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POLYNOMIAL REPRESENTATION OF THE MATRIX pth ROOT
FUNCTIONS AND GENERALIZED FIBONACCI SEQUENCES

RAJAE BEN TAHER, YOUNES EL KHATABI AND MUSTAPHA RACHIDI

Equip of EDA - Département de Mathématiques et Informatique,
Faculté des Sciences, Université Moulay Ismail, Méknés - Morocco

RiESUME. This study is devoted to the polynomial representation of the matrix pth root
functions. The Fibonacci-Horner decomposition of the matrix powers and some tech-
niques arisen from properties of generalized Fibonacci sequences, notably the Binet for-
mula, serves as a triggering factor to provide explicit formulas for the matrix pth roots.

Special cases and illustrative numerical examples are given.
Key Words : Fibonacci-Horner decomposition, Binet formula, Principal matrix pth root.
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1. INTRODUCTION

The pth root of a square matrix occurs in various fields of mathematics, applied sciences,
and engineering. For example, this matrix is involved in control and systems theory, matrix
differential equations, nonlinear matrix equations, finance and health care. Many methods
and techniques have been expanded to provide exact and approximate representations of
the matrix pth root (see [1], [4], [9], [17], and references therein). In this study, we consider
the Fibonacci-Hoérner decomposition of the matrix powers (see [2], [5], [6] and [7]) and some
techniques based on some properties of generalized Fibonacci sequences (see [10] and [18]),
to provide some explicit formulas of the matrix pth roots.

Let A be a matrix in Mg(C), the algebra of d x d matrices with complex entries (d > 2),
and p > 2 a positive integer. Usually a matriz pth root of A, is defined as a matrix X € My(C)
satisfying the equation,

XP = Al (1)

A matrix pth root can be defined using several definitions of a matrix function of the current
literature (see [11], [12], [13], [16] and [19]). In general, a matrix pth root may not exist or
there may be an infinite number of solutions for (1). In this study, we are particularly
interested in the polynomial solutions of Equation (1), when A is nonsingular, in other
words the matrix pth roots that are expressible as polynomials in A. Such solutions are
polynomial functions of a matrix, known as primary matriz functions (see [11], [13] and
[16]). The function considered here is nothing else but only the complex pth root function
f(2) = 2Y/? which is a multi-valued function. Indeed, for every non-zero complex number
z = |z]expliarg(z)] (—7 < arg(z) < m), it is well known that z admits p pth roots given
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through the use of the functions

fi(z) = |2|"/? exp(ilarg(z) + 27j]/p) = '/P exp(2imj/p), j € R(p), (2)

where R(p) = {0,1,...,p — 1}. Since f(z) = z'/? is defined on the spectrum of any non-
singular matrix A (see [11, Ch. 5]) and giving a choice of p branches for each eigenvalue
Aj (1 <j <) of A, many polynomial solutions of Equation (1) may be furnished. To em-
phasize, the matrix A has precisely p® matrix pth roots that are primary matrix functions,
classified by specifying which branch of the pth root function is taken in the neighborhood
of each eigenvalue \; (see [11], [12], [13], [15] and [17]). In particular, the unique matrix X,
solution of (1), such that its eigenvalues are in {z € C\{0} : |arg(z)| < w/p} is called the
principal matriz pth root of A and will be denoted by A'/P. For the sake of simplicity, this
primary matrix function will also be denoted by f(A) = AY/?.

Consider a matrix A € My(C) and a nonzero real parameter ¢ satisfying p(tA) < 1, where
I; is the identity matrix and p(A) denote the spectral radius of A. The matrix function
g(tA) = (I;—tA)Y/P may be defined from the Taylor series expansion (1—2)Y/P = 3°°° 'b,2",
which converges on the open disk D(0,1) = {z € C : |z| < 1}, where by = 1 and b, =

1L 1) (l_p
(71)”W < 0 for n > 1. That is to say

)

g(tA) = (1o — tA)/P = " but" A" (3)

n=0

The matrix power series expansion of the adequate function has been used to study the prin-
cipal matrix pth root (see [1]) and the principal matrix logarithm (see [2]). One of our main
goals is to determine an explicit formula for the principal matrix pth root function g(tA),
based mainly on the formula (3) and the Fibonacci-Horner decomposition. We highlight
that our approach for computing the principal matrix pth root function does not necessarily
require the knowledge of the minimal polynomial. Indeed, by employing the characteristic
polynomial or any nonzero annihilator polynomial P(z) (of degree r), the nth power of A
(n > r) may be expressed as a linear combination in the Fibonacci-Hérner system associa-
ted to A; where the scalar coefficients are the terms of a particular r-generalized Fibonacci
sequence. By substituting this expression in (3), the Fibonacci-Hoérner decomposition of the
principal matrix pth root of I; — tA is obtained. Then the application of the Binet’s for-
mula of the r-generalized Fibonacci sequence, mentioned above, leads to derive an explicit
compact representation of the matrix function g(tA), defined in (3). As a result, by setting

t =1 and A = I; — B, the principal matrix pth root of B is determined.

The remainder of this study is organized as follows. In Section 2, an explicit expression
of (I; — tA)Y/P is provided using the Fibonacci-Horner decomposition approach. Section
3 is devoted to the presentation of some basic special cases illustrating the method of the
preceding section for the computation of the principal matrix pth root. In Section 4 we discuss
the polynomial decompositions of the primary matrix pth root functions, that satisfy (1), for
nonsingular matrices reduced to their Jordan canonical forms. Examples and applications

are provided.



2. FIBONACCI-HORNER DECOMPOSITION OF THE PRINCIPAL MATRIX pTH ROOT

2.1. Fibonacci-Horner decomposition of g(tA) = (I; —tA)'/P. Let A be in My(C) and
a polynomial P(z) = 2" —ao2" "' —---—a,_1 (a,—1 # 0) such that P(A) = O4 (zero matrix).
The Horner polynomials associated to P(z) are given by Py(z) = 1, Pj11(2) = 2P;(2) — a;
(j = 0;1;...;7 — 1) and the Horner system associated to A is given by Ay = Py(A) = I,
A = P(A) = A—aoply, -+, Arq = Po_g(A) = A7t — A2 — .-+ — a,_o14. The

Fibonacci-Hérner decomposition of the powers A™ (n > r) is given by,
A" =upAo + Up-141 + ... F Up—rp145-1, for n>r (4)

where ug = 1, u—1 = -+ = u_,41 = 0 (see [2], [6] and [7]). For every n > 1, we show that

the term wu,, satisfies the linear recursive relation of order r of Fibonacci type,
Un4+1 = AQUn + -+ Ar —1Unp—r+1, (5)

where ag, a1, -, ar_1 are specified as the coefficients of {uy }n>_r+1 (see [10]). With the aid

of Expression (4), we are led to the Fibonacci-Horner decomposition of the matrix function
g(tA).

Theorem 2.1. FIBONACCI-HORNER DECOMPOSITION. Let A be in M4(C) and let P(z) =
2" —ag2" = —a,_1 (r >2,a,—1 # 0) be an annihilator polynomial of A, i.e. satisfying
P(A) = ©g4. Let {As}oc o<,y be the Fibonacci-Horner system associated to A. Then, for

every t € R\{0} such that |t|p(A) < 1, we have

r—1 [e%s}
g(tA) = (Is — tA)'/P =3 "o (t)As, where os(t) =D un_sbnt", (6)
s=0 n=s

where the u, are computed from Expression (5).

Démonstration. Since [t|p(A) < 1, expression (I — tA)% = >0 o bat™A™ shows that (1 —
tA)r = Q(t) + H(t), where Q(t) = 3\ _t by A" and H(t) = 3, ., by A™t". A straightfor-

ward computation, using Expression (4), permits us to derive H(t) = S0 20 (2%, sbyt™) A,

n=r

n>r

where {A} -, is the Fibonacci-Horner system associated to A. As Expression (4) is
still valid for n > 0, we show that Q(t) = Z:;B t"b, A" = Z:;B "y >0 Un—sAs, be-
cause u,_s = 0 when n < s. Hence, Q(t) = /-0 (X2 _  up,_obnt™)A,. Finally, we get

(Ig — tA)YP = T2 iy obpt™) Ay = 32120 (1) As. The permutation of the finite

n=s

-1 . o
sums Y, and 37 follows by the uniform convergence of the power series in its conver-

gence disc. Here the power series (1 — 2)1/P = 3" b,2" converges in D(0;1) and, for any

fixed polynomial S(z), the power series .20 S(n)b,2"~7 converges also in D(0;1). O

Example 2.2. ALGEBRAIC MATRIX OF ORDER 3. Let A be in M3(C) fulfilling the conditions
of Theorem 2.1, with P(A) = O3, where P(z) = z° — apz? — a1z — as with ag,a1,as € C
(ag # 0). The Fibonacci-Horner decomposition of g(tA) = (I3 — tA)Y/P is given as g(tA) =
S22 ws(t)As, with

wo(t) = Zunbntn , o1(t) = Zun,lbntn and p2(t) = Zun,gbntn.
n=0 n=2

n=1
The sequence {tn}n>_2 is such that u_o =u_1 =0, up = 1 and up41 = oy + G1Up—1 +

ag2Unp—2.



For every n > r a direct computation leads to

r—1 s
n § § s
A" = Qp—s4+j—1Up—j A )
s=0 \ j=0

the so-called polynomial decomposition of A™. Therefore, the polynomial decomposition of
the matrix function g(tA) = (I; — tA)YP can also be provided. Indeed, let P(z) = 2" —

apz" ' — - —a,_1 (r > 2,a,—1 # 0) be an annihilator polynomial of A. Then, for every

t € R\{0} such that |t|p(A) < 1 we have g(tA) = (I; — tA)"/? = ST Q. (t) A%, where

Os(t) = bst® + Z 0 b,t", for s =0,1,--- ,r — 1 with o) = D im0 Qr—stj—1Un—j.

n=r
Remark 2.3. Let A, B two similar matrices in Mq(C), and let {As}gcser_1s {Bstocs<r_1
be the Fibonacci-Horner systems associated to A and B respectively. Then, a direct verifica-
tion shows that As and By are also similar. Therefore, if A or B satisfies the conditions of
Theorem 2.1, then these two matrices admit similar Fibonacci-Horner decomposition. Some

interesting practical situations could be studied, throughout similarity of matrices.

2.2. Main result. Let A be in My(C) such that P(A) = O4, where P(z) = 2" — agz" ! —

oo —ap_1 (r > 2, ar,_1 # 0). For the sequence {u,}n>0 satisfying the recursive relation of
1 m.;fl

Fibonacci type (5), the Binet formula of its general term is u,, = Z Z Cyjn? N, for all
i=1 j=0
n € N, where the \; (1 < ¢ <1 <d) are the pairwise distinct roots of the polynomial P(z),

with algebraic multiplicities m; (22:1 m; = r) (see [10], [14] and [18] for example). The
coefficients C; ; are obtained by solving the following linear system of equations,

m.;fl

1
Z Z Ciyjnj)\? =Up,n=0,1,....7 —1,
j=

=1

An explicit expression of the C; ; can be obtained from a recent work of R. Ben Taher
and M. Rachidi [3]. Indeed, it is shown that,

I m;—1 I mi—1
Z Z Oy nI\t = Z Z (n —1—;— 1)7j[_i]()\i)n+r_1_j,
j=

i=1 i=1 j=0

with 77 =4(A1,..., \) defined by,

T—1m; (nt+:7:t71) .
w_ ) S| I g, f1<i<d
V= S ng=m;—j—1 | 1<t#i<l .
1 when 7 =r — 1 and 0 otherwise, if il =1.

Hence, for a fixed i = 1,...,[, by aid of the Vandermonde’s identity

m;—1 m;—1

C i - d-1 i|yr—1—j
> cont = 3 (V)
j=0

=0
m;—1 7 k

_ [i] yr—1—j r—1 Sk 4

= 2N Z(jk) P
7=0 k=0 £=0
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where Sk, are the Striling numbers of the first kind. Finally, for ¢ = 1,...,l and j =
0, ey My — 1

iy = Z Ar—1=h [zlz<h k) Sk'j. 7)

Set Ay ={i(1<i<lI);m; = 1} and Ay ={i(1 <i<1);1<m; <r}. The Binet formula
takes the form,

mi;—1

Z Cvz/\?ﬁL Z Z CiyjnjA?, (8)

i€EATUA, i€Ay j=1

where C; = >ien, Cio + 2 ien, Cio, which may be described as below

_1yr—1yr—1

N b e reon ific i

C; = < 1<izi<i (9)
P AT i e Ay

Notice that C; is directly derived from the general expression of the Ci; (7), it will be
introduced in the explicit formula of (I; — tA)Y/?, provided by the following Theorem.
In the particular case when Ay = (), the \; (1 < i < d) are simple, and thus u, =
Zle %A . For reason of generality we suppose in the sequel that A; # 0

A )nLt 7
1<t#i<l

and AQ 7& @

The main result of this section is presented as follows.

Theorem 2.4. Let A be in My(C) such that P(A) = ©4, where P(z) = 2" —agz" "t — -+ —
ar_1 (ar_1 #0). Then, for every t € R\{0} with |t|p(A) < 1, there results (I; — tA)Y/P =
wo(t) g + ZZ;% [Ds(t) + Ws(t)] As, where po(t), ®s(t) and Ys(t) are given by

mi;—1
S G- P+ Y N DI - A,
i€EA1UA, i€Ay j=1

a0= Y Sa-am
iEATUA, T

m;—1 J

=3 3 Z T () s)yi—kpk ((kAit)l/P). (10)

€Ay j=1 k=0

d -
Here D is the differential operator D = ta (derivation degree operator), C; ; and C; are
respectively given by (7) and (9).

Démonstration. Substitution of the Binet formula (8) of u,_s in Expression (6) of the ¢ (t)
(taking into account that u,_s = 0 if n < s), allows us to show that these functions can be

expanded under the form,

ZzEAluAg C Zn 0 b tn)\ + ZZEAQ Zm171 C ZZO:O Tﬂbnt”)\?a
if s =0,

505 (t) = C ms—1 Cz
ZzeAlqu )\s Zn s tn)\ +Zz€AgZ ‘ s Us(t)’

ifl1<s<r-—1,




where ;5 (t) = >0 bn(n — s)7¢" A, Since |t|p(A) < 1 we have

[e%e} [e’s) m;—1
=D unbat" NP =3[ > CAF+ Y D Cimd AT | bat™
n=0 n=0 \‘i€A1UA5 €Ay j=1
Therefore, we have
mi;—1
Z éi(l — )\it)l/p + Z Z Ci7ij(1 — )\it)l/p,
1€ATUAS €Ay j=1

d o
where D denotes the operator D = ta. Second, for s > 1, we have p,(t) = Z Up—sbpt" A} =

o] m;—1

Z Z CiAP = + Z Z C;j(n —8)IAI75 | b,t™. We show that ¢s(t) = ps1(t) +

n=s \i€A1UA, i€A,y j=1

- g
©s,2(t), where s 1 (t) = ZZO:S Zz‘eAluA2 Ci)‘? "bnt™ and s o(t) = Zn s ZzeA2 Zm Ci;j {(n—
$)IANF"b,t". A direct computation implies that

Ci
psa(t) = Roa(t)+ Y —=(1—Xt)'7,
. A
PI€EA]UAS

where Ry 1 (t) = — ZZ;}J iEALUA CiAI™5b,t™. A similar computation gives

m;—1 J

Ps2(t Z Yoy Z $)TE R ARb " = Ry o(t) + Q4(t),

n=si€Aqs j=1 k=0 Z
where R, 2 is the polynomial

- m;—1 j
RSQ(t) Z Z ZCZ] ] k k/\n sb tn
n=0i€As j=1 k=0
C”

and Qs(t) =D icn, Zmﬁl 1o Y (1)(—s)7*D*(1 — \;t)*/P. According to the fact that
u, = 0 for n < 0, it is easy to show that

3 s—1 m;—1
SRty = =S| Y Gt SN Cuiln—spArT | bat”
(=1 n=0 [i€AIUA, i€Ay j=1

s—1
= =) up_sbat" =0
n=0

Expressions of the functions ¢, 1 and ¢, 2 are derived from the permutations of the finite

SUms Y ica un, A0d Doica, Zmﬁl 7_, with the infinite sum >.°° . Thus the results of
the theorem are achieved. (]

The family of functions ¥4(¢) in (10) can be constructed by an induction process as
follows.

Proposition 2.5. Under the data of Theorem 2.4, the functions U,(t) are given by

INCRERIIESD 3 9 o=

i€Ay j=1 k=1

( ) Y=k Pt M) (1 — Aat) P
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where Wso(t) = > icn, Z;n:lfl C;f; (—s)7 (1 — )\it)l/p and Py ;(t; \;) are the polynomials sa-

tisfying the equations,

Pryr,i(ts ) =t(1 — M\it) g

Ait

with Pl,i(t§ )\z) = -

p

Formula (11) is obtained by a simple induction. We establish also that functions W,(t)

given by (10) in Theorem 2.4 may be formulated under the following compact form,

To(t) =Y Wai(D)(1—)7, (s>1), (12)
1€A2

where Wo (D) = X272 Ciiy D7 and Woi(D) = 3277 S S (1) (—s) D"

Jj=1

Example 2.6. SQUARE ROOT OF ALGEBRAIC MATRIX OF ORDER 2. Let A be in M, (C),
with P(A) = Og, where P(z) = Ma(z) = 22 —agz — a1 is the minimal polynomial of A, with
ag, a1 € C\{0}. Moreover, we suppose that A satisfies the conditions of Theorem 2.1. We

have
(I — tA)% = (po(t) — aopr (t) T2 + @1 (1) A,

where the os(t) (s = 0,1) are given by (6). Suppose that A admits two distinct eigenvalues
A1 and Ag. It’s obvious here that ag = A + Ao, A direct computation using techniques and

results of Theorem 2.4 implies that

1 1 [0 1 1
gﬁo(t) = Oé(l — )\1t)§ + ﬂ(l — )\Qlf)§ and (pl(t) = )\—1(1 — Alt)a + %(1 — )\2t)§7

where o = )\1’\71& and B = )\2’\72)\1. Particularly, if A = < ; Z ) satisfies the conditions of
Theorem 2.1, we obtain
t — t t
(I — tA)} = po(t) + (e — ao)p1 () ge1(t) .
fer1(t) ¢o(t) + (h — ao)e1(t)
Therefore, the square root of the matrix B = I, — A is given by
gt — [ po(1)+(e—ao)pi(1) ge1(1)
fe1(1) @o(1) + (h — ao)p1(1)
L
As a numerical illustration, if we consider the matriz B = ? 1 , we can check that
6

1

6
Therefore, a direct computation shows that the square root of the matriz B is B

L4 143

51
AIQB<6 0 andtherootofPA(z)ZZQf%er%are/\1:%,)\2:

NI

% Wl
R .



3. SPECIAL CASES

We are interested here in the principal matrix pth root of a matrix A € My(C), whose
annihilating-polynomial assumes one of the following forms : P(z) = (z — A\)" , P(z) =
(z—p)(z—=XN""tand P(z) = (z = \)™ (2 — u)™ (my + mg = 7), where r > 2. In this
subsection we suppose that the matrix A € My(C) satisfies the conditions of Theorem 2.4,
and P(A) = 0y4.

Case P(z) = (z—A)". The recurrence relation associated to the sequence {uy, }n>¢ is defined
by

r—1

}: r 1
Un+1 = AsUn—s as = < )(A)SJF ;

= s+1

and the customary initial conditions are ug = 1, u, = 0, for n < —1. We notice here

that Ay = @ and Ay = {\}. Consequently, the Binet formula (8), provided the formula
(CO+ZT Loy ))\", with Cp = 1.

Accordmg to the formula (7), the expression of the C; (j =0,...,r — 1) takes the form

= (r - 1) Sh
h=j

Therefore, by Theorem 2.4, we obtain the result.

M

Proposition 3.1. Let A be in My(C) satisfying the data of Theorem 2.4 with P(A) = Oy,
where P(2) = (z — \)" (r > 2). Then, for every t € R\{0}, with |t|p(A) < 1, (I; — tA)Y/P =

r—1

22;01 ©s(t)As, where the @4(t) are given by po(t) = (1 — )\t v+ ZC Di(1 — )\t)P and
j=1

ps(t) = (1 =A)» + 3021 S0 SE(=s)F()DF(1— Aty for s > 1 (recall that D = t£).

As in Expression (12), the preceding results may take the following compact form.

Corollary 3.2. Let D = t ; be the derivation degree operator. Under the data of Proposition
8.1, (Ig —tA)YP =37 0(,05( JAs. The @s(t) are given by

po(t) = Wo(D)(1 = M)¥ and ,(t) = We(D)(1 = M)¥, for s > 1,

and the operators Wo(D) and W1 (D) are given by

r—1 r—1 7
C;
WDfllJr C;D? and Wi( ]1+ —L( 1)D*.

We recall that 1 is the identity operator.

Example 3.3. Compute the principal square root of the matriz,

oo _2 _1
6 3 3

— |z 1 _1
B = 12 6 6
3 5 1

12 3 3



Let consider the matrix A = Is — B, the minimal polynomial of A takes the form P(z) =
Ma(z) = (z — £)2. Therefore, applying the Proposition 3.1 we obtain

(I3 — A)% = pols + p1(A —aol3),

I=

where wy = po(1) = g +C1D(1 - 1¢)

TN

and

=1

1
1.1 3
pr=1(1) =v2+2C1 Y (-1)'7FDF1 - SHE., =V2-5v2Cy.
k=0
By a straightforward computation, we show that ag = 1 and C; = 1. Thus, we obtain

o = TQ and p1 = —‘/75. Consequently, B = (I3 —A)% =pols+v1(A—1I3) = pols — 1B,

which allows to compute the entries of the principal matriz square root of B.

Remark 3.4. In the precedent example, any annihilator polynomial of A = I3 — B could
be used for computing the square root of the matrix B. For instance, by considering the
characteristic polynomial of A the expression of the principal matrix square root of B will
take the form :

BY? = @oI3 + 1B + ¢po B2,

where Qo = %, P = % and Qs = 4 As has been stated, the latter expression permits

to obtain the same matrix that was obtained using the minimal polynomial of A.

Case P(z) = (z — p)(z — A\)"~'. The sequence {uy }n>0 is defined by w, 11 = Y00 astin_s
of coeflicients

ar—1 = p(=N)""! and a, = [(Z;i))\ + (G u] (=N, for s=0,...,r -2,

and initial data up = 1, u, = 0 for n < —1. Since A1 = {p} and Ay = {A}, the Binet
formula, Expression (8) yield u, = C,pu"™ + (Z;;(Q) njC,\J) A". Here the coefficients C), and
Cl,; are obtained using the formula (7). Consequently, by Theorem 2.4, we obtain the result.

Proposition 3.5. Let A be in My(C) satisfying the conditions of Theorem 2.4 with P(A) =
©4, where P(2) = (z — u)(z — N\ ! (r > 2). Then, for every t € R\{0} with |t|p(4) < 1,
there results (Iy — tA)Y/P = Z:;é s(t)As, where the @g(t) are given by @o(t) = C,(1 —
pt)r + 320 CryDI(1— At) 7, and

o
i

pr(0) = (- )} + 3 3 -9 HDHL - M),

for s > 1, where D = t% and D° = 1 the identity operator.

Similarly to Expression (12) and Corollary 3.2, the functions s (t) can be expressed as
follows o(t) = Cp(1—put)? + Wo x(D)(1=At)¥ and 4(t) = S (1— put) + W, A (D)(1-At)7,
for s > 1, where Wy »(D) = 327_2 Cy ;D7 and

T
J

(D — s)F, for s > 1.




Example 3.6. Compute the principal cubic root of the matriz B such that,

3 _
31 -1

_ 1 1 1
B=135 35 —%
5 01 1

48 4 12

2

For A =13 — B, we have Pa(z) = Ma(z) = (z — A

Proposition 3.5, we derive

(z — ), with A = % and p = 2. Using

Bs = (I3 — A)% = @ol3 + p1A1 + 242
= (po[g +(,01(A*&0]3)+§02(A2 7(101470,1]3)
[¢o + (1 —ao)p1 + (1 — ao — a1)wa] Is + [(a0 — 2)p2 — ¢1] B+ 92 B,

where ag = %, a1 = —35 and the formulas of ¢; = ¢i(1), (1=0,1,2) are given by Proposition
3.5. Hence, pg = Cu(l — )+ Z] o C,\,]DJ (1= At)3,
1
C# 4 Oy —k(i\k 3
<p1:71— 3*227* (1)Df_ (1 —At)% and

C P R Ay o L
p2=—H(L—p)F + Y = (-2 FDf_ (1= A5

It follows from (7) that C,, = 16, Cx o = —15 and Cx 1 = —3. Thus, by a direct computation,
we derive wy = 16(%)§ - 15(%)§ +273, ¢ = 24(4 )E — 24(3 )5 + 2% and @y = 36(%)% -
36(%)% + 25. Therefore, B3 = als + 3B + 02 B2, where o = 9(%)% — 8(%)% + é and
8= 36(%)§ — 36(;)3 — —23. The entries of the principal matriz 3th root can be derived
easily.

Case P(z) = (z— A1)™ (2 — A2)™2. Let {u,}n>0 be the associated recursive sequence, with
customary initial conditions ug = 1, u,, = 0 for n < —1. From the Binet formula, Expressions
(8) yields u,, = (Zml Loy n ) AT+ (23"220_1 ng»nj) A%, Basily , we show that A; = 0
and Ag = {\1, A2}. Therefore, applying Theorem 2.4, we obtain the result.

Proposition 3.7. Let mi,ma € N\{0;1} and A in M4(C) satisfying the conditions of

Theorem 2.4 such that P(A) = Og4, for P(z) = (z — A1)™ (2 — A2)™2. Then, for every
t € R\{0} with |t|p(A) < 1, we have (I — tA)/P = S+~ o (1) A,. The functions

2 m;—1
ws(t) are given by @o(t) Z Z CiiDI(1— N\ t)% nd
=1 75=0
C 2 m;—1 J C j
_ 40 ¢ 1/p 2% _\i—kpk _\.p\1/p
3 (1= ) Yy r </<;>( sYI=kD ((1 Ait) )

i=1

[

i=1 j=1 k=0

_4d
for s > 1, where D = ta-

As in Expression (12) and Corollary 3.2, the compact expressions of the functions ¢ (t)
can be given as follows,
2

t):ZWi,O(D)(l—)\it)% and @,(t) =Y _ Wi (D)(1 - \it)7.

i=1

't!l’-‘
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where Wi o(D) = Y7 C; ;D7 and

Wis(D) = ]1+mi: Z () s~k DF.
j=1 k=0 Z

Note that the result of Proposition 3.7 is nothing else but the superposition of two cases of

the formula given in Proposition 3.1.

Example 3.8. Let compute the principal 4th root of the matriz,

. 5 -
r O
1
o o o 1
B:
1 15 7
s 17 0 -3
3
Lo -1 0 2 |

For B =1, — B we have Ps(z) = (z —

leads to the formula,

%)2(2 — %)2, thus application of the Proposition 3.7

(It — A)T = [po — aopr — a1pa — ages) I + [p1 — aopa — arps] A
+ [ip2 — aops] A% + p3 A%,

where the a; (i = 0,1,2,3) are calculated from the coefficients of the polynomial P(z) =

(z — %)(z — —) Therefore, ag = 5, a; = 711)’—(75, as = % and az = —69—4. The formulas of the

coefficients @5, are given by oo = 2?21 Z;:o Ci,jD\jt:l(l —\t)T and ps = 212 ) )\150 (11—
1
)i+ ZZ 1 Zk 0 151 (—s)l_kDﬁ:1 (1= XNt)/P) for s =1,2,3, here A = 3 and Ay =
The following coeﬁciczents are computed by applying Formula (7) C19 =28, C11 =4, Cap

1 3

—27 and C3 1 = 9. Therefore, we have the numerical result, o = 28(3 )1—27(}1)% 1(3)a
3 1

BH e =831 -48()T—(3) T -1 >" 2 =80(3)% —80(3)T—2(3) "1 -3(3)
and 3 = 128(%)i - 128(%)i —4(%)_% —4(3)" 1. Hence, the principal matriz 4 —th root of

B is given as follows

” »Jklw

S
.ulcu ‘

l
4

Bi = aly+ B(Is — B) +7(Is — B)? + p3(Is — B)?,

2 4\2 4

and v = —240(3)7 4 240( )i +8(3)” i +7(i)_% Finally, the entries of the matriz B3 can

where o = ~27(3)%+28(3)7 +5(3) 71 +§(5) 71, B = 144(3)F —144(1)F - 3 (3) "% —4(})
i
be obtained by a direct calculation.

4. GENERAL SETTINGS

In this section we make use of the results performed in sections 2 and 3, combined with
[8, Theorem 2], to determine the polynomial decompositions of all primary matrix pth root

functions of a non-singular matrix.

The following result is a direct consequence of Proposition 3.1.
11



Proposition 4.1. Let A be in Mg(C) with minimal polynomial Ma(z) = (z — A\)™ and
j € R(p) ={0,1,...,p— 1}. Then, for every non-zero parameter t such that [tA] < 1

m—1
fj (Id - tA) = eXp(Q’L'ﬂ‘j/p) Z (ps(t)As;
s=0

m—1
where fi(z) (j € R(p)) are given as in (2), po(t) = (1 —At) v+ Z C;DI(1— )\t)% ws(t) =
Jj=1

L (1=X)r + 2 S0 SE (sl TR DE (1= (for s > 1) and Cj = St () St

Consider A = @;:1 My, (where My = My(\x)) with minimal polynomial M4(z) =
Hézl(z — ) (22:1 m; < d), and a non-zero real parameter ¢ such that [t|o(A4) < 1. It
is known that the M)}, are of minimal polynomial (z — Ax)™* and characteristic polynomial
(z — \g)®, where dy, is the sum of sizes of all Jordan blocks associated to Ay. It follows from

the previous proposition that,

l
fila—tA) = €D fi (Lo, — tMy)

l mkfl
= P expimin/p) [0y D Ia + Y PryOMer |
k=1 T=1

where [j] = (j1,...,51) Ur € R(p)) and M, ) = M] — Z;;Ol a(k,g)Mgflfl. Obviously
©(k,5)(t) and a ) take the same explicit expressions as presented in Proposition 4.1; for
the case of a unique eigenvalue. Set by 0y = 1 and by ¢y = —a(p 1) for £ =1,...,7. Hence,

we have

My = Z b,y M " = b ryLa, + Z b,y My "
=0

Besides, the 7 — th powers of the matrices M} may take the form

M = [(My, — M\e1g,,) + )\kfdk]T = A\, 1q, + Z (Z) )\;_U(Mk — Meda,)".

n=1
Thus, we obtain
T 7—1 T—4 "
Mry = 3 b AL Lo+ D bk D <T - g> AT (M = Al
(=0 (=0 n=1
Consequently, we have
mp—1 T
f[j] (Id - tA) = Zexp 27,7T]k/p |: Pk 0) Z Pk, .,.) b(k,Z)AZZ:| I(dk,A)
=0

my—1

+ ZGXP(Qink/p [Z P,y (O (k, 7) (Mr — Aay )’ } ;
k=1

where T (k,7) = T(A,k,7) = ;;01 b(k,0) Z;;f (77—7@) )\247", Iig,n)=0a, & DOq,_, &

1q, @Gdk+1 @ DOy, and (M —Aplg)a =O4 B - DOy, _, @(Mk()\k)*AkIdk)@GdkH &)
12



-+ @ Og,. It was established in Theorem 2 of [8] that the n — th powers of this matrix are

given by
l mp—n—1
(A=) Id) X
M, Y P o Twed) (A — N\ L) 1
(My(Ar) = Ala, )y !l JRCE W Eig i k(A= Arla)"™, (13)

with ag; = 1 and

azk——zbekaz 0,k Wwith bzk—z H ( ) — Ag)mehe

T,k t=1,t#k

where b; ;, =0 for ¢ > m; + -+ mg—1 + myy1 + -+ - + m, and the set I'; ;, is composed of
(h1y ..y hi—1, by, - -, hy) € N1 satisfying the relation hy+. .. +hg_1 + hpp1+. .. +hy =i
with h; < my. More precisely, in [5], an explicit formula of a; j is provided as follows

aip=(-1)"Y H (mt oy 1) (e — M)~ (14)

Ty t=1,t#k

For the sake of simplicity, in the remainder of this section, it will be denoted by A a
nonsingular matrix, in M4(C), reduced to its Jordan canonical form. More precisely, whether
A admits [ eigenvalues A1, ..., A;, A will take the form @2:1 My, where the matrix M =
My (Ag) is the direct sum of all Jordan blocks associated to Ay ; which size will be denoted
by di (Yjoy di = d).

The above discussion is summarized in the following proposition,

Proposition 4.2. Let A € My(C) with minimal polynomial Ma(z) = Hlizl(z — )™

(Zézl m; < d) and t € R\{0} such that |t|oc(A) < 1. Then,

! mp—1 T
figIa —tA) = > exp(2imji/p) [@(k o) (1) + Z Pk, ( )Zb(w))\g‘“} L4y, a)

k=1
1 my—1
+ > exp(2imjx/p) [ > @en Ok, 7) (M, )\kIdk)Z:| :
k=1 =1

where §j = (J1,--.,71) (G € R(p)) and the n — th powers of (My — A\glg,)a are given by

(13)-(14).

Explicit formula for all primary matrix pth roots may be obtained using the Lagrange-
Sylverster interpolation polynomial [11]. However, as far as we know our formula presented
in Proposition 4.2 is not known under this form in the literature.

The following two corollaries are immediately derived from the Proposition 4.2.

Corollary 4.3. Consider A with minimal polynomial Ma(z) = (z — A\1)™ (2 — A2)™2 and

t a non-zero real number, such that |t| < m Then,

2 mp—1 T
figIa —tA) = > exp(2imji/p) [@(k o (t) + Z ) ( )wa)A;—“} I (a2
£=0

k=1
2 my—1

+ > exp(2imjx/p) [ > Pen O (k) (M )\kIdk)Z:| :
k=1 =1

where [j] = (j1,72) (Jx € R(p)) and the o+ are as in Proposition 4.1.
13



Example 4.4. Compute the square roots of the 4 X 4 matriz given by,

2/3 -1 0 0
0 2/3 0 0
0o 0 1/3 -1
o 0 0 1/3

B =

For A = I,— B, we have M(2) = (z—\1)?(2— X2)? with \; = 1/3 and Ay = 2/3. Therefore,

according to Corollary 4.3, the matrix square roots of B = Iy — A are given as follows,

k=1
2

+ 3 exp(imin) 1) (Dbo) (Mi — Ail2) 4
k=1

where [j] = (j1,72) € ({0,1})2, b1,0) = ba,0) = 1, b1y = —2/3, b2,y = —4/3, va,0(1) =

\/g— %\/g, van(l) = —l\/; ©2,0)(1) =0 and pz1)(1) = —@. Consequently the 4 x 4

square roots of the matriz B correspond to the following matrices,

2 1
fi(B) = > exp(imjy) l‘P(k,O) + o0 (1) b I(2,4)
£=0

VeI NER I Vi AR o0 o
o 2 oo o | 0o —/2 0 o |
R R L R
0 o o X 0 0o 0 ¥
Vi oo o SRR,
o 2o oo o | 0 /2 0 o
Vi 3| NERE:
0 0 f 00 f
0 0 0 ¥ 0 0 0 3

|
|

Corollary 4.5. Consider A with minimal polynomial M4(z) = (z — A1)™ (2 — A2)™2 (2 —

A3)™3 and t a non-zero real number, such that [t| < m Then,

3 mp—1 T
figIa —tA) = > exp(2imji/p) |:§0(k o(t) + Z Pk (t wa,/z)/\i_e} gy, a)
£=0

k=1
3 mp—1

+ > exp(2imjx/p) [ > @en Ok, 7) (M, )\kIdk)Z:| :
k=1 =1

where [j] = (j1,j2,j3) (Jx € R(p)) and the @,y are as in Proposition 4.1.

Example 4.6. Compute the square roots of the 5 X 5 matriz,

/2 -1 0 0 0
0 1/2 0 0 0
0 0 2/3 -1 0
0 0 0 2/3 0
0O 0 0 0 3/4

For A =I5 — B, we have Ma(z) = (z — \1)%(z — A\2)*(2 — A3) with \y = 1/2, A\ = 1/3 and
A3 = 1/4. Therefore, according to Corollary 4.5 the matrixz square roots of B = I — A are
14



given by,

2 1
fa(B) = ZeXp(iﬂjk) SD(k,O)(l)+(P(k,1)(1)zb(k,€))\}1c_e I (a4
k=1 =0

2
+ ) exp(imii) 1) (Dboy (Mi — Ael2)a + exp(imja)@(s.0) (1) (dy, 1)
k=1

where [j] = (j1,j2,43) € ({0,1})?, b1,0) = b2,y = 1, b1,y = —1, ba,1y = —2/3, @(1,0)(1) =

2 oan1) = =L, ppo) = %\/g; pen(l) = —%\/g and p(3,0)(1) = \/é. Conse-
quently, the 8 square roots of the matriz B, computed using all primary matriz functions of
B, are presented by the matrices,

V2

exp(imj1) 5 fexp(iwjl)g 0 0 0
0 exp(imj1) 52 0 0 0
fin(B) = 0 0 exp(inj>)y /2 —e2mm, /3 0 |
0 0 0 eXp(iﬂ'jg)\/g 0
0 0 0 0 exp(iﬂ'jg)\/g
where [j] = (.jlanajB) S ({0, 1})3
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