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MODEL SELECTION AND ESTIMATION
OF A COMPONENT IN ADDITIVE REGRESSION

XAVIER GENDRE!

Abstract. Let Y € R™ be a random vector with mean s and covariance matrix o2 P, ‘P, where P,
is some known n X n-matrix. We construct a statistical procedure to estimate s as well as under
moment condition on Y or Gaussian hypothesis. Both cases are developed for known or unknown o2.
Our approach is free from any prior assumption on s and is based on non-asymptotic model selection
methods. Given some linear spaces collection {S,,, m € M}, we consider, for any m € M, the least-
squares estimator §,, of s in S,,. Considering a penalty function that is not linear in the dimensions
of the S,,’s, we select some . € M in order to get an estimator §; with a quadratic risk as close
as possible to the minimal one among the risks of the §,,’s. Non-asymptotic oracle-type inequalities
and minimax convergence rates are proved for §;. A special attention is given to the estimation of
a non-parametric component in additive models. Finally, we carry out a simulation study in order to
illustrate the performances of our estimators in practice.

1991 Mathematics Subject Classification. 62G08.

1. INTRODUCTION

1.1. Additive models

The general form of a regression model can be expressed as
Z = f(X)+o¢ (1)

where X = (XM ..., X(®))/ is the k-dimensional vector of ezplanatory variables that belongs to some product
space X = X} X --- x Xj, C R¥, the unknown function f : X — R is called regression function, the positive real
number o is a standard deviation factor and the real random noise ¢ is such that E[¢|X] = 0 and E[¢?|X] < o
almost surely.

In such a model, we are interested in the behavior of Z in accordance with the fluctuations of X. In other
words, we want to explain the random variable Z through the function f(z) = E[Z|X = z]|. For this purpose,

Keywords and phrases: model selection, nonparametric regression, penalized criterion, oracle inequality, correlated data, additive
regression, minimax rate
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many approaches have been proposed and, among them, a widely used is the linear regression

k
Z:quZﬂiX(i)Jras (2)

i=1

where p and the (;’s are unknown constants. This model benefits from easy interpretation in practice and,
from a statistical point of view, allows componentwise analysis. However, a drawback of linear regression is
its lack of flexibility for modeling more complex dependencies between Z and the X ()’s. In order to bypass
this problem while keeping the advantages of models like (2), we can generalize them by considering additive
regression models of the form

k
Z=p+Y fi(XD)+oe (3)
=1

where the unknown functions f; : X; — R will be referred to as the components of the regression function f.
The object of this paper is to construct a data-driven procedure for estimating one of these components on
a fixed design (i.e. conditionally to some realizations of the random variable X). Our approach is based on
nonasymptotic model selection and is free from any prior assumption on f and its components. In particular,
we do not make any regularity hypothesis on the function to estimate except to deduce uniform convergence
rates for our estimators.

Models (3) are not new and were first considered in the context of input-output analysis by Leontief [23]
and in analysis of variance by Scheffé [35]. This kind of model structure is widely used in theoretical economics
and in econometric data analysis and leads to many well known economic results. For more details about
interpretability of additive models in economics, the interested reader could find many references at the end of
Chapter 8 of [18].

As we mention above, regression models are useful for interpreting the effects of X on changes of Z. To
this end, the statisticians have to estimate the regression function f. Assuming that we observe a sample
{(X1,21),...,(Xn, Z,)} obtained from model (1), it is well known (see [37]) that the optimal L. convergence
rate for estimating f is of order n~%/(2+k) where a > 0 is an index of smoothness of f. Note that, for large value
of k, this rate becomes slow and the performances of any estimation procedure suffer from what is called the
curse of the dimension in literature. In this connection, Stone [37] has proved the notable fact that, for additive
models (3), the optimal L2 convergence rate for estimating each component f; of f is the one-dimensional rate
n~®/(e+D) In other terms, estimation of the component f; in (3) can be done with the same optimal rate than
the one achievable with the model Z’ = f;(X ") 4 oe.

Components estimation in additive models has received a large interest since the eighties and this theory
benefited a lot from the the works of Buja et al. [15], Hastie and Tibshirani [19]. Very popular methods for
estimating components in (3) are based on backfitting procedures (see [12]| for more details). These techniques
are iterative and may depend on the starting values. The performances of these methods deeply depends on
the choice of some convergence criterion and the nature of the obtained results is usually asymptotic (see, for
example, the works of Opsomer and Ruppert [30] and Mammen, Linton and Nielsen [26]). More recent non-
iterative methods have been proposed for estimating marginal effects of the X(?) on the variable Z (i.e. how Z
fluctuates on average if one explanatory variable is varying while others stay fixed). These procedures, known
as marginal integration estimation, were introduced by Tjgstheim and Auestad [38] and Linton and Nielsen [24].
In order to estimate the marginal effect of X (V) these methods take place in two times. First, they estimate the
regression function f by a particular estimator f*, called pre-smoother, and then they average f* according to
all the variables except X (). The way for constructing f* is fundamental and, in practice, one uses a special
kernel estimator (see [34] and [36] for a discussion on this subject). To this end, one needs to estimate two
unknown bandwidths that are necessary for getting f*. Dealing with a finite sample, the impact of how we
estimate these bandwidths is not clear and, as for backfitting, the theoretical results obtained by these methods
are mainly asymptotic.
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In contrast with these methods, we are interested here in nonasymptotic procedures to estimate components
in additive models. The following subsection is devoted to introduce some notations and the framework that
we handle but also a short review of existing results in nonasymptotic estimation in additive models.

1.2. Statistical framework

We are interested in estimating one of the components in the model (3) with, for any 4, X [0,1]. To focus
on it, we denote by s : [0,1] — R the component that we plan to estimate and by t!, .. : [O 1] — R the
K > 1 other ones. Thus, considering the design points (z1,91,...,y5) ..., (zp, ¥k, ... ,yn ) [0, 115+ we
observe

K .
Zi:s(:ci)—i-u-i-ztj(yf-)—i—asi,izl,...,n, (4)
j=1

where the components s,t', ...t are unknown functions, 4 in an unknown real number, o is a positive factor
and € = (e1,...,&,) is an unobservable centered random vector with i.i.d. components of unit variance.

Let v be a probability measure on [0, 1], we introduce the space of centered and square-integrable functions

L2([0,1],v) = {fe]L2 ([0,1], /f v(dt) —0}.

Let vy,...,vk be K probability measures on [0, 1], to avoid identification problems in the sequel, we assume
seLj([0,1],v) and ¢ € L ([0,1],v;), j=1,...,K . (5)
This hypothesis is not restrictive since we are interested in how Z = (Z1,...,7,)" fluctuates with respect to

the x;’s. A shift on the components does not affect these fluctuations and the estimation proceeds up to the
additive constant .

The results described in this paper are obtained under two different assumptions on the noise terms ¢;,
namely

(Hgau) the random vector ¢ is a standard Gaussian vector in R™,
and
(Hntom) the variables g; satisfy the moment condition
dp > 2 such that Vi, 7, = E[|&;|P] < 00 . (6)

Obviously, (Hyom) is weaker than (Hgau). We consider these two cases in order to illustrate how better are
the results in the Gaussian case with regard to the moment condition case. From the point of view of model
selection, we show in the corollaries of Section 2 that we are allowed to work with more general model collections
under (Hgay) than under (Hnyom) in order to get similar results. Thus, the main contribution of the Gaussian
assumption is to give more flexibility to the procedure described in the sequel.

So, our aim is to estimate the component s on the basis of the observations (4). For the sake of simplicity of
this introduction, we assume that the quantity o® > 0 is known (see Section 3 for unknown variance) and we
introduce the vectors s = (s1,...,8,) and ¢t = (¢1,...,t,) defined by, for any i € {1,...,n},

K
si=s(x;) and t;=p+ Zt”(yf) . (7

j=1
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Moreover, we assume that we know two linear subspaces F, F' C R" such that s € £, t € F and £ & F = R".
Of course, such spaces are not available to the statisticians in practice and, when we handle additive models in
Section 4, we will not suppose that they are known. Let P,, be the projection onto F along F', we derive from
(4) the following regression framework

Y =P,Z =5+ 0P,¢ (8)

where Y = (Y3,...,Y,) belongs to E = Im(P,) C R".

The framework (8) is similar to the classical signal-plus-noise regression framework but the data are not
independent and their variances are not equal. Because of this uncommonness of the variances of the observa-
tions, we qualify (8) as an heteroscedastic framework. The object of this paper is to estimate the component s
and we handle (8) to this end. The particular case of P, equal to the unit matrix has been widely treated in the
literature (see, for example, [10] for (Hgay) and [1] for (Hnom)). The case of an unknown but diagonal matrix
P, has been studied in several papers for the Gaussian case (see, for example, [16] and [17]). By using cross-
validation and resampling penalties, Arlot and Massart [3] and Arlot [2] have also considered the framework
(8) with unknown diagonal matrix P,. Laurent, Loubes and Marteau [21] deal with a known diagonal matrix
P, for studying testing procedure in an inverse problem framework. The general case of a known non-diagonal
matrix P, naturally appears in applied fields as, for example, genomic studies (see Chapters 4 and 5 of [33]).

The results that we introduce in the sequel consider the framework (8) from a general outlook and we do not
make any prior hypothesis on P,. In particular, we do not suppose that P, is invertible. We only assume that
it is a projector when we handle the problem of component estimation in an additive framework in Section 4.
Without loss of generality, we always admit that s € Im(F,,). Indeed, if s does not belong to Im(P,), it suffices
to consider the orthogonal projection 7p, onto Im(P, )+ and to notice that 7p, Y = 7p,_ s is not random. Thus,
replacing Y by Y — 7p, Y leads to (8) with a mean lying in Im(P,,). For general matrix P,, other approaches
could be used. However, for the sake of legibility, we consider s € Im(P,) because, for the estimation of a
component in an additive framework, by construction, we always have Y = P, Z € Im(FP,,) as it will be specified
in Section 4.

We now describe our estimation procedure in details. For any z € R", we define the least-squares contrast by

n

(@) =Y =2l = 23 (%22

=0

Let us consider a collection of linear subspaces of Im(P,,) denoted by F = {S,,, m € M} where M is a finite or
countable index set. Hereafter, the S,,’s will be called the models. Denoting by m,, the orthogonal projection
onto Sy, the minimum of ~,, over S,, is achieved at a single point §,, = 7,,,Y called the least-squares estimator
of s in S,,. Note that the expectation of §,, is equal to the orthogonal projection s,, = m,s of s onto S,,,. We
have the following identity for the quadratic risks of the §,,’s,

Proposition 1.1. Let m € M, the least-squares estimator §,, = 7Y of s in S,, satisfies

T tPn mPn
E[ls — 4m]2] = [ls — 5|2 + L0 ) 2
n

where Tr() is the trace operator.
Proof. By orthogonality, we have

Is = 3mlln = lIs = smll7 + o[l Paell7 - (10)
Because the components of € are independent and centered with unit variance, we easily compute

Tr( Py Pr)
- )

E [||7TmPn5H?z] =



We conclude by taking the expectation on both side of (10). O

A “good” estimator is such that its quadratic risk is small. The decomposition given by (9) shows that this
risk is a sum of two non-negative terms that can be interpreted as follows. The first one, called bias term,
corresponds to the capacity of the model S, to approximate the true value of s. The second, called variance
term, is proportional to Tr(!P,m,, P,) and measures, in a certain sense, the complexity of S,,. If S,, = Ru,
for some u € R™, then the variance term is small but the bias term is as large as s is far from the too simple
model S,,. Conversely, if S, is a “huge” model, whole R"™ for instance, the bias is null but the price is a great
variance term. Thus, (9) illustrates why choosing a “good” model amounts to finding a trade-off between bias
and variance terms.

Clearly, the choice of a model that minimizes the risk (9) depends on the unknown vector s and makes good
models unavailable to the statisticians. So, we need a data-driven procedure to select an index m € M such
that E[||s — §,]|2] is close to the smaller L?-risk among the collection of estimators {3,,, m € M}, namely

N _ s 12
R(s,7) = it E[lls = 5nll2]

To choose such a m, a classical way in model selection consists in minimizing an empirical penalized criterion
stochastically close to the risk. Given a penalty function pen : M — R, we define /m as any minimizer over M
of the penalized least-squares criterion

1 € argmin {7, (3) + pen(m)} . (11)

meM

This way, we select a model Sy, and we have at our disposal the penalized least-squares estimator s = §z. Note
that, by definition, the estimator § satisfies

Vm € M, v,(5) + pen(m) < v, (8m) + pen(m) . (12)

To study the performances of s, we have in mind to upperbound its quadratic risk. To this end, we establish
inequalities of the form

R
E[lls—52] <C inf {||s— sml? - 1
s =3l] < € inf {lls = smllz +pen(m)} + — (13)

where C' and R are numerical terms that do not depend on n. Note that if the penalty is proportional to
Tr(*P, 7 P,)o? /n, then the quantity involved in the infimum is of order of the L2-risk of §,,. Consequently,
under suitable assumptions, such inequalities allow us to deduce upperbounds of order of the minimal risk
among the collection of estimators {§,,, m € M}. This result is known as an oracle inequality

~112 _ . 2 2
E [|ls = 512) < CR(s, ) = C inf E[lls = 2] - (14)

This kind of procedure is not new and the first results in estimation by penalized criterion are due to Akaike [1]
and Mallows [25] in the early seventies. Since these works, model selection has known an important development
and it would be beyond the scope of this paper to make an exhaustive historical review of the domain. We refer
to the first chapters of [28] for a more general introduction.

Nonasymptotic model selection approach for estimating components in an additive model was studied in few
papers only. Considering penalties that are linear in the dimension of the models, Baraud, Comte and Viennet [6]
have obtained general results for geometrically S-mixing regression models. Applying it to the particular case of
additive models, they estimate the whole regression function. They obtain nonasymptotic upperbounds similar
to (13) on condition £ admits a moment of order larger than 6. For additive regression on a random design and
alike penalties, Baraud [5] proved oracle inequalities for estimators of the whole regression function constructed
with polynomial collections of models and a noise that admits a moment of order 4. Recently, Brunel and
Comte [13] have obtained results with the same flavor for the estimation of the regression function in a censored



additive model and a noise admitting a moment of order larger than 8. Pursuant to this work, Brunel and
Comte [14] have also proposed a nonasymptotic iterative method to achieve the same goal. Combining ideas

from sparse linear modeling and additive regression, Ravikumar et al. [32] have recently developed a data-driven
procedure, called SpAM, for estimating a sparse high-dimensional regression function. Some of their empirical
results have been proved by Meier, van de Geer and Biithlmann [29] in the case of a sub-Gaussian noise and

some sparsity-smoothness penalty.

The methods that we use are similar to the ones of Baraud, Comte and Viennet and are inspired from [4].
The main contribution of this paper is the generalization of the results of [1] and [6] to the framework (8) with a
known matrix P,, under Gaussian hypothesis or only moment condition on the noise terms. Taking into account
the correlations between the observations in the procedure leads us to deal with penalties that are not linear
in the dimension of the models. Such a consideration naturally arises in heteroscedastic framework. Indeed, as
mentioned in [2], at least from an asymptotic point of view, considering penalties linear in the dimension of the
models in an heteroscedastic framework does not lead to oracle inequalities for §. For our penalized procedure
and under mild assumptions on F, we prove oracle inequalities under Gaussian hypothesis on the noise or only
under some moment condition.

Moreover, we introduce a nonasymptotic procedure to estimate one component in an additive framework.
Indeed, the works cited above are all connected to the estimation of the whole regression function by estimating
simultaneously all of its components. Since these components are each treated in the same way, their procedures
can not focus on the properties of one of them. In the procedure that we propose, we can be sharper, from the
point of view of the bias term, by using more models to estimate a particular component. This allows us to
deduce uniform convergence rates over Holderian balls and adaptivity of our estimators. Up to the best of our
knowledge, our results in nonasymptotic estimation of a nonparametric component in an additive regression
model are new.

The paper is organized as follows. In Section 2, we study the properties of the estimation procedure under
the hypotheses (Hgau) and (Hyom) with a known variance factor o2. As a consequence, we deduce oracle
inequalities and we discuss about the size of the collection F. The case of unknown o2 is presented in Section
3 and the results of the previous section are extended to this situation. In Section 4, we apply these results
to the particular case of the additive models and, in the next section, we give uniform convergence rates for
our estimators over Holderian balls. Finally, in Section 6, we illustrate the performances of our estimators in

practice by a simulation study. The last sections are devoted to the proofs and to some technical lemmas.

Notations: in the sequel, for any = = (z1,...,2,)", ¥y = (y1,...,yn) € R™, we define
2|2 = Zx and (x,y)n leyl .
We denote by p the spectral norm on the set M, of the n x n real matrices as the norm induced by | - ||,

A
VAEM,, p(d)= sup A2l
zeR™\{0} ([

For more details about the properties of p, see Chapter 5 of [20].

2. MAIN RESULTS

Throughout this section, we deal with the statistical framework given by (8) with s € Im(P,,) and we assume
that the variance factor o2 is known. Moreover, in the sequel of this paper, for any d € N, we define Ny as the
number of models of dimension d in F,

Ng=Card{m e M : dim(S,,) =d} .



We first introduce general model selection theorems under hypotheses (Hgau) and (Hyom)-

Theorem 2.1. Assume that (Hgau) holds and consider a collection of nonnegative numbers {L,,,m € M}.
Let 0 > 0, if the penalty function is such that

o? for allme M , (15)

t
pen(m) > (146 + Lm)w

then the penalized least-squares estimator § given by (11) satisfies

TT'( tPnTrmPn)O_Q} + p2(Pn)CT2

E[|ls—3[7] <C inf — smll: -
s =312) < € inf {lls = 502+ penm) - L5

where we have set

R,(0)=C' Z exp

meM
and C > 1 and C',C"” > 0 are constants that only depend on 0.

(_C”Lm Tr( tinmPn))
P2(Pn)

If the errors are not supposed to be Gaussian but only to satisfy the moment condition (Hpniom ), the following
upperbound on the g-th moment of ||s — 3||2 holds.

Theorem 2.2. Assume that (Hyom) holds and take ¢ > 0 such that 2(q + 1) < p. Consider 8 > 0 and some
collection {L,, m € M} of positive weights. If the penalty function is such that

o? for allm e M | (17)

Tr( P, P,
pen(m) > (1460 + Lm)w

then the penalized least-squares estimator § given by (11) satisfies
o
7Rn(p7q59)1/q (18)

E[lls =512 < C int {|ls = sumll2 + pen(m)} +

where we have set R, (p,q,0) equal to

TT( tPnT"mPn) Lm Tr( tPnﬂ'mPn) q—p/2
C'ty | No + Z (1 +— 2
MEM:Sm#{0} o Fn) P

and C = C(q,0), C' = C'(p,q,0) are positive constants.

The proofs of these theorems give explicit values for the constants C' that appear in the upperbounds. In
both cases, these constants go to infinity as 6 tends to 0 or increases toward infinity. In practice, it does neither
seem reasonable to choose 6 close to 0 nor very large. Thus this explosive behavior is not restrictive but we still
have to choose a “good” . The values for 8 suggested by the proofs are around the unity but we make no claim
of optimality. Indeed, this is a hard problem to determine an optimal choice for 8 from theoretical computations
since it could depend on all the parameters and on the choice of the collection of models. In order to calibrate
it in practice, several solutions are conceivable. We can use a simulation study, deal with cross-validation or try
to adapt the slope heuristics described in [11] to our procedure.

For penalties of order of Tr('P,m,,P,)o?/n, Inequalities (16) and (18) are not far from being oracle. Let
us denote by R,, the remainder term R, () or R,(p,q,0) according to whether (Hgau) or (Hnom) holds. To
deduce oracle inequalities from that, we need some additional hypotheses as the following ones:



(A1) there exists some universal constant ¢ > 0 such that

Tr( P, Pp)
n

pen(m) < ¢ o?, forallm e M |

(A3) there exists some constant R > 0 such that

sup R, < R,
n=1

(A3) there exists some constant p > 1 such that
2

sup p*(P,) < p
n>1

Thus, under the hypotheses of Theorem 2.1 and these three assumptions, we deduce from (16) that

_|_

_ ) Tr( P, 7 Py, Rp?0?
E (s - 512] < © uf, {ls = sl + TPl gy T

n

where C is a constant that does not depend on s, 0% and n. By Proposition 1.1, this inequality corresponds to
(14) up to some additive term. To derive similar inequality from (18), we need on top of that to assume that
p > 4 in order to be able to take ¢ = 1.

Assumption (Ajz) is subtle and strongly depends on the nature of P,. The case of oblique projector that we
use to estimate a component in an additive framework will be discussed in Section 4. Let us replace it, for the
moment, by the following one

(A%) there exists ¢ € (0,1) that does not depend on n such that
cp*(P,) dim(S,,) < Tr(‘PummPy) -
By the properties of the norm p, note that Tr( ‘P, m,, P,) always admits an upperbound with the same flavor

Tr( Py Pr) Tr (7 P (7 Pr))

p(ﬂ—mPn t(men))rk(WmPn t(ﬂmpn))
P2 (T P )Tk (1)
p*(P,) dim(S,,) .

INCININ

In all our results, the quantity Tr('P,m,,P,) stands for a dimensional term relative to S,,. Hypothesis (A%)
formalizes that by assuming that its order is the dimension of the model S;, up to the norm of the covariance
matrix ‘P, P,.

Let us now discuss about the assumptions (A;) and (Az). They are connected and they raise the impact
of the complexity of the collection F on the estimation procedure. Typically, condition (Az) will be fulfilled
under (A;) when F is not too “large”, that is, when the collection does not contain too many models with the
same dimension. We illustrate this phenomenon by the two following corollaries.

Corollary 2.3. Assume that (Hgau) and (A%) hold and consider some finite A > 0 such that

log N,
sup MSA. (19)

deN:iNg>0



Let L, 0 and w be some positive numbers that satisfy

2(1+6)3

L>
ch?

(A+w) .
Then, the estimator § obtained from (11) with penalty function given by
Tr(*P, 7w Py
pen(m) = (1+6+ L)wa2
n

1s such that

Tr(*P, 7t Py) V (cp*(P
E[|s—3)2] <C ig%{||s—sm|i+(L\/1) (1P, nT)L (ep?( n))o_z}

where C > 1 only depends on 0, w and c.
For errors that only satisfy moment condition, we have the following similar result.
Corollary 2.4. Assume that (Hyom) and (A%3) hold with p > 6 and let A > 0 and w > 0 such that

Ny
N < 1 and su A g A ”
0 d>0:]\¥;>0 (1 + d)p/2—3—w ( )

Consider some positive numbers L, 0 and w' that satisfy
L > o' A% (=2 ,
then, the estimator § obtained from (11) with penalty function given by

Tr( P, P,
pen(m) = (1+60+ L)WO’Q

1s such that

Tr(*Pymm Pp) V (cp?(Py)) 2}

Bl 512) < €, inf, {Is sl + (2D .

where C > 1 only depends on 0, p, w, W' and c.

Note that the assumption (Aj) guarantees that Tr( P, 7, P,) is not smaller than cp?(P,) dim(S,,) and, at
least for the models with positive dimension, this implies Tr(*P, 7, P,) > cp*(P,). Consequently, up to the
factor L, the upperbounds of E [||s — §||2] given by Corollaries 2.3 and 2.4 are of order of the minimal risk
R(s,F). To deduce oracle inequalities for § from that, (A1) needs to be fulfilled. In other terms, we need to
be able to consider some L independently from the size n of the data. It will be the case if the same is true for
the bounds A.

Let us assume that the collection F is small in the sense that, for any d € N, the number of models Ny is
bounded by some constant term that neither depends on n nor d. Typically, collections of nested models satisfy
that. In this case, we are free to take L equal to some universal constant. So, (A1) is true for ( = 1+6+ L and
oracle inequalities can be deduced for §. Conversely, a large collection F is such that there are many models
with the same dimension. We consider that this situation happens, for example, when the order of A is logn.
In such a case, we need to choose L of order logn too and the upperbounds on the risk of § become oracle type
inequalities up to some logarithmic factor. However, we know that in some situations, this factor can not be
avoided as in the complete variable selection problem with Gaussian errors (see Chapter 4 of [27]).

As a consequence, the same model selection procedure allows us to deduce oracle type inequalities under
(Hgau) and (Hpyom). Nevertheless, the assumption on Ny in Corollary 2.4 is more restrictive than the one
in Corollary 2.3. Indeed, to obtain an oracle inequality in the Gaussian case, the quantity Ny is limited by
e while the bound is only polynomial in d under moment condition. Thus, the Gaussian assumption (Hgau)
allows to obtain oracle inequalities for more general collections of models.
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3. ESTIMATION WHEN VARIANCE IS UNKNOWN

In contrast with Section 2, the variance factor o2 is here assumed to be unknown in (8). Since the penalties
given by Theorems 2.1 and 2.2 depend on ¢2, the procedure introduced in the previous section does not remain
available to the statisticians. Thus, we need to estimate o2 in order to replace it in the penalty functions. The
results of this section give upperbounds for the L2-risk of the estimators § constructed in such a way.

To estimate the variance factor, we use a residual least-squares estimator 42 that we define as follows. Let
V be some linear subspace of Im(P,) such that

Te('PyrPy) < Te('PoPy) /2 (21)

where 7 is the orthogonal projection onto V. We define

52 n”Y_?TYH?I (22)
Tr (P (I, — m)Py,)
First, we assume that the errors are Gaussian. The following result holds.
Theorem 3.1. Assume that (Hgau) holds. For any 6 > 0, we define the penalty function
Tr(*P, Py
Ym e M, pen(m) = (1+ O)M&Q : (23)

Then, for some positive constants C, C' and C" that only depend on 0, the penalized least-squares estimator §
satisfies

QPn 2
B (I - 512) < € ( inf B [1s — 2] + s = msl ) + L7 R, 0) (24)

where we have set

Ra(0) =C'

meM

If the errors are only assumed to satisfy a moment condition, we have the following theorem.

Theorem 3.2. Assume that (Hniom) holds. Let 6 > 0, we consider the penalty function defined by

Tr( Py Pp)

Ym e M, pen(m) = (1+0) 52 . (25)

For any 0 < g < 1 such that 2(q + 1) < p, the penalized least-squares estimator § satisfies
Ells - 33" < C ( inf E[l|s — 8ml2] +2lls - 7rSlli) +p*(Pa)o”Ru(p, q.9)
me

where C = C(q,0) and C' = C'(p, q,0) are positive constants, R, (p,q,0) is equal to

o 1/q—2
Ro(p.a:0)"" | cvga, (sl Y (o) N
n P p2(Py)o? P Tr(tP, P,,)Pr

with Ry (p,q,0) defined as in Theorem 2.2, (kn)nen = (kn(D,q,0))nen is a sequence of positive numbers that
tends to k = k(p,q,0) > 0 as Tr('P,P,)/p*(P,) increases toward infinity and

ap=(p/2—1)V1and B,={p/2-1)A1.
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Penalties given by (23) and (25) are random and allow to construct estimators § when o2 is unknown. This
approach leads to theoretical upperbounds for the risk of 5. Note that we use some generic model V' to construct
&2. This space is quite arbitrary and is pretty much limited to be an half-space of Im(P,). The idea is that
taking V as some “large” space can lead to a good approximation of the true s and, thus, ¥ — 7Y is not
far from being centered and its normalized norm is of order o2. However, in practice, it is known that the
estimator 62 inclined to overestimate the true value of o2 as illustrated by Lemmas 8.4 and 8.5. Consequently,
the penalty function tends to be larger and the procedure overpenalizes models with high dimension. To offset
this phenomenon, a practical solution could be to choose some smaller # when ¢2 is unknown than when it is

known as we discuss in Section 6.

4. APPLICATION TO ADDITIVE MODELS

In this section, we focus on the framework (4) given by an additive model. To describe the procedure to
estimate the component s, we assume that the variance factor o2 is known but it can be easily generalized
to the unknown factor case by considering the results of Section 3. We recall that s € L3([0,1],v), t/ €
L3([0,1],v5), j=1,...,K, and we observe

Zi:Si-Fti-FO'Ei,Z.:].,...,TL, (26)

where the random vector € = (g1, ..., &) is such that (Hgau) or (Hnmom ) holds and the vectors s = (s1,...,$,)’
and ¢t = (t1,...,t,) are defined in (7).
Let S,, be a linear subspace of L3([0, 1], ) and, for all j € {1,..., K}, 8 be a linear subspace of L3([0, 1], v;).

We assume that these spaces have finite dimensions D,, = dim(S,,) and DY) = dim(S}) such that
Dy +DM ...+ DF) <y

We consider an orthonormal basis {¢1,...,¢p, } (resp. {1&9), ... ,w(Dj()j>}) of S, (resp. &7) equipped with the
usual scalar product of L2([0, 1], ) (resp. of L2([0,1],v;)). The linear spans E, F1,..., FX C R™ are defined by

E= Span{(¢i($l)v' : 'ad)i(xn))/a i=1,.. aDn}

and

Fi :Span{( (j)(y{)7...7 .(j)(g/fl))’7 i:l,...,Dflj)}, ji=1,...,K .

K2

Let 1, = (1,...,1) € R™, we also define
F:R17L+F1++FK

where R1,, is added to the F7’s in order to take into account the constant part u of (4). Furthermore, note that
the sum defining the space F' does not need to be direct.

We are free to choose the functions ¢;’s and ¢!’s. In the sequel, we assume that these functions are chosen
in such a way that the mild assumption EN F = {0} is fulfilled. Note that we do not assume that s belongs to
E neither that t belongs to F. Let G be the space (E+ F)*, we obviously have E® F @G = R" and we denote
by P, the projection onto E along F' 4+ G. Moreover, we define mg and mp, ¢ as the orthogonal projections onto
E and F + G respectively. Thus, we derive the following framework from (26),

Y=P,Z=5+0P,¢ (27)
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where we have set

5 = P,s+ Pt
= s+ (P,—1I,)s+ Pt
= s+ (P,—I,)(s—7gs)+ P.(t —mrigt) =s+h .

Let F = {S;,, m € M} be a finite collection of linear subspaces of E, we apply the procedure described in
Section 2 to Y given by (27), that is, we choose an index 7 € M as a minimizer of (11) with a penalty function
satisfying the hypotheses of Theorems 2.1 or 2.2 according to whether (Hgau) or (Hyom) holds. This way,
we estimate s by §. From the triangular inequality, we derive that

Ellls — 3lI7] < 2E[||5 — 3[I2] + 2[|A]l7 -

As we discussed previously, under suitable assumptions on the complexity of the collection F, we can assume
that (A;) and (Az) are fulfilled. Let us suppose for the moment that (As) is satisfied for some p > 1. Note that,
for any m € M, m,, is an orthogonal projection onto the image set of the oblique projection P,. Consequently,
we have Tr( ‘P, 7, P,) > tk(m,,) = dim(S,,) and Assumption (As) implies (A%) with ¢ = 1/p?. Since, for all
m e M,
15 — mm8lln < I8 = Tmslln + |h — mmhl[n < [Is — Tmsln + [|B]l7

we deduce from Theorems 2.1 or 2.2 that we can find, independently from s and n, two positive numbers C and
C’ such that

T tpn mPn 2 2
Ellls — 32] < C inf {ns ]2+ r(“)a?} e (hHi n ’”R) . (28)
meM n n

To derive an interesting upperbound on the L2-risk of §, we need to control the remainder term. Because p(-)
is a norm on M,,, we dominate the norm of h by

L pIn — Po)|ls — mslln + p(Po)|lt — mrictln

<
< (4 pPo))(ls = 7Bslln + It = mriatln)
< A+p)ls = 7mesln + It = 7riatln) -

Note that, for any m € M, S,, C FE and so, ||s — 7gs||n < ||$ — mms||n. Thus, Inequality (28) leads to

Tr( Py Pr)
n

N . o?
Blls = 521 < 1+ ) inf, s~ w2 + o} Ot o (= mesctli + T R) - (29

The space F' + G has to be seen as a large approximation space. So, under a reasonable assumption on the

regularity of the component ¢, the quantity ||t — 7. gt||? could be regarded as being neglectable. It mainly
remains to understand the order of the multiplicative factor (1 + p)2.

Thus, we now discuss about the norm p(P,) and the assumption (A3). This quantity depends on the design
points (x;, 4}, ...,yX) € [0,1]5F! and on how we construct the spaces E and F, i.e. on the choice of the basis
functions ¢; and 1/12(] ). Hereafter, the design points (zi,y},...,yX) will be assumed to be known independent
realizations of a random variable on [0, 1]%*! with distribution ¥ ® 1) ® - -+ ® vg. We also assume that these
points are independent of the noise € and we proceed conditionally to them. To discuss about the probability
for (A3) to occur, we introduce some notations. We denote by D, the integer

D, =1+DWY ...+ DI
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and we have dim(F) < D/,. Let A be a p x p real matrix, we define

P p p
rp(A) = sup ZZ la;a;| x |Ai;| - Zaf <1
i=1

i=1 j=1

Moreover, we define the matrices V(¢) and B(¢) by

Vij(ﬁb):\//o ¢i(x)%¢;j(x)?v(dx) and Bij(¢) = sup |¢i(x)¢;(x)| ,

z€[0,1]

for any 1 < i,j < D,. Finally, we introduce the quantities

Ly =max {1} (V(9)), rp, (B(8)} and by= max  sup |¢:(x)]
t=1,..,Dn z¢l0,1]

and
L, :maX{L¢, D.D.,. bdﬂ/nDnD;L} .

Proposition 4.1. Consider the matriz P, defined in (27). We assume that the design points are independent
realizations of a random variable on [0, )51 with distribution v @ v, ® - - - @ vk such that we have ENF = {0}
and dim(E) = D,, almost surely. If the basis {¢1,...,¢p, } is such that

1
V1l <i< D, / oi(x)v(dx) =0 (30)
0
then, there exists some universal constant C' > 0 such that, for any p > 1,

P(p(P,) > p) < 4D,,(D,, + D)) exp (—in(l — p1)2) :

As a consequence of Proposition 4.1, we see that (As) is fulfilled with a large probability since we choose
basis functions ¢; in such a way to keep L, small in front of n. It will be so for localized bases (piecewise
polynomials, orthonormal wavelets, ...) with L, of order of n!=%, for some w € (0,1), once we consider D,
and D!, of order of n3~% (this is a direct consequence of Lemma 1 in [3]). This limitation, mainly due to the
generality of the proposition, could seem restrictive from a practical point of view. However the statistician can
explicitly compute p(P,,) with the data. Thus, it is possible to adjust D,, and D;L in order to keep p(P,) small
in practice. Moreover, we will see in Section 6 that, for our choices of ¢; and v, we can easily consider D,, and
D), of order of \/n as we keep p(P,) small (concrete values are given in the simulation study).

5. CONVERGENCE RATES

The previous sections have introduced various upperbounds on the L2-risk of the penalized least-squares
estimators 5. Each of them is connected to the minimal risk of the estimators among a collection {§,,, m € M}.
One of the main advantages of such inequalities is that it allows us to derive uniform convergence rates with
respect to many well known classes of smoothness (see [7]). In this section, we give such results over Holderian
balls for the estimation of a component in an additive framework. To this end, for any a > 0 and R > 0, we
introduce the space Ho(R) of the a-Holderian functions with constant R > 0 on [0, 1],

Ha(R) ={f:[0,1] = R : Va,y € [0,1], [f(z) = f(y)| < Rlz —y["} .
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In order to derive such convergence rates, we need a collection of models F with good approximation proper-
ties for the functions of H,(R). We denote by P2 any oblique projector defined as in the previous section and
based on spaces S,, and S} that are constructed as one of the examples given in Section 2 of [9]. In particular,
such a construction allows us to deal with approximation spaces S,, and &7 that can be considered as spaces
of piecewise polynomials, spaces of orthogonal wavelet expansions or spaces of dyadic splines on [0,1]. We
consider the dimensions D,, = dim(S,,) and, for any j € {1,..., K}, DY) = dim(S}) = D,,/K. Finally, we take
a collection of models FBM that contains subspaces of E = Im(PPM) as Baraud did in Section 2.2 of [7].

Proposition 5.1. Consider the framework (4) and assume that (Hgau) or (HMmom) holds with p > 6. We
define Y in (27) with PPM . Let n > 0 and 3 be the estimator selected by the procedure (11) applied to the
collection of models FBM with the penalty

T tPBM PBM
pen(m) = (14 ) Lo T Pa ) 52
n

Suppose that (As) is fulfilled, we define

1/ logn
n = — - 1 O .
‘ 2 (IOgDn ) g

For any o > (,, and R > 0, the penalized least-squares estimator § satisfies

sup E,, [HS _ 5”3] < Can72a/(2a+l) (31)
(41, tK)EHG(R)KHT

where E. 4 is the expectation on € and on the random design points and C, > 1 only depends on «, p, 02, K,

L, 0 and p (under (Hntom) only).

Note that the supremum is taken over Holderian balls for all the components of the regression function, i.e.
the regression function is itself supposed to belong to an Holderian space. As we mention in the introduction,
Stone [37] has proved that the rate of convergence given by (31) is optimal in the minimax sense.

6. SIMULATION STUDY

In this section, we study simulations based on the framework given by (4) with K +1 components s, !, ... %
and Gaussian errors. First, we introduce the spaces S, and S7, j € {1,..., K}, and the collections of models

that we handle. Next, we illustrate the performances of the estimators in practice by several examples.

6.1. Preliminaries

To perform the simulation study, we consider two collections of models. In both cases, we deal with the same
spaces S, and S; defined as follows. Let ¢ be the Haar wavelet’s mother function,

1 ifo<z<1/2,
Ve eR, pol)=<¢ —1 ifl/2<z<1,
0 otherwise.
For any i € N and j € {0,...,2" — 1}, we introduce the functions

i j(x) =222z — j), €R .

It is clear that these functions are orthonormal in L2([0, 1], dz) for the usual scalar product. Let d,, be some
positive integer, we consider the space S,, C L2([0,1],dz) generated by the functions ¢, ; such that 0 <4 < d,
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and 0 < j < 2°. The dimension of this space is dim(S,,) = D,, = 2%+ — 1. In the sequel, we denote by II,, the
set of all the allowed pairs (3, j),

Hn:{(i,j)ENQsuchthatogigdn7 0§j<2i} .

Moreover, for any k € {1,...,D,} such that k = 2° + j with (i, ) € II,,, we denote ¢}, = ; ;.
Let d/, be an other positive integer, the spaces S C L2(]0,1],dy’) are all supposed to be generated by the
functions defined on [0, 1] by
Yai(y) = §)(y) =sin(imy) and  wnii(y) = §L1(y) = cos(imy)
for any i € {1,...,d.} and j € {1,..., K}. Thus, we have dim(8}) = DY’ = 2d’, and D/, = 2Kd’, + 1.
As previously, we define P, as the oblique projector onto E along F + (E + F)*. The image set E = Im(P,)
is generated by the vectors

@ij = (gij(®1),...,0ij(®,)) €R", (i,7) €I, .

Let m be a subset of IL,,, the model S,, is defined as the linear subspace of £ generated by the vectors ¢; ; with
(i,5) € m.
In the following simulations, we always take D,, and D!, close to 4y/n, i.e.

where, for any € R, |z] denotes the largest integer not greater than x. For such choices, basic computations
lead to L, of order of n®/* in Proposition 4.1. As a consequence, this proposition does not ensure that (As)
is fulfilled with a large probability. However, p(P,) remains small in practice as we will see and it allows us to
deal with larger collections of models.

6.2. Collections of models

The first collection of models is the smaller one because the models are nested. Let us introduce the index
subsets, for any i € {0,...,d,}, ‘
m; = {(i,j), 0<j<2'} CIl, .
Thus, we define FV as

k

FN = {Sm such that 3k € {0,...,d,}, m= Uml} .
i=0
This collection has a small complexity since, for any d € N, Nj < 1. According to Corollary 2.3, we can consider
the penalty function given by

Tr(PymmPn) o
— 0

n

peny(m) = (14 C) (32)

for some C' > 0. In order to compute the selected estimator 5, we simply compute 5,, in each model of FV and
we take the one that minimizes the penalized least-squares criterion.
The second collection of models is larger than FV. Indeed, we allow m to be any subset of II,, and we
introduce
FY ={8S,, such that m C II,,} .

The complexity of this collection is large because, for any d € N,

D, D,! eD, d
= = < .
Na (d) d!(Dnd)!\< d )
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So, we have log Ny < d(1 + log D,,) and, according to Corollary 2.3, we take a penalty function as

Tr( P, P,
peng(m) = (14 C + log Dy) L ETmPn) o

(33)
for some C' > 0. The large number of models in F¢ leads to difficulties for computing the estimator 3. Instead

of exploring all the models among F€, we break the penalized criterion down with respect to an orthonormal
basis ¢1,...,¢p, of E and we get

D
a Tr( P, mgP,
Y-S V6t + (HOHogDJWU2
=1 n
Dy,

= Y2 =D [(Vi6)% — (1 + C +log D) 'Pussil20®]

=1

In order to minimize the penalized least-squares criterion, we only need to keep the coefficients (Y, ¢;),, that
are such that

(Y, ¢:)7 = (14 C +log Dn)|| Puctil70” -
This threshold procedure allows us to compute the estimator s in reasonable time.

In accordance with the results of Section 3, in the case of unknown variance, we substitute 62 for ¢2 in the
penalties (32) and (33).

6.3. Numerical simulations

We now illustrate our results and the performances of our estimation procedure by applying it to simulated
data

K
Zi=s(z)+ Y t(yl)+oe, i=1,...,n,
j=1

where K > 1 is an integer that will vary from an experiment to an other, the design points (x;,y},...,yX) are
known independent realizations of an uniform random variable on [0, 1]%+! and the errors ¢; are i.i.d. standard
Gaussian random variables. We handle this framework with known or unknown variance factor o2 = 1 according
to the cases and we consider a design of size n = 512. The unknown components s,t!,...,t% are either chosen
among the following ones, or set to zero in the last subsection,

fi(z) = sin <47r <x A ;)) f2(z) = cos <2w (as - i>2> —Cy  fa(z) =z + 2exp(—1622) — Cs

1 —exp(—10(x — 1/2))
1+ exp(—10(z — 1/2))

fa(x) = sin(2z) + 2exp(—1622%) — Cy  f5(z) fo(x) =6x(1—2)—1

where the constants Cy, C3 and Cy are such that f; € L2([0,1],dz) for any i € {1,...,6}.

The first step of the procedure consists in computing the oblique projector P, and taking the data Y = P, Z.
Figure 1 gives an example by representing the signal s, the data Z and the projected data Y for K =6, s = f
and t/ = f;, j € {1,...,6}. In particular, for this example, we have p*(P,) = 1.22. We see that we actually get
reasonable value of p?(P,) with our particular choices for D,, and DJ,.

In order to estimate the component s, we choose 1 by the procedure (11) with penalty function given by
(32) or (33) according to the cases. The first simulations deal with the collection F» of nested models. Figure
2 represents the true s and the estimator 35 for K = 6 parasitic components given by t/ = fi»je{l,...,6} and
s = f1 or s = f5. The penalty function (32) has been used with a constant C' = 1.5.
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FIGURE 1. Plot in (z, z) of the signal s (dashed line), the data Z (dots) and the projected data
Y (plain line).

The second set of simulations is related to the large collection F¢ and to the penalty function (33) with
C = 4.5. Figure 3 illustrates the estimation of s = f; and s = f, with K = 6 parasitic components ¢/ = f;, j €
{1,...,6}.

In both cases, we see that the estimation procedure behaves well and that the norms p(P,) are close to
one in spite of the presence of the parasitic components. Moreover, note that the collection F¢ allows to get
estimators that are sharper because they detect constant parts of s. This advantage leads to a better bias term
in the quadratic risk decomposition at the price of the logarithmic term in the penalty (33).

6.4. Ratio estimation

In Section 4, we discussed about assumptions that ensure a small remainder term in Inequality (29). This
result corresponds to some oracle type inequality for our estimation procedure of a component in an additive
framework. We want to evaluate how far E [||s — 5||2] is from the oracle risk. Thus, we estimate the ratio

E [|ls — 31I7]

Tr( Py Py
inf {||s—sm||i+(7r)o2}
meM n

TK(g) =

by repeating 500 times each experiment for various values of K and C. For each set of simulations, the parasitic
components are taken such that t/ = f;, j € {1,..., K}, the values of p(P,) are given and the variance o2 is
either assumed to be known or not.

Table 1 (resp. Table 2) gives the values of rk(8) obtained for s = f; (resp. s = f5) with the collection
FN and the penalty (32). We clearly see that taking C' close to zero or too large is not a good thing for the
procedure. In our examples, C' = 1.5 give good results and we get reasonable values of r (§) for other choices
of C between 1 and 3 for known or unknown variance. As expected, we also note that the values of p(P,) and

ri(8) tend to increase when K goes up but remain acceptable for K € {1,...,6}.
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FIGURE 2. Estimation of s (dashed) by § (plain) with V¥, K =6 and t/ = f;, j € {1,...,6},
for s = f1 (left, p(P,) = 1.24) and for s = f5 (right, p(P,) = 1.25).

C 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
K =1, p(P) =128 9000 70 T34 (110 109 700|109 108 |05 108
K =2 p(P) = 123 | e o T T T 110 T 105 10909
K =3, p(P) = 128 | o e T T3 T T 110 Lo9 [ L00 | 108 108 [L08
K =4, p(P) = 125 |4 oo e e T TP T E70 T 100 T 100 T 108 108108
K =5, p(P) = 129 ey e o T3 T 1 o9 [ 108 { T08 | 08 [ Lo7
K =6, p(P) = 127 |3ty i o s o T3 T T T o 10 o9

TABLE 1. Ratio rx () for the estimation of s = f; with 7. Each pair of lines corresponds to
a value of K with the known o2 case on the first line and unknown o2 case on the second one.

In the same way, we estimate the ratio rx (3) for s = f; and s = fo with the collection 7 and the penalty
(33). The results are given in Table 3 and Table 4. We obtain reasonable values of r (§) for choices of C' larger
than what we took in the nested case. This phenomenon is related to what we mentioned at the end of Section
2. Indeed, for large collection of models, we need to overpenalize in order to keep the remainder term small
enough. Moreover, because 62 tends to overestimate o2 (see Section 3), we see that we can consider smaller
values for C' when the variance is unknown than when it is known for obtaining equivalent results.



05

0.0 -

-0.5 -

-1.0 -

05

0.0 -

=05 o

~1.0 4

-15 o

FIGURE 3. Estimation of s (dashed) by § (plain) with ¢, K =6 and t/ = f;, j € {1,...,6},

for s = f1 (left, p(P,) = 1.23) and for s = fy (right, p(P,) = 1.27).

C 00 | 05|10 |15 |20]| 25|30 |35 |40 | 45 | 50

4.08 11.52]1.22]1.20|1.27|1.35| 145|156 | 1.64|1.70 | 1.79

K =1, p(Pn) =1.28 344 | 158 | 1.36 | 1.26 | 1.30 | 1.37 | 1.45 | 1.55 | 1.64 | 1.72 | 1.81
4.07 166 | 1.28 | 1.26 | 1.32 | 1.40 | 1.49 | 1.57 | 1.66 | 1.74 | 1.82

K =2, p(P)=123 2291169 |1.36|1.32]1.36|1.44]1.53|1.60 ]| 1.65]|1.73 | 1.82
4.17 1165|136 |134|142| 150 1.60 | 1.67 | 1.77 | 1.89 | 2.01

K =3, p(Pn) =1.25 224|170 | 1.41 | 1.41 | 148 | 1.55|1.61|1.71|1.80| 1.92 | 2.01
— 4, p(P,) = 1.26 4421188143 1.34|1.36|145|153|161|1.69]|1.77 | 1.86

=% i) = 3.80 | 1.75 | 1.51 | 1.42 | 1.44 | 1.50 | 1.56 | 1.66 | 1.75 | 1.84 | 1.93
5, p(P,) = 1.26 45711821143 137|1.39|146| 153|160 | 1.67|1.76 | 1.83

= 9 PlEm) = 2 233 | 1.77 | 151 | 143144150 |1.54|1.64|1.74|1.82]|1.89

— 6, p(Py) = 1.27 498 1208159 |147|145|149| 157|166 | 1.77| 1.86 | 1.96

=% Pt = 2571191162 |1.52|154|1.57|1.65|1.73|1.84|1.93]2.02

TABLE 2. Ratio rx () for the estimation of s = f5 with 7. Each pair of lines corresponds to

a value of K with the known o“ case on the first line and unknown o

2

6.5. Parasitic components equal to zero

2

case on the second one.

19

We are now interested in the particular case of parasitic components #/ equal to zero in (4), i.e. data are

given by

Z; = s(x;) +oei, i=1,...

N
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C 00 | 05| 10| 15| 20]| 25| 30| 35|40 | 45 | 5.0
15641149144 |140| 136|133 | 131|130 |1.28|1.27 | 1.25

K =1, p(P) =1.27 150144 (139|135|132|130|1.28 |1.26 |1.25|1.24|1.23
1.60 {153 148 | 145|140 | 137|134 |1.32|1.29|1.28|1.26
15641148 142|138 |1.35| 132|129 |1.28|1.27|1.25|1.24
1.56 | 1.50 | 1.46 | 1.42 | 1.38 | 1.35 | 1.32 | 1.30 | 1.28 | 1.27 | 1.26
1.561 145|141 (137134131129 |1.27|1.25|1.24|1.23
1.61|154|148|142|1.39|1.36|1.34|1.31|1.29|1.28|1.27
151144 |140|1.36|1.32|1.31|1.28 |1.27|1.26|1.25|1.24
1.68 | 1.61|154|148 144|141 |137|1.34|1.32|1.30|1.28
1.56 149|143 |1.39|136| 131|129 |1.27|1.27|1.26 | 1.25
1.78 170 | 1.63 | 1.57 | 1.53 | 1.48 | 1.44 | 1.42 | 1.39 | 1.35 | 1.34
1.61 155|148 |144|140| 137|134 |1.32|1.30|1.28|1.28

K =2 p(P,) =125

K =3, p(P,) =125

K =4, p(P,) =125

K =5, p(P,) =1.25

K =6, p(P,) =124

TABLE 3. Ratio rx(3) for the estimation of s = f; with F¢. Each pair of lines corresponds to
a value of K with the known o2 case on the first line and unknown o2 case on the second one.

C 0.0 | 05|10 |15 |20]| 25| 30|35 |40 | 45 | 50
201192186 |1.80|1.76|1.74|1.70|1.70 | 1.68 | 1.67 | 1.68

K =1, p(P) =1.28 203193187 |1.81 |1.77|1.72|1.68|1.65|1.65|1.66 | 1.67
202|193 |18 |1.79|1.75|1.71 | 1.68 | 1.66 | 1.66 | 1.66 | 1.66
195|188 (182|178 |1.75|1.71|1.68|1.67|1.65|1.64 | 1.64
2.04 193|186 |1.81|1.76|1.71|1.68|1.64]|1.62]|1.62|1.62
1.96 | 1.87 {180 | 1.74]|1.68 | 1.66 | 1.63 | 1.63 | 1.61 | 1.62 | 1.62
212 {2.00 190 |1.81|1.73|1.67|1.64|1.62]|1.60 | 1.61|1.60
1991190 |180| 173|168 |1.65|1.62|1.60 |1.60 | 1.60 | 1.60
2471234223217 ]210]205]1.99|195|1.91|1.88 | 1.86
2301220211 |2.03]197 192|188 |1.83|1.82|1.80 | 1.80
24512321221 |211]2.03]1.99]1.95|191|1.89|1.86|1.84
2171206199194 ]1.89|1.85]184|180|1.79]|1.79 | 1.75

K =2 p(P,) =122

K =3, p(P,) =126

K =4, p(P,) = 1.25

K =5, p(P,) =124

K =6, p(P,) = 1.26

TABLE 4. Ratio rx(3) for the estimation of s = fy with F¢. Each pair of lines corresponds to
a value of K with the known o2 case on the first line and unknown o2 case on the second one.

If we know that these K components are zero and if we deal with the collection ¥ and a known variance o2,

we can consider the classical model selection procedure given by

di 'm
Mo € argmin {||Z —Tm 2|12 + Clm(S)Uz} . (34)
n

meM

Then, we can define the estimator 8y = my,2Z. This procedure is well known and we refer to [27] for more
details. If we do not know that the K parasitic components are null, we can use our procedure to estimate s by
5. In order to compare the performances of § and 5y with respect to the number K of zero parasitic components,
we estimate the ratio

Eflls = 3lla)

Ells — Soll7]

for various values of K and C by repeating 500 times each experiment.

ri(8,50) =
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The obtained results are given in Tables 5 and 6 for s = f; and s = f5 respectively. Obviously, the ratio
ri (8, 80) is always larger than one because the procedure (34) makes good use of its knowledge about nullity
of the #/. Nevertheless, we see that our procedure performs nearly as well as (34) even for a large number of
zero components. Indeed, for K € {1,...,9}, do not assuming that we know that the ¢/ are zero only implies
a loss between 1% and 10% for the risk. Such a loss remains acceptable in practice and allows us to consider
more general framework for estimating s.

C 0.0 | 05|10 | 15| 20| 25|30 |35 |40 | 45 | 50
K=1,pP,)=125|1.11|1.11 | 1.09 | 1.06 | 1.04 | 1.03 | 1.03 | 1.02 | 1.01 | 1.02 | 1.02
K=2 p(P,)=124|1.12|1.08 |1.08 | 1.06 | 1.04 | 1.03 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01
K =3, p(P,)=1.23|1.13|1.09 | 1.07 | 1.07 | 1.05 | 1.03 | 1.01 | 1.01 | 1.02 | 1.02 | 1.02
K =4, p(P,)=125|1.08|1.08|1.06 | 1.05 | 1.04 | 1.02 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01
K =5,p(P,)=1.24|1.10 | 1.05 | 1.06 | 1.06 | 1.03 | 1.02 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01
K =6, p(P,)=123|1.08|1.07|1.06 | 1.05 | 1.03 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01 | 1.01
K=17 p(P,)=123|1.11 |1.09 | 1.08 | 1.05 | 1.03 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01 | 1.01
K =8, p(P,)=122|1.09 | 1.06 | 1.08 | 1.05 | 1.04 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01 | 1.01
K=9, p(P,)=123|1.10 | 1.08 | 1.07 | 1.05 | 1.03 | 1.02 | 1.01 | 1.01 | 1.01 | 1.01 | 1.01

TABLE 5. Ratio rx(3,350) for the estimation of s = f; with FV.

C 00 | 05|10 | 15| 20| 25|30 |35 |40 | 45 | 50
K=1,p(P,)=125|1.08|1.09 | 1.07 | 1.07 | 1.09 | 1.09 | 1.08 | 1.07 | 1.06 | 1.09 | 1.07
K=2 p(P,)=125|1.09 | 1.05 | 1.08 | 1.09 | 1.09 | 1.08 | 1.08 | 1.08 | 1.06 | 1.06 | 1.05
K=3 pP,)=125|1.12|1.12 | 1.11 | 1.07 | 1.09 | 1.10 | 1.09 | 1.08 | 1.07 | 1.06 | 1.07
K=4, p(P,)=123|1.09 | 1.11 |1.08 | 1.10 | 1.10 | 1.09 | 1.07 | 1.06 | 1.07 | 1.06 | 1.07
K=5,p(P,)=1.24|1.10 | 1.08 | 1.09 | 1.09 | 1.09 | 1.06 | 1.06 | 1.06 | 1.07 | 1.07 | 1.05
K =6, p(P,) =1.22|1.08|1.04|1.06 | 1.07 | 1.08 | 1.07 | 1.07 | 1.09 | 1.06 | 1.06 | 1.06
K="17 p(P,)=1.23|1.06|1.05|1.07 | 1.08 | 1.10 | 1.09 | 1.07 | 1.09 | 1.08 | 1.07 | 1.06
K =8, p(P,)=123]1.08|1.13|1.08 | 1.09 | 1.09 | 1.08 | 1.06 | 1.07 | 1.07 | 1.06 | 1.06
K=9 p(P,)=124|1.13|1.05|1.09 | 1.09 | 1.07 | 1.07 | 1.07 | 1.06 | 1.07 | 1.07 | 1.06

TABLE 6. Ratio r(3,350) for the estimation of s = f5 with FV.

7. PROOFS
In the proofs, we repeatedly use the following elementary inequality that holds for any o > 0 and x,y € R,
2wyl < aa? +a”ly?. (35)

7.1. Proofs of Theorems 2.1 and 2.2
7.1.1. Proof of Theorem 2.1

By definition of +,,, for any ¢ € R", we can write

Is = tll7 = Y (t) + 20(t = Y, Pu)n + 0| Pacll5, -
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Let m € M, since 8, = Sy, + 0™ P, this identity and (12) lead to

s =3lln = lls = smlln +1m(3) = Yalsm) +20(5 = s, Pag)n
= ||5_5m||3z+’7n(§) = Y (8m) _‘72||7TmPn€||i
—20(s — 83, Phe)p + 20(s — S, Pré)n
< Is = smll% + pen(m) — pen(iin) + 20%(|m Pael7 (36)

—20(5 — 84y Pne)n + 20(5 — 8, Pr&)p — 02| T Prcl?

Consider an arbitrary a,, € S;- such that |||, = 1, we define

_f (s—=sm)/Is — smlln if s # mps
Um = { am, otherwise . (37)
Thus, (36) gives
s =3l2 < |ls—smlla + pen(m) — pen(in) + 207 (|m Puell7, (38)

1205 = Sl | Wiy Pr€)n| + 20(s — Spm, Ppe)n — 02|70 Prel|? .
Take o € (0,1) that we specify later and we use the inequality (35),

(1—a)lls=3l7 < s —smla + pen(m) — pen(rn) (39)
+(2- a)02||7TmPnEH,2L + a_102<um, P,ﬁ)i

+20(s — S, Pn&)n — 02||7rmPn5||i .

We choose oo = 1/(1 + 6) € (0,1) but for legibility we keep using the notation a. Let us now introduce two
functions p1, ps : M — R that will be specified later to satisfy, for all m € M,

pen(m) > (2 — a)pi(m) + a”'pa(m) . (40)
We use this bound in (39) to obtain

L =a)lls =35 < s = sl +pen(m) + (2 — @) (o®||ma Pucll;, — p1 (i)
+a ™ (0 (Wi, Pog)s — pa(th)) + 20(s — Sy, Predn
_UQHWWPHSHZ
< Is = sml2 + pen(m) + 20(s — s, Ppe)n — 02 || Prel|2
+(2—a) ms’lél_/)\/l (02||7rm/PnsHi —pl(m’))Jr

+a~! sup (0 (um, Pre)? —p2(m')), .
m’/eM
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Taking the expectation on both sides, it leads to
(1 - O‘)E U|3 - 5”31] < ||s - SmHEL + pen(m) — Tr( tPnﬂmPn)U2/n

+(2 - )E { sup (0?||mms Prel|2 — pl(m/))_J
m’/eM

m'eM
< s = sml2 + pen(m) — Tr(*Pym Py)o? /n
+2-0a) 3 E[(@®ImmPacll? ~ (), ]

m’eM
S E[(0M s Pac)? — pa(m), |
m’eM
< s — sm||fL + pen(m) — Tr( tPnTrmPn)O'Q/TL

—|—(2—a) Z El,m’ —I-Oé_l Z Eg’m/.

m’eM m’eM

+a7'E [ sup (0% (upms, Poe); p2(m/))+}

Because the choice of m is arbitrary among M, we can infer that
(1-E[s—35]2] < in/f\/( {lIs = smllz + pen(m) — Tr(‘Pym,, Py)o? /n}
me

+2-0a) > Eim+at > Egp. (41)

meM meM

We now have to upperbound E; ,, and Es ,,, in (41). Let start by the first one. If S,,, = {0}, then 7, P, =0
and p1(m) > 0 suffices to ensure that E; ,,, = 0. So, we can consider that the dimension of S, is positive and
Tm Py, # 0. The Lemma 8.2 applied with A = 7,,, P,, gives, for any x > 0,

P (nlmm Pacll2 > Te("Pamtn Pa) + 20/ (Pa) (Pt Pa)a + 2p%(P)a ) < e (42)
because p(m,Pr) < p(mm)p(Pn) < p(Py). Let 8= 6%/(1+20) > 0, (35) and (42) lead to
P (nl|mm Pagllz = (1+ B)Tr("Pomn P) + (24 1) (Po)z) < e ™. (43)
Let d = 6%/((1+0)(1 + 26 + 26%)) > 0, we set
np1(m) = (14 B) + (2 + 1) L) Tr( Py Pr) o

and (43) implies

oo

Bt = [ PPl ~m(m), > €) de
= /OOIP’ (n||mmPuellz — np1(m)/o® = n&/o?) d§
0
00 Ly Tr( Pt Py) né
< eXp( 2(P) ‘<2+ﬁ—1>p2<Pn>cr?>d§
2 2 5 t
< LIPS o (STl 2
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We now focus on E,, 5. The random variable (uy,, Ppe), = (tPnum, €)rn is a centered Gaussian variable with
variance || P, up,||2 /n. For any z > 0, the standard Gaussian deviation inequality gives

n$2 an
(I, P}l > 2) e"p( 2||tPnum||%) e"p( 2p2<Pn>)

that is equivalent to
P (n(wm, Pue)2 > 2p°(Py)z) <e ™. (45)
We set
npa(m) = 26 L, Tr( ‘P, Pr)o?
and (45) leads to

Bua = [P0 Pacli = pa(m), > €) de
— /OOIP’ ((um,Pns>i — npg(m)/ch > nf/cr2) d¢
0
o0 S Ly Tr(*Pymp Py) né
< / P (‘ 2(E,) ‘2/ﬂ<Pn>a2)dg
202(P,) o> Ly Tr (P Py,
2P <_ ;g(PS >) , (46)

We inject (44) and (46) in (41) and we replace «, 5 and 0 to obtain

p*(Pn)o?
E[||s—3]7] < in/fvt {IIs = smllz + pen(m) — Tr( ‘P, Py)o? /n} + ———Ry
me

0+1 n

where we have set

L, Tr(P,7 Py
Ry = cq Z exp (— r(Pur )>

meM Cgp2 (Pn)

and
20" +80° + 80 +40 +1

= 2(1 1 0)
Finally, (40) gives a penalty as (15) and the announced result follows.
7.1.2. Proof of Theorem 2.2

In order to prove Theorem 2.2, we show the following stronger result. Under the assumptions of the theorem,
there exists a positive constant C' that only depends on p and 6, such that, for any z > 0,

0 p2(Pn)U2 —p/2
IP’(9+2”H+> ) <cr, [No(lm )+an,p(f,z)] (47)

where the quantity H is defined by

0+4

H=s—3l7 -

inf . 2
st s sl + 20 D pen(n) |

and we have set Rp, ,(F, z) equal to

5 (1 . Tr(tPnﬂmPn)> (LmTr(tinmPn) N )"’/2
i ) z .
MEM:Sm£{0} PP Tm Pr) P*(Pn)
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Thus, for any ¢ > 0 such that 2(¢ + 1) < p, we integrate (47) via Lemma 8.1 to get

£ (1]

(oo}
/ g P (Hy > t)dt
0

(64 2)*(Pa)o*\* / < (0 P*(Pa)o
< on 0 7 9+2H+ n )%

N

ny

.07, (T g 7) (49

where we have set

Tr( P, Pr) L Tr (P ) a-p/2
RV (F N, 2 : 1 nTmdin m nTTmd™n )
Pn’e( ) ’ ( p("Pptm Py) ) ( P*(Pn)
meM:S,, #{0}

Since

R 0+8 2(60 + 4 /e
Bl =31 < | (57 inf, {lo o+ 2 penem ) |

it follows from Minkowski’s Inequality when ¢ > 1 or convexity arguments when 0 < g < 1 that
E[|ls - EHiq]l/q <20 D+ (C”(@) Helffvl {IIs = smllz + pen(m)} + E [H1] 1/q> . (49)

Inequality (18) directly follows from (48) and (49).
We now turn to the proof of (47). Inequality (39) does not depend on the distribution of € and we start from
here. Let o = () € (0, 1), for any m € M we have

A —a)lls =3l < s = smll + pen(m) — pen(in) + (2 — a)o? |1 Pacl;

+a o (U, Pe)2 4 20(s — S, Put)n

where u,, is defined by (37). Use again (35) with « to obtain

(1=a)lls =37 < s —smll; +pen(m) — pen(in) + (2 — @)o?||[mm Pucll;
+a o (U, Pae)? + 20|15 — s ln| (Ums Pne)nl
< (1+a)lls = sml% + pen(m) — pen(ri) (50)
+(2 — @)o?||mp Pacl?

+a o (U, Pue)? + a 1o (U, Pue)? .
Let us now introduce two functions p1,ps : M — R, that will be specified later and that satisfy,

VYm € M, pen(m) = (2 — a)p1(m) + a ' pa(m) . (51)
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Thus, Inequality (50) implies

(1= a)lls = 3I7

(L+a)lls = smll7 + pen(m) + ™' pa(m)
+(2 = @) (0®||m Paclly, — p1(1)

+a ! (0w, Pag)s — pa(1in))
+a ! (0 (tm, Pag)2 — pa(m))
(14 0) (s — s+ 2pen(m)/(1 + o))

+(2—a) sup (0% mm Pael? — pr(m))
m’'eM

+204_1 sup (U2<Um’7png>%_p2(m/))+ .

m’eM

Because the choice of m is arbitrary among M, we can infer that, for any £ > 0,

P((l—a)?—l+ 25) <

N

N

We first bound Py ,,, (€).

P((2—a)

[N apt
"

sup (‘72||7Tmpn5||31 _ﬁl(m))_,_ =

meM
_ _ £
+P <2a 1 msg}z/l (g2<um7pn€>72l —pg(m))+ = 2)
5 B (ol acl? > ) + 555 )
meM
+> P (02<um, Poe)? > py(m) + Of)
meM
Z Pl,m(ﬁ) + Z PQ,m(g) . (52)
meM meM

For m € M such that S,, = {0} (i.e. 7, = 0), p1(m) > 0 leads obviously to

Py, (§) = 0. Thus, it is sufficient to bound Py ,,,(§) for m such that m,, is not null. This ensures that the
symmetric nonnegative matrix A = 'P,m,, P, lies in M, \ {0}. Thus, under hypothesis (6), Corollary 5.1 of [4]

gives us, for any z,, > 0,

P (nlmensHi > Tr(A) + 2/ p(A) Tr(A)am + p(;;)xm) < Gl Tr(A)

p(A)a?

where C1(p) is a constant that only depends on p. The properties of the norm p imply

By the inequalities (53) and (35) with 6/2 > 0, we obtain

p(A) = p( t(ﬂ'mpn)(ﬂ'mpn)) = P(men)Z < P2(Pn) . (53>
g) Tr(A) + (1 + Z) p2(Pn)xm> < W . (54)

P (n||7rmPn5||$L > (1 +

We take a = 2/(0 + 2) € (0,1) but for legibility we keep using the notation a. Moreover, we choose

npy(m) =

0 L,
(1+5+

t 2
5 72(9 n 1)) Tr( Py Pr)o
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and
0 " Ly Tr(Py 7 Py) + né o
T =
2(0+1)(60 +2) P (Pp)
Thus, Inequality (54) leads to

P m = P 2 mPn 2 =D 5
i@ = P (PmnPacl > palm) + 5
_ 0+ 2)¢
- P 2 mPn 2 2 (
(o Paclz = patm) + {228
2 0 t 2\ 4
< PnlmmPell = 1+ 3 Te( Py Prn) + [ 1+ 7)° (Pn)Tm
Tr(Pym P)7y ( Ln Tr(Pumtm Pr) + né o2\ 7
< Calp) T (Lo R ) LRSI ) T (55)
p(Prtm Pp) P?(Pn)
We now focus on Ps ,,, (§). Let y,,, be some positive real number, the Markov Inequality leads to
P (‘<uma Pn€>n| = ym) <Y E [|<um, Pn5>n‘p] =y E [|<tpnum75>n’p] : (56)
Since p > 2, the quantity 7, is lower bounded by 1,
o p 21p/2 _
7, =E[le1/"] Z E [EJ =1. (57)
Moreover, we can apply the Rosenthal inequality (see Chapter 2 of [31]) to obtain
n
E [[("Patim, e)n|"] < Ca(p)n™" (rp Do Paum)if” + 0?2 tPnumnf,) (58)
i=1
where C3(p) is a constant that only depends on p. Since p > 2, we have
n n p/2
> | (Paum)il” < (Z(tpnum)?> = 0P| o ||f, < 0P (Py) -
i=1 i=1
Thus, the Inequality (58) becomes
E [|("Pattm, €)n|"] < 2C5(p)p” (Pn)mpyn */?
and, putting this inequality in (56), we obtain
P ([(um, Prg)nl 2 ym) < 203(p)pp(Pn)Tpn_p/2y;Lp . (59)
We take
nps(m) = 20+ 1)02LmTr( Pyt Pp)
and
9 1

= m tnmPn nfg .
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Finally, (59) gives

sz(g) = P (02<unza PIL€>721 2 ﬁ?(m) + )

= P <02<um, Pn&‘)i > p2(m) + 2(9i 2))
P ((tm, Pag)? > 42,

<LmTr( Pyt Pp) + né/o? ) ~p/2
p*(Pn) '

N

N

C4(p7 Q)TP

Taking

R'(§) =

> (1 4+ T tinmPn)) (Lm"ﬁ( Pt Pp) + né/o? ) —p/2

t 2
MEM:Sm#{0} p("Ppmm ) p2(P,)

and putting together Inequalities (52), (55) and (60) lead us to

Z ]Pl,m(f) + Z P2,m(£)

meM meM

Yoo Bn@+ D> Pin©+ Y Paa(d)

meM:S,,={0} meM:S,, #{0} meM:S,, Z{0}

TLE —p/2
> 1A {04(177 0)7p (a2p2(Pn)) } + Cs(p, 0)7p R (€)

meM:S,,={0}

P((1 - a)Hs > ¢)

N

N

N

—p/2
< NO(l \ 04(p9))7-p (1 A ( nf) 2) ) + 05(p50)TPR/(§) .

p*(Pn)o

For z > 0, take ¢ = p?(P,)o%z/n to obtain (47). We conclude the proof by computing the lowerbound (51) on
the penalty function,

2(69:21)171(7”) ’ JQF 2132 (m)

02 + 80 + 8 Tr("PammPn) 5
1 .
< MR  § Yy m) n 7

(2 —a)pi(m) + o 'pa(m)

Since (0% + 860+ 8)/(4(0 + 1)(6 + 2)) < 1, the penalty given by (17) satisfies the condition (51).

7.2. Proofs of Theorems 3.1 and 3.2

7.2.1. Proof of Theorem 3.1
Given 6 > 0, we can find two positive numbers 6 = §(0) < 1/2 and n = n(6) such that (140)(1—26) > (1+2n).
Thus we define
Q, ={6*> (1-26)0} .
On ,,, we know that

Tr( P, mm P,
Wim € M, pen(m) > (1 + 25) LT EnTmEn) o
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Taking care of the random nature of the penalty, we argue as in the proof of Theorem 2.1 with L,, = n to get

Te('PommPr) o

n+1 5 }+p2(1';) Ry (F)  (61)

E[lls - 57 1a,] <

i s = 5+ Elpen(m)] - =

where Rp, , (F) is defined by

C) Tr( P Pr)
=Cy, Z exp( ) .
P’ﬂ7n
meM p*(Fn)

We use Lemma 8.3 and (21) to get an upperbound for E[pen(m)],
Tr(Pymm P)|s — ms||?
Tr (P, (I, — w)P,)

Tr(‘P,P,)||s — ms||?
Tr (P, (I, — 7)Py)

P Py,
Tr( 77 )02
n

E[pen(m)] < (1+496) +(1+0)

Tr(‘PommPrn) o
n

< (1+9) o+ (1+490)

< (1+0)

Tr (Pt P
TCPumPn) 2 4 o1 4 g)|fs — s 2 .
n

The Proposition 1.1 and (61) give

2
112 ; s |12 2 P(Pa)o”
E (s — 8l210,] < CO) inf Els— &ul2] + 20+ Dlls —msl + Z0 Ry ) (62)
where C(0) > 1
We now bound E[||s — §[|2 e |. Note that
Is = 817 = lls = swllz + o llmaPuelly, < lIslls + o[ Paclly

and thus, by the Cauchy—Schwarz Inequality,
Eflls — 81305 < IsIZP () + B[l Pacl2Tag] < (Il + o?E{l Pacll4]/2) P (025)/2 .

Moreover, the eigenvalues of the matrix P, !P, are nonnegative and so

1/2
E[|[Paela]? = (Var(|Pagl%) + E[ll Puell2)?)
1
< *\/Tr(tpnpn) (Tr(*P,Py) + QPQ(Pn))
n
< Tr( tPnPn) + (Tr( tPnPn) + 2p2(Pn))
= 2n
o Tr(*P,P,) + p(Py)
~ n .
Finally, the Lemma 8.4 gives
~ Tr( P, P,) 92Tr P, P
Els - 5l210;,) < C'(6) (sl + 2 w52 exp
32,0
2(P )(n 92 )
< / 2 P ( n
< o) (sl + 22N exp 32p
62T (P,

< ) (I + 207 <P>2>exp( e ) (63)
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where C’(6) > 1. The inequality (24) follows by collecting (62) and (63).

7.2.2. Proof of Theorem 3.2

Given 6 > 0, we can find two positive numbers § = §(0) < 1/3 and n = n(6) such that (14+6)(1—-35) > (1+2n).
Thus we define
Q, ={6">(1-36)0"} .
On Q7,, we know that
Tr( Py Py
Vm € M, pen(m) > (1 + 277)T(77T>U2 :
n
Let m be any element of M that minimize ||s — s;/||2 + 02 Tr( Py Py)/n among m’ € M. Taking care of
the random nature of the penalty, we argue as in the proof of Theorem 2.2 with L,, = n to get

R,(p,q,0)"1

Tr(Pamn ) o)’ 1/‘1+ P2 (Py)o?
n n

E[|s - 82910, ]"? < C(g,0)E [(Ils — sall2 +

where R, (p, ¢,0) is equal to

T&r(tinmPn)> (Tr(tPnﬂmPn)>qp/2

!
C'(p,q,0)m, | No + Z (1 + p(*Pymm Pr) p*(Pr)

meM:S#{0}
Since ¢ < 1, by a convexity argument and Jensen’s inequality we deduce

Tr( P, mm Pr)
n

2 Pn 2
E[|ls — 82910, ]"* < C(g,0) (ns — sl + E[&?}) BT g g ). (64)

Lemma 8.3 and (21) give
Tr(*PymmPn) o  nTr(PymmPy)ls — ms|?

n n 7 nTr( 1Py (I, — 7))
Tr(Pymm Pr)
n

o? +2||s —ms|2 .

N

Thus, by the definition of m and Proposition 1.1, (64) becomes

2 Pn)02

~ 1 . N
B (s - 5120, < Clav0) (g Blls = sl + 2 = moll ) + SR ) (o)

We now bound E[||s — §[|2¢1lgc |. Note that
s =315 = lIs = sl + o>(lmaPaclls < sl7 + o[ Paclls -

Since ¢ < 1, we have
Ellls — 33 1ar¢ ] < [|s|IB(Q7,) + o> E[[| Pacll7 Lor ] -
Holder’s Inequality with exponent p/2q > 1 gives

E[|| Puel29 g | < E[||Pyc|B]29/PR(Q; ) —29/P

and, since
E[|| Pc|2]29/7 < p*(P,)E[|l2][2]24/7 < p*9(P,) 27



we obtain by using Lemma 8.5 that

Ellls - 3129T0s] < ([sl2 + 021 p (P) 729/ P)P(Q,) -2/

_ 1-2
< C,0, 05, (0,0, 0) (151127 + 21521 (P)720/7) (1, pr (Pa) Te( P, P) ) 7207

where
ap=(p/2—1)V1and B, =(p/2—-1)A1l.
Thus, we get

o 1/q—2
p2 p(Pn> ) /q—2/p
Bp :

Bl = S35 17 < O 0006172 (0l + (P15

The announced result follows from (65) and (66).

7.3. Proofs of Corollaries and Propositions

7.3.1. Proof of Corollary 2.3
Let us begin by applying Theorem 2.1 with constant weights L,, = L,

TI‘t
E[ls - 5|2] < (1467 inf {||s—sm||i+<e+L> (P””’”P")JQ}
meM n

We now upperbound the remainder term. Assumption (A%) and bounds on Ny and L lead to

2(1 +0)* 62L Tr( Py Pp)
< 2T _
Bn () 63 m% P ( 21+ 67 p2(P)

2(1+06)* c0?’L .
T T e (oo mis

/

N

2(1+06)* _
< AL S s
deN

2(1+0)4 —wd
¢ MO e

deN

The last bound is clearly finite and we denote it by R = R(6,w). Thus, we derive from (67)

[\v]

7 1E [IIs —3]2] < inf {||s — sml|2 4+ ((0 + L)Tx('Pym Po) + Rp*(Py)(dim(S,,) V 1)) 7 }

neM n

and hypothesis (A}) gives

3|9

9 ~112 . 2 t 2
_ _ < _
7 1E [lIs —3]17] < Wfé% {||s smla + (0 + L+ R/c) (Tr("Ppymm Py) V cp®(P))

|

that concludes the proof.

31
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7.3.2. Proof of Corollary 2.4
Since p > 6, we can take ¢ = 1 and apply Theorem 2.2 with constant weights L,, = L to get

Tr(*PymmPrn) 5 02 (Py)o?
2\ “nfmin) FAin)v
n n

E[ls-32] <C ig/fw{||s—8m||%+(1+9+L) + Ra(p,1,6) . (68)

To upperbound the remainder term, we use Assumption (A%5) and bounds on N4 and L to get

Te("Purm Po)\ [ LTe(PortmPa)\' "
Rn(pal,e) < C/’Tp 1+ Z <1+ - > ( -
meEM:S,, #{0} p(Ppmm Pn) p%(Py,)

< Cn |1+ ) (1+dim(Sy))(Ledim(S,,)) 72
meM:S,, #{0}

[ 11—p/2
< C'rp 1+%2Nd(1+d)dl_p/21
L d>0

< O 1+(cw)'1p/22(1+d)p/2“dlp/ﬂ :
L d>0

The last bound is clearly finite and we denote it by R7, = R(0,p,w,w’,¢)7,. Thus, as we did in the previous
proof, we derive from (68) and (A%)

1

2
WE [Is —3)12] < %fw{nssm||i+(1+9+L+RTp/c) (Tr(tPnﬂmPn)\/ch(Pn))a} .

n

Since 7, > 1, the announced result follows.

7.3.3. Proof of Proposition /.1

The design points (z;,y},...,yX) are all assumed to be independent realizations of a random variable in
[0, 1]5+! with distribution ¥ ® v; ® --- ® vg. We denote by I the unit k¥ x k matrix and, for any a =
(ai,...,ax) € R* we define the usual norm

i 1/2
lals = <Z af) .
i=1

We also consider 6,, = dim(F') < DS) 4+ D%K) +1and N, =n — D, —§,. The quantities §,, and N,, are
random and only depend on the yf ’s and not on the x;’s.

The space F is generated by the vectors e = (¢;(z1),...,¢i(zn)), fori=1,...,D,. Let {fM) ..., f(‘s")}
be an orthonormal basis of F' and {g(V),...,g(™)} be an orthonormal basis of G = (E + F)*. In the basis b
of R” given by the e(?’s, the f()’s and the ¢(V’s, the projection P, onto E along F' + G can be expressed as

M:[IS" g]eMn(R).

Considering the matrix C that transforms b into the canonical basis, we can decompose P, = CMC~!. By the
properties of the norm p, we get

PP < AORFONACT) = (0 (17 07) |
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For any p > 1, we deduce from the previous inequality that

PP > ) < B (0 (50) 5 p) + P (pa'c 0 > ) (69)

Note that for any invertible matrix A € M,,(R) and A > 1, if p(A — I,,) < 1 — A%, then p(A~!) < A. Thus,
Inequality (69) leads to

P(p(Pn) >p) < P(p(%ﬁ) >p)+]P’<p<tc7;CI ) >1p1)

‘cc
< 2P(p<—1)>1—p1>. (70)
n
Let us denote by ® the D,, x D,, Gram matrix associated to the vectors eV, ... eP») If we define the D,, x 6,
matrix 2 by _
V1< i < Dy V1< G <6y Qi = (€9, f9),

then we can write the following decomposmon by blocks,

) > QO 0
—tcc=| 1M I, 0 |eMy(R).
" 0 0 Iy,

Consequently, by the definition of p(-), we obtain

fcc
p (8 - 1) <pt@ 10, + ) (™)
where we have set
o — 0 Q
Q0 |-
Using (71) in (70) leads to
1—p! no 1=p!
P(p(Pp) > p) 2P| p(® = Ip,) > — +2P ( p(Y) > —; =2P; + 2P, . (72)

First, we upperbound P;. Let x > 0, we consider the event

), )y, / 65(u); (w)(du)

Because ® — Ip is symmetric, we know that, on the event E,,

:{v1<z‘,j<Dn,

< Vi ()3T + Bz—jw)w} |

p(®—1Ip,) = sup |'a(®@ —Ip,)al

a€RPn, |a|2<1

Dy, Dy
= sup ZZazaj< (]) / ¢1 Qb] ))

a€RDPn, Ja|2<1 1=1 j=1

< swp ZDW( (@)IV2z +|By(9))
a€RPn, |a'|2<1Z 1j=1
g \/2.1‘L¢ +$L¢ .
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Thus, for any x > 0 such that

V22Ly +aLy < (73)
we deduce
P, < P(Hu,;) o) )y, / 1 () o () () >v¢j<¢>@+3m<¢>x)
D,, D,
ZZP( e}, - / 61(w)e () (du) >%j<¢>@+Bij<¢>x). (74)

i=1 j=1

The choice x = (1 — p~1)2/(12L(¢)) satisfies (73) and we apply Bernstein Inequality (see Lemma 8 of [3]) to
the terms of the sum in (74) to obtain

P, < 2D? exp( W) . (75)

It remains to upperbound the probability P;. Let x > 0, we consider the event
= {1 <i <D V1< <0, [(€9, 1| < V22 + v}
By definition of the norm p(-), we know that, on the event E!,

p() = 2 sup | ‘a2
a€RPn | peRon
lal2+(bl2<1

N

2 sup Z Z aib; e £) (]

a€RPn | peRO™ i=1 j=1
lal2<1, [b[2<1

D, dn

2 sup szzb |‘ @ f

aERD” beR% 1j=1
lal2<1, [b]2<1

On (\/ﬁ + b¢\/ﬁx) .

N

N

Thus, for any « > 0 such that
-1

Dy.6n (\/%Mm/ﬁx) <1 72” , (76)

we apply Bernstein Inequality conditionally to the yf ’s to deduce

1—p1 .. i i
, (s> L) < By (360 ¢ (€05 i)
D7L 'L )
< ZZ]P’ (‘ (J)>n 2x n)
=1 j=1
< 2D,8pe " < 2D, Dl e (77)
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where PP, is the conditional probability given the y!’s. Indeed, under P, and (30), the variables <e(i), fu )>n are
centered with unit variance. The choice

(1—p71)2
xr =
16 max {4Dn(5n, b¢\/nDn5n}

satisfies (76) and (77) leads to

P, = E {Py (,o(Q’) 51 _2”1)}

2D, D'E |exp | — n(l—p )’
e 16 max {4D,,6,,, by/nD,, 5, }

12
< 2D, D exp ( nl=p—) ) (78)

16 max {4DnD§L» by m}

N

The announced result follows from (72), (75) and (78).

7.3.4. Proof of Proposition 5.1

The collection FBM is nested and, for any d € N, the quantity N; is bounded independently from d.
Consequently, Condition (19) is satisfied in the Gaussian case and (20) is fulfilled under moment condition. In
both cases, we are free to take L = 6 = 1/2 and (A;) is true for K = 7. Assumption (Aj}) is fulfilled with
¢ = 1/p? and, since dim(S,,) > 0 for any m € M, we can apply Corollary 2.3 or 2.4 according to whether
(Hgau) or (HMmom) holds. Moreover, we denote by E. (resp. E4) the expectation on e (resp. the design
points). So E. 4 [[] = E. [Eq[]].

We argue in the same way than in Section 4 and we use (As) to get

Tr( Py Pp)
n

- . R
Bealls=512) < € inf {Ea [l sml2 + |+ o (Balle - mrectl] + o2

< Cif {Ed[||s—sm||i1+‘hm(5’")
meM

R
p202} +C'(1 + p)? (Ed[Ht — mriat]2] + n02> .
The definition of the norm || - ||,, implies that, for any f € L?([0,1],v),

Eq

ln x-2: 1 £C2V(E
n;fu)] | tapvias)

Since s € Hq(R), it is easy to see that this function lies in a Besov ball. Thus, we can apply Theorem 1 of [9]
and we get, for any m € M,

Eqllls — smHTQL] < C(a, R) dim(Sm)_Qa .
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Arguing in the same way for the t; € L%([0, 1], v;) and, since F' L G, we obtain

Eq[llt) — mrict’||7]

M=

Eqlllt - mrictli] < C(K)

j=1
< CE)Y EBIE7 = lmrt | — [Imet’|12]
j=1
K .
< O(K) Y Balllt? —mpt? |3 — 1tV — 7y rt’|[3)]
j=1
K . .
< C(K)Y Ey[|t? — mpt!|[2)]
j=1
< C(o,R,K)D;** < Cla, R, K) dim(S,,,) 2> .

Consequently, for any m € M, we obtain

i 1
Bea [l —317) < ¢ (dim(s,) 2o+ S5 4 1)

n n

Since a > (,,, we can consider some model S,, in F2M with dimension of order n'/(?*+1) and derive that

1> < O n-20/(2a+1)

E.qflls—32] <C” (ana/(2a+1) n '

8. LEMMAS

This section is devoted to some technical results and their proofs.

Lemma 8.1. Let p,q > 0 be two real numbers such that 2q < p. For any 6 > 0, the following inequality holds

o0 zq—l B
|, @it < Claer
0

where C(p,q) =p/(p — 2q).
Proof. By splitting the integral around 6, we get

© gzat /9 gzt /°° gzt
———dz = —d ——d
/0 G Y N e D M e i
0 0o
< 0_p/2/ qzq_ldz—i—/ qz? P2
0 o

(1 + 2(1) gI—p/2
P—2q

The next lemma is a variant of a lemma due to Laurent and Massart.

N

Lemma 8.2. Let A € M, \ {0} and € = (e1,...,e,)" be a standard Gaussian vector of R™. For any x > 0, we

have
P (nflAz|2 > TH(A'4) +2y/p(AR Tr{(ATA)z + 2p(4)%) < e (79)
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and
P (n||Ag|\3 < THA'A) — 24/p(A2 THA tA)x) <e™®. (80)

Proof. Tt is known that Ae is a centered Gaussian vector of R™ of covariance matrix given by the positive
symmetric matrix AA. Let us denote by a1,...,a, > 0 the eigenvalues of the A*A. Thus, the distribution of
n||Ae||2 is the same as the one of Y " | a;e?. We have

p(A)? = _max la;] and Tr(A'A) = Zai i
—

Because the a;’s are nonnegative,

a? < p(A)*Tr(A'A)
=1

and we can apply the Lemma 1 of [22] to obtain the announced inequalities. O

We now introduce some properties that are satisfied by the estimator 62 defined in (22).

Lemma 8.3. In the Gaussian case or under moment condition, the estimator 62 satisfies

nlls —ms|2
Tr(tP, (I, — m)P,)

E[6%] =o* +

Proof. We have the following decomposition
|V = 7Y|2 = ||ls — ws||2 + 0%||(I, — 7)Prnel|2 + 20(s — 75, Pue)p . (81)

The components of ¢ are independent and centered with unit variance. Thus, taking the expectation on both
side, we obtain
o v (P, (I, — m)P,)

E[|Y —aY|2] = s —7s|2 + 0o
n n n

Lemma 8.4. Consider the estimator 62 defined in the Gaussian case. For any 0 < 6 < 1/2,

2Tr(tP, P,
P (&2 < (1- 25)02) < Csexp (—(sr(nn))

16p2(Py)

where Cs > 1 only depends on 9.

Proof. Let a € V+ such that [|a|? = 1, we set

u =

(s—ms)/||s—ms||n ifs#m7s,
a

otherwise .
‘We have

20|(s — w8, Ppe)n| = 20|(u, Ppe)n| X ||s — 7s|ln

< ls = wsllf + o (u, Pae)y,
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and we deduce from (81)

1Y =aY |5 > o®(In — m)Paelly, = 0*(u, Pue)y
o? (1 Puclly = (ImPacll, + (u, Pag)7))
o? (1 Puelly — I’ Puell7) (82)

where 7’ is the orthogonal projection onto V' & Ru. Consequently,

P (6 < (1-26)0%) P (n||Pyel|2 — n||7' PeellZ < (1 — 28)Tr("Po (L, — ) Py))
P (n||Pyel|2 — Tr(‘P,P,) < —6Tx('Po(I,, — m)Py))
+P (n||7’' Pel|2 — Tr(*PomPy) = 6Tr("Po(L, — m)Py))

P, +P, . (83)

< 2<
< ) <

The Inequality (80) and (21) give us the following upperbound for Py,

82Tr (P, (I, — ) P,)? §2Tr('P, P,)
ween () < (o) -

By the properties of the norm p, we deduce that
Tr(‘P,n'P,) = Tr(‘PunPy) + Tr(*Pymy Pn) < Tr('PnP,) + p*(P,) (85)

where we have defined 7, as the orthogonal projection onto Ru. We now apply (79) with A = 7' P,, to obtain,
for any x > 0,

P (n||7'Pacl2 = (14 6/2)Te( ‘PP, + (14 6/2)p°(Py) + (2 + 2/0)z)
<P (n||n'Peell? > (1 + 6/2)Te( P’ Py) + (24 2/8)z
<P (nHﬂ/PnerL — Te("Por’ Py) = 2/ Tr( P Po)z + 2:c)

exp (—z/p*(n'P,))
exp (—x/pz(Pn)) .

NN

Obviously, this inequality can be extended to x € R,

P (n||n' Pacllz = (14 6/2)Te(‘PyrPy) + (14 6/2)p°(Py) 4 (24 2/6)z) < exp (_pa;«(vpo)> (86)

and we take

r = 2(5i 5 <5Tr(tPn(In —m)P,) — gTr(tinPn) - (1 + g) pQ(Pn))
- 2(66+ 3 (m(tpnpn) - %ﬂ(tinPn) - (1 + g) pQ(Pn))

WV

e (- () )
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Finally, we get

s eXp( e o ~(1eg) e >+>
< oo (55 (i 1))
= {or(T) o (- <ﬁ><>)} S8 )
To conclude, we use (84) and (87) in (83). O

Lemma 8.5. Consider the estimator 6% defined under moment condition. For any 0 < & < 1/3, there exists
a sequence (Ksn)nen Of positive numbers that tends to a positive constant ks as Tr('P,P,)/p*(P,) tends to
infinity, such that

P (52 < (1 - 35)02) < C(p, 5)55,n7pp(p_2)VQ(Pn)Tr( tPnPn)_((p/Q_l)/\l) :

Proof. We define the vector u € V- and the projection matrix 7’ as we did in the proof of Lemma 8.4. The
lowerbound (82) does not depend on the distribution of € and gives

P (6% < (1—38)0?) < P (n||Peel2 — n||n' Prel|2 < (1 —38)Tr("Pu(I, — m)Py)) - (88)
Since the matrix ‘P, P, is symmetric, we have the following decomposition
n||Pnel|®2 — Tr(*P,P,) = n{'P,Pue,e)n, — Tr('P,P,)

Z > ("PuPn)ijeic; — Tr('P,P,)

1j5=1

tPP )ii(e2 — 1) +QZZ (‘P Pp)ijeic; -

= =1 7>

Thus, (88) leads to

P(6° < (1—-38)0%) <Py +Py+ Py (89)

where we have set

i=1

<Xn: ("PuPp)ii(e2 — 1) < —0Tr('Py (I, — W)Pn)> ,

Py =P |2Y > ("PuPn)ijeie; < —6Tx('Pu(l, — ) Py)

i=1 j>i
and

P3 =P (n||7' Pl — Tr("PonPy) = 6Tx('Po(I,, — ) Py))) -
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Note that P; concerns a sum of independent centered random variables. By Markov’s inequality and (21),

we get
P; < JP’(

< §PPTy(P, (I, — w)P,) PR

n

Z(tPnPn)ii(E? - 1)

=1

> 0Tr (P, (I, — 7r)Pn)>

n p/2

Z(tPnPn)n(‘gzz - 1)

i=1
n p/2
< 2P5PRTY('P,P,) PR || D ("PaPa)ii(el — 1) (90)
i=1
If p > 4 then we use the Rosenthal Inequality (see Chapter 2 of [31]) and (57) to obtain
n p/2 n n p/4
E|[|> (PuPis(e? - 1| | <C0)m | (PP + (Z ("PuPn) )
i1 i=1 i=1
Since, for any i € {1,...,n}, ('"P,P,)s < p*(P,), by a convexity argument, we get
n p/2
E Z( tPTLPTL)“(Elz - 1) < 20/(p)7ppp/2(Pn)Tr( tPnPn)p/4 .
i=1
If 2 < p < 4, we refer to [39] for the following inequality
n p/2
E (Y (PP - 1) | <2 Z (PP )i(e2 = 1)[P? < " (p)rpp? 2 (P)Te('Po ) .
i=1 i=1
In both cases, (90) becomes
Py < C(p)d P27, pP/%(Py) Tx (P, P,) 7 (91)

with 8 = (p/2 — 1) Ap/4.
Let us now bound Py. By Chebyshev’s inequality, we get

Py < P[2))) ("PuPn)ijeie;| = 6Te('Pu(l, — m)Py)
i=1 j>i
2
n
5P Te("Po(ln — m)P) PR | (2D ) ("PuPu)ijeic;

i=1 j>i

n n
45_2T1"( tPnPn)_Q Z Z Z Z( tPnPn)ij( tPnPn)pqE[gigjg:veq] :

i=1 j>i p=1q>p

N

N
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Note that, by independence between the components of €, the expectation in the last sum is not null if and only
if i = p and j = ¢ (in this case, its value is 1). Thus, we have

Py

N

467 Tx (P, P,,) QZZ PP,

i=1 j>1
< 407 2Te('P,P,) 2 Tr(( ‘P Pn)?)
< 45723 (P)Te('P. Pt . (92)

We finally focus on P3. Recalling (85), we apply Corollary 5.1 of [] with A = 'P,7’P, to obtain, for any
x>0,

P (n||7'Puell2 = (14 6/2)Tr('PymPy) + (14 6/2)p%(Pn) + (14 2/6)x)
<P (n|n' P2 = (1+6/2)Te("Pyn'Py) + (14 2/6)x)

P (nHW’PnEHfL — Te("Por' Py) = 2/ Tr( Pt Po)z + z)

C(p)1, Tr(*P, 7' Py p(n' Py )P~ 227 P/2

C(p)r, Tr( P, P,)pP~2(Py)a /2 .

N

VASV/AN

Thus, for any = € R, we define

P(x) =

C(p)pTr(PyPy)pP~2(P)z P2 A1 if 2 >0
1 ifz<0

and () is an upperbound for
P (n|7' Pac)|2 = (1 4 6/2)Tr("PymPy) + (14 6/2)p%(Pa) + (1+2/0)) .

If we take

= 3 (m(tpnpn) - %‘SBUPWP”) - (1 + g) pQ(Pn)>

+
(18

then we obtain

w . Tr("PyP)p? 2 (Pn)
U (STe(tPuP) /4 — (14 6/2) p2(Pa))"?

Te( ‘P, P,) P2 pr=2(P,) A1
T(1—2(1 4 2/8) p2(P) /Tx (1P, Po))"?

< OII( (5)

To conclude, we use (91), (92) and (93) in (89). O
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