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STABLE GROUND STATES FOR THE HMF POISSON MODEL

MARINE FONTAINE, MOHAMMED LEMOU, AND FLORIAN MEHATS

ABSTRACT. In this paper we prove the nonlinear orbital stability of a large class of steady
states solutions to the Hamiltonian Mean Field (HMF) system with a Poisson interaction
potential. These steady states are obtained as minimizers of an energy functional under
one, two or infinitely many constraints. The singularity of the Poisson potential prevents
from a direct run of the general strategy in [19, 16] which was based on generalized re-
arrangement techniques, and which has been recently extended to the case of the usual
(smooth) cosine potential [17]. Our strategy is rather based on variational techniques.
However, due to the boundedness of the space domain, our variational problems do not
enjoy the usual scaling invariances which are, in general, very important in the analysis
of variational problems. To replace these scaling arguments, we introduce new transfor-
mations which, although specific to our context, remain somehow in the same spirit of
rearrangements tools introduced in the references above. In particular, these transfor-
mations allow for the incorporation of an arbitrary number of constraints, and yield a
stability result for a large class of steady states.

1. INTRODUCTION AND MAIN RESULTS

1.1. The HMF Poisson model. The Hamiltonian mean-field (HMF) model [22, 1] de-
scribes the evolution of particles moving on a circle under the action of a given potential.
The most popular model is the HMF system with an infinite range attractive cosine po-
tential. Although this model has no direct physical relevance, it is commonly used in the
physics literature as a toy model to describe some gravitational systems. In particular,
it is involved in the study of non equilibrium phase transitions [9, 26, 2, 25], of travel-
ling clusters [7, 29] or of relaxation processes [28, 3, 10]. Many results exist concerning
the stability of steady states solutions to the HMF system with a cosine potential. Some
are about the dynamics of perturbations of inhomogeneous steady states [4, 5] and others
deal with the linear stability of steady states [9, 24, 6]. In [17], the nonlinear stability
of inhomogeneous steady states that satisfy an explicit criterion is proved. In the case of
homogeneous (i.e. with dependence in velocity only) steady states and a cosine interaction
potential , a nonlinear Landau damping analysis has been investigated for the HMF model
in Sobolev spaces [14].

There exist other kinds of potentials for the HMF model like the Poisson potential or the
screened Poisson potential [11, 23]. In this paper, we study the orbital stability of ground
states of a HMF model with a Poisson potential. This model is closer to the Vlasov-Poisson
system than the HMF model with a cosine potential. The Poisson interaction potential
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is however more singular, which induces serious technical difficulties and prevent from a
complete application of the strategy introduced in [19] for the Vlasov-Poisson system or
in [17] for the HMF model with a cosine potential. For this reason, our analysis is based
on variational methods. A general approach is introduced allowing to prove the nonlinear
stability of a large class of steady states thanks to the study of variational problems with
one, two or infinitely many constraints. Notice that, in our case, since the domain of the
position is bounded and since the number of constraints may be infinite, scaling arguments
like in [20, 18] cannot be used. New transformations will be introduced to bypass these
technical difficulties.
The HMF Poisson system reads

(1 1) atf + Ua@f - 8€¢favf =0, (t,H,v) S R-i- x T xR,
' f(t - 0797?]) = f’init(07v) 2 07
where T is the flat torus R/27Z and f = f(¢,60,v) is the nonnegative distribution function.

The self-consistent potential ¢; associated to a distribution function f is defined for 6 € T
by

/
(1.2 Bor=p— 1 0= [ s,
a R
or, equivalently,
2T

(13) 65(0) = | W(O0 = 0)os(0)30,
where the function W is defined on R by

W is 2m-periodic , V0 € [-m,w|, W(0) = _9_2 + o =

T™p ) ™, T, =~ 5 G

Note that W has a zero average, is continuous on R and that ¢ is 2m-periodic with zero
average : fo% $7(0)dd = 0.
Some quantites are invariant during the evolution:
e the Casimir functions: [[ j(f(6,v))dfdv, for any function j € C'(R.) such that
3(0) = 0;
e the nonlinear energy:

U2 1 27 ,
(1.4) 3%(1»’)://Ef(e,u)owdu—5 i ¢ (0)*db;

e the total momentum: [[ vf(6,v)dodv.

Moreover, the HMF system satisfies the Galilean invariance, that is, if f(¢,6,v) is a solu-
tion, then so is f(t,0 + vot,v + v), for all vy € R.

In Section 2, we prove the orbital stability of stationary states which are minimizers
of a one-constraint variational problem. It is obtained for two kinds of steady states:
the compactly supported ones and the Maxwell-Boltzmann (non compactly supported)
distributions [10]. In Section 3, we prove the orbital stability of compactly supported
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steady states which are minimizers of a two constraints problem. In particular, this covers
the case of compactly supported steady states which are minimizers of a one constraint
problem. Lastly, in Section 4, we prove the orbital stability of the set of all the minimizers
of a problem with an infinite number of constraints. This set of minimizers contains the
minimizers of one and two constraints problems. However, at this stage, our strategy only
provides a collective stability result (stability of the set of minimizers) for the minimizers of
this problem with infinite number of constraints, instead of the individual stability of each
minimizer which is only obtained for the one and two constraints variational problems.

1.2. Statement of the results.

1.2.1. One-constraint problem. First, in Section 2, we will show the orbital stability of
stationary states which are minimizers of the following variational problem

(1.5) I(M)= // f(6,v))dodv.
EE17||f||L1 M

The constant M > 0 is given and Ej is the energy space:

(1.6) Ej = {f >0, (1 + ) flls < +oo,

f(0,v))dodv

<—|—oo},

where j : Ry — R is either the function defined by j(¢) = ¢tIn(¢) for ¢t > 0 and 5(0) =0 or
a function j satisfying the following assumptions

(H1) j € C3(R%); j(0) = 4'(0) = 0 and j”(¢) > 0 for all ¢ > 0,

(H2) lim 1 — oo,

t——+o0 t

Note that j(t) = t1n(t) satisfies (H2) but not (H1) since j/(0) # 0 in this case.

Deﬁnition 1.1. We shall say that a sequence f, converges to f in E; and we shall write

In —>f if (1 4+ 02 (fr — )l —> 0 and ffj fn(0 v))d@dv —> ffj ,v)) dfdv.

In our first result, we establish the existence of ground states for the HMF Poisson model
(1.1) which are minimizers of the variational problem (1.5). This theorem will be proved
in Section 2.1.2.

Theorem 1 (Existence of ground states). Let j be the function j(t) = tIn(t) or a function
satisfying (H1) and (H2). We have

(1) In both cases, the infimum (1.5) exists and is achieved at a minimizer fo which is
a steady state of (1.1).
(2) If j satisfies (H1) and (H2), any minimizer fo of (1.5) is continuous, compactly
supported, piecewise C' and takes the form
2

fo(6,v) = ()" <>\0 — % - ¢f0(9)> for some A\ € R.
+

The function (.)+ is defined by (x); =z if x >0, 0 else.
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(3) If j(t) = tIn(t), any minimizer fo of (1.5) is a C* function which takes the form
2
fo(B,v) = exp ()\0 - % — 0% (9)) for some Xy € R.

Our second result concerns the orbital stability of the above constructed ground states
under the action of the HMF Poisson flow. But first and foremost, we need to prove the
uniqueness of the minimizers under equimeasurability condition. To do that, first recall
the definition of the equimeasurability of two functions.

Definition 1.2. Let f1 and fa be two nonnegative functions in L([0,27] x R). The func-
tions f1 and fy are said equimeasurable, if and only if, py, = py, where py denotes the
distribution function of f, defined by

(1.7) pr(s) = |{(0,v) € [0,2n] x R : f(6,v) > s}|, foralls>0,
and |A| stands for the Lebesgue measure of a set A.

Lemma 1.1 (Uniqueness of the minimizer under equimeasurability condition). Let f; and
f2 be two equimeasurable steady states of (1.1) which minimize (1.5) with j(t) = tIn(t) or
with j given by a function satisfying (H1) and (H2). Then the steady states f1 and fo are
equal up to a shift in 6.

This lemma will be proved in Section 2.2.1. Now, using the compactness of all the
minimizing sequences of (1.5) (which will be obtained along the proof of Theorem 2 in
Section 2.2.2) and the uniqueness result given by Lemma 1.1, we can get the following
stability result. It will be proved in Section 2.2.2.

Theorem 2 (Orbital stability of ground states). Consider the variational problem (1.5)
with j(t) = tln(t) or with j given by a function satisfying (H1) and (H2). In both cases, we
have the following result. For all M > 0, any steady state fo of (1.1) which minimizes (1.5)
is orbitally stable under the flow (1.1). More precisely for all e >0, there exists n(e) >0 such
that the following holds true. Consider finit € E; satisfying ||(1 4+ v®)(finit — fo)llLr < n(e)
and | [[ j(finit) — [ 7(fo)| < n(e). Let f(t) be a weak global solution to (1.1) on Ry with
initial data fine such that the Casimir functions are preserved during the evolution and
that H(f(t)) < H(finit). Then there exists a translation shift 6(.) with values in [0, 27]
such that Vt € RY , we have

(1 + v2)(F(t, 0+ 0(t),v) — fol0,v)|L: < e.

1.2.2. Two-constraints problem. In Section 3, we will show the orbital stability of stationary
states which are minimizers of the following variational problem

1.8 I(M1,M;) = inf
(18) (M3, M) me )
1£ 1l =M1l 1 =M,
where F; is the same energy space as above and the function j satisfies (H1) and (H2)
together with the following additional assumption

(H3) There exist p,q > 1 such that p < % < g, for t>0,
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Note that j is a nonnegative function. The first result of this part is the following theorem
which will be proved in Section 3.2.2.

Theorem 3 (Existence of ground states). Let j be a function satisfying (H1), (H2) and
(H3). We have

(1) The infimum (1.8) exists and is achieved at a minimizer fo which is a steady state

of (1.1);
(2) Any steady state fo obtained as a minimizer of (1.8) is continuous, compactly sup-
ported, piecewise Ct and takes the form

U2
T+ b5 (0) — Ao
12%)

(1.9) fo(0,v) = () ! < ) where (Ao, po) € R x R ;
+

(3) The associated density py, is continuous and the associated potential ¢y, is C? onT.

Since the existence of ground states is established, the natural second result is the
uniqueness of these ground states. For the two constraints cases, we are only able to obtain
a local uniqueness for the ground states under equimeasurability condition. A steady state
f will be said to be homogeneous if ¢y = 0 and inhomogeneous is ¢y # 0. We have the
following lemma which will be proved in Section 3.3.1.

Lemma 1.2 (Local uniqueness of the minimizer under equimeasurability condition). Let
fo € Ej; be a steady state of (1.1) and a minimizer of (1.8). It can be written in the form
(1.9) with (Ao, o) € R x R*. We have the following cases:

e fo is a homogeneous steady state. Then it is the only steady state minimizer of
(1.8) under equimeasurability condition.

e fy is an inhomogeneous steady states.Then, there exists dg > 0 such that for all
[ € Ej inhomogeneous steady state of (1.1) and minimizer of (1.8) equimeasurable
to fo which can be written as (1.9) with (A, ) € R x R* | we have

— either pig # p and |[po| — |ul| > do,
— either po = p and fo = f up to a translation shift in 6.

Then, similarly to the one-constraint problem, we will show the following result concern-
ing the orbital stability of the ground states under the action of the HMF Poisson flow. It
will be proved in Section 3.3.2.

Theorem 4 (Orbital stability of ground states). Let My, M; > 0. Then any steady state fo
of (1.1) which minimizes (1.8) is orbitally stable under the flow (1.1). It means that given
e > 0, there exists n(e) > 0 such that the following holds true. Consider finiw € E; with
10+ 02) (finit — fo)lle < nle) and with | ] §(funie) — ] 3(fo)] < n(e). Let £(2) be a weak
global solution to (1.1) on Ry with initial data finy such that the Casimir functions are
preserved during the evolution and that H(f(t)) < H(finit). Then there exists a translation
shift §(.) with values in [0,27] such that Vt € RY, we have

(1 4+ v2)(f(t, 0+ 0(2),v) — fo(0,0))|2 < &
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1.2.3. Infinite number of constraints problem. Finally, in Section 4, we will show the orbital
stability of stationary states which are minimizers of a problem with an infinite number of
constraints. In this Section, the energy space is the following

(1.10) E={f2 0|1 +v*)fllLr < +oo, || flle < +oo}.

Let fo € ENCO([0,27] x R). We will denote by Eq(fy) the set of equimeasurable functions
to fo. The variational problem is

1.11 Hy = inf H(S).
(L11) feEq(fo).fe€ )
This is a variational problem with infinitely many constraints since the equimeasurability

condition on f is equivalent to say that f has the same casimirs as fo: ||7(f)llzr = l7(fo)llz1,
V.

Definition 1.3. We shall say that a sequence f, converges to f in € and we shall write
fo S fif (fn)n is uniformly bounded and satisfies ||(1 + v?)(fn — f)|l12 = 0.

We start by showing in Section 4.2.2 the existence of ground states for the HMF Poisson
model (1.1) which are minimizers of the variational problem (1.11).

Theorem 5 (Existence of ground states). The infimum (1.11) is finite and is achieved at
a minimizer f € €& which is a steady state of (1.1).

Our second result concerns the orbital stability of the above constructed ground states
under the action of the HMF flow. As we do not have the uniqueness of the minimizers
under constraint of equimeasurablility, we can just get the orbital stability of the set of

minimizers and not the orbital stability of each minimizer. It will be proved in Section
4.3.1.

Theorem 6 (Orbital stability of ground states). Let fo € £ N C°([0,27] x R).Then the
set of steady states of (1.1) which minimize (1.11) is orbitally stable under the flow (1.1).
More precisely given f;, minimizer of (1.11), for all € > 0, there exists n(c) > 0 such that
the following holds true. Consider fini € € with ||(1 + v®)(finit — fio)llr < n(e). Let
f(t) a weak global solution to (1.1) on RY with initial data fin; such that the Casimir
functions are preserved during the evolution and that H(f(t)) < H(finit). Then there exist
fiy minimizer of (1.11) and a translation shift 6(.) with values in [0,27] such that ¥Vt € RY.,
we have

114+ 0*)(f(t, 04 0(t),v) = fi,(6,0)) 12 <e.

2. MINIMIZATION PROBLEM WITH ONE CONSTRAINT

2.1. Existence of ground states. This section is devoted to the proof of Theorem 1.
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2.1.1. Properties of the infimum. For convenience, we set for f € Ej, the below functional

’U2 27
@0 1) =1 +[f i) = [ o3 [~ oora+ [ oo

Lemma 2.1. The variational problem (1.5) satisfies the following statements.
(1) Let j be a function satisfying (H1) and (H2) or j(t) = tln(t), in both cases, the
infimum (1.5) exists i.e (M) > —oo for all M > 0.
(2) For any minimizing sequence (fn)n of the variational problem (1.5), we have the
following properties:
(a) The minimizing sequence (fn)n is weakly compact in LY(]0,27] x R) i.e. there
exists f € L1([0,27] x R) such that f, e f weakly in L.

(b) We have |[é5, — o7l —> 0.

n——+o0o

Proof. Let us start with the proof of item (1). Let f € Ej such that ||f|p1 = M. If j
satisfies (H1) and (H2), then j is nonnegative and we have

2
N O TR L e

0
and this term is finite for f € E;. Note that
(2.2) 1@ llLee < IV [[nee 1 f 1l
If j(t) = tIn(t), the sign of j is not constant and we have to bound from below the term

I (5 ( 9 ))dfdv. With Jensen’s inequality and the convexity of ¢ — —In(t), we get

o ()l ()

v

Taking f1(6,v) = e = and let C; =In ([[ f1), we obtain

21
24)  J(f) > —% [ 030)a0 + M) - 1) = W M2 4 MIn(1) - €]

[N

Each term is finite for f € E;. Thus Z(M) exists for both functions j.

Then let us continue with the proof of item (2). Let (f,), be a minimizing sequence of
(1.5). By the Dunford-Pettis theorem (see [13]), if || f||L1, |[v2follLr and [[ j(f(0,v))d0dv
are bounded from above, the sequence of functions (f,), is weakly compact in L!. Notice
that the domain in 6 is bounded thus contrary to the Vlasov-Poisson system, there is no
loss of mass at the inifinity in § and v. Let us show that ||v?f,[|;1 is bounded. We have
from equality (3.10)

21
2l =270 + [ 67, (0)%a0 —2 / §(fa(0,0)d0dv.

If j satisfies the hypotheses (H1) and (H2), this equality becomes
lonlliy < 2J(fn) + 2| W[ M2,
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Since J(f,) is bounded, we deduce in this case that |[v?f,||;1 is bounded. If j(t) = tIn(¢),
we have

102 fullis < 27(fn) + 20| W/|[oe M2 — 2 / Fu(0,0) In(£(6, v))d0dv,
1
< 2I(fa) + 2| M — 2M (M) — O] + 1 fulus

112
using Jensen’s inequality (2.3) with f1(0,v) = e~ 7 and C; = In([ f1). Thus
[0? fall < 4T (fa) + 4m[W'|[Foe M? — AM [In(M) — C1]

and this quantity is bounded. Let us then show that [[ j(f,(0,v))dfdv is bounded from
above. Let j be a function satisfying (H1) and (H2) or j(¢) = tIn(t), we have

/ G(fa(6,0))d8d0 < J(f) + 7| W||2 M2,
Each term of this inequality is bounded, therefore this quantity is bounded. Hence by
Dunford-Pettis theorem, there exists f € L! such that f, i f in LL. This concludes

the proof of item (1) of Lemma 2.1. Then, let us prove the last result. Since

2 o _
br, (0 / W (0 — 6)[fn(8,0) — F(6,v)]dddo,
and
&, (6) — 85(0) = /R W0 )11 0.0) = FB. 0,

we immediately deduce applying dominated convergence and from the weak convergence
of f, in L*([0,27] x R) that ¢y, — il — 0. O

n—-4o0o

The following lemma is the analogous for j(t) = tIn(¢) of a well-known result about the
lower semicontinuity properties of convex nonnegative functions see [15]. The proof is not
a direct consequence of the lower semicontinuity properties of convex positive functions
since j(t) = tln(t) changes sign on R. It will be detailed in the appendix.

Lemma 2.2. Let (fn)n be a sequence of nonnegative functions converging weakly in L' to
[ such that || fullp = M, |0* fallr < Crand | [[ foln(fn)] < Co where M, Cy and Cy do
not depend on n, we have the following inequality

// fIn(f)dfdv < lim inf / frnIn(f,)d6dw.
2.1.2. Proof of Theorem 1. We are now ready to prove Theorem 1.

Step 1 Existence of a minimizer.

Let M > 0. From item (1) of Lemma 2.1, we know that Z(M) is finite for functions
J satisfying (H1) and (H2) or j(t) = tIn(t). Let us show that there exists a function
f € E; which minimizes the variational problem (1.5). Let (fyn)n € E;-\] be a minimizing
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sequence of Z(M). Thus J(f,) - Z(M) and || fulltr = M where J is defined by (3.10).

From item (2) of Lemma 2.1, we know that there exists f € LY([0,2n] x R) such that
fn o f weakly in L([0,27] x R). The L'-weak convergence implies | f||;1 = M and
n—-+00

f > 0a.e. In the case where j satisfies (H1) and (H2), from lower semicontinuity properties
of nonnegative convex functions (see [15]) and from item (b) of Lemma 2.1, we get f € E;.
For j(t) = tln(t), from lower semicontinuity properties of nonnegative convex functions
and item (b) of Lemma 2.1, we get |[v2f||1 < +00 and from Lemma 2.2 and item (b) of

’U

Lemma 2.1, we get fffln ) < +o00. Using Jensen’s inequality (2.3) with f1(0,v) =e~ 7,

we get
M (In(M) —Cl)—//”;fdedug/ fIn(f)d6do,

and we conclude that | [[ j(f(0,v))dfdv| < +oc and that f € E;. Therefore, in both cases,
we have Z(M) < J(f). Moreover from item (2) of Lemma 2.1 and classical inequalities
about the lower semicontinuity properties of convex nonnegative functions see [15] for j sat-
isfying (H1) and (H2) and Lemma 2.2 for j(t) = ¢1n(t), we have the followings inequalities:

2m
I(M) = lim J(fn) 2 // fevdedv——o ¢'r(0 2d9+// £(6,v))d6dw.

Thus Z(M) > J(f). To recap, we have proved that Z(M) = J(f) with f € E; and
| fllr = M thus Z(M) is achieved.

Step 2 Euler-Lagrange equation for the minimizers.

Let M > 0 and f be a minimizer of 7 (M), let us write Euler-Lagrange equations satisfied
by f. For this purpose, for any given potential ¢, we introduce a new distribution function
F? having mass M and displaying nice monotonicity property for the energy-Casimir
functional.

Lemma 2.3. Let j be a function verifying (H1) and (H2) or j(t) = tIn(t) and let M > 0.
For all ¢ : [0,21] — R continuous function, there exists a unique A\ €] min ¢, +oo[ for j
satisfying (H1), (H2) and X € R for j(t) =tIn(t) such that the function F?:[0,27]xR — R
defined by

2

25) { F?0,v) = ()~ ()\ -5 - ¢(9))+ for j satisfying (H1), (H2)
Fo(0,v) = exp (A= % — 6(0)) for j(t) = tIn(t),

satisfies || F®||0 = M.

Proof. Let A € R, we define

(26) {K(A) = 027T Je(G)7! ()\ — % — ¢(9))+ dfdv for j satisfying (H1), (H2)
) = fozﬂ Jg exp ()\ - % - qﬁ(@)) dfdv for j(t) = tIn(t).
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{% +¢(0) < )\}‘ is strictly increasing in A,

the map K is strictly increasing on [min ¢, +00| for j satisfying (H1), (H2) and on R for

j(t) =tIn(t). Note that for j satisfying (H1), (H2), K(A) = 0 for A < min ¢, then we have

the following limit: \ lim ¢>K (A\) = 0 by using the monotone convergence theorem. For
—min

j(t) =tln(t), we have lim K(A) = 0. For both functions, we have lim K (\) = +oo by
A——00 A—+00
using Fatou’s lemma. Hence, there exists a unique \ such that |F?||;: = M. O

We introduce a second problem of minimization, we set M > 0. Let j(¢) = tIn(t) or j
given by a function satisfying (H1) and (H2).
(2.7)

U2 1 27
= in where = - (0. v vl / Jp—
Jo = i T(6) where T (0) // < 5 +<z><0>> F(9,v)dfdv+ /0 ¢ (0)*d0+ // J(F),

where F? is defined by Lemma 2.3.

Lemma 2.4. We have the following inequalities:

(1) For all p€ H?([0,27]) such that ¢(0) = ¢(27) and fozﬂ(b:O, we have J(F®)< J(¢).
(2) For all f € Ej with || f|lp2 = M1, we have
I(M) < J(F®r) < J(d) < I (f).

Besides Z(M) = Jo.
Proof. First we will show item (1) of this lemma. Let ¢ € H?(|0,2x]) such that ¢(0) =
¢(27) and f027r ¢ = 0, we have
1, ., 1,
T(6) = J(F*) = 3ldalls + 51613+ [ (6(6) = 67o(6) F(0.0)000

1 1 27 F‘z’ 1
= J(F?) — §”¢%¢”iz + §H¢/”i2 +/0 (¢ — dpe)(Pps + %

since ¢ps satisfies the Poisson equation (1.2). Then, after integrating by parts and gath-
ering the terms, we get

1
(2.8) T() = J(F?) + 5|9 — &'[1F2-

Hence J(¢) > J(F?). Then, let us show the right inequality of item (2). Let f € E,
such that || f|: = M. Using ||F®||;» = M, using the equality (1.4), the functional can be
written as

=g+ [ ( (0 ><f<e,v>—F¢f<e,v>>dedv+ [t = [ ir*)
e // (=3 E)(F6.0) - o1 0.enasau+ [[ i) - [[ e,

We get
(2.9) I = T6p+ [[ G0 =3~ Fn(s — Foryasa.

)do,
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The convexity of j gives us the desired inequality. The others inequalities are straightfor-
ward. g

We are now ready to get Euler-Lagrange equations. According to Lemma 2.4, if fisa

minimizer of Z(M), ¢ := ¢ is a minimizer of Jp and J(f) = J(¢). Using (2.9), we get

[ =39 - 577 - Fava0 =0
Then writting the Taylor’s formula for the function j(f) and integrating over [0,2x] x R,
we get

JJi-rr | () (]~ FP) + FP)du = J[ 0= [[ i)~ [[ 7.

Thus [[(f — F%)? fol(l —w)j"(u(f — F?) + F?)dudfdv = 0. As j” > 0, we deduce that
f = F?. Hence, in the case where j satisfies (H1) and (H2), the minimizer f has the

following expression
2

f0,v)= (""" (/\ — % — ¢f(9)> where \ € R.
+

In the case where j(t) = tIn(t), we have

f(0,v) = exp (5\ - 1)2—2 - (bf(H)) . where A € R.

Notice that in the case of j satisfying (H1) and (H2), the minimizer is continuous, piecewise
C!' and compactly supported in v. In the case of j(t) = tIn(t), f is a function of class C*°.
We have shown that any minimizer of (1.5) takes the above form and is at least piecewise C*
thus clearly any minimizer is a steady state of (1.1). The proof of Theorem 1 is complete.

2.2. Orbital stability of the ground states. To prove the orbital stability result stated
in Theorem 2, we first need to prove the uniqueness of the minimizers under equimeasur-
ability condition.

2.2.1. Uniqueness of the minimizers under equimeasurability condition. This section is de-
voted to the proof of Lemma 1.1. Let f; and fy be two equimeasurable minimizers of
Z(M). In the case where j satisfies (H1) and (H2), they have the following expressions

1)2

1)2
fi(0,v) = (5" <A1 T~ 5 ¢f1(9)> S AU EN <A2 T~ 5 ¢fz(9)> -
+ +

In the case where j(t) = tIn(t), they have the following expressions
2 2

fi1(0,v) = exp (Al - % —of (9)> , fa(0,v) = exp <)\2 - % - %(9)) :
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They can be written in the form

2 2
(2.10) how) =G (7 + we)) . b0 =G (7 + ww)) ;
where G(t) = (j') 71 ((—t)+) or G(t) = exp(—t) with 1;(8) = ¢,(0) — A;. In both cases, G
is a continuous, strictly decreasing and piecewise C' function. The functions f; and f, are
equimeasurable so || fi]|ree = || fa]lLee. Since G is a decreasing function, this means that
G(miny) = G(ming). Besides, G being strictly decreasing and continuous on R, it is
one-to-one from R to Ry then mint; = min 4y = . Thus, there exist #; and 65 such that

P1(61) = P2(02) = o, 1 (61) = hp(62) = 0.
Therefore, 1); satisfies
vr(0) = G(w(0)),

v'(6;) =0,
U(6;) = ¥1(61) = ¥a(ba) =
for i =1 or 2 and where G(e fR + e)dv — 5. In both cases, G is locally Lipschitz

thus according to Cauchy- Llpschltz theorem P = 1/12 up to the translation shift 6y — 6.
From (2.10), we get f1 = fo up to a translation shift in 6.

2.2.2. Proof of Theorem 2. We will prove the orbital stability of steady states of (1.1)
which are minimizers of (1.5) in two steps. First, we will assume that all minimizing
sequences of Z(M) are compact and deduce that all minimizer is orbitally stable. Then,
we will show the compactness of all minimizing sequence.

Step 1 Proof of the orbital stability

Assume that all minimizing sequences are compact. Let us argue by contradiction. Let fj

be a minimizer and assume that fj is orbitally unstable. Then there exist g > 0, a sequence

(f2.)n € E;-\] and a sequence (t,), € R} such that EIE (1 +v?)(f2, fO)HL1 =0 and
n o0

it

nll)l}_loo \[Ji(fh) — [[3(fo)| = 0 and for all n, for all 8, € [0, 2]
{ £ (tn, 0 + 0o, v) — fo(0,v) 12 > o,
or [[v*(f™(tn, 0 + 00,v) — fo(0,v))[lLt > o

where f"(ty,0,v) is a solution to (1.1) with initial data f/..,. Let g,(0,v) = f™(t,,0,v), we
have J(gn) — J(fo) < J(f11:) — J(fo) = 0 since the system (1.1) preservs the Casimir

functionals and H(f"(tn)) < H(f},;). Introduce g, (0,v) = gn(0, x=) with A,
This function g, satisfies |G|l = M, thus 0 < J(g,) — J(fo). Notice that

7}2
Iho) < ) < Ml02 =) [ S

(2.11)

— M
||97L||L1 ’

(9)d9 + J( znzt)]
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It is clear that A\, — 1. Moreover using inequality (2.2), we show that ( 027T o (9)d9)
n—+ n n

o0
is a bounded sequence. Then, arguing as in the proof of item (2) of Lemma 2.1, we get

(Ilv3gnllL1),, is bounded sequence. Thus, J(fo) < nEIEwJ(g}L) < J(fo). Hence (gn)n is a

minimizing sequence of Z(M). According to our assumption, it is a compact sequence in
Ej: there exists g € E; such that, up to an extraction of a subsequence, we have

[ it~ [] i@

According to the conservation properties of HMF Poisson system, we have
{(0,v) € [0,27] x R, gn(0,v) > t}| = {(6,v) € [0,27] X R, fi5;;(6,v) > t}].

init

— 0.
n—-4o0o

(212)  lgn =l — 0, [[v*(gn — )llLr _— 0,
n—-+0o0o

n—-4o0o

Let € > 0, we notice that VO <t < ¢
{ {gn >t} C {lgn -9l <} n{g >t —e}} U{lgn — 9 = €},
{gn >t} D {lgn — 9l <e}n{g>t+e}
Passing to the limit, we get

limsup|{g, > t}| < |{g >t — ¢}, liminf|{g, > t}| > {g >t + ¢}|.
n—-+00 n—+00

Then we pass to the limit as € — 0 and we get up to an extraction of a subsequence;

ll)I}_l H{gn >t} =|{g >t}| for almost all ¢ > 0.

In the same way, we obtain up to an extraction of a subsequence

ll)g_l { finie >t = [{fo >t} for almost all ¢ > 0.

n
Noticing that the functions ¢ — |[{fo > t}| and ¢t — |{g > t}| are right-continuous, we get
[{fo >t} =[{g>t}, vt=>0.

Thus fp and g are two equimeasurable minimizers of Z(M) but according to the previous
uniqueness result stated in Lemma 1.1, fy = § up to a translation shift. To conclude,
(2.12) contradicts (2.11) and we have proved that fp is orbitally stable.

Step 2 Compactness of the minimizing sequences

Let j satisfying (H1) and (H2) or j(¢t) = tIn(¢). Let (f,), be a minimizing sequence of
Z(M). Let us show that (fy), is compact in E; i.e. that there exists fo € E; such that
lim [|(14v?)(fn — fo)llr = 0 and ll)l}_l L[] 3(fi) — [[7(fo)| = 0 up to an extraction

n—-+o0o
of a subsequence. Arguing as before in Section 2.1.2, there exists fy € F; such that

lfollLr = M, fn e foin LL up to an extraction of a subsequence and J(fy) = Z(M).

From this last equality and the strong convergence in L? of the potential established in
item (b) of Lemma 2.1, we deduce that

(2.13) dim <//U2—2fn(6,v)d9dv+//j(fn)> = //g—zfo(e,v)devar//j(fo).
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From equality (2.13), from lower semicontinuity properties of nonnegative convex functions
(see [15]) and from Lemma 2.2, we get

(2.14) // (fn) o //j fo), and //%2fn(9,v)d9dfu nj@//?fg(@,v)dedv.

There remains to show that |[v2(f, — fo)ll.: — Oand || fn — foll,r — O.
n—-+oo n—-+4oo

In the case of j(t) = tIn(t), the Csiszar-Kullback’s inequality, see [27], gives us the strong
convergence in L1([0, 27] x R). In our case, this Csiszar-Kullback’s inequality writes

(2.15) I = olls <20 [ fun <%)

Hence, to prove the strong convergence in L!([0,27] x R), it is sufficient to prove that

//fnln (f") dfdv — 0.

Since fo(0,v) = exp ()\0 — % — 05 (0 )), we have

@16) [ (52) dodv=rh) = 50 + 50165, 1B 167 22) + [[ o5~ o)

Note that
(1) J(fn) — J(fo) - 0 since (fy)n is a minimizing sequence of Z(M),
n o0
(2) |6, 172 — 16,1172 ST 0 since of the strong convergence in L2([0, 27] x R) of the

potential established in item (b) of Lemma 2.1,
3) [ &£, (0)(fn(O,v) — fo(0,v))dOdv _>—+> 0 since of the weak convergence of f, to fj

in L1([0, 27] x R).
Hence with (2.15) and (2.16), we get || fn, — follr.1 - 0. From this strong convergence
n—-+00

in L!([0,27] x R), we deduce the a.e. convergence of f,, and with Brezis-Lieb’s lemma,
and the second limit in (2.14), we get the strong convergence of v2f, in L!([0,27] x R).
Hence the sequence (fy,), is compact in Ej;.

In the case of j satisfying (H1) and (H2), we again use Brezis-Lieb’s lemma, see [8], to
get the strong convergence of f,, in L. We already have that || f,,|1.1 " Il follr,1- Hence,
n—-+00

with Brezis-Lieb’s lemma, it is sufficient to show that f,, —> fo a.e. Writing the Taylor

formula for the function j(f,) and integrating over [0, 27T X R we get

(2.17) //(fn—fo>2/ Wi (= fo ot = [[i) = [t~ [[ -

Note also that

ff]fn ff]fo

2) [ 7'(fo) fn fo) _>—+> 0 since f, _}j fo LL. Note that j'(fo) € L™ since fo € L.
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Hence with Fubini-Tonelli ’s theorem, we get
//(fn — f0)%5"((fa — fo)u+ fo) - 0 for almost all u € [0, 1].

Let ug € [0,1] such that [[(fn — f0)%5" ((fn — fo)uo + fo) - 0. Up to an extraction of

a subsequence, we have
(fn = f0)%3" ((fn = fo)uo + fo) - 0 for almost all (6,v) € [0,27] x R.

This means there exists €, such that |Q,,| =0 and V(6,v) € [0,27] x R\ Q,,,
(218)  (falfiv) — Fo(0. )5 (wo £a(6.0) — fo6.0) + fo(6.0)) —> 0.

Let us show that, up to a subsequence, f,(6,v) 0= fo(8,v) for (8,v) € [0,27] x R\ €2y, .

If ug = 0, we directly have the wanted convergence. Then let ug €]0, 1] and let I(6,v) be a
limit point of (f,,(6,v)),. Assume that [(6,v) # fo(0,v).

e First case: 1(A,v) < +00. As j” is continous and j” > 0, we have
(fu(0,0) = fo(0,v))*5" (uo(fu(0,v) — fo(6,v)) + fo(6,v))
— (1(6,v) = fo(8,0))%5" (uo(1(8,v) — fo(6,v)) + fo(6,v)) > 0.

n——+00
This contradicts (2.18).
e Second case: [(f,v) = +00. Thus:

(2.19) (fu(0,v) — fo(6,v))? o, oo and up(fa(8,0) = fo(6,0)) + fo(8,0) — oo,

However the hypothesis (H2) implies that ¢2;”(¢) does not converge to 0 when ¢
goes to infinity. Indeed, arguing by contradiction, integrating twice over [zg, 2] and

taking the limit for z — +o00, we get ( )

Ve >0, M > 0, such that Vo > M, 0 < i4—]"(m0).
0

X

This inequality contradicts (H2) then #2;”(t) does not converge to 0 when ¢ goes
to infinity and (2.19) contradicts (2.18).

Hence f, —+> fo a.e and we conclude using the Brezis-Lieb’s lemma. The minimizing
n—-+0oo

sequence is compact in Fj.

3. PROBLEM WITH TWO CONSTRAINTS

3.1. Toolbox for the two constraints problem. In this section, we define a new func-
tion denoted by F'?. Note that the function F'® of (3.1) differs from the one of Section 2.1.2.
However it can be seen as an equivalent of (2.5) in the sense that both functions F'¢ satisfy
the constraints of the one and two constraints problem respectively. There will be no pos-
sible confusion since the function F? of Section 2.1.2 will no longer be used. First, thank to
this new function, the existence of minimizers is shown. Indeed the sequence (F®/»), has
better compactness properties than the sequence (f,),. Then, we get the compactness of
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the sequence (f,), via the sequence (F'®/),, thanks to monotonicity properties of % with
respect to the transformation F'®. These properties will be detailed in Lemma 3.2. More
precisely, we have the following lemma:

Lemma 3.1. Let j be a function verifying (H1), (H2) and (H3) and let My, M; > 0. For
all ¢ : [0,27] — R continuous function, there exists a unique pair (A, p) € R x R* such
that the function F? :[0,2r] x R — R, defined by

”7—|—¢(0)—)\

10} V) = 2\ —1
(3.1 F0,v) = (7) < .

) satisfies | F¥llus = My, [[j(F?)l = M
+

Proof. Let (A, u) € R x R* | we define

SV o (R = UE

We set € R* | since j is strict convex and H% +¢(0) < )\H is strictly increasing in

A, the map A — K(\,u) is strictly increasing on [min ¢, +oo[. Note that K(\,u) = 0

for A < min¢. We also have the following Hmits:)\ lim ¢>K (A, ) =0 using the monotone
—min

convergence theorem and /\li]:r_l K(\ u) = 400 using Fatou’s lemma. Therefore, there
— 400

exists a unique A\ = A\(u) €] min ¢, +-00[ such that ||[F?||;; = M;. We now define the map:
R* — R,

m ool [ 2 4e0)-2
w— fo" fpdio (i) 1<72 O ) qgdo.
+

Our purpose is to show that G is continuous, strictly increasing on R* and that
lim G(pu) =0 and lin% G(u) = +oo. This claim would imply that there exists a unique
p——00 n—>

p € R* such that G(u) = M; and the proof of the lemma will be ended.

To get the monotony of G and the continuity of A on R* | we first have to show the
decrease of X. Since K (A\(u), u)=Mi, using that both functions A—K (A, i) and p—K(\, )
are increasing, we get that the map A is nonincreasing on R* . According to the definition
of G, it is sufficient to show that u — A(p) is continuous on R* to get the continuity
of G on R*. To prove the continuity of A, we argue by contradiction. Assume that
w — A(p) is discontinous at pg < 0. Assume on the one hand that A is left-discontinous,
ie there exist £g > 0 and an increasing sequence (i), € (R* )N converging to pg such that
[A(pr) — AM(po)| > €0. A being nonincreasing and j being convex, we get

My > K(A(po) + €05 fin)-
Applying Fatou’s lemma, we have
K(AMpo) + €0, ttn) > K (Mpo) + €0, o)

Since K (A(uo) + €0, 10) > My, we get a contradiction and A is left-continuous. On the
other hand, assume that X is right-discontinuous at pg < 0, ie there exist g > 0 and a

G :
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decreasing sequence (i), € (R*)N converging to g such that [A(u,) — A(uo)| > €o. A
being nonincreasing and j being convex, we get
My < K(A(po) — €0, fin)-
Using a generalization of the Beppo Levi’s theorem for the decreasing functions, we get
K (A(po) — €0, ) < K(A(po) — €0, o).

Since K (A(po) — €0, p0) < My, we get a contradiction and A is right-continuous. We
conclude that the map A is continuous on R* . Let us show the increase of G. Before that,
notice that K (A, u) can be written as

(3.2) K(\ ) _2f/27r /+oo ()\/(utJr)\ $(0))4dtdo,

0)—X

by performing a change of variables: ¢ = #
the exact same thing for G, we can also write

2 (o)
(3.3) _2f/ /+ FTE ()\/(uu—)\() 5(0)) 1 tdo.

Let p1, uo € R* be such that py # ue. Thanks to the previous step, there exists for i = 1, 2,
Ai = A(ii) €]min ¢, +o00[ such that K(\;, ;) = M;. Hence, by using the equality (3.2)
and by setting for i = 1,2, A, := pit + A\; — ¢(0), we get

2m e}
(3.4) K()\l,,ul) ()\27N2 = 2\/_/ /+ 3" o

Then, by using (3.3) and (3.4), we have for all C' € R

21 +o0
G(pu) — G(u2) = 2\/5/0 /0 ﬁ

and an integration by parts. By doing

Y )[<Am>.% ~ (A)F]dtas — o.

[(Aul).% — (A, )_%]dtde

We set Cy := u 22 and we get

_ . o oo Hl HZ) %_ %
35) (= p)(Glo) ~ ) =2v2 [ / S ()7 — (4ya)Tldeds.

1 1 1

Since the function ¢ — (t)}r is nondecreasing, we have (A, — A,,)[(Au)5 — (A4,)3] > 0.
1 1

Hence G is a nondecreasing function. We now notice that (A4,, —A.,)[(Au )3 —(Au)1] >0

for § € {¢ < A} and t €]0, %[ Besides the measure of the set {¢ < A1} is strictly
positive because A1 > min ¢. Thus, the function G is strictly increasing on R* .
It remains to compute the limits of G. First let us prove that ll)m A(p) = 4o00. The
pU—>—00

function A being nonincreasing, Em A(p) exists and we denote it by As. Assume that
HU—>—00
Moo < 00. We have
My = K(\(p), 1) < KMoy pt) — 0.

p—>—00
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This is a contradiction then MEIPOO)\(M) = +00. Then let us prove that uli}n(f]li)\(u) = min ¢.
A being nonincreasing, lin({)li)\(u) exists and we denote it by A\g. We have to deal with three
cases. First, notice tha‘g _(>H2) and (H3) imply t_lga_noo(j’)_l(t) = 400, then we get

if \o >ming : My = KA\ (), p) > K(Xo, i) 5& +00, applying Fatou’s lemma,
{ if \o <min¢ : My = K(A(p), ) < K(%A),u) =0 since % < min ¢.

Hence only the third case can occur ie lirg A(p) = min ¢.
p—0-

Let us continue with the computation of liI?((]l G(p). Performing the change of variables:
=0~
= ——2— we get
V20 @) 8

2T 1 —
G =22 [ [ o oo () (B (1)) avau

and 2 1 _
6o =23 [ [N o) (P - ) dsa

Then applying Jensen’s inequality to the convex function j, we obtain
i < My ) < G(p)
o722 ) — 60))4d0) |~ [T 2v2/ (M) — 6(0))1 o

Hence
i(35) :

6D G = M with o) = 2VE [\ = 0(0)) a0,

a(u)
Using the dominated convergence theorem, we show that a(u) —0> 0. But j satisfies (H2)

p—0~

therefore j (%)

—PL — tooand lim G(p) = +oo.

Wﬁ) u—0— u—0—

Let us continue with the computation of Em G(p). The hypothesis (H3) implies the
U—>—00

following inequality:

tGHr ) ()Lt
q p

Thanks to (3.8), we can estimate

My (A(p) — mi

p |l
Let us show that %w - 0. Using the expression of M; given by (3.6), we

U——00

get

(M) — max ¢)+
||

M1 2 O~ maxoy v [ (0 () duz 0
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For |p| sufficiently large, we have (A(u) — max ¢)4 > 0. Therefore, we have
M 1 ! —
1 > / (j/)—l (()\(M) max ¢)+ (1 _ u2)> du > 07
VM) —max @)1 4mv2 T Jo |l
the term on the left side converges to 0. Hence using Fatou’s lemma, we get

/01 lim inf(j') " (W“) “maxd)e u2)) du=0.

o0 |l

We deduce that QW=maxé): . and we conclude with (3.9) that lim G(u) = 0.

[ J—>—00 Ji—>—00
The proof is complete.

As mentionned before the sequence (F%/n),, will be used to show the existence of mini-
mizers of (1.8) and the compactness of minimizing sequences. To do that, we need to link
H(f,) and H(F?n). For this purpose, we introduce a second problem of minimization and
we set My, M; > 0.

2 2

(3.10) Jo = _inf J(¢) where J(¢) = // <% + qb(@)) F?(6,v)dfdv + % ¢ (6)%de,
Iy #=0 0

where F? is defined by Lemma 3.1.

Lemma 3.2. We have the following inequalities:

(1) For all € H%([0,27]) such that ¢(0) = ¢(27) and f027r¢:0, we have H(F?) < J ().
(2) For all f € Ej with ||f||L2 = My and ||j(f)||Lr = M;, we have

I(My, My) < H(F7) < T (é5) <H(F).
Besides Z(My, M;) = Jp.
Proof. First, let us show item (1) of this lemma. Let ¢ € H?([0,27]) such that ¢(0) = ¢(27)
and f027r ¢ = 0, we have
Lo Lo
T () = H(F?) = S| Fpslliz + 516122 + // (6(6) — dpa(0))F(9, v)dbdv

o [radi%

1., 1., 1
G L o o A

since ¢ps satisfies the Poisson equation (1.2). Then, after integrating by parts and gath-
ering the terms, we get

(3.11) T(6) = HE) + 5| 6s — & o

Hence J(¢) > H(F?). Then, let us show the right inequality of item (2). Let f € E; such
that [|f[lee = My and [|j(f)llLs = M;. Using ||[F?||l.r = My and [[j(F?)[|r = M;, using
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equality (1.4), the Hamiltonian can be written in the form

H(f) = T(¢5) //< + ¢r(0 )(f(@,v)—F¢f(9,v))d9dv

= T(é5) + // (g (F?r) + ) (£ (8, 0) — F1(6,v))dfd,

We get

B12) M =T~ u [[ G~ J(F) = E) - Fo)dsde,

The convexity of j gives us the desired inequality. The other inequalities are straightfor-
ward. ]

3.2. Existence of ground states. This section is devoted to the proof of Theorem 3.

3.2.1. Properties of the infimum.

Lemma 3.3. The variational problem (1.8) satisfies the following statements.
(1) The infimum (1.8) exists i.e. Z(My, M;) > —oo for My, M; > 0.
(2) For any minimizing sequence (fn)n of the variational problem (1.8), we have the
following properties:

(a) The minimizing sequence (fn)n is weakly compact in LY([0,27] x R) i.e. there
exists f € L1([0,27] x R) such that f, e f weakly in L.

() We have |65, — b7l —> 0.

The proof of Lemma 3.3 is similar to the one of Lemma 2.1.

Lemma 3.4. Let (f,), be a minimizing sequence of the variational problem (1.8) and
let ¢ := ¢y, be the associated potential. Using Lemma 3.1, there ewists a unique pair

u2
A, i) € R x R* such that Fo(0,v) = (j/)~! ZEen@)=n verifies |F®r||n = M
Mn
+

and ||j(F%)||Lr = M;. The sequences (Ap)n and (pn)n are bounded.

Proof. Let us first prove that the sequence (), is bounded. We argue by contradiction.
Hence up to an extraction of a subsequence, A, —> 400. According to the expression

(1.3) of the potential ¢,,, we have ||¢p||re < 27THWHLoo M, = C. Using the expression of
M, given by (3.6), we get

My > /(A — 0)+4m/§/01(j’)—1 (%(1 - u2)> du > 0.

Then, we argue as at the end of the proof of Lemma 3.1 and we deduce that (A"‘;C‘” _>—+> 0.
n n [e.e]

With the hypothesis (H3) and ||¢p ||~ < C, we can estimate M; as follows:
0< M, < My (A + C)s
P el
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The term of the right side converges to 0 then we get a contradiction. The sequence (A, ),
is hence bounded. Now, we shall prove that the sequence (i), is bounded. Using the
expression (3.6) of M; and the fact that A, is bounded, we have

M C .
L_ < ()= where C' is a constant.
4mv/2C |n
Therefore we obtain A
0 < |pn| <

g (M

7 (47r\/1§C‘)

and we deduce that the sequence (i), is bounded. This achieves the proof of this lemma.
O

3.2.2. Proof of Theorem 3. We are now ready to prove Theorem 3.
Step 1 Existence of a minimizer.

Let My, M; > 0. From Lemma 3.3, we know that Z(M;, M) is finite. Let us show that
there exists a function of E; which minimizes the variational problem (1.8). Let (fy)n € E;\I
be a minimizing sequence of Z(Mj, M;). Thus H(fy) o Z(My, M;), || follLr = My and

[5(fn)llLr = M;. From item (2) of Lemma 3.3, there exists f € LY([0,27] x R) such
that f, :‘r f weakly in L'. In what follows, we will denote by ¢, the potential bt
n o

defined by (1.3). Thanks to the weak convergence in L', we only get that || fllr = My and
7(f)llLr < M;. The idea is to introduce a new sequence which is a minimizing sequence
of (1.8) and which has better compactness properties. For this purpose, we define

% + ¢n(0) - /\n>
+

Sn (0. v) = (i)
(3.13) F(0,0) = (7°) ( .

where (A, it,) is the unique pair of R x R* such that || F¢» |1 = M and ||j(F%")||1 = M;.
According to Lemma 3.1, F?* is well-defined and notice that the pair (An, ptn) depends on
¢n, this is why we will denote by A\, = A(¢y,) and p,, = p(¢y,). Besides, using Lemma 3.2, we
see that (F®n),, is a minimizing sequence of (1.8). According to item (b) of Lemma 3.3, ¢,

converges to ¢ := ¢ 7 strongly in L2([0, 27r] x R). Thus, up to an extraction of a subsequence,

¢n, converges to ¢ a.e. Let us prove that the sequences (\,), and (i), converge. Using
Lemma 3.4, we get that the sequences (A,),, and (u,), are bounded. Therefore, there exists

Ao and pg such that, up to an extraction of a subsequence, A\, — Ao and @, —> po-
n——+o0o n——+o00

Let us prove that g < 0. Assume that j, — 0. First assume that \,, — X # min ¢.
n—-+o0o n—-+00

From assumptions on j, this implies

)\n - ﬁ - ¥n 0
GH~! z ~ () — 400 for almost all (6,v) € [0,27] x R.
’Nn‘ i n——+00
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And using Fatou’s lemma, we get a contradiction. Then assume that A, —+> min ¢,
n——+0oo

using inequality (3.7), we get

j (Ml) s
(3.14) M; > =7~ with  ap =2v?2 / v (A — dn(6))4d6.
o 0

(0773

Using the dominated convergence theorem, we show that a, _>—+> 0. But j satisfies (H2)
n o

. ﬂ _

thus % — 400 and we get a contradiction with (3.14). Besides Ao # min ¢ since

n—-+o00o
an

otherwise F'9» converges to 0 and we get a contradiction with [|[F¢"|1 = M;. Hence

2 46(0)— o

o a.e. Now let us show that

we have proved that F®* converges to (j')~* (
+

112 y _
Ao = M) and py = pu(p) to get that (5/)7" (W) satisfies the two constraints.

+
For this purpose, we first prove by the dominated convergence theorem, ||¢,||L being
bounded, that

2
4 [ Z+a0)-2
L e e XLF <72 20 °> dodv,

(3.15) L
s o B oo 07 (5022 agan
+

—>+oo

But (|[F? ||, [l7(F¢)I) = (M, M;) then

Mlz/:W/R(j’)‘l( +¢() A°>d<9d M;= /%/jo <W>d9dv.

+

According to Lemma 3.1, the couple (A((b),u((z_ﬁ)) is unique, so \g = A\(¢) and o = u(¢).
Hence F%r converges to F? ae. . But |F?|1 = |F? |1 = M; then according to

Brezis-Lieb’s lemma, F?» — F? strongly in L!([0,27] x R). We already know that F?®

n—-+0o0o
satisfies the two constraints, there remains to show that H(F ¢) = I(M;, Mj;). The strong
convergence in L!([0,27] x R) of F%» to F? implies that ¢.,, — ¢’ ; strongly in L.
Fon o stoo TF?
Therefore using classical inequalities about the lower semicontinuity properties of convex
nonnegative functions see [15] and the convergence in L2([0,27]) of ¢/,.,,, , we get

2T
T(My, M // L 0 fu)d@dfu—l i ¢'.;(6)%d6.

Thus Z(My, M;) > H(F ) As F? satisfies the two constraints and belongs to E;, we have
I(My, M;) < H(F?).

minimizer.

Therefore we get the equality and we have shown the existence of a
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Step 2: The minimizer is a steady state of (1.1).

To prove that the minimizer F?is a stationary state of the system (1.1), it is sufficient
to show that ¢ = ¢,;. First, (F%"), being a minimizing sequence of (1.8), we have
H(F) " Z(M;i, M;j). Then, using Lemma 3.2, we know that Jy = Z(My, M;) and

n—-+00

that Z(My, M;) < J(¢n) < H(fn). Hence (¢p)n is a minimizing sequence of Jy: we have
T (on) W I(Ml, ;) = Jo. Hence using the equality (3.11), we get

2
@ = 4lIE2 —_0.

Passing to the limit n — +oco and knowing that ¢ has a zero average, we deduce that

b=¢ e a.e.
Step 3: Euler-Lagrange equation for minimizers.

There remains to prove part (2) of Therorem 3. We obtain Euler-Lagrange equation
for the minimizer in the same way as in the proof of Theorem 1 in Section 2.1.2. Indeed,
according to Lemma 3.2, if f is a minimizer of Z(My, M;), ¢ = ¢ is a minimizer of Jp
and H(f) = J(¢). Using (3.12), we get

JJ6) =35 - )7 - #asan =o.

Then writting the Taylor’s formula for j and using j” > 0, we can deduce as in Section
2.1.2 that f = F?.

Step 4: Regularity of the potential ¢y.

First, we will show that ¢; € C1([0,2n]). Thanks to the Sobolev embedding
W2%([0, 2x]) < €"3((0, 2n]).

it is sufficient to show that ¢ € W23([0,27]). We know that f € L1([0, 27] x R), then with
expression (1.3), we get ¢ € L>([0,27]) C L3([0,27]). In the same way, ¢ € L3(]0, 27]).
Besides ¢ satisfies (1.2), then let us show that py € L3([0, 27]). According to the previous
step, f is compactly supported and since ¢ € L, we get f € L>°([0, 2] xR). We also have
v?f € L1([0,27] x R). Therefore with a classical argument, we show ps € L3([0,27]) and
we get ¢¢ € C'([0,2n]). Then, according to its expression (1.3), ps is continuous. Hence

¢} € C°([0,27]) and ¢ € wh 3([0 2r]) N C°([0,27]), then we can write for z, y € [0, 27]
(3.16) () i) = [ o

We deduce from (3.16) that ¢ € C1([0,27]) then ¢ € C2([0,27)).
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3.3. Orbital stability of the ground states. To prove the orbital stability result stated
in Theorem 4, we first need to prove the local uniqueness of the minimizers under equimea-
surability condition.

3.3.1. Local uniqueness of the minimizers under equimeasurability condition. In this sec-
tion, we prove Lemma 1.2. To this purpose, we first need to prove some preliminary
lemmas.

Lemma 3.5. Let f1, fa be two equimeasurable steady states of (1.1) which minimizes (1.8),
they can be written in the form (1.9) with (A1, p1), (A2, u2) € R X R* | we have for all e > 0
L[ 1 1 bp— N
(3.17) alt [ (61(6) — )20 = |1o / id0 where b= i1
0 i
Besides, if fi and fo are inhomogeneous then there exist p1 = pi(¢g) € N* and py =
p2(0y,) € N* such that

2k ral
4 4
(3.18) PiiH _ p2|H2 7
aleg) — —rco aleg) — —Lrco
|12 |p2|2
where
_ \—1 _ ﬁ . _ (bf@_)\l . .
= fR(J ) (60 3 )+ with eg = max (—m ) . i=1,2;
M1
€0 = o5+

Lemma 3.6. Let v € C?([0,27]) such that there exists a finite number p of values & € [0, 27]
satisfying ¥(§) = max(y) := eg. We will denote them by & for i € {1,..,p}. Besides we
assume that for all i € {1,..,p}, we have V" (&) # 0 thus we have

2m 1
/OW(@ id9_€zm/ d8+o() with € = eg — e.

We first show Lemma 1.2 using Lemmas 3.5 and 3.6 then Lemmas 3.5 and 3.6 will be
proved.

Proof of Lemma 1.2. Let fy be a homogeneous steady state of (1.1) and a minimizer of
(1.8). It can be written in the form (1.9) with (Ao,p0) € R x R*:. First, let f be a
homogeneous steady state of (1.1) and a minimizer of (1.8) equimeasurable to fy. It can
be written in the form (1.9) with (A, u) € R x R*. We can also write

) : ,(0)
5.19) {fow,v):(f)_ll(mwwo( ), it w®) ¢Z|)—
F0,0) = ()71 (g + (0 ))+ with  ¢(0) = *05

The homogeneity and equimeasurability of fy and f implies @—8 = ﬁ Besides replacing
in equality (3.17) of Lemma 3.5, we get pg = p and then \g = A. Thus fo = f. Then
let f be an inhomogeneous steady state (1.1) and a minimizer of (1.8) equimeasurable to

fo- The minimizer f can be written in the form (3.19). The equimeasurability of fy and
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f implies max(1y) = max(¢)). We note this value ey and we notice that 1(0) = eg for all
6 € [0,27]. Replacing in equality (3.17) of Lemma 3.5, we get

N[

1 1
2m| 1|2 (€0 — €)F = |pel

2 1
A(@@—@%&

To estimate the right term of this equality, we will apply Lemma 3.6 and we get

1 1 & V2 Ly 1
2mlput|Zve = [ |pu2|? Y ———= | s 2(1—s)2ds|e+o(e).
e (m > Toaenh )8 ]

This last equality show us that this case cannot occur. Thus fj is the only homogeneous
steady states of (1.1) and minimizer of (1.8) under equimeasurability condition.

Let fp be an inhomogeneous steady state of (1.1) and a minimizer of (1.8), it can be
written in the form (1.9) with (Ao, o) € R x R*. Let f be an inhomogeneous steady state
of (1.1) and a minimizer of (1.8) equimeasurable to fy. It can be written in the form (1.9)
with (A, 1) € R x R* . Let assume that up = p then we can write our two minimizers like

that
2

v ’U2
n@w=6(5+%w0,f@m=0(7+wm»

with G(t) = (/)71 ((ﬁ)Jr) and ¥;(0#) — A\;. Arguing as the one constraint case, we get

fo = f up to a translation shift in 6. Let assume that ug # p and let us show that pug is
isolated. Since fy and f are inhomogeneous, they verify (3.18) according to Lemma 3.5.
3

Define for z > 0, F(x) = Ll and introduce the set
|a(eo)—2" 2 col

E= t. pF = Ao}
U st pF(lul) = Ao}

If E is finite, the result is trivial. Otherwise E is countable, it can be written in the
form E = (un), with p, injective and satisfying for all n € N, there exists p, such that
pnF(|pn]) = Ag. Let py a limit point of the sequence (g, )n, it verifies F'(|u1]) = 0. Indeed,
the sequence (py, ), cannot take an infinity of times the same value since in equality (3.18),
for p fixed, there are at the most 4 . Therefore p, n_>—+>oo 400. Thus 1 = 0. As pg <0,

it is isolated. Thus there exists §g > 0 such that for all f # fy; inhomogeneous steady state
of (1.1) and minimizer of (1.8), we have ||u| — |uol| > do. O

Now, let us prove Lemma 3.6.

Proof of Lemma 3.6. Let ¢ € C%(]0,27]) satisfying the assumptions noted above, we have



26 M. FONTAINE, M. LEMOU, AND F. MEHATS

2 2r r(¢(0)— 1 1 [eo—e L
/ (¥(0) — / / T2 sd9:§/ s72 |{e+s <1 <ep}|ds,
0 0

:7 S 2|{60—€(1—8)<1)Z)<€0}|d8
0

—‘,—MI)—-

using Fubini’s theorem, putting € = eg — e and performing a change of variables 5 = 2.

We define E. = {0 € [0,27],ep — (1 — s) < < eg}. We can write [0,27] = UL_, E; with
E; =0, §1-5§2]
By =[St Sithin) for € {2,..,p — 1}
Ep _ [€p 1+§p 2ﬂ.]

Thus E. = UY_,E! with Bl = {0 € E;, —¢(1 — 5) < ¢(9) —ep <0} and we get
2T 1 .
/ (¥(0) — €)2do 252 s73|El|ds.
0
The next step is to compute for i € {1...p} the limit of |EL| when € goes to 0. Notice that

there is a unique &; in each interval F; for i € {1...p}, and use the Taylor formula for v, to
get

1
= {9 € Ej,—e(l—s)<(0— §z’)2/0 (1 —u)yp"(u(0 — &) + &)du < 0} -

Let A(0,¢) = fo w)" (u(@ — &) + €)du, we can write

i = {e ¢ E, ’9\;;‘ JIAG.6)] < m}

Then we have
1

122 = 22| {0 € By [B0.6)] < VI=5}}| where B(0.) = (1 =) (uvE +6)

Recall that ¢"(&;) # 0 hence by continuity of 1", we have ¢ # 0 on a neighborhood of ;.
Thus for e close to e i.e. for e sufficiently small, we have B(6,&;) # 0. Thus we can write

|E§|:2/2W]l do
VE o foses LT

[B(6,£;)]

Applying the dominated convergence theorem, we get for ¢ € {1...p}
lim |EL| _5 2(1—s)
S0VE V@

This ends the proof of Lemma 3.6. O

To prove Lemma 3.5, we need a last technical lemma.
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Lemma 3.7. Let f be an inhomogenenous minimizer of the variational problem (1.8) given
by (1.9) with (A, u) € R x R*. We denote by ep := max1p where 1(6) = W. Then
there is only a finite number of values & satisfying ¥(§) = eg.

Proof. Let us argue by contradiction. Assume there is an infinite number of different
values ¢ satisfying 1(§) = ep. We define a strictly increasing sequence (&), such that
for all n, ¥(&,) = ep. In particular we have 9'(§,) = 0. Then we apply Rolle’s theorem
on each interval [{,,§,+1] and we build a new sequence (€n)n such that ¢ (£,) = 0. We
have (£,), € [0,27]N thus there exists & such that &, e € up to an extraction of a

subsequence. With the continuity of ¢" and Theorem 3, we get Y (§ ) = 0. By construction,
we have for all n, &1 < &, < &,. Thus up to an extraction of a subsequence &, _>—+>OO £
and the limit satisfies ¢/(£) = 0 and () = eg. Besides we know that
n__ ¢_f, _Pr— Jy_w
ow o
then py(¢) = 3. Using the expression of py, we get for all @ € [0,27], ps(0) < ps(€) and
max(ps) = py(€) = 3. Since Jg ps = My, we deduce that for all § € [0,27], ps(6) = M,

21
Thus for all 0, ¢7(6) = 0. Since ¢ has a zera average and ¢(0) = ¢(27), we get ¢y = 0.
Contradiction. O

We are now ready to prove Lemma 3.5.

Proof. Let f1 and f; be two steady states of (1.1) and two minimizers of (1.8) equimeasur-
able. They can be written in the form (1.9) and we can write

U2 U2
f10,0) = ()7 <ﬂ + %(9)) . 00 =) <% + zbz(@))

+ +

where ¢;(0) = W for ¢ = 1 or 2. Since fi and f5 are equimeasurable, we know that

forallt >0
o N —1 —v?
= H(] ) (—2“@' +¢2(9)>+ > t} )

2
(i (52 o) >4
N
'U2
12‘{3—%!%( < —|palg'(t H
de.

We have for i = 1 or 2,
=2x/5mir%/ (i (0) - /()3 a0

\—1 g
) (M ) >¢)

Thus for all e > 0, we have equality (3.17). Then let assume that ¢ # 0 and ¢, # 0.
According to the third point of Theorem 3, 11, ¥ € C?([0,27]). Besides according to
Lemma 3.7, there exists for ¢ = 1 or 2, p; = p;(¢y,) such that v; has p; values & satisfying
)i(§) = eg. We note them {&; 1,..,&p, }. In order to apply Lemma 3.6, let us show that
P!(&,5) # 0 for j € {1,..,p;} and @ = 1 or 2. If ¢}(& ;) = 0, since & ; is a maximum
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of ¢ too, we are in the same case as the end of the proof of Lemma 3.7 and we get a
contradiction. Hence we are allowed to use Lemma 3.6 and get

1 1 1
a2y ——— = |2 Y ——
j [ (&1,5)] =1 /15 (&15)]

Notice that we have for i =1 or 2

" Y/ _pfi(e)_%_i /\—1 __1)2 ) U_%
:0) = (bfi(e) B i B i </]R(j ) (2’/%\ —H/}Z(H)) ¢ 2”) 7

+
—v? 1 M
= —|ui "2 </ G <Tv + %‘(9)) dv — — 2—1> :
R + |2 =T
Thus we have " _1 1 M
¥y (Gij) = — |l 2 (G(GO) - mg)
with a(eg) = fR(j’)_1 (eo - %)Jr dv, and therefore equality (3.18) is proved. O

3.3.2. Proof of Theorem j. We will prove the orbital stability of steady states of (1.1)
which are minimizers of (1.8) in two steps. First we will show that any minimizing
sequence is compact.

Step 1 Compactness of the minimizing sequences

Let (fn)n be a minimizing sequence of Z(M;y, M;). Let us show that (fy)y is compact in

E,
Ej i.e. there exists fy € E; such that f,, — fo up to an extraction of a subsequence. Using
item (2) of Lemma 3.3, there exists fo € L1(][0,27] x R) such that f, - fo weakly in
n o

L1([0,27] x R) and we denote by ¢g := ¢y,. In the same way as the proof of Theorem 3 in
Section 3.2.2, we introduce the function F'¢* defined by (3.13). According to Step 1 of the
proof of Theorem 3 in Section 3.2.2, it is a minimizing sequence of (1.8), F'®» converges to
F% strongly in L'([0,27] x R) and F?° is a minimizer of Z(Mj, M;). Our goal is to prove

that fo = F? and f, i fo-

In order to do that, let us start with the proof of the strong convergence in L ([0, 27] x R)
of f,, to F®. First, we notice that || f,||r.: = |[[F?||;,2 = M, then thanks to Brezis-Lieb’s
lemma, it is sufficient to show that f, converges to F'? a.e. in order to get the strong
convergence in L!([0,27] x R). To this purpose, let us write

fn — o — fn — F9n 4 F9n _ %o
As the a.e. convergence of F?» to F? is already known, the next step is to show that

fn — F® converges to 0 a.e. For this purpose, we wil argue as in the proof of Theorem 2
in Section 2.2.2. We notice that we have

(3.20) // (G(fa) — GEP) — 7 (FO)(fn — FO))dBdv —s 0.

n——+00
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Indeed, using equality (3.12), we get

[t =) — g, = poasas = L)),
There remains to argue as in Step 2 of the proof of Theorem 3 in Section 3.2.2 to get the
desired limit. Then writting the Taylor’s formula for the function j(f,) and integrating

over [0,27] x R, we get

JJit=rer | (L) fo ) o) = Jite= [ i~ [[g-roni e,

Thus [[(fn — F)? fol(l —u)j" (u(fn — FOr) + For)du .0 Arguing in the same way

as the proof of Theorem 2 in Section 2.2.2., we get f, — F» —+> 0 a.e. To recap, we
n—-—+0oo

have obtained that ||f, — F?|;x — 0. But f, — fo weakly in L([0,27] x R) then
n—-+4o00 n—-+o0o

by uniqueness of the limit, we have F?0 = f,. Therefore ||f,, — follp1 = 0. To show the
n—-+0oo
convergence in E;, there remains to show that

0% (F = Folllr = 0, and [li(fu)lles —_ [li(fo)lLs-

The second limit clearly comes from the fact that fo = F? satisfies the constraints. For
the first limit, we write

// V2 (fa(0,0) — fo(6,0))d6dv = 2(H(f) — H(fo)) + 1641122 — 601122

Then ||v?f, |11 - |02 follr,1. Besides the strong convergence in L([0,27] x R) of f, to
n—-+0o0

fo implies that v2f, —+> v?2 fy a.e. up to an extraction of a subsequence. We conclude
n——+00

with Brezis-Lieb’s lemma. Hence the minimizing sequence is compact in Ej.
Step 2 Proof of the orbital stability

Before starting the proof of Theorem 4, notice the following fact. As mentioned in
Section 3.2.2, it is possible to obtain Euler-Lagrange equations for the minimizers in the
same way as in the proof of Theorem 1. This method provides the expressions of A and u.
In particular, we have

2

(3.21) = —chﬂ with Cy = / 17 (f)dodv — M;.
f

If f1 and f3 are equimeasurable, then Cy, = Cy,. Hence, we can rewrite the first point of

Lemma 1.2 as follows.

Lemma 3.8. Let fy be an inhomogeneous steady state of (1.1) which is a minimizer of
(1.8). Let (A, u) € RxR* be the Lagrange multipliers associated with fy according to (1.9).
There exists 6o > 0 such that for all f € E; inhomogeneous steady state of (1.1) which is
minimizer of (1.8) and which is equimeasurable to fo with py # p, where p is the Lagrange
constant associated with f in the expression (1.9), we have
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(3.22) [0 folls = 02 £l | > .

This characterization will be used in the proof of the orbital stability of steady states.

Before proving the orbital stability of minimizers, we need to prove a preliminary lemma.

Lemma 3.9. Let fy be an inhomogeneous steady state of (1.1) which minimizes (1.8). We
denote by 0y the constant associated with fy as defined in Lemma 1.2. We have: Ve > 0,
dn > 0 such that ¥ finis € E;

(1 4+ 0*)(finit — fo)llr <7 and ’//j(finit) - //j(fo)

0
[0 £ @llr = 102 follea | < 2 = 102 £E) e = 10 ol

where f(t) is a solution to (1.1) with initial data fip.

=7

<)

With this lemma, we are able to prove Theorem 4. We will prove Lemma 3.9 after the
proof of Theorem 4.

:>[Vt>0,[

Proof of Theorem /. Let us argue by contradiction, let fy be an inhomogeneous minimizer
of (1.8). Assume that fy is orbitally unstable. Then there exist ¢g > 0, a sequence

n Y, € EY and a sequence (t,), € (RN such that f. i fo and for all n, for all
7 it

init

Oo € [0, 271']

(3.23) { 17 (tns 0 + 60, 0) = fo(6,v) 12 > <o,

or [[v2(f™(tn, 0 + 09,v) — fo(0,v))|l1 > eo,
where f"(t,0,v) is a solution to (1.1) with initial data f... Let g,(0,v) = f"(tn,0,v),

it
we have H(g,) < H(f];,) from the conservation property of the flow (1.1). Introduce

gn(0,0) = Yngn (9, ;\/—:U) where (v, \,) is the unique pair such that ||g,|;1 = M; and
17(gn)llLr = M;. Besides 7, and \,, satisfy

. M.

= and 7, is such that 13Oy g)ller ]Hg"HLl.
HgnHLl Tn My

The existence and uniqueness of such (y,,A,) can be proved exactly the same way as

Lemma A.1 in [20]. As g, satisfies the two constraints of the minimization problem (1.8),

we have H(fo) < H(gn). Besides we have

(3.24) An

_ An v? n
(329 i) < ) <% (3 1) W onls + 105 )
Notice that
(3:26)  lonlls = Wffalus 2, M since |y — folus  ~_ 0 and [[fols = M.
Hence the sequence (g, ), is bounded in L!. We also have
2 1 27
%gn = H(gn) + 3 ’g2n(6)d6 < O+ m||[W'||Elgnll? where C is a constant,
L1
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and therefore the sequence (H% gnlli1)n is bounded too. Let us then show that A, and -,
converge to 1. With (3.24), we get A, —+> 1. To deal with the case of v,, we will use
n——+0o0

the fact that the hypothesis (H3) is equivalent to the hypothesis (H3bis)
(H3bis) : 07j(t) < j(bt) < bj(t), Vo> 1, ¢ > 0 and b7j(t) < j(bt) < bPj(t), vb < 1,t > 0.

Therefore using (H3bis), we get

IR S M; lgnllLr \P7
W (OTT Ty < < p=1 (ya-1 h C :(_J"7> .
min(Cii, G < < max(CE, GiTY), where Cn = { oS-

But (gl = 15l —_ [5(0)lls and therefore €, —> 1 Thus 5, — 1.
We deduce with (3.25) that EIE H(gn) = H(fo) and thus (g, ), is a minimizing sequence of
n o0

(1.8). According to the previous step, this sequence is compact, hence, up to an extraction
of a subsequence, there exists g € E; such that g, _>—+> g in Ej;. It is easy to show with
n o

Brezis-Lieb’s lemma that g, _>—+> g in E; up to an extraction of a subsequence. This
n o0

implies that

G20 llgn =gl 2 0 1200~ s~ 0and | [ st0.) = [[ 3@ 5 0

n—+oo n—+oo
Then we deduce of this convergence that H(gy,) = H(g), but H(gn) - Z(My, M;)

and Z(My, M;) = H(g). Besides g satisfies the two constraints therefore g is a minimizer
of (1.8). Furthermore in the same way as the proof of Theorem 2 in Section 2.2.2, we prove
that g and fy are equimeasurable. In summary, fo and g are equimeasurable minimizers
of Z(My, Mj). According to Lemma 1.2, g cannot be a homogeneous steady state. Thus
g is an inhomogeneous minimizer and has the form (1.9) with (A\g, ug) € R x R*. The
inhomogeneous minimizer fy also has the form (1.9) with (Ao, z0) € R x R:. If pg = po,
according to Lemma 1.2, fy = g up to a translation in §. Then (3.27) contradicts (3.23)
and we have proved that fj is an orbitally stable steady state. Otherwise, uz # po and
according to Lemma 3.8, there exists dp such that (3.22) holds. Now, let us show that
[[v2g|la — v follr1| < 0. In order to do that, let us prove that for all n,

do
(3.28) 0% gnllr = 0 folli | < =
We will show that V¢ > 0, |[[v2f"()||r — [[v2follr:| < %0. Let us argue by contra-
diction and assume there exists ¢ > 0 such that |[|[v2f"()||.1 — [[v2foll:| > %0. As

(1 + v2)( o — fo)ll n_)—+>oo 0, we can assume Vn, |[(1 + v?)( na— foll < %0. This

implies Vn, |||v? f2: Nl — v follia| < %0. Thus we have
9o 9o
102 Ol = 1o follu| < - and 3t > 0 s.t. [[[o* ()L = [[v* folla] > -

By continuity of the map ¢ + [[v?f™(t)||1.1, there exists to > such that

n 0 1)
257 o)l = 10 folla | = 2 < 2,
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therefore according to Lemma 3.9, for all € > 0, we have |||v?f™(to)||r1 — ||v® follr1| < e. For
instance with e = %, we get a contradiction. Hence: V¢ > 0, |[|[v?f()||L1 — [[v?follp1] < %

ER
and we deduce (3.28). Recall that we have |[v?(g, — g)|| - 0, hence with (3.28), we

deduce that |[|v? foll1 — [[v2g[lLi| < 0. We get a contradiction with (3.22) and uy = g
then fy = g up to a translation shift in §. Then (3.27) contradicts (3.23) and we have
proved that fy is an orbitally stable steady state.

If fo is a homogeneous minimizer of (1.8). We follow the same reasoning by contradiction
and we build an other equimeasurable minimizer g. Two cases arise: first, g is inhomo-
geneous and in fact, this case cannot occur according to the third point of Lemma 3.5.
Hence we get a contradiction. Secondly, g is homogeneous and we have fy = g according
to the first point of Lemma 1.2. We get the same kind of contradiction as in the case of fj
inhomogeneous. Hence, we have proved that fy is an orbitally stable steady state. O

To end this section, let us prove the preliminary lemma 3.9.

Proof of Lemma 3.9. Let us argue contradiction. Then there exist ¢g > 0, a sequence

E.
(fii)n € E5 and a sequence (t,), € R such that fJ%;, — fo and for all n,

n do n
(3.29) o? £ (tn) s = llv* follia| < - and [o? £ (tn) lLs = lv* follia| > eo,

where f™(t,) is a solution to (1.1) with initial data f7,. Let g,(6,v) = f™(tn,0,v), exactly

init:
like in the proof of Theorem 4, we introduce g, (6,v) = Yngn (0, K—Zv) where (Y, Ay ) is the
unique pair such that ||g,||p: = Mi and [|j(gn)|lLr = M;. In the same way as the proof
of Theorem 4 in Section 3.3.2, we prove that g is a minimizer of (1.8) and as in the proof
of Theorem 2 in Section 2.2.2, we show that g and fy are equimeasurable. Using the first
inequality of (3.29) and the convergence of |[v2gy|[1.1 to [[v2g| L1, we get

(3.30) l1v* folls — 0°gllLa] < o

Therefore according to Lemma 1.2, we deduce that fo = g up to a translation in 6 and we
get a contradiction with the second inequality of (3.29) and the convergence in E; of g, to
g. 0

4. PROBLEM WITH AN INFINITE NUMBER OF CONSTRAINTS

4.1. Generalized rearrangement with respect to the microscopic energy. In the
same way as in the two-constraints problem, we introduce a new function denoted by f*?.
The sequence (f *¢”)n has better compactness properties than the sequence (f,),. We get
the compactness of (f,), via the compactness of (f*##),, thanks to monotonicity properties
of H with respect to the transformation f*? which will be detailed in Lemma 4.3. To define
this new function, we use the generalization of symmetric rearrangement with respect to
the microscopic energy e = % + ¢(0) introduced in [17]. For more generalized results,
see also [16]. We first recall the usual notion of rearrangement which is adapted here to
functions defined on the domain T x R. For more details on this subject see [15] and [21].
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For any nonnegative function f € L!(T x R), we define its distribution function with (1.7).
Let f# be the pseudo-inverse of the function s defined by (1.7):

(4.1) f#(s) = inf{t > 0,us(t) < s} = sup{t > 0, 15(t) > s}, for all s> 0.

We notice that f#(0) = ||f|lLe € RU {400} and f#(+o0) = 0. It is well known that s
is right-continuous and that for all s > 0, ¢ > 0,

(4.2) fE(s) >t <= ppt) > s.

Next, we define the rearrangement f* of f by
(4.3) F5(0,0) = f* (’B(O, Vo2 02)NT x RD ,

where B(0, R) denotes the open ball in R? centered at 0 with radius R. Then in order to
generalize the rearrangements, we introduce for ¢ € C?(T) the quantity

(4.4) a¢(e):H(9,v) [0,27] x R : —+¢() H

From this quantity, we can adapt the proofs in Section 2.1 of [17] to the case of ¢ € C? and
we are able to define the generalized rearrangement with respect to the microscopic energy.
We get the following properties gathered in Lemma 4.1. The last item of this lemma is
proved in the Step 2 of the proof of Proposition 2.3 in [17].

Lemma 4.1 (Properties of ay). We have the following statements.
(1) The function a4 is continuous on R, vanishes on | — oo, min ¢| and is strictly in-
creasing from [min ¢, +oo[ to [0, o0l
(2) The function ag is invertible from [min ¢, 4+-o00] to [0, +oo[, we denote its inverse by
a;l. This inverse satisfies
o2 2

3972 —I—m1n¢<a¢ (s) < 3572

(3) Let ¢ € C%([0,2n]) and let ay be the function defined by (4.4). Let f be a nonnegative
function in L(]0,27] x R). Then the function

(4.5)

+ max ¢, VseR,.

f*0,v) = f* <a¢ (%2 + ¢(9)>> . (6,v) €[0,27] xR

is equimeasurable to f, that is pp-s = pyg where py is defined by (1.7). The function
*® is called the decreasing rearrangement with respect to the microscopic energy
2
S+ o(0).
(4) Let f € L}([0,27] x R) and ¢y is the potential associated to f defined by (1.3), we
have

(4.6) /I ( (6 ) (J(6,0) — F*1(6,0))d6dv > 0,
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The next lemma, proved in Section 3.1 of [16], is a technical lemma about rearrangements
which will be used in Lemma 4.5.

Lemma 4.2. Let ¢ € C2([0,27]) and f € L1([0,27] x R), we have the following identity

T 50) o000 = [ a7 s (s)a
/ 4<Eﬁ¢%0f 0,000 = [ a3 (5)# (s)ds

In the rest of this Section, we adopt the following definition of minimizing sequences.

Definition 4.1 (Minimizing sequence). We shall say that (fn)n is a minimizing sequence
of (1.11) if (fn)n is uniformly bounded and

H(fn) n_>—+>oo Hy and ||f; — folis n_>—+>oo 0.

As mentionned at the beginning of this section, we need to link H(f,) and H(f*?") to
get compactness for f,,. Hence, we introduce a second problem of minimization

U2 ¢ 1 n / 2
(4.7) jf* —/Omd)f ojf*((b) where jf*(qﬁ):// <7 + (b(@)) f (9,v)d9dv+§ ; ¢'(0)=dé

Lemma 4.3 (Monotonicity properties of H with respect to the transformation f*?). We
have the following inequalities:

(1) Let f € €, for all ¢ € H%([0,27]) such that $(0) = ¢(2m) and fo% ¢ =0, we have

H(f*) < Tp(9).
(2) For all f € &, Hy < H(f**5) < Tp=(dy) < H(f) where Hy is defined by (1.11).
Besides Hy = ‘719*.

Proof. The first item of this lemma is proved exactly like item (2) of Lemma 3.2. Hence
we have

N 1
(48) Ty (@) = H(*) + 3l16)0 — &'IIE
Then, let us prove the right inequality of item (2). Let f € &, the hamiltonian can be

written as
27 U2 1 27
= / / — + (bf f*d’f 0,v)dfdv + - <z$'f(9)2d9
0o Jr\ 2 2 Jo

+/%/<f+w ) — f791(6,))d0dv
~aren+ [ (3

Using (4.6), we get that H(f*?) < Js+(¢). Thanks to the two above inequalities, we easily
deduce Hy = jf*. O

+ o5(0 )U@@—Fwﬁwmwu

4.2. Existence of ground states. This section is devoted to the proof of Theorem 5.
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4.2.1. Properties of the infimum.

Lemma 4.4. The variational problem (1.11) satisfies the following statements.
(1) The infimum (1.11) exists i.e. Hy > —o0.
(2) For any minimizing sequence (fy)n of the variational problem (1.11), we have the

following properties: -
(a) There exists f € L'([0,27] x R) such that f, - f weakly in L.
n [e.e]

(b) We have ||¢f, — ol m St 0.

The proof of item (1) from Lemma 4.4 is similar to the one of Lemma 2.1. In the spirit of
Lemma 2.1, noticing that || f,||,1 = || f]|r1 is bounded and using Dunford-Pettis’s theorem,
we get the weak convergence of (f,), in L'([0,27] x R). The proof of item (b) is similar
to the one of item (2) in Lemma 2.1.

4.2.2. Proof of Theorem 5. We are now ready to prove Theorem 5.
Step 1: Existence of a minimizer.

From item (1) of Lemma 4.4, we know that Hj is finite. Let us show that there exists a
function which minimizes the variational problem (1.11). Let (f,), € Y be a minimizing
sequence of (1.11). From item (a) of Lemma 4.4, there exists f € L'([0,27] x R) such
that f, n_j_oo fin LL. From item (b) of Lemma 4.4, ¢y, strongly converges to ¢7 in

L%(]0,27] x R) and ¢, strongly converges to gb;; in L2(]0,27] x R).

In the following paragraphs, we will note ¢, := ¢, and b= ¢f— Notice using item (2)
of Lemma 4.3 that (¢,), is a minimizing sequence of (4.7). As in the proof of Theorem
3, we introduce a new minimizing sequence which has better compactness properties than

(fn)n- The sequence ( fg‘z’")n is well-defined according to Lemma 4.1. Since (¢y), is a
minimizing sequence of (4.7) and using the second item of Lemma 4.3, we directly get

H(fo™) ST Hj. The next step 1sito prove that H(f,"") Nl H(fy"). In order to do

that, let us show that f; on = fo ¢ strongly in L1([0,27] x R). From general properties
n—-+0oo

of rearrangements, see [15] and [21], we have ||f3<¢"\|L1 = || follr, and ||f§¢||L1 = || follp: and

therefore using Brezis-Lieb, see [8], it is sufficient to show that f; on —+> fo ? a.e. to get
n——+0o0

the strong convergence in L!([0,27] x R). Using the dominated convergence theorem, we
easily get that

2 2
ag, (U_ + ¢n(9)> — ag <% + gb(@)) a.e. up to a subsequence.

2 n——4o00

As by hypothesis, fo € €N CY([0,27] x R), ]"8‘7E is continuous then fg‘z’" = fqu a.e. up
n o

to an extraction of a subsequence. Thus, we get || fg(b” - fg¢|]L1 - 0. Then, from
n—-+0o0



36 M. FONTAINE, M. LEMOU, AND F. MEHATS

classical inequality about lower semicontinuous functions (see [15]) and the convergence in
L2(]0,27] x R) of ¢, we deduce that

(4.9) Hy > / f 0 v)dfdv — L

27 _
S ¢ s(0)%d0 = H(FT)
2 0 0

Since f, ¢ € & and is equimeasurable to fo, we get Ho < H( fo a)). Hence with the inequality
(4.9), we deduce Hy = H(f;?) and f;® is a minimizer of (1.11).

Step 2: The minimizer is a steady state of (1.1).

The minimizer fo* is a stationary state of the system (1.1) and to prove that it is
sufficient to show that ¢ = ¢ I3 The proof is similar to the one of two-constraints case in

Section 3.2.2, we use Lernrna 4 3 and equality (4.8) to get the result.
4.3. Orbital stability of the ground states.

4.3.1. Proof of Theorem 6. This section is devoted to the proof of Theorem 6. As we do
not have the uniqueness of the minimizers under constraint of equimeasurability, we can
only get the orbital stability of the set of minimizers and not the orbital stability of each
minimizer.

First, we need to the following lemma which is at the heart of the proof of the com-
pactness of minimizing sequences. This lemma will be proved at the end of the proof of
Theorem 6.

Lemma 4.5. Let f € SQCO(_[O, 2rr] xR) and let (fn)n be a minimizing sequence of (1.11).
Then (fn)n has a weak limit f in L*([0,27] x R). Denoting ¢ := ¢, we have

n—-+0o0o

[l folln.eo
/0 Byupo(t) + B, os(0) + Baluge(t) = B s (t)) = 2Bg(pp (t)dt —— 0
where

(4.10) { Brg(t) = {(0,v) € [0,27] x R: f(f,v) <t < g(0,v)}],

v2 x
By(u) = [f RN $(6)dodv.
Step 1: Compactness of the minimizing sequences
Let (fn)n be a minimizing sequence of (1.11), let us show that (f,), is compact in .
Using Lemma 4.4, there exists f € L! such that f, T f weakly in L'([0,27] x R) and
On _>—+> ¢ strongly in L2([0, 27] x R) where ¢ := ¢7. Arguing as in the proof of Theorem

5 in Section 4.2.2, we also get f§¢" — f{;a’ strongly in L'([0,27] x R). Our aim is

n—-+00

now to show that || f, — fg d = 0. In order to do that, we will use some techniques
n—-+00
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about rearrangements introduced in [16]. In particular, we will use the following equality
established in the proof of Theorem 1 in Section 2.3 in [16]

_ —+o00
(4.11) 1 = Fo2 Nl =2 ; By e Odt+ [ fnlle — [l follvs

where 3¢ 4 is defined in (4.10). The second term of (4.11): || fullLr — || follL: goes to 0 when
n goes to infinity. Indeed, according to Definition 4.1 of a minimizing sequence, we have:

17 = fil — 0 then £l = Wl — flls = [folls using rearrangements

properties, see [15]. Hence to prove that: ||f, — f§¢||L1 S 0, we need to prove that
n—

0+°° B, .t )dt e 0. For this purpose, it is sufficient to show that ,8 () — 0.
f”’fo 0 n——+00

Indeed, this a dlrect apphcatlon of the dominated convergence theorem
° B, palt) —— 0,
sy O

n—-+

e 0< 6fn,f5¢( ) < L, (t) and f s, (t)dt = || follL: using Fubini’s theorem.

To get the a.e. convergence to 0 of 3 we will use Lemma 4.5. By convexity of B s

fuos? 0
given by Theorem 1 in [16],

By(nso(t) + 5fmf5¢:(7f)) + B (uys(t) — 5fmf5¢:(7f)) — 2B (pg (1)) 20

therefore Lemma 4.5 implies that
Bylugo(t) + By s () + Balup(t) = B, 1a(t)) = 2B5(np(t)) 2 0 for almost £ > 0.

Notice that 5, .;(0) =0 and for all ¢ > 0,

1
- < _ .
0< B, lt) < ;s

Thus the sequence (S . f*g,(t))n is bounded and has a convergent subsequence. Let us

fnvf

suppose that 6 .3(t) ST [ # 0, then by strict convexity of By,

Ba,(ﬂfo( )+ 8, f*a(t)) + B (s (t) — 5fmf5¢:(7f)) —2Bj(ps,(1))
— Bg(pg(t) +1) + Bglug (t) — 1) — 2Bg(ug, (t)) > 0.

n——+00

Absurd then g, .;(t) e 0 for almost ¢t > 0. Hence || f,, — fgd_)HU Sl 0. Besides we

fud} o
have proved that f, i f weakly in L'([0,27] x R), hence by uniqueness of the limit,
n——+0oo

we get fo ¢ = f. Since by definition, a minimizing sequence is uniformly bounded, to prove
the compactness of the sequence (f,), in the energy space &, there remains show that

[ = Dl = 0.

Notice that
V2 (fn(0,0) — F(8,0))d0dv = 2(H(fn) — H(F)) + 64122 — 16[IE2,
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thus ||v?fn |11 - |02 f||L1 since (fn)n is a minimizing sequence and f is a minimizer.
n—-+00

Moreover v2f, — v%f up to an extraction of a subsequence since f, — f strongly
n——+o0o n——+00

in L'. Thanks to Brezis Lieb’s lemma (see [8]), we deduce that ||[v%(f, — f)|l.2 - 0.
n o0

To conclude, we have proved that the sequence (f,), is compact in £.
Step 2: Proof of the orbital stability

Let us argue by contradiction, let f;, be a steady state of (1.1) which minimizes (1.11).

Assume that f;, is orbitally unstable. Then there exist g9 > 0, a sequence (f2;;)n € EN

and a sequence (t,), € (RN such that f7, £, fi, and for all n, for all §y € [0, 2n], for
all f; minimizer of (1.11),
{ an(tnae"i'e(bv) _fi(97U)HL1 > €o,

or [[v*(f™(tn, 0 + bo,v) — fi(0,v))ll1 > <o,
where f"(ty,0,v) is a solution to (1.1) with initial data f]’.,. Let g,(8,v) = f"(tn,0,v).
Notice that

[(finie)" = follur = 1(finie)™ — figllr since fi, € Eq(fo),

< |\firit — fiollL,r by contractivity of rearrangement (see [15]),

(4.12)

but from conservation properties of the flow (1.1), we have ¢ = (f,;)* together with

llgnllLee = || f1%llLoe . Therefore g7 =2 f¢ strongly in L' and (g,), is uniformly bounded.
n oo

Finally, from item (2) of Lemma 4.3 and from the conservation property of the flow (1.1),
we have

Ho < H(f7%) < H(gn) < H(fli) —> Ho.

n—-4o0o

Thus H(gx) - Hj and the sequence (g, ), is a minimizing sequence of (1.11). According
n o0

to the previous step, this sequence is compact, hence, up to an extraction of a subsequence,

there exists f; € £ such that g, LN fr. This implies that

(4.13) llgn — frllLr n_>_+>oo 0 and ”UQ(gn —f)lln — 0.

n—-+o00
Arguing as in the proof of Theorem 2 in Section 2.2.2, we prove that H(f;) = Hp and that
fr is equimeasurable to f;,. We deduce that f7 is equimeasurable to fp and hence this is a
minimizer of (1.11). We get a contradiction with (4.13) and (4.12). There remains to show
Lemma 4.5.

Proof of Lemma 4.5. The existence of the weak limit f is given by item (3) of Lemma
4.4. Many techniques in this proof have been introduced in [16]. By convexity of B 5 see
Theorem 1 in [16], we have

folloe
/0 Ba(pgo(t) + 8, 5(t)) + Bglup(t) =8, fo*q;(t)) — 2B (1, (t))dt > 0.
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Using the remark following Theorem 1 in [16] , we have

/ T By ) + B,eo(0) + Byl ()= 8, o0) — 2Byl (D)4 < 4, + B,
where
{ o ( 5(60)) (£(8,0) = £5°(0,v))d0dv,
By = [y 105 g (9)B:.55 (9) — a5 agy (5)) Bz g3 ()]s
Then let us show that A, —+>oo 0. After integrating by parts, we get

2T ) )

We have seen in Step 1 of the proof of Theorem 5 in Section 4.2.2 that H(f,) — H( *d_))

converges to 0 and ||¢], — ¢'[|2, e 0; therefore A, = 0. Finally let us show that
n— n o0

B, — 0. We have the following 1nequahty using inequality (4.5)

n——+o0o

B, = /+w[a‘1(2w (5)Brzgs () — a3 (1go () By g ()lds
; 3 o x 1 p 0 0:dn

+o0 4 2 ~ 9 )
< /0 (_/;J;Jg) + max ¢> Brs gz (s) — (@7(;2) + min qﬁ) Bis 11 (s)ds.

Using the following identity, see the proof of Proposition 4.1 in [17],

400 +oo
Brs gz (s)ds + ; Brs 2 (s)ds = |1 fn — f3llL,

we get
+oo _ —+00

1 I . s | £* *
By < 115 (8)* Bz gz (s)ds + (max ¢ +min ¢) Brs gz (s)ds —min @|| £y — f3 |
0 0
Notice that min ¢||f* — f&]li.1 - 0 since (fn)n is a minimizing sequence of (1.11).
n [e.e]

Besides - oo [t
(max ¢ + min ¢) Brs gz (s)ds < max ¢ Brs 1z (s)ds
0 0

oo
< maxd /0 (2 — f)+ds

< max || f; — fili —_0.

Finally, let us prove that
1 [T
82

First notice that ﬁf* f*( s) —> 0. Indeed we shall apply the dominated convergence

1go(8)* Bz gz (s)ds — 0.

n—-+0o0o

theorem to Bpx r«(s) = [[ ]l{fn (0,0)<s<f; (0.0)yd0dv for s > 0. We first have
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o Lsso.0)<s<fr(o.)} n_)—+>oo Ligs00)<s<fz0.0)} a-€. since I n_)—+>oo fo strongly in
Li([0,27] x R),
* Liom<s<fioot < Lscpgomy But [[ Tjscpzomydfdv = i (s) = ppy(s) < oo
since fo € L1(]0,27] x R).
Hence by the dominated convergence theorem, we get for all s > 0, Byx, £ (s) n_>—+>oo 0.

For s = 0, Bfx 72(0) = [@] = 0, thus for all s > 0, B r«(s) —> 0. There remains to

n—-+00

dominate the term ufo(s)2ﬁf;,f5 (s). Notice that fif, (8)2611;7105 (s) < py(s)3. However we

have
+o00 +o00 1 o0
/ SQf#(s)ds = / (/ s2ds> dt = —/ fig, (1)2dt.
0 0 0<s<pzy (t) 3 Jo

So to prove the integrability of s — puy, ()3, it is sufficient to show that f0+oos2f0#(8)ds < 00.
Using equality (4.5), identity ffg#(s)ds = || follrr and Lemma 4.2, we get

+o0 +oo
| eass [ g st
0 0
—+00
:/ a3 ()1 (s)ds + | follvr,
0

, _
-/ (7 + <z><e>> 326, 0)d8dv + [ follLs < +oo

since fgé satisfies Hy = H( 8«&) and fo € L1([0,27] x R). Hence f0+°° ff, (£)3dt < 400. We
conclude by dominated convergence that

+oo
/0 uf0(8)2,3f;7f§(8)d8 — 0.

n——+00

Therefore B,, — 0 and the lemma is proved. O
n—-+o0o

4.3.2. Expression of the minimizers. From the proof of compactness of minimizing se-
quences in Section 4.3.1, we can deduce the expression of the steady states of (1.1) which
minimizes (1.11). Indeed, we have proved that any minimizing sequences (f,), converge

to a minimizer f in £ which satisfies f = fg¢. Hence any minimizer f of (1.11) has the

following expression:
— # U2 —
=175 ag b} + ¢(0) .

APPENDIX A.

Proof of Lemma 2.2. Let (fy)n be a sequence of nonnegative functions converging weakly
in L'([0,27] x R) to f such that ||f,|p1 = M, [[v*fy]lLr < C1 and [[ fnIn(f,) < Co where
M, C; and Cy do not depend on n. Let A € Ry and f1(8,v) = eI, we have
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J[ iz - /fnhl()\fl)—kln ) [ e [ mis
_//0< <A1 ()\f1> //(f" ()\}L)) +1D()\)M+/fnln(fl).
{,f,f}

First by using the lower semlcontmulty properties of (onveC poijve functions, we get

liminf//<fnln< >) // fln
n——+00
At this stage, we have the following identity

[ (7m(5)) = moom] st ff 5w
+E§il£//0<fn<>\f1} ()\f—J:Ll>

In
fn ln (—)
//{0<fn<>\f1} Af
This term can be written as

//{Oansxfl} Fuln <Af1> //0<fn<>\f1} Juln (?f) ) //{Oﬁfnﬁ)\fl} fn =i

We have |Ty| < A|In(\)|M; . 0 uniformly in n where M; = || f1]|1. Since for A\ suffi-
%

ciently small, the function z — z|In(z)| is increasing on [0, Af1], we have for T}

) < //{ PR ALATE //{ g, S
< A//fllln(fl)l +A//f1|1n(kf1)| < 2A/ Aln(f)] + Al n(A)|M;.

Clearly, we have [[ fi|In(f1)| < +oo so |T1| = 0 uniformly in n. So far, we have

Eglilgof//fnln (fn) > hm //(fln </\f1>> +1In(A) +1¢1E>1—|l—101£//fn1n (f1)-

(?l ext step is to show that hm ff(fln()\fl)) +In(A\)M fffln( ) We have

w7 0, o ()5

Let us show, using the dominated convergence theorem, that the first term of (A.4)
converges to 0 when A goes to 0. The term fln( =)Ly 7>ap clearly converges to fln(fi)

So it remains to show that [f \fln +)|dfdv < +o00. We have

Af1

(A1)t [ fin(r) >

Let us then show that
(A.2) lim sup

A—0 n

=0.

A In(N)[ M.
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[ (3)

dfdv < //\fln(f)\d@dv—i—/ |f In(f1)|dOdv

< [ 17 m(F)aodo + 21 + 42l
It is well-knwon, see [12], that for f >0, if || fllLi<too, |02 f]|L1<+oo, |fffln f)dfdv|<+o0,
we have [['|fIn(f )|dfdv < +o0. We already have that £l < +oo, |02 £l < 400, so
let us show that | [[ f1In(f)dfdv| < +oco. Thanks to Jensen’s inequality (2.3), we have

/fln(f)d@deM(ln( ) — In(My)) /|v|f> —00.

By hypothesis, we know that hI_I)l Jirnf [[ fnIn(f,)d6dv < Cs and with inequality (A.1) and
limit (A.2), we get for all A € Ry

Cy > //{f_»ﬁ} fIn(f)dédv + In(N) //{f</\f1} fdodv — // vl f.

The two last terms are bounded so ], (F>2f1) fIn(f)dédv is bounded from above et we

deduce that [f f1n(f)dfdv is bounded from above. So the dominated convergence theorem
gives the limit. Then the second term of (A.4) clearly converges to 0. So

lim inf // faln(fn) > // fIn(f) + lim inf // Hn(f).

To conclude, it is sufficient to show that [[(f, — f)In(f1) = 0. Lete >0and R >0

W — f)|v|dé - Alolds
//{U<R}(f f)lv|dodv +//{|v|>R}(f + f)|v|dfdv
_ 7 1 9 _
r 201
é fn_f d@d + —.
//{vg}z}( )|vldfdv| + —

The first term converges to 0 when n goes to infinity thanks to the weak convergence in
L(]0,27] x R) of f, to f and R is chosen such that the second term is smaller than &.

such that % < e, we have

e

O
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