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Abstract

Vehicle rollover is a very serious problem for the safety of heavy vehicles, which can result in large financial and
environmental consequences. In order to enhance the roll stability, most modern heavy vehicles are equipped with
passive anti-roll bars. However they may be not sufficient to overcome critical situations, e.g during cornering or
riding on uneven roads, at high speed. This paper is concerned with active anti-roll bar H∞/LPV control for single unit
heavy vehicles. A Linear Parameter Varying (LPV) approach is proposed here in order to schedule the controller with
the vehicle forward velocity (that is the varying parameter of the vehicle LPV model) and with the normalized load
transfers at the two axles (that are considered into parameter dependent weighting functions for on-line performance
adaptation to the rollover risk of heavy vehicles). The grid-based LPV approach is here used to synthesize the H∞/LPV
controller through LPVToolsTM. The effectiveness of the H∞/LPV active anti-roll bar control is validated by using the
TruckSim R© simulation software with two different types of heavy vehicle: a bus and a truck, both fully loaded. The
simulation results in the frequency and time domains show that the H∞/LPV active anti-roll bar control drastically
improves the roll stability of the single unit heavy vehicle compared with the passive anti-roll bar case.

Keywords: Vehicle dynamics, Active anti-roll bar system, Linear Parameter Varying (LPV) control, H∞ control, Roll
stability

1. Introduction

1.1. Background
Rollover of heavy vehicles is an important road safety

problem world-wide. Although rollovers are relatively
rare events, they are usually deadly accidents when they5

occur. According to the Federal National Highway
Traffic Safety Administration (NHTSA), in the United
States, there were 333,000 heavy vehicles involved in
traffic crashes during 2012. There were 3,921 people
killed in rollover crashes and 104,000 people injured (an10

increase of 18 percent from 2011). Rollover accidents
are classified into four categories: preventable, poten-
tially preventable, non-preventable and preventable un-
known [1]. It is usually difficult for the driver to feel the
rollover behaviour of a heavy vehicle. Investigations15

have shown that only a minority of rollover accidents
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could have been avoided with a warning device, poten-
tially more with a skilled driver, but half of the rollover
accidents were not preventable by driver action alone.
The three major contributing factors to rollover acci-20

dents are side wind gusts, abrupt steering and braking
manoeuvres by the driver. The main reason of rollover
accidents in which heavy vehicles are involved is the
roll stability loss when the tyre-road contact force on
one of the side wheels becomes zero.25

In order to prevent the rollover of vehicles, several
schemes concerned with the possible active interven-
tion onto the vehicle dynamics have been proposed as
follows: active steering [2], active braking [3], active
suspension [4], [5] and active anti-roll bars [6]. Among30

them, the active anti-roll bar system is the most com-
mon method used to improve the roll stability of heavy
vehicles.
Active anti-roll bars are usually made of a pair of hy-
draulic actuators. Lateral acceleration makes vehicles35

with conventional passive suspension tilt out of corners.
The center of the sprung mass shifts outward of the ve-

Preprint submitted to Control Engineering Practice May 23, 2017



hicle centerline, which creates a destabilizing moment
that degrades roll stability. The lateral load response is
reduced by active anti-roll bars that generate a stabiliz-40

ing moment to counterbalance the overturning moment
in such a way that the control torque leans the vehi-
cle into the corners [7], [8]. One drawback of active
anti-roll bars is that the maximum stabilizing moment
is limited physically by the relative roll angle between45

the body and the axle [9].
Linear Parameter Varying (LPV) systems are an impor-
tant class of systems, whose dynamics depend linearly
on the state and input of the system, but could depend
in a nonlinear way on scheduling parameters. The LPV50

paradigm considers that no a priori information about
the scheduling parameter values is available, but that
the parameter can be measured or estimated online [10],
[11].
The interest in LPV systems is motivated by their use in55

gain-scheduling control techniques, and by the possibil-
ity to embed nonlinear systems into the LPV framework
by covering nonlinearities within the scheduling param-
eters. Therefore the LPV framework enables, to some
extent, the application of linear control methods to non-60

linear systems, while providing rigorous statements on
stability and performance of the closed-loop system.

1.2. Related works
In the literature, many works have been dedicated

to design the active anti-roll bar system for single unit65

heavy vehicles.
Many control strategies have been developed using the
yaw-roll model such as:
• Optimal control: In [9], [12], [13] the authors

used LQR method for the active anti-roll bar sys-70

tem of heavy vehicles. The control torques acting
between the axle groups and the sprung mass
are considered as the input control signal. The
simulation results indicated that the normalized
load transfers at all the axles reduced significantly,75

compared with the passive anti-roll bar system at
60 km/h.

• H∞ and LPV control: In [7], [14], [15] the LPV
approach is applied for the active anti-roll bar sys-80

tem combined with active brake control on a sin-
gle unit heavy vehicle. The forward velocity was
considered as the varying parameter. The different
actuator failures are identified by using a Fault De-
tection and Identification (FDI) filter.85

The H∞ control method was also applied to the
yaw-roll model of a single unit heavy vehicle. It
shows, using µ tool analysis, that the H∞ active

anti-roll bar control is robust w.r.t. the forward ve-
locity and sprung mass variations [16].90

TruckSim R© software is also used to evaluate the
effectiveness of the active roll control system of
heavy vehicles [17]. The simulations performed using
TruckSim R© indicated that a rollover threat detection
system was further enhanced in combination with an ac-95

tive roll control system using active suspension mecha-
nism.
In [18], [19] the authors proposed an integrated model
with four electronic servo-valve hydraulic actuator
models in a single unit heavy vehicle yaw-roll model.100

Then the LQR control method was applied to the active
anti-roll bar, showing how it may solve a multi-objective
problem considering the improvement of the roll stabil-
ity, while taking into account the characteristics of the
electronic servo-valve hydraulic actuators.105

1.3. Paper contribution

Based on the integrated model presented in [19], this
paper proposes a MIMO H∞/LPV controller, with three
varying parameters (forward velocity and normalized
load transfers at the two axles), designed using the grid-110

based LPV approach [20]. Hence, the main contribu-
tions of this paper can be summarized in the following
points:
• Parameter dependant weighting functions are used

to allow for performance adaptation to the rollover115

risk of heavy vehicles, characterized by the nor-
malized load transfers at the two axles.
• The grid-based LPV approach [20] is used to syn-

thesize the H∞/LPV controller depending on three
varying parameters, which are the forward velocity120

and the normalized load transfers at the two axles.
It is the first time that the grid-based LPV approach
is applied for the heavy vehicle dynamic through
LPVToolsTM.
• The H∞/LPV active anti-roll bar control is vali-125

dated using the TruckSim R© simulation software
with two different types of vehicle: a tour bus and
a LCF (Low Cab Forward) truck, both fully loaded.
• The simulation results, in the frequency and time

domains, show that the H∞/LPV active anti-roll130

bar control is a realistic solution which drastically
improves the roll stability of a single unit heavy
vehicle compared with the passive anti-roll bar.

This paper is organised as follows: Section 2 details the
LPV model of a single unit heavy vehicle with the for-135

ward velocity as scheduling parameter. Section 3 pro-
poses the formulation of the H∞/LPV control problem.
Section 4 illustrates the solution of the H∞/LPV control
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problem. Section 5 gives the simulation results analy-
sis in the frequency and time domains where the LPV140

active anti-roll bar controller is compared with the pas-
sive anti-roll bar case. Validation of the H∞/LPV active
anti-roll bar control by using the TruckSim R© simula-
tion software is analysed in section 6. Finally, some
conclusions are drawn in section 7.145

2. Vehicle modelling: an LPV approach

The integrated model of a single unit heavy vehi-
cles was proposed in [19]. It includes four Electronic
Servo-Valve Hydraulic (ESVH) actuators (two at the
front and two at the rear axles) mounted in a linear yaw-150

roll model. In each ESVH actuator, the control signal
is the electrical current u opening the electronic servo-
valve, the output is the force Fact generated by the hy-
draulic cylinder.

2.1. The electronic servo-valve hydraulic actuator155

model [19]

Figure 1: Diagram of the ESVH actuator [21].

Figure 1 illustrates the diagram of the considered
ESVH actuator, made of an electronic servo-valve and a
hydraulic cylinder. The spool valve displacement Xv of
the electronic servo-valve is controlled by the current u.
The oil supply high pressure Ps is always stored outside
the electronic servo-valve and the spool valve displace-
ment distributes high pressure oil into the two chambers
of the hydraulic cylinder. The difference of pressures
∆P = P1−P2 inside the two chambers produces the out-
put force Fact . The dynamical equations of the ESVH
actuator are presented in equation (1) and the symbols
are shown in Table 1.

Fact = AP∆P
Vt

4βe
d∆P
dt +(KP +Ct p)∆P−KxXv +AP

dya
dt = 0

dXv
dt + 1

τ
Xv− Kv

τ
u = 0

(1)

where ya is the displacement of the piston inside the hy-
draulic cylinder, u the input current to the servo-valve.

Table 1: Symbols of the ESVH actuator [1], [22].
Symbols Description
AP Area of the piston
Kx Valve flow gain coefficient
KP Total flow pressure coefficient
Ct p Total leakage coefficient of the actuator
Vt Total volume of trapped oil
βe Effective bulk modulus of the oil
τ Time constant of the servo-valve
Kv Servo-valve gain

160

2.2. Yaw-roll model of a single unit heavy vehicle [14]
The linear yaw-roll model is shown in the Figure 2,

the differential equations of motion, i.e., the lateral dy-
namics, the yaw moment, the roll moment of the sprung
mass, the roll moment of the unsprung masses at the two
axles, are formalized in the equations (2):

mv(β̇ + ψ̇)−mshφ̈ = Fy f +Fyr

−Ixzφ̈ + Izzψ̈ = Fy f l f −Fyrlr
(Ixx +msh2)φ̈ − Ixzψ̈ = msvh(β̇ + ψ̇)

+msghφ − k f (φ −φu f )−b f (φ̇ − φ̇u f )

+Tf − kr(φ −φur)−br(φ̇ − φ̇ur)+Tr

−rFy f = mu f v(r−hu f )(β̇ + ψ̇)

+mu f ghu f .φu f − kt f φu f

+k f (φ −φu f )+b f (φ̇ − φ̇u f )+Tf

−rFyr = murv(r−hur)(β̇ + ψ̇)−murghurφur

−ktrφur + kr(φ −φur)+br(φ̇ − φ̇ur)+Tr

(2)

where Tf and Tr are the torques generated by the active
anti-roll bar system at the front and rear axles. The lat-
eral tyre forces Fy f ,r in the direction of velocity at the
wheel ground contact points are modelled by a linear
stiffness as: {

Fy f = µC f α f

Fyr = µCrαr
(3)

with tyre side slip angles:{
α f =−β +δ f −

l f ψ̇

v
αr =−β + lrψ̇

v

(4)

The symbols of the yaw-roll model of a single unit
heavy vehicle are detailed in Table 2.
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Figure 2: Yaw-Roll model of a single unit heavy vehicle [14].

The forces, as well as other characteristics of the ESVH
actuators at each axle, do have the same magnitude and
the opposite direction [19], therefore we can consider
that the torque generated by the active anti-roll bar sys-
tem at each axle is twice the torque generated by one
electronic servo-valve hydraulic actuator. In this study,
the characteristics of the ESVH actuators on the right at
the front, and on the right at the rear axles will be used.
The torque generated by the active anti-roll bar system
at the front axle is determined by:

Tf = 2lactFact f = 2lactAp∆P f (5)

and the torque generated by the active anti-roll bar sys-
tem at the rear axle is:

Tr = 2lactFactr = 2lactAp∆Pr (6)

where ∆P f and ∆Pr are respectively the difference of
pressure of the hydraulic cylinder at the front and rear
axles.
The dynamical equations (1) of the ESVH actuators are
written in the integrated model of a single unit heavy
vehicle as follows:

Vt
4βe

∆̇P f +(KP +Ct p)∆P f −KxXv f

+Aplact φ̇ −Aplact φ̇u f = 0
Ẋv f +

1
τ

Xv f − Kv
τ

u f = 0
Vt

4βe
∆̇Pr +(KP +Ct p)∆Pr−KxXv f

+Aplact φ̇ −Aplact φ̇ur = 0
Ẋvr +

1
τ

Xvr− Kv
τ

ur = 0

(7)

The combination of equations (2) to (7) are the motion
differential equations of the integrated model of a single
unit heavy vehicle.

2.3. An LPV model of a single unit heavy vehicle165

We can see in (2)-(4) that the yaw-roll model depends
on the forward velocity v and on the inverse of the for-
ward velocity 1

v . Moreover, when the vehicle is in mo-
tion, the forward velocity is one of the constantly chang-
ing parameters, and it depends on the driver and the mo-
tion condition of the vehicle. Here, the forward velocity
v is chosen as a scheduling parameter.
Denoting ρ1 = v, the integrated model of a single unit
heavy vehicle, merging the equations (2)-(7) is written
in the state-space representation form as follows:

ẋ = A(ρ1).x+B1(ρ1).w+B2(ρ1).u (8)

where ρ1 is a varying parameter and the state vector:

x=
[
β ψ̇ φ φ̇ φu f φur ∆P f Xv f ∆Pr Xvr

]T
The exogenous disturbance (steering angle) is:

w =
[

δ f
]T

and the control inputs (input currents):

u =
[

u f ur
]T

The model (8) is transformed into a Linear Parame-
ter Varying (LPV) model, whose state-space entries de-
pend continuously on a time varying parameter vector,
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ρ1(t). One characteristic of the LPV system is that it
must be linear in the pair formed by the state vector (x),170

and the control input vector (u). The matrices A(ρ1),
B1(ρ1) and B2(ρ1) are generally nonlinear functions of
the scheduling vector ρ1.
Remark: Let us note that A(ρ1) is not affine in ρ1 since
it includes ρ1 and 1

ρ1
. Therefore the classical polytopic175

approach cannot be used unless we consider two differ-
ent parameters, which increases the conservatism.

Table 2: Symbols of the yaw-roll model.

Symbols Description
ms Sprung mass
mu f ,r Unsprung masses
m The total vehicle mass
v Forward velocity
h Height of sprung mass from roll axis
hu f ,r Height of unsprung mass from ground
r Height of roll axis from ground
ay Lateral acceleration
β Side-slip angle at center of mass
ψ Heading angle
ψ̇ Yaw rate
α Side slip angle
φ Sprung mass roll angle
φu f ,r Roll angle of unsprung masses
δ f Steering angle
u f ,r Control currents
C f ,r Tyre cornering stiffness on the axles
k f ,r Suspension roll stiffness on the axles
b f ,r Suspension roll damping on the axles
kt f ,r Tyre roll stiffness on the axles
Ixx Roll moment of inertia of sprung mass
Ixz Yaw-roll inertial of sprung mass
Izz Yaw moment of inertia of sprung mass
l f ,r Length from the CG to the axles
lw Half of the vehicle width
µ Road adhesion coefficient

3. Formulation of the H∞/LPV control problem

3.1. Performance criteria

To evaluate the rollover of vehicles, let us first con-
sider the tyre force (Fz) in the Z direction at the each
wheel. The rollover occurs when Fz = 0, and the wheel
then starts to lift off the road.
However the value of the tyre force (Fz) in the Z direc-
tion at the each wheel is not easy to measure or estimate.

For the yaw-roll model of the heavy vehicles in Figure
2, the normalized load transfer R f ,r (9) at the two axles
is also used to evaluate the rollover, defined in [7], [17],
[23]. When the value of R f ,r takes on the limit of ±1,
the wheel in the inner bend lifts off the road, and the
rollover occurs.

R f =
∆Fz f

Fza f
, Rr =

∆Fzr

Fzar
(9)

where Fza f is the total axle load at the front axle and
Fzar at the rear axle. ∆Fz f and ∆Fzr are respectively the
lateral load transfers at the front and rear axles, which
can be given by:

∆Fz f =
ku f φu f

lw
, ∆Fzr =

kurφur

lw
(10)

In the case of an obstacle avoidance in an emergency,180

the wheels at the rear axle lift off first for the truck, be-
cause the rollover of a vehicle is affected by the suspen-
sion stiffness to load ratio, which is greater at the rear
axle than at the front one [6], [7]. However the other
effect to be considered in the rollover of a vehicle is185

the distribution of the total load for the two axles. In
the case of big buses, the engine is often mounted at
the rear, so the wheels at the front axle usually lift off
first. Therefore generally it is necessary to consider the
rollover risk at the two axles of heavy vehicles.190

Since such performance indices are key parameters to
evaluate the risk of rollover, they are considered here as
scheduling parameters of the LPV control, in order to
provide a stable and smooth control action when reach-
ing critical situations. Let us note that a similar idea was195

used in [7], [14] considering the rear load transfer only
in order to account for actuator fault and to switch on
braking actuations when critical situations occur.
We then define ρ2 = |R f | and ρ3 = |Rr|.

3.2. Performance specifications for the H∞/LPV con-200

trol design

Figure 3: The closed-loop interconnection structure of the LPV active
anti-roll bar control.

In this section the LPV control problem is presented for
the active anti-roll bar system of heavy vehicles, us-
ing ESVH actuators. In Figure 3, the given H∞/LPV
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control structure includes the nominal model G(ρ1),
the controller K(ρ1,ρ2,ρ3), the performance output z,
the control input u, the measured output y, the mea-
surement noise n. The steering angle δ f is the distur-
bance signal, set by the driver. The weighting functions
Wδ ,Wz(ρ2,3),Wn are presented thereafter, according to
the considered performance objectives.
The weighting functions matrix Wz representing the per-
formance output, is chosen as Wz = diag[Wzu,WzR]. The
purpose of the weighting functions is to keep the con-
trol inputs and normalized load transfers as small as
possible over the desired frequency range up to 4rad/s,
which represents the limited bandwidth of the driver [7],
[9]. These weighting functions can be considered as
penalty functions, that is, weights which should be large
in the frequency range where small signals are desired
and small where larger performance outputs can be tol-
erated.
The weighting function Wzu is chosen as Wzu =
diag[Wzu f ,Wzur], corresponding to the input currents at
the front and rear axles. The reason for keeping the con-
trol signals small is to avoid the actuator saturation, and
they are selected as:

Wzu f =
1

0.4
; Wzur =

1
0.4

(11)

The weighting function WzR, chosen as WzR =
diag[WzR f ,WzRr], corresponds to the normalized load
transfers at front and rear axles, and is selected as:

WzR f = ρ2

s
20 +1
s

100 +15
; WzRr = ρ3

s
20 +1
s

100 +15
(12)

The authors stress that the interest of parameter depen-
dant weighting functions is to allow for performance
adaptation to the rollover risk of heavy vehicles. In-
deed, the ESVH actuators will be tuned according to205

the varying parameters in order to meet the desired per-
formance. For example, as far as the normalized load
transfer at the front is concerned, when the varying pa-
rameter ρ2→ 1, the gain of the weighting function WzR f
is large, and therefore the normalized load transfer at210

the front will be penalized. In the same way, when ρ3
is large, the normalized load transfer at the rear will be
reduced.
The input scaling weight Wδ normalizes the steering an-
gle to the maximum expected command. It is selected215

as Wδ = π/180, which corresponds to a 10 steering an-
gle command.
The weighting function Wn is selected as a diago-
nal matrix which accounts for sensor noise models in
the control design. The noise weights are chosen as220

0.01(m/s2) for the lateral acceleration and 0.01(0/sec)
for the derivative of the roll angle φ̇ [7].

3.3. The LPV generalized plant
According to Figure 3, the concatenation of the non-

linear model (8) with the performance weighting func-
tions has a partitioned representation in the following
way: ẋ(t)

z(t)
y(t)

=

 A(ρ) B1(ρ) B2(ρ)
C1(ρ) D11(ρ) D12(ρ)
C2(ρ) D21(ρ) D22(ρ)

 x(t)
w(t)
u(t)


(13)

with the exogenous input w(t) =
[

δ f n
]
, the control

input u(t) =
[

u f ur
]T , the measured output vector225

y(t) =
[

ay φ̇
]T , and the performance output vector

z(t) =
[

u f ur R f Rr
]T .

It is worth noting that, in the LPV model of the active
anti-roll bar system (13), the varying parameters ρ =
[ρ1,ρ2,ρ3] are known in real time. Indeed the parameter230

ρ1 = v is measured directly, while the parameters R f ,r
(ρ2 and ρ3) can be calculated by using the measured
roll angle of the unsprung masses φu f ,r [7].

3.4. H∞/LPV control problem
The control goal is to find a LPV controller K(ρ) de-

fined as:[
ẋK(t)
u(t)

]
=

[
AK(ρ) BK(ρ)
CK(ρ) DK(ρ)

][
xK(t)
y(t)

]
(14)

where AK(ρ), BK(ρ), CK(ρ), DK(ρ) are continuous
bounded matrix functions, which minimizes the in-
duced L2 norm of the closed-loop LPV system ∑CL =
LFT (G,K), with zero initial conditions, i.e.:

‖∑CL(ρ) ‖2→2= sup
ρ∈P

ν̄≤ρ̇≤ν

sup
w∈L2
‖w‖2,0

‖ z(ρ) ‖2

‖ w ‖2
(15)

The existence of a controller that solves the parame-235

ter dependent LPV γ-performance problem can be ex-
pressed as the feasibility of a set of linear matrix in-
equalities (LMIs), which can be solved numerically [7],
[15], [24].
It is worth noting that:240

• the above problem can be solved considering the
parameter dependent stability of LPV systems,
which is the generalization of the quadratic sta-
bility concept. Applying the parameter dependent
stability concept, it is assumed that the derivative245

of parameters can also be measured in real time.
This concept is less conservative than the quadratic
stability [20], [25], [26].
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• the possible controller dependence on ρ̇ will be
stated by the adopted solution in terms of the250

parameter-dependence, or not, of the Lyapunov
matrix.

4. Solution of the H∞/LPV control problem

Let us consider the LPV generalized plant (13). First,
recall that several methods have arisen for representing255

the parameter dependence in LPV models, and then for
designing the LPV controllers, such as [27]:
• Linear Fractional Transformations (LFT) [28],

[29]: The LFT models have state matrices that are
rational functions of the parameter. Hence, their260

dependence on the parameter vector is modeled ex-
plicitly.
• Polytopic solution: A polytopic system is a con-

vex combination of systems defined at each vertex
of a polytope given by the bounds of the schedul-265

ing parameters [30], [31], [32]. The synthesis of
such a controller can be made in the framework of
H∞/LPV based on the LMI solution for polytopic
systems (the framework of quadratic stabilization).
This can be applied to LPV systems with an affine270

dependence on the parameters only.
• Linearizations on a gridded domain (grid-based

LPV) [20], [31], which are obtained through Ja-
cobian linearization at each grid point. Each lin-
earization approximates the system’s dynamics in275

the vicinity of a particular grid point, and the grid
of linearizations captures the system’s parameter
dependence implicitly. Hence, linearization based
LPV models do not require any special dependence
on the parameter vector.280

In this research, the authors are interested in the grid-
based LPV approach for the active anti-roll bar sys-
tem of heavy vehicles using the LPVToolsTM toolbox
[33]. Indeed such an approach is interesting where the
number of parameters increases since the polytopic ap-285

proach may lead to very conservative results (due to the
augmented size of the parameter set and the single Lya-
punov function). It has been used successfully in sev-
eral studies [33], [34], [35] and is now available in the
LPVToolsTM toolbox [36].290

4.1. A solution to the LPV control design

Some brief recalls on the synthesis of dynamic and
feedback controllers for LPV presented here. More de-
tails can be found in the studies [20], [25], [26]. The
following theorem describes the LPV analysis problem
when it is formulated in terms of the induced L2 norm

of G(ρ) and the rate-bounds (ν̄ ,ν) of the parameter are
taken into account [7].
Theorem 1: Given a compact set P ⊂RS, the perfor-
mance level γ and the LPV system (13), with restriction
D11(ρ = 0), the parameter-dependent γ-performance
problem is solvable if there exist a continuously differ-
entiable function X : RS→Rn×n, and Y : RS→Rn×n,
such that for all ρ ∈P , X(ρ) = XT (ρ) > 0, Y (ρ) =
Y T (ρ)> 0 and


Â(ρ)X(ρ)+X(ρ)ÂT (ρ)−

s
∑

i=1
(νi

∂X
∂ρi

)−B2(ρ)BT
2 (ρ) X(ρ)CT

1 (ρ) γ−1B1(ρ)

C1(ρ)X(ρ) −Ine 0

γ−1BT
1 (ρ) 0 −Ind

< 0,

(16)


ÃT (ρ)Y (ρ)+Y (ρ)Ã(ρ)+

s
∑

i=1
(νi

∂Y
∂ρi

)−CT
2 (ρ)C2(ρ) Y (ρ)B1(ρ) γ−1CT

1 (ρ)

BT
1 (ρ)Y (ρ) −Ind 0

γ−1C1(ρ) 0 −Ine

< 0,

(17)[
X(ρ) γ−1In
γ−1In Y (ρ)

]
≥ 0 (18)

where Â(ρ) = A(ρ) − B2(ρ)C1(ρ), Ã(ρ) = A(ρ) −
B1(ρ)C2(ρ). If the conditions are satisfied, there exists
a controller (14) solving that problem. The Theorem 1
and its proof are found in [20], [25], [26].
The constraints set by the LMIs in Theorem 1 are infi-
nite dimensional, as is the solution space. The variables
are X , Y : RS → Rn×n, which restricts the search to
the span of a collection of known scalar basis functions.
Select scalar continuous differentiable basis functions
{gi : RS → R}Nx

i=1, { fi : RS → R}Ny
j=1, then the vari-

ables in Theorem 1 can be parametrized as:

X(ρ) =
Nx

∑
i=1

gi(ρ)Xi, Y (ρ) =
Ny

∑
i=1

fi(ρ)Yj (19)

Currently, there is no analytical method to select the ba-
sis functions, namely gi and fi. An intuitive rule for
the basis function selection is to use those present in the
open-loop state space data. In our case, several power295

series {1,ρ2} of the scheduling parameters are chosen,
based on the lowest closed-loop L2 norm achieved.

4.2. Grid-based LPV approach

The LPV system in the equation (13) is conceptually
represented by a state-space system S(ρ) that depends300

on a time varying parameter vector ρ . A grid-based
LPV model of this system is a collection of lineariza-
tions on a gridded domain of parameter values [36]. For
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general LPV systems, this conceptual representation re-
quires storing the state-space system at an infinite num-305

ber of points in the domain of ρ . For each grid point
ρ̂k there is a corresponding LTI system (A(ρ̂k), B(ρ̂k),
C(ρ̂k), D(ρ̂k)) which describes the dynamics of S(ρ̂k)
when ρ̂k is held constant. All the linearized systems on
the grid have identical inputs u, outputs y and state vec-310

tors x. Together they form a LPV system approximation
of S(ρ) [35], [37]. Such a grid-based approach is here
used to find an LPV controller (14) solving the Theorem
1.

4.3. The LPVToolsTM toolbox315

LPVToolsTM toolbox was developed by MUSYN,
Inc. (G. Balas and the authors) but has been made freely
available to the community. The toolbox can is available
for download at:
www.aem.umn.edu/ SeilerControl/software.shtml320

The LPVToolsTM is a MATLAB toolbox for model-
ing and design of Linear Parameter-Varying (LPV) sys-
tems. The toolbox contains data structures to represent
LPV systems in both the LFT and gridded (Jacobian-
linearization) framework. The core of the toolbox is325

a collection of functions for model reduction, analysis,
synthesis and simulation of LPV systems. The read-
ers interested in the characteristics and capacities of the
LPVToolsTM toolbox, can find more in [33], [36].

4.4. Grid-based LPV approach for the active anti-roll330

bar system

In this study, the grid-based LPV approach and
LPVToolsTM are used to synthesize the H∞/LPV active
anti-roll bar control for heavy vehicles. It requires a
gridded parameter space for the three varying parame-335

ters ρ = [ρ1,ρ2,ρ3]. In the interconnection structure,
the spacing of the grid points is selected on the basis
of how well the H∞ point designs perform for plants
around the design point. The H∞ controllers are syn-
thesized for 10 grid points of the forward velocity in the340

range ρ1 = v = [40km/h,130km/h] and 5 grid points of
the normalized load transfers at the two axles in a range
ρ2 = |R f |= [0,1], ρ3 = |Rr|= [0,1], respectively.
In this work, we have chosen to design a controller that
does not depend on the parameter derivatives (so the345

scalar basis functions (19) are constant). The follow-
ing commands are used to make the grid points as well
as the LPV controller synthesis by using LPVToolsTM:
rho1 = pgrid(’rho1’,linspace(40/3.6,130/3.6,10));
rho2 = pgrid(’rho2’,linspace(0,1,5));350

rho3 = pgrid(’rho3’,linspace(0,1,5))
and [Klpv,normlpv] = lpvsyn(H,nmeas,ncont).

The weighting functions for both the performance and
robustness specifications are considered unique for the
whole grid. The effect of the proposed H∞/LPV active355

anti-roll bar controller to improve the roll stability of
heavy vehicles will be proved in the next sections.

5. Simulation results analysis

In this section, the simulation results of the single unit
heavy vehicle using the four ESVH actuators with the360

H∞/LPV controller are shown both in the frequency and
time domains. The parameter values of the ESVH actu-
ators and of the yaw-roll model are those given in Table
3.

Table 3: Parameters of the yaw-roll model and ESVH actuator [7],
[18].
Parameter Value Parameter Value
ms 12487 kg b f 100 kN

rad
mu, f 706 kg br 100 kN

rad
mu,r 1000 kg kt f 2060 kNm

rad
m 14193 kg ktr 3337 kNm

rad
Ixx 24201 kgm2 k f 380 kNm

rad
Ixz 4200 kgm2 kr 684 kNm

rad
Izz 34917 kgm2 C f 582 kN

rad
r 0.83 m Cr 783 kN

rad
hu,i 0.53 m l f 1.95 m
h 1.15 m lr 1.54 m
AP 0.0123 m2 Kx 2.5 m2

s
KP 4.2x10−11 m5

Ns Ct p 0
βe 6.89x106 N

m2 Vt 0.0014 m3

τ 0.01 s Kv 0.955 in
A

5.1. Analysis in the frequency domain365

Various closed-loop transfer functions of the LPV ac-
tive anti-roll bar system on heavy vehicles are shown
in this section. The main objective of the active anti-
roll bar system is to reduce the normalized load trans-
fer at each axle (R f ,r). To evaluate the effective-370

ness of the proposed H∞/LPV active anti-roll bar con-
troller, the two following cases will be considered:
in the 1st case, the varying parameters are ρ1 = v =
[40km/h,130km/h], ρ2,3 = 0.5 and in the 2nd case, the
varying parameters are ρ2,3 = [0,1], ρ1 = v = 70 km/h.375

5.1.1. The 1st case: ρ1 = v = [40km/h,130km/h] (10
grid points)

We only consider the varying parameter ρ1 = v =
[40km/h,130km/h] with 10 grid points, while the vary-
ing parameters ρ2,3 are kept constant at 0.5. Figures 4380
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Figure 4: Transfer function magnitude of (a, b) the normalized load transfers
R f ,r
δ f

, (c, d) the input currents
u f ,r
δ f

at the two axles.

shows respectively the transfer function of the normal-
ized load transfers ( R f ,r

δ f
) and the input currents u f ,r

δ f
at

the two axles, as well as the inverse of the weighting
functions ( 1

WzR f
, 1

WzRr
, 1

Wzu f
, 1

Wzur
). As shown in Figures

4a,b and Table 4, the LPV active anti-roll bar system385

allows to reduce the normalized load transfers (at the
two axles) compared with the passive anti-roll bar case
in the frequency range up to more than 4rad/s, which
represents the limited bandwidth of the driver [9].

Figures 4c,d show the transfer function gains of the

Table 4: Reduction of the magnitude of Transfer Functions (TF) com-
pared with the passive case at 40 km/h and 130 km/h.

TF v = 40km/h v = 130km/h
R f
δ f

11 dB [0, 4 rad/s] 18 dB [0, 5 rad/s]
Rr
δ f

14 dB [0, 10 rad/s] 16 dB [0, 10 rad/s]

390

input currents at the front ( u f
δ f

) and rear axles ( ur
δ f

), re-
spectively. When the forward velocity increases, the
controller input currents (u f ,r) also increase. This in-
dicates that the active anti-roll bar system requires more
input current (i.e. energy) at higher forward velocity.395

Nonetheless, it remains in the allowed bound, which
prevents from the actuator saturation.

5.1.2. The 2nd case: ρ2,3 = [0,1] (5 grid points)
We consider the varying parameter ρ1 = v= 70 km/h,

while the varying parameters ρ2,3 = [0,1] with 5 grid400

points for each parameter. Figure 5 shows the trans-
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Figure 5: Transfer function magnitude of the normalized load trans-
fers at the two axles

R f ,r
δ f

.

fer function magnitude of the normalized load transfers
at the two axles R f ,r

δ f
when the varying parameters ρ2,3

are at the lower and upper bounds (ρ2 = 0, ρ2 = 1 and
ρ3 = 0, ρ3 = 1).405

As shown in Figure 5, when the value of ρ2,3 increase,
the normalized load transfers at the two axles decrease
in the frequency range up to more than 4 rad/s. And the
reduction is about 19dB between ρ2,3 = 0 and ρ2,3 = 1.
The results above, indicate that the proposed H∞/LPV410

controller (with the parameter dependent weighting
functions, including the normalized load transfers at the
two axles) provides for performance adaptation to the
rollover risk for heavy vehicles.
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Figure 6: Time responses of the heavy vehicle in the double lane change manoeuver to avoid obstacle.

5.2. Analysis in the time domain415

In this section, some simulation results in the time do-
main are shown for two different situations: the passive
anti-roll bar and the LPV active anti-roll bar of the inte-
grated model. The vehicle manoeuvre is a double lane
change, which is a typical case to evaluate for the ob-420

stacle avoidance in an emergency. The manoeuvre has a
2.5 m path deviation over 100 m. The steering angle δ f
is shown in Figure 6a.
To validate the proposed H∞/LPV controller strategy
for the active anti-roll bar system with three varying pa-425

rameters ρ1 = v, ρ2 = |R f |, ρ3 = |Rr|, the following sce-
nario is used:

• The initial forward velocity is 90 km/h, the vehicle
runs on the dry road (µ = 1). The total rolling re-
sistance and aerodynamic resistance forces are ig-430

nored.
• When the obstacle is detected, the driver reduces

the throttle and brakes to reduce the forward veloc-
ity of the vehicle. The total brake force increases
from 0.5s to 1.5s and then the driver takes off the435

brake pedal, as shown in Figure 6b.
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The differential equation for the forward velocity in case
of the braking situation is determined as [24]:

mv̇ =−
4

∑
i=1

Fbi (20)

where Fbi is the brake force at the each wheel. Due to
the brake force, the forward velocity reduces from 90
km/h to 76.5 km/h, as in Figure 6c.
Figures 6c,d show the variation of varying parameters440

ρ = [ρ1,ρ2,ρ3]. Figures 6e, f show the normalized load
transfers at the two axles. We can see that in the case
of the passive anti-roll bar system, the rollover does
occur indeed at the two axles, but in the case of the
H∞/LPV active anti-roll bar control, the maximum ab-445

solute value of the normalized load transfers at the two
axles are respectively 0.55 and 0.46. This indicates that
the H∞/LPV active anti-roll bar control improves well
the roll stability of heavy vehicles compared with the
passive anti-roll bar case. The force of the actuators as450

well as the input current at the two axles are shown in
Figure 6g,h.
The simulation results both in frequency and time do-
mains have proved the effectiveness of the H∞/LPV ac-
tive anti-roll bar controller synthesis, which considered455

the three varying parameters: the forward velocity and
the normalized load transfers at the two axles, compared
with the passive anti-roll bar case.

6. Validation of the H∞/LPV active anti-roll bar con-
trol by using the TruckSim R© simulation software460

TruckSim R©1 is a vehicle dynamics modelling soft-
ware developed by Mechanical Simulation. It delivers
accurately, detailed, and efficient methods for simulat-
ing the performance of multi-axle commercial vehicles
such as 4×2 tractors, 6×4 tractors as well as box trucks,465

buses and trailers. From TruckSim R© software, we can
build vehicle models by defining many vehicle parame-
ters which affect the dynamic behaviour of the model.
To survey the proposed H∞/LPV controller for the
active anti-roll bar system by using the nonlinear470

vehicle model in TruckSim R© software, the authors
use the co-simulation between Matlab R©/Simulink R©
and TruckSim R© software. The diagram of the co-
simulation is shown in Figure 7. The nonlinear vehicle
model is determined from TruckSim R© software, based475

on using the block S-function of Simulink. Meanwhile,
the controller and the actuators are built directly in the
Matlab R©/Simulink R© environment.

1Mechanical Simulation Corporation,
http://carsim.com/products/trucksim/

Figure 7: Diagram of TruckSim R©-Simulink R© Co-Simulation.

In the following validations, the authors tested the pro-
posed H∞/LPV controller for the active anti-roll bar480

system with two different types of vehicle: the tour bus
and the LCF (Low Cab Forward) truck using the solid
suspension system, both fully loaded. The engine is
mounted at the rear of the vehicle for the tour bus and
at the front for the LCF truck. To evaluate the rollover485

of vehicles, we consider the tyre force (Fz) in the Z di-
rection at the each wheel (rollover occurs when Fz = 0).
The authors note that the steering angle in the follow-
ing section is the angle of the steering wheel, which is
directly controlled by the driver. In the co-simulation490

between Matlab R©/Simulink R© and TruckSim R©, there
are two solutions for the steering angle:

Figure 8: Tour bus 2 axles (4×2) [38].

• First solution: the steering angle is made in
Simulink R© and entered to TruckSim R© through
the S-function. With this solution, the trajectories495

of vehicle in the cases of the passive anti-roll bar
and of the active anti-roll bar are often different, by
the effect of the wheels lift off the road.
• Second solution: the steering angle is automati-

cally changed to adapt with the vehicle trajectory.500

Here, the vehicle trajectories in the case of the
passive anti-roll bar and of the active anti-roll bar
will follow the target path, which fits the driver’s
wishes.

In the following validations, the second solution is used505

to define the steering angle.
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Figure 9: Time responses of the tour bus in the double lane change manoeuver.

6.1. Validation with the tour bus

A commercial passenger bus is probably one of the
most popular people carrying vehicles in the world.
Typically they are two axled vehicles (bus 2A) with a510

capacity of 45 passengers, as shown in Figure 8. In
this validation, the total vehicle mass of the tour bus is
10620 kg, the double lane change is used to evaluate the
roll stability of the tour bus when it runs at 100 km/h, as
shown in Figure 9a. This represents the situation when515

the driver wishes to overtake another vehicle. Figure 9
shows the time responses of the tour bus in the double

lane change manoeuver with the continued line for the
H∞/LPV active anti-roll bar and the dash line for the
passive anti-roll bar.520

Figures 9b,c,d show the time response of the roll angle
of the sprung mass and the roll angle of the unsprung
masses at the two axles, respectively. We can see that in
the case of the H∞/LPV active anti-roll bar controller,
the roll angle of sprung and unsprung masses are sig-525

nificantly reduced compared to the passive anti-roll bar
case (the reduction of the roll angle is about 6 deg for
the sprung mass, 3 deg for the unsprung mass at the
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Figure 10: Trajectory of the tour bus in the double lane change ma-
noeuver.

front and 4 deg for the unsprung mass at the rear axle).
Figures 9e, f ,g,h show the time response of the tyre530

forces in the Z direction of all the wheels. We can see
that in the case of the H∞/LPV active anti-roll bar con-
troller, all the tyre forces remain positive, it means that
there is no wheel lift off the road. But in the case of
the passive anti-roll bar, the left-front wheel lifts off535

at 2.6s÷ 3.4s and 5.7s÷ 6.5s, the right-front wheel at
3.8s÷5.3s, the left-rear wheel at 5.8s÷6.5s, the right-
rear wheel at 4s÷ 5.5s. These results show that the
H∞/LPV active anti-roll bar controller drastically im-
proves the roll stability in the case of the tour bus fully540

loaded.
Figure 10 shows the trajectory of the tour bus in the dou-
ble lane change maneuver. We would like that, in ideal
conditions, the center of the vehicle mass follows the
target path. But in fact, the trajectory of the center of545

the vehicle mass of the real vehicle can not satisfy that
(due to the impact of the suspension system, the wheel-
base and the wheels lift off from the road, etc). The
trajectory of the vehicle in both cases of the H∞/LPV
active anti-roll bar and the passive anti-roll bar can only550

stick with the ideal target path as in Figure 10. Fig-
ure 9a shows the steering wheel angle controlled by the
driver with the amplitude about 100 deg. To ensure the
trajectory of the vehicle as in Figure 10, the driver gen-
erates the steering wheel angle difference between the555

H∞/LPV active anti-roll bar case and the passive anti-
roll bar case. We can easily see that the steering wheel
angle in the case of the H∞/LPV active anti-roll bar is
smoother than in the case of the passive anti-roll bar.
Thus, in the H∞/LPV active anti-roll bar case, the driver560

is less tired than in the passive anti-roll bar case.

Figure 11: LCF truck 2 axles (4×2) [39].

6.2. Validation with the LCF truck

In this validation, the total vehicle mass of the LCF
truck is 12549 kg, a sine wave steering manoeuver is
used to evaluate the roll stability of the LCF truck when565

it runs at 80 km/h, as shown in Figure 12a.
Figure 12 shows the time response of the LCF truck.
From figure 12a, the steering wheel angle δ f is the sine
wave with the amplitude of 90 deg and the repeating cy-
cle time is 4s. In this validation, the driver applies the570

same steering wheel angles for both the H∞/LPV active
anti-roll bar case and the passive anti-roll bar case.
Figures 12b,c,d show that in the case of the H∞/LPV
active anti-roll bar control, the roll angle of sprung and
unsprung masses are significantly reduced compared to575

the case of the passive anti-roll bar, with the reduction
of 10 deg for the roll angle of sprung and of 8 deg for
the roll angle of the unsprung mass at the front axle, and
3 deg for the roll angle of the unsprung mass at the rear
axle.580

Figures 12e, f ,g,h show the time response of the tyre
forces in the Z direction of all the wheels. We can see
that in the case of the H∞/LPV active anti-roll bar con-
troller, all the tyre forces remain positive, which means
that there is no wheel lift off the road. But in the case of585

the passive anti-roll bar, all the wheels at the two axles
lift off. These results show that the LPV active anti-roll
bar control improves the roll stability in the case of the
fully loaded LCF truck.

Figure 13 shows the trajectory of the LCF truck. We590

can see that even the forward velocity is held constant at
80 km/h but the LCF truck travels to point A in the case
of the passive anti-roll bar, and to point B in the case of
the H∞/LPV active anti-roll bar. Since the wheels lift
off the road in the case of the passive anti-roll bar, some595

performance characteristics of the vehicle are lost.

The simulation results for both the tour bus and LCF
truck show a chaotic behavioural difference: the wheels
at the front axle lift off the road before the wheels at600
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Figure 12: Time responses of the truck in the sine wave steering manoeuver.

the rear axle for the tour bus (see Figure 9g,h). And
for the LCF truck, it is the opposite (see Figure 12g,h).
So the rollover risk of heavy vehicles is not the same
for all the types heavy vehicles. Therefore, the pro-
posed H∞/LPV controller with the parameter depen-605

dent weighting functions including the normalized load
transfers at the two axles allows adapting the perfor-
mance against the rollover risk for all types of heavy
vehicles.

7. Conclusion610

In this paper, the authors considered the nonlinear
model of a single unit heavy vehicle as an LPV model,
with the forward velocity as a scheduling parameter.
The H∞/LPV active anti-roll bar controller is synthe-
sized by using the grid-based LPV approach through615

LPVToolsTM. Three varying parameters are considered
to schedule the H∞/LPV controller: the forward veloc-
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Figure 13: Trajectory of the truck in the sine wave manoeuver.

ity and the normalized load transfers at the two axles.
The H∞/LPV design is performed using parameter de-
pendant weighting functions which allow adapting the620

performance to the risk of rollover in heavy vehicles.
The simulation results in the frequency and time do-
mains as well as the validation by using the TruckSim R©
software show that the H∞/LPV active anti-roll bar con-
troller drastically improves the roll stability of the single625

unit heavy vehicle compared with the passive anti-roll
bar.
In the future, the effect of the oil passing through the
electronic servo-valve on the closed-loop system by us-
ing a LPV approach for fault tolerant control design will630

be also an interesting area for further research.
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