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A Hyperbolic Problem of Second Order with Unilateral
Constraints: The Vibrating String with a Concave Obstacle

MICHELLE SCHATZMAN

CNRS et Université Pierre et Marie Curie, Laboratoire d’ Analyse Numérique,
Tour 55-65, Séme étage, 4 Place Jussieu, 75230 Paris Cedex 05, France

The motion of a vibrating string constrained to remain above a material
concave obstacle is studied. It is assumed that the string does not lose energy
when it hits the obstacle. A set of natural inequations describes this model; an
energy condition in an ad hoc form must be added to ensure uniqueness.
Existence and uniqueness are proved for the Cauchy problem; the case of an
infinite string and the case of a finite string with fixed ends are considered.

(0. PRESENTATION OF THE PROBLEM

Let us consider an infinite vibrating string, and let us denote by u(x, ) the
transverse displacement of the point of abscissa & at the instant 2. We suppose
that this vibrating string is compelled to remain above an obstable, which is

represented by the function x — ¢(x).
The initial position and velocity are given by

u(x, 0) == iug(x),
u
En (%, 0) = wy(%).
The constraint is described by
u(x, ) > plx).
We need obviously the compatibility condition
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When the string docs not touch the obstacle, it satisfies the wave equation
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Fic. 4. 'The sets E and I of Example 3.
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Fic. 5. Values of function u of Example 3 in the different regions of the x, ¢ plane.
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