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Abstract

In this paper, we go on with the study of rational solutions to the
Kadomtsev-Petviashvili equation (KPI). We construct here rational solu-
tions of order 5 as a quotient of 2 polynomials of degree 60 in x, y and ¢
depending on 8 parameters. The maximum modulus of these solutions at
order 5 is checked as equal to 2(2N + 1)? = 242. We study their modulus
patterns in the plane (z,y) and their evolution according to time and pa-
rameters a1, az, as, as, b1, ba, bz, bs. We get triangle and ring structures
as obtained in the case of the NLS equation.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction
We consider the Kadomtsev-Petviashvili equation (KPI) in the following form
(duy — 6Uly + Ugpy )z — SUyy = 0, (1)

where subscripts z, y and ¢ denote partial derivatives.

Kadomtsev and Petviashvili [1] first proposed this equation in 1970. This equa-
tion is a model for example, for surface and internal water waves [2], and in
nonlinear optics [3]. Zakharov extended the inverse scattering transform (IST)
to this KPI equation, and obtained several exact solutions.

The first rational solutions were found in 1977 by Manakov, Zakharov, Bordag
and Matveev [4]. Other researches were led and more general rational solutions
to the KPI equation were obtained. We can mention the following works by
Krichever in 1978 [5, 6], Satsuma and Ablowitz in 1979 [7], Matveev in 1979 [§],
Freeman and Nimmo in 1983 [9, 10], Pelinovsky and Stepanyants in 1993 [11],



Pelinovsky in 1994 [12], Ablowitz and Villarroel [13, 14] in 1997-1999, Biondini
and Kodama [15, 16, 17] in 2003-2007.

We recall the author’s results about the representations of the solutions to
the KPI equation, first in terms of Fredholm determinants of order 2N depend-
ing on 2N — 1 parameters, then in terms of wronskians of order 2N with 2N —1
parameters. These representations allow to obtain an infinite hierarchy of solu-
tions to the KPI equation, depending on 2N — 1 real parameters .

Then we construct the rational solutions of order N depending on 2N — 2 pa-
rameters without presence of a limit which can be written as a ratio of two
polynomials of z, y and ¢ of degree 2N (N + 1).

The maximum modulus of these solutions at order N is equal to 2(2N + 1)2.
This method gives an infinite hierarchy of rational solutions of order N depend-
ing on 2N — 2 real parameters. We construct here the explicit rational solutions
of order 5, depending on 8 real parameters, and the representations of their
modulus in the plane of the coordinates (z,y) according to the real parameters
ap, bl, as, b2, as, bg, a4, b4 and time t.

2 Rational solutions to the KPI equation of or-
der N depending on 2N — 2 parameters

2.1 Fredholm representation

One defines real numbers A; such that —1 < X, <1, v =1,...,2N depending
on a parameter € that will be intended to tend towards 0; they can be written
as

/\3'21—262_]'27 /\N+j:_/\j7 1§jSN, (2)

The terms &y, §,, Vv, 7, and z,, are functions of A,, 1 < v < 2N; they are
defined by the formulas :

/ [1=2 .
ﬂj:2 1—)\?, (Sj :K:j)\jv Vi = TAJ‘”
= (-2 =13 7 :—12¢A§\/1—7A§—4¢(1—A§),/1—A§, 3)

— _ A1
KEN+j = Kj, ONtj = =05, IN+j; =75 »
LTy, N+j = —Zrjy,, TN+j =Tj j:17aN

e, 1 <v < 2N are defined in the following way :

ej =2 Z1/2 M-1 ak(je)2 k=1 _ }i/jljwfl bK(je)2 k—l) :

k=1
Y ( V2M=1 g (o) Pt iy l/2M bk(je)”_l> o 1<j<nN, (@)

ak,bkER, 1<k<N-1.



€, 1 <v < 2N are real numbers defined by :
ej=1, eny; =0 1<j<N. (5)
Let I be the unit matrix and D, = (d;jx)i1<j k<2n the matrix defined by :
dyy = (=1) H (M) exp(ik, e — 20,y + Tt + Ty + €1). (6)
n#u N
Then we recall the following result :
Theorem 2.1 The function v defined by

2
In(z,y, 1)

t) = —o ML
N PR "
where

n(z,y,t) = det( + D3(z,y,t)), (8)
d(z,y,t) = det(I + Di(z,y,t)), 9)

and D, = (djk)1<jk<on the matriz

c T +%) :

dy,, = (=1 ——— ) exp(ikyr — 20,y + Tt + T, +€). 10
o= 0 T (22 e vre) (10

n#p

is a solution to the KPI equation (1), depending on 2N — 1 parameters ay, by,
1<k<N-1ande.

2.2 Wronskian representation

We use the following notations :
¢rp =8in0,,, 1<v<N, ¢, =cos0,,, N+1<v<2N, r=13, (11)

with the arguments

Oy = B2 +i0,y — i — it +yw—i%, 1<v<2N. (12)

W, (w) denotes the wronskian of the functions ¢, 1, ..., ¢, 2n defined by

Wr(w) = det[(ag;_l(br,u)u, nE[L,..., 2N]]' (13)

We consider the matrix D, = (dyu)y, uel1,...2n) defined in (10). Then we have
the following statement :



Theorem 2.2 The function v defined by :

9 [Wa($3,1,- - $3.28) (0)]°
(Wi(¢11,- -, 61.2n5)(0))

s a solution to the KPI equation depending on 2N — 1 real parameters ay, by
1<k <N -1 and e, with ¢}, defined in (11)
Gr(w) = sin( "% +id,y — i I2’ —iZt+ynw—i%), 1<v<N,

Gr(w) = cos("E +id,y —i—5 —iFt+ypw—1%), N+1<v<2N, r=13,

Kus Ou, Ty, Yo, € being defined in(3), (2) and (4).

v(x,y,t) =

Ty

2.3 Rational solutions

We recall the last result concerning the rational solutions to the KPI equation
as a quotient of two determinants.
We use the following notations :

Ky . X T .€
X, = =5 +iby - it —igt—ig,

Ky . X7, T e
Vo= iy —imym —igt =i

for 1 <v < 2N, with &, ., z,, defined in (3) and parameters e, defined by

(4).

We define the following functions :

45-1 . 4j
Cajrik =7, sinXp,  @ajpor =, cos Xp, 14

_ Aty e (14)
Paj4+3,k = — Vg S A,  Phj+4.k = — Vg COS Ak,

for 1 <k <N, and

— A2N4-2 o AN-4j-3 0y

P4aj+1,N+k = Y, COSAN+4E, Paj+2,N+k = Vg SIN ANk, 15
_ 2N —4j—4 X — 2N Ly (

P4j+3,N+k — — Vg COSAN+E, Paj+4,N+k = Vg S ANk,

for 1 <k <N.
We define the functions v 5 for 1 < j < 2N, 1 < k < 2N in the same way, the
term X is only replaced by Y.

B R _ AT G
Yajrre =7  sinYe,  Yaji0k =1, cosYy, 16
Aty A2 oy (16)
Yaji3e = =Y,  SinYg, WYgjrar = —y, ~ cosYi,
for 1 <k < N, and
_ aN—4j—2 _ oN-4j-3 .
Vaj11,N+k = Vg cosYNik, WVajt2,N+k = sin Yy 4, 17
_ 2N —4j—4 Y _ 2N—-4j-5 . Y ( )
Vaj 43, N+k = — Vg COSYN1k, Vajra,N+k = Vj sin Yy 4z,

for1<k<N.
Then we get the following result :



Theorem 2.3 The function v defined by :

3 | det((njk)jyke[1,21\’])|2
det((d

v(z,y,t) =
jk)j,ke[1,z1v])2

is a rational solution to the KPI equation (1).
(dup — Uty + Upgsr)s — uyy =0,

where
— < i< — 82)6_24?331
nj1 = on,l(xayat)o)a 1 7> 2N Nk = De2k—2 (qéakygtao)a
. 82k—2,.
NjiN+1 = <pj,N+1(x)y7ta O)) 1 < J < 2N NjiN+k = %(m‘vyat’o),

2k—2_)
djl = %,1(%2/715,0)’ 1 S] S 2N djk = %(x)yvu 0), (19)

2k—2 )
djN+1 = wj,N+1(xay?t70)7 1 < .7 < 2N djN+k = %($,y,t,0),
9<k<N, 1<j<2N

The functions ¢ and ¢ are defined in (14),(15), (16), (17).

3 Explicit expression of rational solutions of or-
der 5 depending on 8 parameters

In the the following, we explicitly construct rational solutions to the KPI equa-
tion of order 5 depending on 8 parameters.

Because of the length of the expression, we cannot give it in this text. We only
give the expression without parameters in the appendix.

We give patterns of the modulus of the solutions in the plane (z, y) of coordinates
in function of parameters a1, as, as, a4, b1, ba, b3, by and time t.

When at least one parameter is not equal to 0, we observe the presence of 15
peaks. The maximum modulus of these solutions is checked in this case N = 5,
equal to 2(2N +1)2 = 2 x 112 = 242.




Figure 1. Solution of order 5 to KPI, on the left for ¢t = 0; in the center for
t = 0,01; on the right for ¢ = 0, 1; all parameters equal to 0.
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Figure 2. Solution of order 5 to KPI, on the left for ¢ = 0,2; in the center for
t = 20; on the right for ¢ = 50; all parameters equal to 0.

Figure 3. Solution of order 5 to KPI for ¢ = 0, on the left for a; = 10%; in the
center for b; = 10%; on the right for ay = 10%; all other parameters equal to 0.
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Figure 4. Solution of order 5 to KPI for t = 0, on the left for by = 10°; in the
center for az = 108; on the right for b3 = 10%; all other parameters equal to 0.

Figure 5. Solution of order 5 to KPI for ¢ = 0, on the left for ay = 108; in the
center for by = 108; on the right for by = 102, sight on top; all other
parameters equal to 0.

4 Conclusion

We obtain N-th order rational solutions to the KPI equation depending on
2N — 2 real parameters. These solutions can be expressed in terms of a ratio of
two polynomials of degree 2N (N + 1) in z, y and ¢. The maximum modulus of
these solutions is equal to 2(2N +1)2. This gives a new approach to find explicit
solutions for higher orders and try to describe the structure of these rational
solutions. Here, we have given a complete description of rational solutions of
order 5 with 8 parameters by giving explicit expressions of polynomials of those
solutions.

We construct the modulus of solutions in the (z,y) plane of coordinates; differ-
ent structures appear. For a given ¢, when one parameter grows and the other
ones are equal to 0 we obtain triangular or rings or concentric rings. There
are four types of patterns. For a; # 0 or b; # 0, and other parameters equal
to zero, we obtain a triangle with 15 peaks. For as # 0 or by # 0, and other
parameters equal to zero, we obtain three concentric rings of 5 peaks on each
of them. For a3z # 0 or b3 # 0, and other parameters equal to zero, we obtain
two concentric rings of 7 peaks on each of them with a central peak; in the last
case, when ay # 0 or by # 0, and other parameters equal to zero, we obtain one
ring with 9 peaks with the lump L3 in the center.
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Appendix : Because of the length of the complete expression, we only give in
this appendix the explicit expression of the rational solution of order 5 to KPI
equation without parameters. They can be written as

2
NN TCRR)]
U(Z‘,y, ) - d 2
(d(z,y,t))
with )
n(z,y,t) F(2x,4y,4t) — iH(2z, 4y, 4t)
d(z,y,t) Q(2x,4y, 4t)
with
FX,Y,T) =% fu(Y,T)X*
(L, )_Zl%ﬁofk(v ) 5
_ k
HXY,T) = S50 ha(Y, T) X,
— k
Q(XaKT) = Zkzo ae (Y, T) X",
f30 = 1, fag9 = —90T, fag = 391572 4 15Y2 — 45, fay = —109620 T3 + (—1260 Y2 + 5460)T, foq =
2219805 T4 4105 Y44 (51030 Y2 -289170)T2 —3150 Y2 —1575, fo5 = —34628958 T0 4 (1326780 Y 2+9287460)7T3 +
(—8190 Y4 4 260820 Y2 + 77490)T oy = 432861975 T 4 455 v0 4 (24877125 v2 — 207309375)7% — 35175 v4 +
(307125 Y4 10347750 Y2 —297675) T2 +67725 Y2 —80325 fog = —4452294600 T'7 4 (—358230600 Y 2 +43462895800) T +

(=7371000 Y4 + 261954000 Y2 — 77225400)T3 + (—32760 YO + 2583000 Y4 — 6388200 Y2 + 5027400)T, fop =
38401040925 T8 + 1365 Y8 + (4119651900 Y2 — 45316170900)T% — 192780 Y6 4 (127149750 Y4 — 4753444500 Y2 +
3163094550) T4 41943550 Y4+ (1130220 Y6 — 90852300 Y4 +279814500 Y2 —169136100) T2 +1379700 Y 2 —3472875, foq =
—281607633450 T+ (— 38842432200 Y 2 +479056663800)T'7 4+ (— 1678376700 Y 4 465844009000 Y 2 —70879139100) T +
(—24864840 Y6 4+ 2037004200 Y4 — 7622861400 Y 2 4 4308406200) T3 + (—90090 Y8 + 12760440 Y'® — 133364700 Y4 —

72160200 Y2 4 211519350)T, fpo = 1774128090735 T10 4 3003 Y10 4 (305884153575 Y2 — 4180416765525)T8 —

654885 Y84+ (17622955350 Y4 723896781300 Y2 +1102112515350)T6 414442750 Y6 4 (391621230 Y6 —32685310350 Y4+
145679168250 Y2 — 91054615050) T4 — 6284250 Y4 4 (2837835 v'8 — 403118100 Y6 + 4390970850 Y4 4 788640300 Y2 —
6550139925) T2 455466775 Y2 —59634225, f1g = —9677062313100 711 +(—2039227690500 Y2 430588415357500)T° +
(—151053903000 Y4 +6483698298000 Y2 —12960424877400) T 7 +(—4699454760 Y 6 +399453654600 Y4 — 2085756334200 Y 2 +
1576774949400)T5 + (—56756700 Y8 4 8085646800 Y0 — 92211777000 Y4 + 31696434000 Y2 + 137638966500)T3 +

(—180180 Y 10439015900 Y& —847513800 Y 6 +752787000 Y4 —3105742500 Y2 42173027500) T, f1g = 45966045987225 T12 4
5005 Y12 4 (11623597835850 Y 2 — 189852097985550) T 10 — 1522290 Y 10 4 (1076259058875 Y4 — 48183200174250 Y2 +
120557572425675) T8 +53961075 Y8 + (44644820220 ¥ 6 — 3863494057500 Y 4 4+23308627626900 Y2 —21898019625300)T6 —
248327100 Y8 + (808782975 Y8 — 115552275300 Y 0 4 1385054984250 Y4 — 1381491814500 Y2 — 2152129226625)T% +
279979875 Y4 4+(5135130 Y10 — 1104052950 Y8 4+23701500900 ¥ 6 36565735500 Y4 +80147009250 Y2 —24936234750) T2 +
3162300750 Y2 + 3524968125, f17 = —190935883331550 T13 4 (—57061298466900 Y2 + 1008082939581900)T11 +
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