)1 i (1)1 —279Fvstl cog (ug log(2)) cos (ua 1n(n)) exp (va ln(n))
_91—s s = o ’ 2
1-27¢2— n =1 2-20+2vs+2 gip? (ug log(Z)) + [1 — 27otvetl cog (ug log(2))}
>, (—1)n-! cos (ug ln(n)) exp (vg ln(n))
" Z N aetauta 2 —otvo+1 ’
n=1 2720420542 gin (ug log(2)) + [1 — 270 +tvotl cog (ug log(2))}
00 ayp—1 —279tvetlgin (wu, log(2) ) sin (ue In(n) ) exp (v, In(n
3 (1)
+ - : 3
i 9—20+2v,+2 gip2 (ug log(2)) + {1 — 9—0+vs+1 g (ug log(2)>}
00 \p—1 —279 v+l gin (u, log(2) ) cos (us In(n) ) exp (v, In(n
3 (=1
+ 1 . . .
=t 2—204+2v5+2 gip? (ug 1og(2)) + |1 — 279+t cos (ug log(2)>
i (1)1 279 Fvetlcog (w7 log(2)) sin (ug ln(n)) exp (va ln(n)>
+ i - - —
=1 2—204+2v5+2 gip? (ug 10g(2)) + |1 —270Fvs+l cos (ua log(2)>
®© (_1yn— —si In(n) ) exp (v, In(n)
. (1)1 sin (ug ) o
+iy > . . (134)
n=1 2720+2v,+2 gin (ug 10g(2)) + |1 — 279+ +1 cos (uo log(2)>
and
I = (=)t
1_(1218712_:1 ns ) =1

277 v+l cos (ug 1og(2)) cos (ug ln(n)) exp ( -V, ln(n))

> —1)—1
> S

n=1

+

2
2-20-2vo+2 gip? (ug log(Z)) + [1 — 2=0-vs+t1l cog (ug 10g(2))]
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. i )1 . — cos (ug 1n(n)) exp ( — Vg ln(n)) 2
n=1 22020542 gjp? (ua log(2 ) + [1 — 270 v+l cog (ug log(2))}
o0 )1 —279 vetlgin (u log(2)) sin (ug ln(n)> exp ( — Vg ln(n))
+ Z : >
n=1 22020542 gjp? (ug log(2 ) + [1 — 2797 v+l cog (ug log(2 ))]
—279 vetlgin (ug log(2) ) cos (uc, In(n ) exp ( — Vg ln(n))

n=1 2—20—2v5+2 gjp? (ug log(2) ) + 1 - 2-0-vo+1 cog (ug 10g(2)>_

sin (ug ln(n)) exp ( — Vg ln(n))
1 — 279 v+l cog (u(7 1og(2)>:

+
. Zi (_13:—1 . —sin ( n(n+> exp ( — v, ln(n)) )

6135)
n=1 220204 +2 gjp? (u log(2 ) 1 — 279 v+l cog (ug 1og(2)>

)
)

n=1 2—20—2v5+2 gjp? (u log(2 )

279 Vet cog (u log(2

such that

s Y S o (e 2 ST = - (136)

n=1 n=1

Finally, the real part of every nontrivial zero of Eq. can be obtained from setting the imaginary part of Eq. (134))
and v, to zero, i.e.,

N 1 * (—1)n1 _ o0 - . —279F1gin (ug log(2)> cos (u(7 ln(n))
(1 -2 7;1 n ) g 2-20+2gip? (ug log(Z)) + {1 — 27+l cos (ug log(?))] ’
. Zi (1)1 . 277+ cos (ug log(2)) sin (ua ln(n))

n(7

3
Il
-

9-20+2 gip? (UU log(2)) + {1 _9-0+1 g (uo log(2)>] 2

. Zi (— i —sin (ug ln(n)) 2
=1 2-20+2gipn? (ug log(2)) + {1 — 29+l cos (ug log(2))]
- 0. (137)

Owing to Eq. (38), at o = 1/2 we obtain

1)1 sin (ug ln(n)> —/2sin (Uo log (%))

[ .
,;1 vn 24/2 cos (ua 10g(2)) -3 v (158)

Since v, = 0, then according to Eq. -, 9 = (2n — 1)m. Furthermore, from Eq. it can be seen that at
9-(271—1)77 uy = 0, and the LHS of Eq. (138) is then 0V n. O

Remark. The Riemann Hypothesis states that the real part of all of the nontrivial zeros of the Riemann zeta function
are located at o = 1/2 [§].

Remark. Solutions to Eq. @ are symmetric about the origin, i.e., x € [1,00), [—1,—00), and subject to the
singularity at ¢s(x =0) =0 [25].
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Figure 1: Plot of the imaginary components of Eq. . Results are compared with Eq. (138]) (color online).

The expectation value of H can be expressed via the density operator, viz.,

N 7 T 1 —2¢"n|
(H)(s) = XY bl.(s)bals) [m,n)

e~ m| +ef|n| — 1

R R ew(l _ Qew‘n|)(_1)—e*“’(|m\+e2i9\n|)
+ )Y bh(s)bals) m, )
m n

|m| + e2i0|n| _ 61’0

S0 ) e )
= §)— . m,n
~ Prmin e Wm| +eln|—1"""

m

01 _ 9,10 _1\—e O (Im|+e?|n|)
. e(1—2e"|n|)(-1)
D S

. . __—if 2i6 .
- ﬁ{ﬁ@( L2l n) + e At b ) |”>)}
o e~ 0|n| + e|n| — 1 e20|n| + |n| — e
e~ 1 — 2¢i|n| et (1) "(Inl+e* i) (1 — 2610 |py))
=1 - - - - . 139
”Tnz_:l (e—w|n| e —1 ™Mt €2%|n] + |n| — e ‘”>> (139)

IV. SIMILARITY SOLUTIONS

Since Eq. , the Riemann zeta Schrodinger equation (RZSE) possesses symmetry about the origin x = 0, we
then seek a similarity solution [34] of the form:

¢s(x) = z%f(n), (140)

where 7 = s/2°, and the RZSE becomes an ordinary differential equation (ODE) for f. As such, we consider Eq.
, and introduce the transformation ¢ = €%z, and 7 = €’s, so that

w(€,7) = €¢(e €, € "7), (141)

where € € R, and 7 € C.
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From performing this change of variable we obtain

0, owdr
2s” = ° or os
ow
_ b=
=& (142)
and
0 B oz 0¢
2T Vae = —2/a( o+ Ve )
1 0¢
= —2Vag 0 - 2EVagE
_ 9¢
= —¢—2wo, (143)
where
26 _ 0w
or o€ Ox
ow
= ¥ —. 144
e (144)
By using Egs. — in Eq. 7 the RZSE is then written
ow ow
—c| bY™ hdhadll R
¢ [e 8T+w+2§6£} 0, (145)
and is invariant under the transformation V € if €® = 2, i.e.,
_J€ 0w Ow ow
and
b = w,vnez (147)

log(e)

Therefore, it can be seen that since ¢ solves the RZSE for x and s, then w = €7 °¢ solves the RZSE at x = ¢ %¢, and
s = e 7. We now construct a group of independent variables such that

13 e*x
Ta/b - (Ebs)a/b
x
sa/b
n(@, s), (148)

and the similarity variable is then

alog(e)

n(x,s) = xs le@+2ian, (149)
Also,
€
Te/b T (ebs)c/b

¢

gc/b
= v(n), (150)

suggesting that we seek a solution of the RZSE with the form

clog(e)

¢s(x) = sEEOFET (). (151)
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Since the RZSE is invariant under the transformation, it is to be expected that the solution will also be invariant

under the variable transformation. Taking a = ¢ = log71(¢s)7 the partial derivatives transform like

on
0s

%%(x) = %(sm>y(n)+(sm>y,(n)

1
571+1og(2)+2mn

- log(2) + 2imn [1/(7]) B 1/(77)], (152)

and
0 1N ,, . 0On
—_ = log(2)+2imn —
ox %s(2) (S )V () ox
= '(n), (153)
where
on st
= - __ 2 @ 154
ds 2imn + log(2)’ (154)
and
% = § Tt (155)
The RZSE then reduces to the ODE
[5_1 +log(2) + 2z'7m} v(n) + [— s~ 4+ 21og(2)n + dimnn |V (n) = 0, Vn € Z. (156)
A. General Solution
The homogenous linear differential Eq. (156) is separable [35], viz.,
d 21 1 4+ log(2
v _ ZimndsT tlog(?) (157)
v s™1 — dimnn — nlog(4)
Integrating on both sides, we obtain
(2i7m +s 1+ log(2)) log (8_1 — ditnn — nlog(4)>
1 = — . 158
njvl “ 4imn + log(4) (158)
Exponentiating both sides,
_ 2iw;3+s*11flig(2)
lv] = exp(cr) (571 — dimnn —n log(4)) sty (159)

Renaming the constant exp(c¢;) = C and dropping the absolute value recovers the lost solution v(n) = 0, giving the
general solution to Eq. (156))

_ 2Zimnts— ' 4log(2)
4itn+log(4)

vn(n) = C(s_1 — dimnn — nlog(4)) ,VYneZ VCeR. (160)

By setting C' = 1, and using Eqs. (149) and (151]) in Eq. (160)), we obtain the general solution to the RZSE Eq. ,

written

_ 2mns+islog(2)+i
drns—islog(4)

1
ps(x) = s P2 [s + 5~ TR ( —xlog(4) — 4i7rnx>} , VnelZ. (161)
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V. CONCLUSION

In this study, we have discussed the convergence of the real part of every nontrivial zero of the analytic contin-
uation of the Riemann zeta function. This was accomplished by developing a Riemann zeta Schrodinger equation
and comparing it with the Bender-Brody-Miiller conjecture in both configuration space and momentum space. A
symmetrization procedure was implemented to study the convergence of the system, and the expectation values were
calculated from the resulting system to study the nontrivial zeros of the analytic continuation of the Riemann zeta
function. Moreover, a second quantization procedure was performed for the Riemann zeta Schrodinger equation to
obtain the equations of motion and an analytical expression for the eigenvalues. It was also demonstrated that the
eigenvalues are holomorphic. A normalized convergent expression for the analytic continuation of the nontrivial zeros
of the Riemann zeta function was obtained, and a convergence test for the expression was performed demonstrating
that the real part of every nontrivial zero of the Riemann zeta function converges at ¢ = 1/2. Finally, a general
solution to the Riemann zeta Schrédinger equation was found from performing an invariant similarity transformation.
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Figure 2: Zoom in of the parametric plot of the eigenvalues in Eq. (139) with coordinates R(¢,) and S(¢,) as a function of 6.
The lower bound of the summation is n = 0 and the upper bound of the summation is » = 10 (color online).
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