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THE EQUIVARIANT INDEX OF TWISTED DIRAC

OPERATORS AND SEMI-CLASSICAL LIMITS.

PAUL-EMILE PARADAN AND MICHÈLE VERGNE

Abstract. Let G be a compact connected Lie group with Lie
algebra g. Let M be a compact spin manifold with a G-action,
and L be a G-equivariant line bundle on M . Consider an inte-

ger k, and let Qspin
G (M,Lk) be the equivariant index of the Dirac

operator on M twisted by Lk. Let mG(λ, k) be the multiplicity

in Qspin
G (M,Lk) of the irreducible representation of G attached to

the admissible coadjoint orbit Gλ. We prove that the distribu-
tion 〈Θk, ϕ〉 = kdim(G/T )/2

∑
λ mG(λ, k)〈βλ/k, ϕ〉 has an asymp-

totic expansion when k tends to infinity of the form 〈Θk, ϕ〉 ≡
kdimM/2

∑
∞

n=0 k
−n〈θn, ϕ〉. Here ϕ is a test function on g∗ and

〈βξ, ϕ〉 is the integral of ϕ on the coadjoint orbit Gξ with respect
to the canonical Liouville measure. We compute explicitly the dis-

tribution θn in terms of the graded Â class ofM and the equivariant
curvature of L.

If M is non compact, we use these asymptotic techniques to give
another proof of the fact that the formal geometric quantification
of a manifold with a spinc structure is functorial with respect to
restriction to subgroups.
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To the memory of Bertram Kostant.

This article is pursuing the fundamental idea of Kostant that a line
bundle L on a G-manifold M , equipped with a G-invariant connection,
give rise to a moment map φG : M → g∗, and thus hopefully to a
relation between the quantization of M and the representation theory
of G, since Ĝ may be considered as a subset of g∗. We investigate
further the corresponding quantization, via Dirac operators, in the case
where the group G is compact, and the moment map proper. Our new
insight is that the asymptotic behavior when L is replaced by Lk is easy
to compute classically, and determines completely the quantization at
k = 1. Certainly, Bertram Kostant would have found this idea obvious,
but maybe also beautiful. Anyway, here it is.

1. Introduction

Let M be a compact oriented spin manifold of even dimension 2d.
Let L be a line bundle over M equipped with a connection of curvature
−iΩ and let Â(M) be the Â class of M (normalized as in [2]). We do
not assume the curvature −iΩ of L to be non-degenerate. Define the
integral

Qgeo(M,L) =
1

(−2iπ)d

∫

M

e−iΩÂ(M).

The Dirac operator DL twisted by L is an elliptic operator on M , and
let Qspin(M,L) = dimKer(DL)− dimCoker(DL) the index of DL. By
the Atiyah-Singer index theorem, Qspin(M,L) = Qgeo(M,L).
Assume now that a compact connected Lie group G, with Lie algebra

g, acts on (M,L). The choice of an invariant connection on the line
bundle L determines a moment map φG : M → g∗. This is the Kostant
moment map [12]. Let T be a maximal torus of G, t its Lie algebra. We

identify the space Ĝ of irreducible finite dimensional representations of
G to the discrete set of elements λ ∈ t∗, which are dominant admissible
and regular, and we denote by χλ(g) the trace of the action of g ∈ G
on the irreducible representation of G parameterized by λ.
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If k is an integer, we denote by Lk the k-th power of the line bundle L.
Define the function Qspin

G (M,Lk) on G to be the trace of the action of
g ∈ G in the virtual space Ker(DLk)−Coker(DLk). DefinemG(λ, k) ∈ Z

such that
Qspin

G (M,Lk) =
∑

λ∈Ĝ

mG(λ, k)χλ.

Consider the geometric (re-scaled) analogue

Θ
(M,L)
k = k

dim(G/T )
2

∑

λ∈Ĝ

mG(λ, k)βλ/k,

the weighted sum of the canonical Liouville measures βλ/k on the coad-
joint orbits Gλ/k.

The aim of this article is to study the asymptotic behavior of Θ
(M,L)
k

when k is large, and M possibly non compact, and to explore a func-
torial consequence of this formula for reduced spaces.
We work in the spin context. The same argument would adapt to

manifolds with spinc structures, provided we work with odd powers of
k. This context is more general than the Hamiltonian context (which
includes the Kähler context), and it is more natural since Weyl charac-
ter formula for χλ is the fixed point formula for a twisted Dirac operator
on the coadjoint orbit Gλ. We will return to the comparison between
both contexts in a forthcoming article. The article [25] determines the

asymptotic expansion of Θ
(M,L)
k in the Hamiltonian context, when G is

a torus.
Let us return to the case of a spin manifold M with a G-invariant

line bundle with connection. We do not assume anymore M compact,
but we assume the moment map φG proper. In this introduction, to
simplify, assume that all stabilizers of the action of G on M are abelian
and connected. We also assume that ρ is in the weight lattice of T .

For every λ ∈ Ĝ ⊂ T̂ ⊂ t∗, consider the reduced space

Mλ,G := φ−1
G (λ)/T

which may be non connected. If λ is a regular value of φG, Mλ,G is
a smooth compact spin manifold. Denote by C[−λ] the vector space C

with the action of T given by the character t−λ of T . The restriction
of the line bundle C[−λ]⊗Lk to φ−1

G (λ) is the pull back of a line bundle
Lλ,k on Mλ,G. So define

mgeo
G (λ, k) = Qgeo(Mλ,G,Lλ,k).

If λ is not a regular value of φG, this number can be defined by deforma-
tion. When M is compact, the [Q,R] = 0 theorem in the spin context
[21] asserts that mG(λ, k) = mgeo

G (λ, k). This suggests to extend the
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definition of Qspin
G (M,L), when L is equipped with a connection (that

we leave implicit in the notation) such that the moment map φG is
proper, in the following way. Define

Qgeo
G (M,Lk) :=

∑

λ

mgeo
G (λ, k)Vλ.

We call this object (in the spirit of [26]) the formal geometric quanti-
zation of (M,L).
Here are two simple examples.

Example 1.1. • M = T ∗S1, with coordinates (t, θ), and the natural
action of the circle group G = S1. Consider the trivial line bundle
L with connection d − itdθ. The moment map is φG(t, θ) = t. Thus
Qgeo

G (M,Lk) is independent of k:

Qgeo
G (M,Lk) =

∑

n∈Z

einθ.

• M = C, with coordinate z. We consider an integer a and the
line bundle L = M × C with action eiθ(z, v) = (e2iθz, eiaθv). Take the
connection ∇ = d − i

2
Im(zdz̄). The moment map is φG(z) = a + |z|2

and is proper. Then

Qgeo
G (M,Lk) = eikaθ

∑

j≥0

ei(2j+1)θ.

As M is non compact, it is not possible to define the index of DL

without introducing additional data. We use transversally elliptic oper-
ators. The Kirwan vector field κG associated to φG allows us to deform
the symbol of the Dirac operator, and to obtain a G-invariant transver-
sally elliptic operator DL,φG

on M if the set of zeroes of κG is compact,
which we assume in this introduction. The index Q−∞

G (M,Lk) of this
operator provides a well defined generalized function on G. So define
mG(λ, k) ∈ Z such that

Q−∞
G (M,Lk)(g) =

∑

λ∈Ĝ

mG(λ, k)χλ(g).

Then, we have again [10]

mG(λ, k) = mgeo
G (λ, k).

An important consequence of this geometric relation is the fact that
the function mG(λ, k) is a piecewise quasi-polynomial function. In
particular, the map k 7→ mG(kλ, k) is entirely determined by its large
behavior.
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We define as in the compact case the weighted sum of measures of
the orbits Gλ/k:

Θ
(M,L)
k = kdim(G/T )/2

∑

λ

mG(λ, k)βλ/k.

As it is well known, at least in the Hamiltonian case, the mea-

sure 1
kdimM/2Θ

(M,L)
k tends to the Duistermaat-Heckman measure when

k tends to ∞. Here we will prove that Θ
(M,L)
k has an asymptotic ex-

pansion, when k → ∞, as a Laurent series (in 1/k) of distributions,
and we will determine all coefficients as twisted Duistermaat-Heckman
distributions related to the Â class of M .
Recall in this spin context the definition of the Duistermaat-Heckman

measure. Let Ω(X) = Ω−〈φG, X〉, X ∈ g. This is a closed equivariant
form of degree 2 on M and e−iΩ(X) is the equivariant Chern character
of L. The form ΩdimM/2 is a density on M (which might be not posi-
tive). The Duistermaat-Heckman measure is the signed measure on g∗

obtained by push-forward of ΩdimM/2 by the proper map φG. If M is
compact, its Fourier transform is the function X 7→ 1

(−2iπ)d

∫
M
e−iΩ(X)

on g. Similarly, if ν(X) is a closed G-equivariant form on M , with
polynomial coefficients, we can define the distribution DHG(M,Ω, ν)
on g∗ by the formula:

〈DHG(M,Ω, ν), ϕ〉 =
1

(−2iπ)d

∫

M

∫

g

e−iΩ(X)ν(X)ϕ̂(X)dX. (1.1)

Here ϕ is a test function on g∗, with Fourier transform ϕ̂. It is easy to
see that this distribution is well defined if φG is proper.
Consider the equivariant Â class of M which belongs to the com-

pletion of the equivariant cohomology ring of M , and its expansion
Â(M)(X) =

∑∞
n=0 Ân(M)(X) in equivariant classes homogeneous of

degree 2n. Finally, let j
1/2
g (X) = det1/2g

(
eX/2−e−X/2

X

)
, a G-invariant

function of X ∈ g. It determines a formal series j
1/2
g (i∂/k) of G-

invariant constant coefficient differential operators on g∗.
Our main contribution is the following result (see Theorem 4.3).

Theorem 1.2. When k tends to ∞,

Θ
(M,L)
k ≡ j1/2g (i∂/k)

(
kd

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M))

)
. (1.2)

The leading term in kd is the Duistermaat-Heckman measure.

Let us check this formula in our two basic examples.
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Example 1.3. • For M = T ∗S1, the Â class is identically equal to 1,
so there exists only one term in the expansion (1.2). Here Theorem 1.2
is the well known fact that

∑

λ∈Z

ϕ(λ/k) ≡ k

∫

R

ϕ(ξ)dξ.

• For M = C, the equivariant Â class for our action is the invariant
function θ

sin(θ)
. Theorem 1.2 is the following variation of the Euler-

MacLaurin formula (see [7])

∑

j≥0

ϕ(a+ (2j + 1)/k) ≡
k

2

∫ ∞

a

ϕ(ξ)dξ −
∞∑

n=1

(
2

k
)n−1Bn(1/2)

n!
ϕ(n−1)(a).

Here Bn(t) is the n-th Bernoulli polynomial and only even integers n
occur, since Bn(

1
2
) = 0 for all odd n ≥ 0.

Let us see why this formula is natural, when M is compact. By

Kirillov formula, the Fourier transform of Θ
(M,L)
k is the function

X 7−→ Qspin
G (M,Lk)(expX/k)j1/2g (X/k)

on g. The delocalized formula [2] for the index says that, for X ∈ g

small enough,

Qspin
G (M,Lk)(expX/k) =

1

(−2iπ)d

∫

M

e−ikΩ(X/k)Â(M)(X/k).

But, by simple inspection of the relation between the equivariant degree
and the polynomial degree, this is also equal for X small to

1

(−2iπ)d
kd

∫

M

e−iΩ(X)
( ∞∑

n=0

1

kn
Ân(M)(X)

)
.

The formula for the asymptotic expansion of Θ
(M,L)
k follows easily. Re-

mark the dichotomy between the equivariant Chern character e−iΩ(X)

that is unchanged in this asymptotic equivalence, and involves the ex-
ponential function ei〈φG,X〉, and the Â class that we expand as a series of
homogeneous equivariant classes with polynomial coefficients. A more
delicate analysis, using the delocalized formula ([20]) for the general-
ized function Q−∞

G (M,Lk)(expX) leads us also naturally to Theorem
1.2. The Chern character e−iΩ(X) has to be replaced by the Chern
character e−iΩ(X)P (X) where P (X) is an equivariant form with gener-
alized coefficients, supported in a compact neighborhood of the zeroes
of κG, equivalent to 1 in the equivariant cohomology without compact
support conditions.
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In conclusion, Theorem 1.2 says that the formula

Qspin
G (M,L)(expX) =

1

(−2iπ)d

∫

M

eiΩ(X)Â(M)(X)

has a meaning in the asymptotic sense for a non compact manifold M
when L is replaced by Lk and X by X/k, and is a good ersatz for the
equivariant index formula of DL.

Let us now explain a consequence of this asymptotic formula for
reduced spaces.
Return for a moment to the case where M is compact. Plugging

g = 1 in the identity Qspin
G (M,Lk)(g) =

∑
λ∈Ĝ mG(λ, k)χλ(g), leads to

the remarkable identity

Qgeo(M,Lk) =
∑

λ∈Ĝ

vol(Gλ)Qgeo(Mλ,G,Lλ,k) (1.3)

relating an integral on M to a sum of integrals on the finite number
of reduced spaces Mλ,G. We will see that this equality generalizes to
reduction in stages, even when M is non compact.
Let H be a connected compact subgroup of G with torus TH . The H

action on (M,L) leads to the moment map φH : M → h∗. Assume φH

is still proper. In this case we can define Q−∞
G (M,L), and Q−∞

H (M,L).
WhenM is compact, from the description ofQspin

G (M,L) as the index of

the elliptic operatorDL onM , we see thatQspin
H (M,L) is the restriction

of the representation Qspin
G (M,L) to H . When M is non compact, this

relation is not obvious since our G-transversally elliptic operator DL,φG

is not (usually) H-transversally elliptic. The following theorem

Q−∞
G (M,L)|H = Q−∞

H (M,L) (1.4)

was proved by the first author using cutting [19]. Here we will show
that this also follows from comparing the large behavior ofQ−∞

G (M,Lk)
and Q−∞

H (M,Lk) and the fact that multiplicities mG(kλ, k), mH(kλ, k)
are entirely determined by their large values.

Let λ ∈ Ĝ, and µ ∈ Ĥ. Denote by c(λ, µ) the multiplicity of Vµ in
Vλ|H . Theorem (1.4) is equivalent to the following equality of indices
of Dirac operators on reduced spaces for H , and G.

For any µ ∈ Ĥ, we have

Qgeo(Mµ,H ,Lµ,k) =
∑

λ∈Ĝ

c(λ, µ)Qgeo(Mλ,G,Lλ,k).

When M is compact, we can take H = {1}, and this is the mys-
terious equality (1.3). In general, this equality of indices of Dirac
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operators on reduced spaces for different groups is not clear, since
Mµ,H = φ−1

H (µ)/TH do not carry any visible group action.
Let us briefly sketch a proof of this equality for the case where G,H

are torus. This simple case could be treated by considering the action of
G/H on the compact spin manifold Mµ,H , but we treat it by a different
method which will generalize to any pair of groups H ⊂ G.

In this case, Ĝ, Ĥ are lattices in g∗, h∗, and we have to prove

mH(µ, k) =
∑

λ∈Ĝ,λ|h=µ

mG(λ, k).

In a companion article [23], we proved the following easy result. Con-
sider a distribution Dk =

∑
µ∈Ĥ q(µ, k)δµ/k associated to a piecewise

quasi-polynomial function q(µ, k). Assume that, for any ζ ∈ H , an
element of finite order, the distribution

∑
µ∈Ĥ q(µ, k)ζµδµ/k = O(k−∞)

when k tends to ∞. Then q(µ, k) = 0.
We have computed the asymptotic expansion of both distributions

ΘG
k =

∑
λ∈Ĝ mG(λ, k) δλ/k and ΘH

k =
∑

µ∈Ĥ mH(µ, k) δµ/k. One has:

ΘG
k ≡ kd

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M)),

ΘH
k ≡ kd

∞∑

n=0

1

kn
DHH(M,Ω, Ân(M)).

Define m′
H(µ, k) =

∑
λ∈Ĝ,λ|h=µmG(λ, k). The distribution

SH
k =

∑

µ∈Ĥ

m′
H(µ, k)δµ/k

is the push-forward r∗Θ
G
k of the distribution ΘG

k under the map r :
g∗ → h∗.
The Duistermaat-Heckman distributions DHG(M,Ω, ν) behave very

well under the push-forward map:

r∗DHG(M,Ω, ν) = DHH(M,Ω, ν).

Indeed, at least in the compact case, the Fourier transform of
DHH(M,Ω, ν) is the restriction to h of the function −1

(2π)d

∫
M
e−iΩ(X)ν(X)

on g. So we see that SH
k and ΘH

k have the same asymptotic expansion.
This is not entirely sufficient to prove that ΘH

k = SH
k . But we use the

fact that both functions m′
H(µ, k) and mH(µ, k) are piecewise quasi-

polynomials and that a similar asymptotic descent formula holds for
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the distribution ∑

µ∈Ĥ

mH(µ, k)ζ
µδµ/k

when ζ ∈ TH is of finite order.
The proof, sketched here for H and G abelian, works equally well

for two subgroups H ⊂ G. We just have to use the formula for the
push-forward of the Liouville measure r∗(βλ) of admissible coadjoint

orbits. As expected, the full series for the Â(M) class, as well as the

Duflo operator j
1/2
g (∂) plays a role in the functoriality.

Asymptotic behavior of quantization when k tends to ∞ has been
considered by many authors. Let us give a very limited and personal
selection of influential works.
Asymptotic behavior of kernels of Laplacians twisted by Lk were used

by Boutet de Monvel-Guillemin [6] to produce a formal star-product of
functions on symplectic manifolds. In general only the few first terms
of the star product formal deformation are computable (see for example
[5], [13]).
Our asymptotic trace formula for the transversally elliptic operator

DL,φG
has the same flavor than Fedosov trace formula for deformation

quantization [8].
The article of E. Meinrenken [15] where multiplicities mG(λ, k) are

identified at the large limit to index of reduced spaces is in close rela-
tion with our setting. Asymptotic Riemann sums of values of smooth
functions at equally spaced sample points of a Delzant polytope ∆ ⊂ g∗

were studied by Guillemin-Sternberg [9], where the full asymptotic for-
mula is given in terms of the Todd class of the corresponding toric
manifold. The natural geometric re-scaling µ → µ/k in the computa-
tion of 1

kd

∑
µ∈Zd∩k∆ ϕ(µ/k) leads to consider re-scaling X → X/k in

the variable X ∈ g. This was one of the inspiring examples.
Our application to restrictions to subgroups is a striking example

where an obvious property at the semi-classical level (functoriality of
push-forward of distributions) can lead to a proof of a subtle relation
at the quantum level.

2. Asymptotics and representations

2.1. Fourier transforms. When V is a finite dimensional real vector
space, we denote by D′(V ∗) the vector space of complex valued distri-
butions on the dual vector space V ∗. If A ∈ D′(V ∗) and ϕ ∈ C∞

cpt(V
∗),

we denote by 〈A,ϕ〉 ∈ C (or 〈A(ξ), ϕ(ξ)〉) the value of A on ϕ.
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When A ∈ D′(V ∗) has a compact support, its Fourier transform
FV ∗(A) ∈ C∞(V ) is defined by the relation

FV ∗(A)(v) := 〈A(ξ), ei〈ξ,v〉〉, v ∈ V.

When f is a smooth function on g and has at most polynomial
growth, its Fourier transform FV (f) ∈ D′(V ∗) is defined by the re-
lation

〈FV (f), ϕ〉 =

∫

V

f(v)ϕ̂(v)dv

where ϕ̂(v) = 1
(2π)dim V

∫
V ∗ ϕ(ξ)e

−i〈ξ,v〉dξ. Here dv and dξ are dual vol-

ume forms on V and V ∗.
For any k ≥ 1, we define the operation

rescalingV ∗(k) : D′(V ∗) → D′(V ∗) (2.1)

by 〈rescalingV ∗(k)(A), ϕ〉 = 〈A(ξ), ϕ(ξ/k)〉. We have also the opera-
tion rescalingV (k) : C

∞(V ) → C∞(V ) defined by rescalingV (k)(f)(v) =
f(v/k).

2.2. The isomorphism Rg. Let G be a connected compact Lie group
with Lie algebra g. Let T ⊂ G be a maximal torus with Lie algebra t.

Let WG be the Weyl group. We consider T̂ as a lattice Λ in t∗. If λ ∈ Λ,
we denote by tλ the corresponding character of T . If t = exp(X) with
X ∈ t, then tλ = ei〈λ,X〉. We choose a system ∆+ of positive roots. In
our convention, ∆+ is contained in t∗. We choose an invariant scalar
product on g.
Let D′(g∗)G be the space of G-invariant distributions on g∗ and

D′(t∗)WG−alt be the subspace of WG anti-invariant distributions on t∗.
Let Πg/t(X) =

∏
α∈∆+〈α,X〉, a WG anti-invariant function on t.

We will use the following classical fact.

Lemma 2.1. There exists a unique linear isomorphism

Rg : D
′(g∗)G −→ D′(t∗)WG−alt

with the following two properties.

• Rg(fA) = f |t∗Rg(A) for all A ∈ D′(g∗)G and f ∈ C∞(g∗)G.
• For compactly supported distributions A, the Fourier transform
of Rg(A) is given by

〈Rg(A), e
i〈−,X〉〉 = (i)rΠg/t(X)〈A, ei〈−,X〉〉, X ∈ t,

with r = dim(G/T )/2.
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2.3. Asymptotics. Let D′(g∗)G be the space of G-invariant distribu-
tions on g∗. We will study asymptotic expansions of sequences of dis-
tributions.

Definition 2.2. Let (Θk)k≥1 and (θn)n∈N be two sequences in D′(g∗)G.
We write

Θk ≡ kno

∞∑

n=0

1

kn
θn (2.2)

for some no ∈ Z if for any test function ϕ and any N ∈ N, we have

〈Θk, ϕ〉 = kno

N∑

n=0

1

kn
〈θn, ϕ〉+ o(kno−N).

In this text, we will allow each distribution θn to depend periodically
of the integers k. This means that, for each n, there exists D ≥ 1 and
distributions (θζ) parameterized by the roots of unity {ζD = 1} such
that θn(k) =

∑
ζD=1 ζ

kθζ for all k ≥ 1.

Example 2.3. Consider the distributions Tk =
∑

λ∈N δλ/k (k ≥ 1) on
R. The Euler Maclaurin formula gives the expansion

Tk ≡ k 1[0,∞[ +
1

2
δ0 −

∞∑

n=1

1

k2n−1

b2n
(2n)!

δ
(2n−1)
0 ,

where b2n are the Bernoulli numbers and δ
(2n−1)
0 is the (2n − 1)-th

derivation of the Dirac distribution δ0.

Let d be a C∞ function defined near the origin 0 ∈ g. Consider
the Taylor series

∑∞
n=0 dn(X) of d at the origin. Thus, dn is an ho-

mogeneous polynomial function of degree n on g. We associate to the
function d the formal series

d(i∂/k) =

∞∑

n=0

k−ndn(i∂)

of constant coefficient differential operators dn(i∂) on g∗. Thus, if
Q(k) = kno

∑∞
n=0 k

−nθn is a formal series of distributions on g∗, the
series d(i∂/k)Q(k) is the formal series of distributions kno

∑∞
n=0 k

−nsn
on g∗, where sn =

∑
l+m=n dl(i∂)θm.

We have the following basic fact.

Lemma 2.4. The expansion Θk ≡ kno
∑∞

n=0
1
kn
θn holds in D′(g∗)G if

and only if we have the expansion Rg(Θk) ≡ kno
∑∞

n=0
1
kn
Rg(θn) in

D′(t∗)WG−alt.
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Our asymptotic expansions will arise from Taylor series.
Let τ be a smooth function on g. Assume that τ and all its deriva-

tives have at most polynomial growth. Consider the Taylor series∑∞
n=0 τn(X) of τ at the origin. If b(X) is a smooth function on g

with at most polynomial growth, then fk(X) = b(X)τ(X/k) (k ≥ 1)
defines a tempered distribution on g. Similarly, as τn(X) is a polyno-
mial function, gn(X) = b(X)τn(X) defines a tempered distribution on
g. We note the following result.

Proposition 2.5. When k tends to ∞, we have the asymptotic expan-
sion

Fg(fk) ≡
∞∑

n=0

1

kn
Fg(gn) = τ(i∂/k)Fg(b).

Later, we will need a uniform version with parameters of this propo-
sition. So we give the proof.

Proof. Let ϕ be a smooth function on g∗ with compact support. Thus
〈Fg(fk), ϕ〉 =

∫
g
b(X)τ(X/k)ϕ̂(X)dX .

Let N be a positive integer, and τ≤N be the sum of the Taylor co-
efficients τn, up to degree N , so τ = τ≤N + τ>N . We write Ik =∫
g
b(X)τ(X/k)ϕ̂(X)dX as I0k +Rk with

I0k =

∫

g

b(X)τ≤N (X/k)ϕ̂(X)dX =
N∑

k=0

1

kn

∫

g

b(X)τn(X)ϕ̂(X)dX

and Rk =
∫
g
b(X)τ>N(X/k)ϕ̂(X)dX .

In multi-index notation, we may write (via an integral formula de-
pending of τ and its derivatives) τ>N(X) =

∑
α,|α|=N+1X

αDα(X) with

Dα(X) bounded by a polynomial function of X . If τ(X) depends
smoothly of a parameter x, we can constructDα(X) depending smoothly
of x. Thus

Rk =
1

kN+1

∑

α,|α|=N+1

∫

g

b(X)XαDα(X/k)ϕ̂(X)dX.

Since ‖X/k‖ ≤ ‖X‖, we can bound b(X)XαDα(X/k) by a polynomial
function of X . Since ϕ̂(X) is rapidly decreasing, we see that |Rk| ≤
cN

kN+1 . �

It is clear that if b(X, k) =
∑

m∈F kmbm(X) is a sum over a finite set
F ⊂ Z of smooth functions bm(X) with at most polynomial growth, and
τ(X) a function with polynomial growth as well as all its derivatives, we
can obtain the asymptotic expansion of

∫
g
b(X, k)τ(X/k)ϕ̂(X)dX by
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summing overm ∈ F the asymptotic expansions of
∫
g
bm(X)τ(X/k)ϕ̂(X)dX

multiplied by km. So this is given by the Laurent series (in 1/k)

∑

m∈F

∞∑

n=0

km 1

kn

∫

g

bm(X)τn(X)ϕ̂(X)dX.

We write this somewhat informally as

∫

g

b(X, k)τ(X/k)ϕ̂(X)dX ≡

∫

g

b(X, k)

∞∑

n=0

τn(X/k)ϕ̂(X)dX. (2.3)

In short, we replace τ by its formal Taylor series
∑∞

n=0 τn(X) and keep
b(X, k) as it is.

2.4. Kirillov formula. Recall that any coadjoint orbit O ⊂ g∗ is pro-
vided with the Kirillov-Kostant-Souriau symplectic form ΩO that is
normalized as follows. We have ΩO|ξ(X · ξ, Y · ξ) = 〈ξ, [X, Y ]〉, for
ξ ∈ O and X, Y ∈ g. Let nO = 1

2
dimO.

Definition 2.6. We denote by βO the distribution on g∗ defined by the
relation

〈βO, ϕ〉 =

∫

ξ∈O

ϕ(ξ)
(ΩO)

nO

(2π)nOnO!

for any smooth function ϕ on g∗.

We have chosen a system ∆+ ⊂ t∗ of positive roots, and let ρ ∈ t∗

be the corresponding element. We consider the positive Weyl chamber

t∗≥0 with interior t∗>0. Identify Ĝ to the discrete set AG = (ρ+Λ)∩ t∗>0

of positive admissible regular elements of t∗.
If λ ∈ AG, we denote by χλ(g) the trace of the action of g ∈ G

on the irreducible representation Vλ parameterized by λ. We have the
fundamental identity

χλ(e
X)j1/2g (X) = 〈βλ, e

i〈−,X〉〉 (2.4)

where jg(X) = detg

(
eX/2−e−X/2

X

)
, and βλ := βGλ.

Let Rg : D′(g∗)G −→ D′(t∗)WG−alt be the isomorphism introduced in
Section 2.2. If λ ∈ AG, we have

Rg(βλ) =
∑

w∈WG

ǫ(w)δwλ (2.5)

where δwλ is the δ function at wλ.
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2.5. Quasi-polynomials and asymptotics. We recall the notion of
piecewise quasi-polynomial functions (for more details see [23]).

Let Λ̃ be the lattice generated by Λ and ρ. We consider the vector
space E = t∗ × R, which is equipped with the lattice Λ̃× Z.
A function m : Λ̃×Z → C is periodic if there exists a positive integer

D such that m(x0 + Dx) = m(x0) for x, x0 ∈ Λ̃ × Z. By definition,
the algebra of quasi-polynomial functions on Λ̃ × Z is generated by
polynomials and periodic functions on Λ̃× Z.
To each closed rational polyhedron P ⊂ t∗, we associate

• the sub-space EP ⊂ E generated by (ξ, 1), ξ ∈ P ,

• the lattice Λ̃P := (Λ̃× Z) ∩ EP in EP ,
• the cone CP := {(tξ, t), t ≥ 0, ξ ∈ P} ⊂ EP ,
• [CP ], the characteristic function of CP .

If mP is a quasi-polynomial function on the lattice Λ̃P , we can form
the product mP [CP ] that defines a function on Λ̃× Z>0 as follows

mP [CP ](λ, k) =

{
0 if λ/k /∈ P,

mP (λ, k) if λ/k ∈ P.

Definition 2.7. A function m : Λ̃ × Z>0 → C is called a piecewise
quasi-polynomial function if there is a collection A of closed ratio-
nal polyhedrons in t∗ and a collection of quasi-polynomial functions1

(mP )P∈A such that

m =
∑

P∈A

mP [CP ]. (2.6)

Here A is not necessarily finite but, in order that (2.6) makes sense,
we assume that for any compact K ⊂ t∗ the set {P ∈ A, P ∩K 6= ∅} is
finite.
We denote by S(Λ̃) the group of piecewise quasi-polynomial functions

on Λ̃× Z>0.

To a piecewise quasi-polynomial function m ∈ S(Λ̃), we associate
the family of invariant distributions on g∗

Θk(m) = kr
∑

λ∈AG

m(λ, k)βλ/k, k ≥ 1.

In a companion article [23], we proved the following result.

Proposition 2.1. The family Θk(m) admits an asymptotic expansion

Θk(m) ≡ ASk(m) :=
∑

n∈Z

1

kn
θn(k).

1Each quasi-polynomial mP is defined on the sub-lattice Λ̃P ⊂ Λ̃× Z.
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Here (θn(k))n∈Z is a collection of invariant distributions on g∗, depend-
ing periodically of k, and such that θn(k) = 0 if n < nm

0 .

For our computation, we need also a variation of Proposition 2.1.
Let j : g → C be an invariant analytic function such that its Fourier
transform Bj := Fg(j) is a compactly supported measure. We denote
by Bk

j = rescalingg∗(k)Bj.

We consider now the family of distributions Bk
j ⋆ Θk(m) where ⋆

denotes the convolution.

Proposition 2.2. The family Bk
j ⋆ Θk(m) admits the asymptotic ex-

pansion

Bk
j ⋆Θk(m) ≡ j(i∂/k)ASk(m).

Proof. Let ϕ be a test function on g∗. Let R > 0 such that the ball
{ξ ∈ g∗, ‖ξ‖ ≤ R/2} contains the compact supports of ϕ and Bj.
We start with the relation

〈Bk
j ⋆Θk(m), ϕ〉 = 〈Θk(m), ϕk〉

where

ϕk(ξ) =

∫

g∗
Bj(ξ

′)ϕ(ξ + ξ′/k), k ≥ 1

are smooth functions supported on the ball {ξ ∈ g∗, ‖ξ‖ ≤ R}. Let us
write the Taylor series of ϕ at ξ: ϕ(ξ + η) = ϕ(ξ) +

∑N
n=1 dnϕ(ξ)(η) +

rN(ξ, η). Here η 7→ dnϕ(ξ)(η) is an homogeneous polynomial of degree
n depending smoothly of the variable ξ, and rN is a smooth function
of (ξ, η) such that

|rN(ξ, η)| ≤ cN‖η‖
N+1, ∀(ξ, η) ∈ g∗ × g∗, (2.7)

for some cN > 0.
If we write the Taylor series of j at 0, j(X) =

∑∞
n=0 jn(X), we see

that ∫

g∗
Bj(η)dnϕ(ξ)(η) = jn(−i∂)ϕ(ξ).

So the functions ϕk admit the following description

ϕk =
N∑

n=0

1

kn
jn(−i∂)ϕ +RN

k

where RN
k (ξ) =

∫
g∗
Bj(ξ

′)rN(ξ, ξ
′/k). Thanks to (2.7), we see that

there exists CN such that |RN
k (ξ)| ≤ CN/k

N+1, ∀ξ ∈ g∗. We check
also that, for any k ≥ 1, the support of Rk

N is contained in the ball
{ξ ∈ g∗, ‖ξ‖ ≤ R}.
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Finally we obtain

〈Bk
j ⋆Θk(m), ϕ〉 =

N∑

n=0

1

kn
〈Θk(m), jn(−i∂)ϕ〉 +RestNk (2.8)

where

RestNk = 〈Θk(m), RN
k 〉 = kr

∑

‖λ‖/k≤R

m(λ, k)〈βλ/k, R
N
k 〉.

The term |RestNk | is bounded by CN

kN+1

∑
‖λ‖/k≤R |m(λ, k)|vol(Gλ). Since

m(λ, k) is a piecewise quasi-polynomial function, we see that, for any
p ≥ 1, there exists N ≥ 1 such that

RestNk = O(k−p). (2.9)

Identities (2.8) and (2.9) show that the family Bk
j ⋆Θk(m) admits the

asymptotic expansion j(i∂/k)ASk(m). �

3. Spin quantization

Let M be an even dimensional oriented spin manifold of dimension
2d and provided with an action of G. If (L,∇) is a G equivariant
line bundle equipped with a G invariant Hermitian connection ∇, we
obtain a moment map φG : M → g∗ and a closed two form Ω on M
using Kostant formula:

∇2 = −iΩ and L(X)−∇X = i〈φG, X〉. (3.1)

Here X ∈ g and L(X) is the infinitesimal action of X ∈ g on smooth
sections of L.
Assume M compact. The spin quantization Qspin

G (M,L) is a virtual
finite dimensional representation of G, constructed as the index of the
Dirac operator on M twisted by L. If k is an integer, we denote by Lk

the k-th power of the line bundle L: we can consider the equivariant
index

Qspin
G (M,Lk) =

∑

λ∈AG

mG(λ, k)Vλ.

Taking traces, we also write, for g ∈ G,

Qspin
G (M,Lk)(g) =

∑

λ∈AG

mG(λ, k)χλ(g).

We will need the following basic fact.

Lemma 3.1. There exists a polynomial P (k) such that |Qspin
G (M,Lk)(g)| ≤

P (k) for all g ∈ G and k ≥ 1.
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We associate to (M,L) the distributions on g∗ given by

Ψ
(M,L)
k := Fg ◦ rescalingg(k)

(
Qspin

G (M,Lk)(eX)
)

(3.2)

and

Θ
(M,L)
k := Fg ◦ rescalingg(k)

(
Qspin

G (M,Lk)(eX)j1/2g (X)
)

= rescalingg∗(k)
( ∑

λ∈AG

mG(λ, k)βλ

)

= kr
∑

λ∈AG

mG(λ, k)βλ/k, (3.3)

where r = dim(G/T )/2. Thus Θ
(M,L)
k is the re-scaled geometric ana-

logue of Qspin
G (M,Lk) =

∑
λ∈AG

mG(λ, k)χλ.

3.1. Quasi-polynomial behavior of the multiplicities. We con-
sider the multiplicity function mG : AG × Z>0 → Z defined by the
relation Qspin

G (M,Lk) =
∑

λ∈AG
mG(λ, k)χλ. We extend mG to Λ̃×Z>0

by defining mG(λ, k) = 0 if λ /∈ AG.
The main objective of this section is the following result.

Theorem 3.1. Suppose that the G-action on M admits abelian infin-
itesimal stabilizers. Then mG ∈ S(Λ̃).

In particular, Theorem 3.1 implies that the function k 7→ mG(kλ, k)
is a quasi-polynomial function of k ≥ 1.
Theorem 3.1 is a consequence of the geometric formulas for the mul-

tiplicities mG(λ, k) obtained in [21]. Let us first recall these geometric
formulas.
Let T̃ → T be the covering such that Λ̃ is the weight lattice of the

torus T̃ . Every element λ ∈ Λ̃ determines a character of T̃ , and we
denote by Cλ the corresponding 1-dimensional representation.
Recall that we have chosen a G-invariant Hermitian connection on

L, and φG : M → g∗ is the associated moment map. We consider the
positive Weyl chamber t∗≥0 with interior t∗>0 and the following subset

Y = φ−1
G (t∗>0).

Then Y is a T -invariant sub-manifold of M , not necessarily con-
nected, but every connected component of Y is even dimensional. We
denote by φT : Y → t∗ the restriction of the map φG to Y . Thus φT (Y )
is contained in t∗>0.

Lemma 3.2. The K-equivariant spin structure on M induces a T̃ -
equivariant spin structure on Y . We denote by SY the corresponding
spinor bundle.
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Now we explain how we can attach a multiplicity function

mj : Λ̃× Z>0 → Z

to a connected component Yj of Y . Let tj ⊂ t be the generic infinites-
imal stabilizer of the T -action on Yj. We denote by Ij ⊂ t∗ the affine
rational subspace with direction t⊥j that contains φT (Yj).
We consider a finite collection Bj of affine co-dimension 1 subspaces

of Ij defined as follows: A ∈ Bj if A = φT (y)+ t⊥y for some y ∈ Yj such
that dim(ty/tj) = 1.

Definition 3.3. A chamber of Ij is a connected component of the open
subset (Ij)reg := (Ij \ ∪E∈Bj

E) ∩ t∗>0.

Thus, the closure of a chamber is a rational polyhedron contained in
t∗≥0.
Let c be a chamber of Ij and let ξ ∈ c be a regular value of the map

φT : Yj → Ij. We consider the orbifold

Yj,ξ := (φ−1
T (ξ) ∩ Yj)/T.

Lemma 3.4. Let (λ, k) ∈ Λ̃×Z>0 such that λ
k
∈ Ij. The T̃ -equivariant

spinc bundle SYj
⊗ Lk|Yj

⊗ C−λ on Yj induces a spinc bundle Sλ,k
j,ξ on

Yj,ξ. We denote by Q(Yj,ξ,S
λ,k
j,ξ ) the index of the corresponding Dirac

operator.

Let Ej ⊂ t∗ × R be the subspace generated by (v, 1), v ∈ Ij. We

denote by Λ̃j := (Λ̃ × Z) ∩ Ej the corresponding lattice of Ej . The
Kawasaki index theorem [11] tells us that the map

(λ, k) 7−→ Q(Yj,ξ,S
λ,k
j,ξ )

is a quasi-polynomial function mj,ξ on Λ̃j.
The following result is proved in [21].

Theorem 3.5. • The quantity Q(Yj,ξ,S
λ,k
j,ξ ) does not depend on the

choice of ξ ∈ c. We denote by mj,c : Λ̃j → C the corresponding quasi-
polynomial.
• Let (λ, k) ∈ Λ̃ × Z>0 and let c1, c2 be two chambers such that

λ
k
∈ c1 ∩ c2. Then

mj,c1(λ, k) = mj,c2(λ, k).

The first point of the previous theorem tell us that mj,c is the zero
map if the chamber c is not contained in the image of the map ΦT :
Yj → Ij. It is due to the fact that we can choose a regular value ξ ∈ c

with empty reduced space Yj,ξ.
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Thus we can define multiplicity functions (mj)j∈J parameterized by
the set J of connected components of the manifold Y as follows.

Definition 3.6. The map mj : Λ̃× Z>0 → Z is defined as follows

mj(λ, k) =

{
0 if λ

k
/∈ Ij ,

mj,c(λ, k) if λ
k
∈ c ⊂ Ij.

We can now state the main result of [21].

Theorem 3.7. The following relation

mG(λ, k) =
∑

j∈J

mj(λ, k)

holds for any (λ, k) ∈ Λ̃× Z>0.

Let us fix j. Let Aj be the collection of closed rational polyhedrons
formed by the faces of the closures c of the chambers in Ij (they are
contained in t∗≥0). To each P ∈ Aj, we associate

• the sub-space EP ⊂ t∗ × R generated by (v, 1), v ∈ P and the

lattice Λ̃P := (Λ̃× Z) ∩ EP ,
• the cone CP := {(tξ, t), t ≥ 0, ξ ∈ P} ⊂ EP ,

• the quasi-polynomial mP : Λ̃P → C such that mP (λ, k) =
mj,c(λ, k), for (λ, k) ∈ Λ̃P , if P is a face of c.

By inclusion-exclusion, we see that the multiplicity function mj ad-
mits the decomposition

mj =
∑

P∈Aj

αPmP [CP ], (3.4)

for some appropriate choice of constants αP ∈ Z. In other words,
the multiplicity function mj is in the space S(Λ̃). The relation mG =∑

j mj given by Theorem 3.7 shows that mG ∈ S(Λ̃). The proof of
Theorem 3.1 is completed. �

Example 3.8. Let us give a simple example for the group G = SU(2).
Consider t∗ with basis ρ. In this basis AG = {λ;λ ∈ Z, λ > 0}. We
consider the line bundle L associated to (ρ, ρ) on the spin manifold

M = G/T × G/T . We see that Qspin
G (M,L) is the tensor product

V (kρ)⊗V (kρ), and V (kρ) is the irreducible representation of dimension

k of G. So Qspin
G (M,L) is the sum of the representations V (jρ), with j

odd and less than 2k. If we write Qspin
G (M,Lk) =

∑
λ>0mG(λ, k)V (λρ),

mG(λ, k) =
1

2
(1− (−1)λ), for 1 ≤ λ ≤ 2k.
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3.2. Equivariant cohomology. Let N be a G-manifold and let A(N)
be the space of differential forms on N , graded by its exterior degree.
Following [3] and [27], an equivariant form is a G-invariant smooth
function α : g → A(N), thus α(X) is a differential form on N depend-
ing smoothly of X ∈ g. Consider the operator

dgα(X) = dα(X)− ι(vX)α(X) (3.5)

where ι(vX) is the contraction by the vector field vX generated by
the action of −X on N . Then dg is an odd operator with square
0, and the equivariant cohomology is defined to be the cohomology
space of dg. It is important to note that the dependence of α on X
may be C∞. If the dependence of α in X is polynomial, we denote by
H∗

G(N) the corresponding Z-graded algebra. By definition, the grading
of P (X) ⊗ µ, P a homogeneous polynomial and µ a differential form
on N , is the exterior degree of µ plus twice the polynomial degree in
X .
The line bundle L → M determines the closed equivariant form

Ω(X) = Ω − 〈φG, X〉 on M . Here we will not assume any non degen-
eracy condition on Ω.
Choose a G-invariant Riemannian metric on M . Let

J(A) = det R2d

(
eA/2 − e−A/2

A

)
,

an invariant function of A. Then J(0) = 1. Consider 1
J1/2(A)

and its

Taylor expansion at 0:

1

J1/2(A)
= det

1/2

R2d(
A

eA/2 − e−A/2
) =

∞∑

n=0

Bn(A).

Each function Bn(A) is an invariant polynomial of degree n (in fact
Bn is non zero only for n even) and by the Chern Weil construction,
and choice of connections on TM , the function Bn determines a closed
equivariant form Ân(M)(X) on M of homogeneous equivariant degree

2n. Remark that Â0(M) = 1. We define the formal series of equivariant
forms:

Â(M)(X) =
∞∑

n=0

Ân(M)(X).

As M is compact, we can find a positive constant rM such that, for
‖X‖ < rM , these series of equivariant forms is convergent. In particular

Â(M)(0) is a closed differential form on M which represents the usual

Â class of M .
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3.3. The equivariant index. Recall the “delocalized index formula”
(see [2]). For X ∈ g such that ‖X‖ < rM , so that Â(M)(X) is well
defined, we have

Qspin
G (M,L)(expX) =

1

(−2iπ)d

∫

M

e−iΩ(X)Â(M)(X). (3.6)

Here d = dimM/2. Note that Kostant relations (3.1) implies that
the equivariant form Ω(X) = Ω − 〈φG, X〉 is closed. In other words
ι(X)Ω + d〈φG, X〉 = 0 for any X ∈ g.
For each integer n, consider the analytic function on g given by

In(X) =
1

(−2iπ)d

∫

M

e−iΩ(X)Ân(M)(X).

There is a remarkable relation between the character associated to
Lk and the dilation X → X/k on g.

Lemma 3.9. When X ∈ g is such that ‖X‖ < rM , then, for any
k ≥ 1, one has

Qspin
G (M,Lk)(exp(X/k)) = kd

∞∑

n=0

1

kn
In(X).

Proof. Write Â(M)(X) =
∑∞

n=0 τn(X) as a sum of forms with coeffi-
cients homogeneous polynomials in X of degree n. Thus

Ân(M)(X) =
∑

q≤n

(τq(X))[n−2q]

where ω[s] is the component of exterior degree s of a differential form
ω.
For ‖X‖ < rM ,

∑∞
n=0 τn(X) is a convergent series with sum the

equivariant Â class. We obtain

Qspin
G (M,Lk)(exp(X/k)) =

1

(−2iπ)d

∫

M

e−ikΩ(X/k)(
∞∑

n=0

τn(X/k)).

Let b(X, k) = e−ikΩ(X/k) = e−ikΩei〈φG,X〉. Remark that b(X, k) de-
pends polynomially of k. We rewrite

Qspin
G (M,Lk)(exp(X/k)) =

1

(−2iπ)d

∫

M

b(X, k)(

∞∑

n=0

1

kn
τn(X)). (3.7)

Only the top exterior degree term contributes to the integral. We
compute it in terms of the equivariant forms Ân(M).
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Lemma 3.10.
[
b(X, k)

( ∞∑

n=0

1

kn
τn(X)

)]
[2d]

= kd
[
e−iΩ(X)

( ∞∑

n=0

1

kn
Ân(M)(X)

)]
[2d]

.

Proof. The coefficient of kd 1
kn

in the left hand side is

d∑

a=0

(−iΩ)a

a!
(τn+a−d(X))[2d−2a]e

i〈φG,X〉.

This is the term of exterior degree 2d of e−iΩ(X)Ân(M)(X). �

This identity implies the lemma. �

3.4. Twisted Duistermaat-Heckman distributions. Let ν be a
closed equivariant form onM with polynomial coefficients. Let−iΩ(X)
= −iΩ+i〈φG, X〉 be our equivariant curvature. As ν(X) depends poly-
nomially onX ,

∫
M
e−iΩ(X)ν(X) is a function on g of at most polynomial

growth.

Definition 3.11. We denote by DHG(M,Ω, ν) ∈ D′(g∗)G the Fourier
transform of 1

(−2iπ)d

∫
M
e−iΩ(X)ν(X).

We thus have, for ϕ smooth with compact support,

〈DHG(M,Ω, ν), ϕ〉 =
1

(−2iπ)d

∫

M

∫

g

e−iΩ(X)ν(X)ϕ̂(X)dX

=
1

(−2iπ)d

∫

M

e−iΩ[ν(−i∂)ϕ](φG(m)).

If ν(X) =
∑

a pa(X)νa with polynomial functions pa on g and differ-
ential forms νa on M , the expression

[ν(−i∂)ϕ](φG(m)) =
∑

a

[pa(−i∂)(ϕ)](φG(m))νa

is a differential form on M supported on the pull-back by φG of the
support of ϕ. This shows, and this will be used in our application
to a line bundle with proper moment map, that DHG(M,Ω, ν) is a
well defined distribution supported on φG(M), provided φG is proper.
Notice that the distribution DHG(M,Ω, ν) depends only of the class
[ν] ∈ H∗

G(M).
Recall that we have associated to (M,L) the distributions on g∗ given

by

Ψ
(M,L)
k := Fg ◦ rescalingg(k)

(
Qspin

G (M,Lk)(eX)
)
,

Θ
(M,L)
k := Fg ◦ rescalingg(k)

(
Qspin

G (M,Lk)(eX)j1/2g (X)
)
.
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The distribution Θ
(M,L)
k is the weighted sum kr

∑
λ∈AG

mG(λ, k)βλ/k

of the canonical measures on the orbits Gλ/k.

Theorem 3.12. Let M be a compact spin even dimensional oriented
manifold with a G equivariant line bundle L. When k tends to ∞, we
have the asymptotic expansions

Ψ
(M,L)
k ≡ kd

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M)) (3.8)

and

Θ
(M,L)
k ≡ j1/2g (i∂/k)

(
kd

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M))

)
. (3.9)

Proof. We present a detailed proof since we will have to adapt this
proof to the case of a non compact manifold M .
We fix a G-invariant function h : g → R equal to 1 on a small ball

‖X‖ ≤ r and with compact support contained in ‖X‖ < rM , so that

h(X)Â(M)(X) is a smooth compactly supported function on g with
value differential forms on M .
Let ϕ be a smooth compactly supported function on g∗. We have

〈Ψ(M,L)
k , ϕ〉 = Ik + Jk where

Ik =

∫

g

Qspin
G (M,Lk)(eX/k)h(X/k)ϕ̂(X)dX,

and

Jk =

∫

g

Qspin
G (M,Lk)(eX/k)(1− h(X/k))ϕ̂(X)dX.

We will see that Jk = O(k−∞). For estimating Ik, we will use the
delocalized index formula (3.6).

Using the fact that |Qspin
G (M,Lk)(g)| is uniformly bounded by a poly-

nomial in k, that the support of (1 − h(X/k)) is contained in the set
‖X‖ ≥ rk, r > 0, and that the function ϕ̂ is rapidly decreasing, we see
that Jk = O(k−∞).
We now analyze Ik. We can use Formula (3.6) since ‖X/k‖ ≤ rM .

Thus

Ik =
1

(−2iπ)d

∫

M

∫

g

e−ikΩ(X/k)Â(M)(X/k)h(X/k)ϕ̂(X)dX.

Proposition 2.5 extends to the case of vector valued functions on
g. Let E be a finite dimensional space, and let τ : g → ΛE be a
smooth function with at most polynomial growth, as well as all its
derivatives. The coefficients τn(X) of its Taylor series

∑∞
n=0 τn(X) are
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ΛE valued polynomial functions on g homogeneous of degree n. Let
b(X, k) =

∑d
m=0 k

mbm(X) where bm(X) are smooth functions of X
with value in ΛE with at most polynomial growth. Thus

b(X, k)
∞∑

n=0

τn(X/k) =
( d∑

m=0

kmbm(X)
)( ∞∑

n=0

1

kn
τn(X)

)

is a Laurent series in 1
k
of functions on g with values in ΛE.

We have
∫

g

b(X, k)τ(X/k)ϕ̂(X)dX ≡

∫

g

b(X, k)
( ∞∑

n=0

τn(X/k)
)
ϕ̂(X)dX.

(3.10)
In short, we replace τ by its Taylor series.

Consider the differential form h(X)Â(M)(X). For each x ∈ M ,

τhx (X) = h(X)Â(M)|x(X) is a smooth compactly supported function
on g with values in ΛT ∗

xM . Let

bx(X, k) = ei〈φG(x),X〉e−ikΩx.

It depends polynomially of k and each coefficient of this polynomial is
a bounded function of X (as it is proportional to ei〈φG(x),X〉). So we
can certainly apply the asymptotic formula (3.10).
Let Ixk = 1

(−2iπ)d

∫
g
bx(X, k)τhx (X/k)ϕ̂(X)dX , with values in ΛT ∗

xM .

So x 7→ Ixk is a differential form and Ik =
∫
x∈M Ixk.

The manifold M is compact. Proposition 2.5 gives us an asymptotic
expansion for Ixk, and the proof shows that the rest is bounded uni-
formly. So the asymptotic expansion of Ik is obtained by replacing (at
each x ∈ M) τhx (X/k) by its Taylor series. As h is identically 1 near
zero, we obtain in the notations of the proof of Lemma 3.9,

Ik ≡
1

(−2iπ)d

∫

M

∫

g

b(X, k)
( ∞∑

n=0

1

kn
τn(X)

)
ϕ̂(X)dX.

By Lemma 3.10, this is

kd 1

(−2iπ)d

∫

M

∫

g

e−iΩ(X)
( ∞∑

n=0

1

kn
Ân(M)(X)

)
ϕ̂(X)dX.

By definition of the twisted Duistermaat-Heckman measure, we ob-
tain the expansion of Formula (3.8).
The proof of Expansion formula (3.9) is identical. �
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3.5. Asymptotics localized at g ∈ G. For applications to formal
geometric quantization, we state an analogous asymptotic descent for-
mula. Now let g ∈ G. Let G(g) be the centralizer of g in G, and g(g)
its Lie algebra.
Consider the manifold Mg of fixed points of the action of g on M :

it may have several connected components Mg
a , all of even dimension.

Since M is spin, Mg admits an orientation (that is all connected com-
ponents are oriented). Let N g be the normal bundle of Mg in M and
let

RN g(X) = RN g + µN g(X)

be its equivariant curvature [2].
We denote by Ωg(X) the restriction of Ω(X) on Mg. We consider

the following equivariant form

Dg(M)(X) = det
1/2
N g

(
I − (g−1)N

g

e−RNg (X)
)
.

Here the square root is chosen such that det
1/2
N g (I − (g−1)N

g
) > 0.

For X ∈ g(g) small enough, we have

Qspin
G (M,L)(g exp(X)) =

∫

Mg

cg
Â(Mg)(X)

Dg(M)(X)
gL e−iΩg(X) (3.11)

where
• gL is the locally constant function on Mg with value a complex

number of modulus 1 given by the action of g on the fiber of L|Mg . We
write ua for the restriction of gL to a connected component Mg

a . This
is a complex number of modulus 1. If g is of finite order, ua is a root
of unity.
• cg = ǫg(−2iπ)− dimM/2(2π)rkN

g/2 is a locally constant function in-
dependent of L. Here the sign ǫg = ± depends only of the action of g
on the spinor bundle S|Mg .

Consider the equivariant form Vg(L, k)(X) = cg(g
L)k Â(Mg)(X)

Dg(M)(X)
onMg.

Then we have Vg(L, k)(X) =
∑∞

n=0 Vg(n, k)(X) where Vg(n, k)(X) are
G(g)-equivariant forms on Mg homogeneous of even degree 2n.
Thus, for X ∈ g(g) small, we have

Qspin
G (M,Lk)(g exp(X)) =

∞∑

n=0

∫

Mg

e−ikΩg(X)Vg(n, k)(X).

Here Lemma 3.9 becomes
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Lemma 3.13. When X ∈ g(g) is sufficiently small, then, for any
k ≥ 1, one has2

Qspin
G (M,Lk)(g exp(X/k)) =

∞∑

n=0

1

kn
k

dimMg

2 Ig(n, k)(X)

where Ig(n, k)(X) :=
∫
Mg e

−iΩg(X)Vg(n, k)(X).

Now consider the character χλ of the irreducible representation at-
tached to the admissible orbit Oλ. If g ∈ G, the fixed point set Og

λ is
a union of coadjoint orbits of the connected component G(g)o of G(g).
They are all of the same even dimension rg = dimG(g)− dimT .
Then we have the formula, for X ∈ g(g),

χλ(ge
X)j

1/2
g(g)(X) det

1/2
g/g(g)(1− g−1e−X) = 〈β(g, λ)(ξ), ei〈ξ,X〉〉. (3.12)

Here the square root is determined such that det
1/2
g/g(g)(1−g−1) > 0 and

β(g, λ) is a measure on Og
λ entirely determined by this equation.

Let T̃ be the torus with weight lattice Λ̃ (the lattice generated by Λ
and ρ). Then any λ ∈ AG defines a character t̃ ∈ T̃ → t̃λ. Suppose
that g ∈ T and denote by WG(g) ⊂ WG the Weyl group of G(g)o. Then

Og
λ =

⋃

w∈WG(g)\WG

G(g)owλ.

Let Rg(g) : D′(g(g))G(g)o → D′(t)WG(g)−alt be the canonical isomor-
phism.

Lemma 3.14. Choose g̃ ∈ T̃ above g ∈ T .
• The measure β(g, λ) satisfies the relation

β(g, λ) = γg̃
∑

w∈WG(g)\WG

g̃wλβG(g)owλ

where γg̃ is a complex number of modulus 1.
• We have Rg(g) (β(g, λ)) = γg̃

∑
w∈WG

ǫ(w)g̃wλδwλ.

Proof. The first point follows from the character formula and the second
is a direct consequence of the first. �

Definition 3.15. We denote by DHG(g)(Mg,Ωg, Vg(n, k)) ∈ D′(g(g)∗)G(g)

the Fourier transform of the function Ig(n, k) (see Lemma 3.13).

2The term k
dimMg

2 Ig(n, k)(X) must be understood as the sum
∑

a k
dim M

g
a

2

∫
Mg

a
e−iΩg(X)Vg(n, k)(X).
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Then for a test function ϕ, 〈DHG(g)(Mg,Ωg, Vg(n, k)), ϕ〉 is of the
form

∑
a u

k
a〈sa,n, ϕ〉 with 〈sa,n, ϕ〉 =

∫
Mg

a

∫
g(g)

e−iΩg(Y )αa,n(Y )ϕ̂(Y )dY :

here αa,n(Y ) is an equivariant form on Mg
a of degree 2n, and ua is the

restriction of gL to Mg
a .

Asymptotic expansion of distributions of the form
∑

a

∑∞
n=0 u

k
ak

−nhn,a

are thus well defined and the coefficients H(n, k) =
∑

a u
k
ahn,a are

uniquely determined.
With the same proof than Theorem 3.12, we obtain the following

theorem.

Theorem 3.16. Let M be a compact spin even dimensional oriented
manifold with a G equivariant line bundle L. Let g ∈ G of finite order.
When k tends to ∞, we have the asymptotic equivalence3

rescalingg(g)∗(k)
(∑

λ∈Λ

m(λ, k)β(g, λ)
)
≡

j
1
2

g(g)(i∂/k) det
1
2

g/g(g)(1−g−1e−i∂/k)

∞∑

n=0

1

kn
k

dimMg

2 DHG(g)(Mg,Ωg, Vg(n, k)).

4. Spin quantization in the non-compact setting

In this section we work with an even dimensional oriented spin man-
ifold M of dimension 2d provided with an action of G. We do not
assume that M is compact. Let (L,∇) be a G equivariant line bundle
equipped with a G-invariant Hermitian connection ∇.
We assume that the moment map φG : M → g∗ defined by the

Kostant relation (3.1) is a proper map. In the next section we explain
how is defined the formal geometric quantization of the data (M,φG,L).
Notice that the twisted Duistermaat-Heckman distributions

DHG(M,Ω, ν) ∈ D′(g∗)G are still defined by the relation

〈DHG(M,Ω, ν), ϕ〉 =
1

(−2iπ)d

∫

M

e−iΩ[ν(−i∂)ϕ](φG(m)). (4.1)

Here ν is a closed equivariant form on M with polynomial coefficients
and ϕ is a test function on g∗. The integral in (4.1) is well-defined
since the differential form e−iΩ[ν(−i∂)ϕ](φG(m)) has a compact sup-
port. The distribution DHG(M,Ω, ν) depends only of the class defined
by ν in H∗

G(M).

3The term k
dim Mg

2 DHG(g)(Mg,Ωg, Vg(n, k)) must be understood as the sum
∑

a k
dim M

g
a

2 DHG(g)(Mg
a ,Ωg, Vg(n, k)).
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4.1. Formal geometric quantization: definition. The invariant
scalar product on k∗ provides an identification k ≃ k∗.

Definition 4.1. • The Kirwan vector field associated to φG is defined
by

κG(m) = −φG(m) ·m, m ∈ M. (4.2)

• We denote by ZG the set of zeroes of κG. Thus ZG is a G-invariant
closed subset of M .

The set ZG, which is not necessarily smooth, admits the following
description. Consider the closed Weyl chamber t∗≥0. We see that

ZG =
∐

γ∈BG

Zγ (4.3)

where Zγ corresponds to the compact set G(Mγ ∩ φ−1
G (γ)), and BG =

φG(ZG) ∩ t∗≥0. The properness of φG insures that, for any compact
subset C ⊂ t∗, the intersection BG ∩ C is finite. Here Mγ is the set of
zeroes of the vector field on M defined by the infinitesimal action of γ.
Let S → M be the spinor bundle on M . The principal symbol of the

Dirac operator DS is the bundle map σ(M) ∈ Γ(T∗M, hom(S+,S−))
defined by the Clifford action

σ(M)(m, ν) = cm(ν̃) : S|
+
m → S|−m

where ν ∈ T∗M ≃ ν̃ ∈ TM is an identification associated to an invari-
ant Riemannian metric on M .

Definition 4.2. The symbol σ(M,φG) shifted by the vector field κG is
the symbol on M defined by

σ(M,φG)(m, ν) = σ(M)(m, ν̃ − κG(m))

for any (m, ν) ∈ T∗M .

For any G-invariant open subset U ⊂ M such that U∩ZG is compact
in M , we see that the restriction σ(M,φG)|U is a transversally elliptic
symbol on U . If E → M is a complex vector bundle, we denote by
DU

E,φG
a pseudo-differential operator whose principal symbol defines the

same class than σ(M,φG)⊗ E|U in the group of equivariant K-theory
of T∗

GU (see [1]).
Thus we can define the following localized equivariant indices (see

[1, 22]).

Definition 4.3. • A closed invariant subset Z ⊂ ZG is called a com-
ponent of ZG if it is a union of connected components of ZG.
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• If Z is a compact component of ZG, and E → M is an equivariant
vector bundle, we denote by

Qspin
G (M,E,Z) ∈ R̂(K)

the equivariant index of the transversally elliptic operator DU
E,φG

. Here
U is an invariant neighborhood of Z so that U ∩ ZG = Z.

By definition, Z = ∅ is a component of ZS and Qspin
G (M,S, ∅) = 0.

For any γ ∈ BS , Zγ is a compact component of ZS .
When the manifold M is compact, the set BG is finite and we have

the decomposition Qspin
G (M,Lk) =

∑
γ∈BG

Qspin
G (M,Lk, Zγ).

Definition 4.1. When the moment map φG is proper, we define the
formal geometric quantization of the data (M,φG,Lk) as

Q−∞
G (M,Lk) :=

∑

γ∈BG

Qspin
G (M,Lk, Zγ). (4.4)

The sum of the right hand side is not necessarily finite but it converges
in R̂(G) (see [10, 14, 18, 19]).

In the following example, for any λ ∈ Z, we denote by C[λ] the vector
space C with the action of S1 : t · z = tλz, for (t, z) ∈ S1 × C[λ].

Example 4.2. Consider the S1-manifoldM = C[2]. The S
1-equivariant

spinor bundle on M is S = M ×
(
C[−1] ⊕ C[1]

)
.

Fix a ∈ N. Consider the equivariant line bundle L(a) = M×C[a] with
connection ∇ = d− i

2
Im(zdz̄). The two-form is Ωa = 1

2
Im(dzdz̄), the

moment map φa
S1(z) = a+ |z|2 is proper, and the corresponding critical

set Za
S1 is reduced to {0} ⊂ M .

A small computation shows that Q−∞
S1 (M,L(a)k) = Qspin

S1 (M,L(a)k, {0})
is equal to C[ka] ⊗

∑
j≥0C[2j+1] (see [22]).

Let mG(λ, k) be the multiplicity of Vλ in Q−∞
G (M,Lk). In other

words,

Q−∞
G (M,Lk) =

∑

λ∈AG

mG(λ, k) Vλ.

In this context, the multiplicities mG(λ, k) have still an interpretation
in terms of reduced spaces (see [10]). Hence, when the generic infini-
tesimal stabilizer is abelian, Theorem 3.7 still holds, so mG(λ, k) 6= 0
only if λ/k ∈ φG(M).
As in the previous section, we are interested in the asymptotic be-

havior of the following family of distributions

Θ
(M,L)
k := kr

∑

λ∈AG

mG(λ, k)βλ/k,
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where r = dim(G/T )/2. For any test function ϕ with compact support,
the identity

〈Θ(M,L)
k , ϕ〉 := kr

∑

λ∈AG

mG(λ, k)〈βλ/k, ϕ〉

is well defined since there exists only a finite number of terms such that
〈βλ/k, ϕ〉 6= 0.
Let us recall that we can associate the twisted Duistermaat-Heckman

distribution DHG(M,Ω, Ân(M)) ∈ D′(g∗)G to the equivariant form

Ân(M) for any n ≥ 0 (see (4.1)).
The aim of this section is to prove the following extension of Theorem

3.12.

Theorem 4.3. Let M be a spin even dimensional oriented manifold
with a G-equivariant line bundle (L,∇). Suppose that the moment map
φG is proper. When k tends to ∞, we have the asymptotic expansion

Θ
(M,L)
k ≡ j1/2g (i∂/k)

(
kd

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M))

)
. (4.5)

Example 4.4. We continue Example 4.2 with M = C[2] and L(a) =

M × C[a]. Then Θ
(M,L(a))
k =

∑
j≥0 δa+(2j+1)/k. The equivariant Â-class

is Â(M)(X) = X
sin(X)

for X ∈ Lie(S1) ≃ R. Identity (4.5) says that

Θ
(M,L(a))
k ≡

k

2

i∂/k

sin(i∂/k)
1[a,∞[.

This is the formula given in Example 1.3.

With the same proof than Theorem 4.3, we obtain the following
theorem.

Theorem 4.5. Let M be a spin even dimensional oriented manifold
with a G-equivariant line bundle L. Suppose that the moment map φG

is proper. Let g ∈ G of finite order. When k tends to ∞, we have the
asymptotic equivalence

rescalingg(g)∗(k)
(∑

λ∈Λ

m(λ, k)β(g, λ)
)
≡

j
1
2

g(g)(i∂/k) det
1
2

g/g(g)(1−g−1e−i∂/k)

∞∑

n=0

1

kn
k

dimMg

2 DHG(g)(Mg,Ωg, Vg(n, k)).

We prove Theorem 4.3 in the next two subsections.



DIRAC OPERATORS AND SEMI-CLASSICAL LIMITS. 31

4.2. Formal geometric quantization: delocalized formulas. We
consider the generalized character

Qspin
G (M,Lk, Zγ) =

∑

λ∈AG

mγ(λ, k) Vλ.

Here Qspin
G (M,Lk, Zγ)(g) =

∑
λ∈AG

mγ(λ, k)χλ(g) defines a distribu-
tion on G because the multiplicity function λ 7→ mγ(λ, k) has at most
a polynomial growth.
The function mγ(λ, k) is in fact with at most polynomial growth in

both variables (λ, k). This follows for example from the general multi-
plicity formula for transversally elliptic operators given in [24]. In this
article, the multiplicity formula is given for a single general transver-
sally elliptic symbol σ and multiplicities are obtained as values on AG

of a certain piecewise quasi-polynomial function on AG. If we consider
a family σk = σ ⊗Lk, the formula is locally piecewise polynomial on a
certain finite number of affine cones in t∗≥0⊕R intersected with AG⊕Z.
We consider the corresponding distribution on g

Qspin
G (M,Lk, Zγ)(e

X) =
∑

λ∈AG

mγ(λ, k)χλ(e
X).

The distribution on g∗ defined by

Θγ
k := kr

∑

λ∈AG

mγ(λ, k) βλ/k

is the Fourier transform of Qspin
G (M,Lk, Zγ)(e

X/k)j
1/2
g (X/k). It is tem-

pered also because the multiplicity function λ 7→ mγ(λ, k) has at most
a polynomial growth.
In order to give a formula for the asymptotic of Θγ

k, we introduce
an equivariant form Pγ(X) with generalized coefficients on M that is
supported in a small neighborhood of Zγ.
Take χ : M → R a G-invariant function equal to 1 in a neighborhood

of Zγ , compactly supported, and such that Support(χ) ∩ ZG = Zγ.
Consider the invariant 1-form θ := (κG,−) where κG is the Kirwan
vector field associated to φG, and (−,−) is an invariant Riemannian
metric.
We consider the equivariant form Dθ(X) = dθ − 〈Φθ, X〉, and the

equivariant form with generalized coefficients

Pγ(X) := χ+ i (dχ)θ

∫ ∞

0

e−itDθ(X)dt.
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Thus, if f(X) is in the Schwartz space of g, the integral
∫

g

Pγ(X)f(X)dX := χf̂(0) + i (dχ)θ

∫ ∞

0

e−itdθf̂(tΦθ)dt

is convergent. Indeed 〈Φθ, φG〉(m) = ‖κG(m)‖2 and so Φθ 6= 0 on the
support of dχ. It defines a differential form with compact support since
it is equal to 0 outside the support of χ. So if f(X) is a function from g

to differential forms on M such that X → f(X) is rapidly decreasing,
then we can define

∫
M

∫
g
Pγ(X)f(X)dX . Let ϕ be a test function on

g∗, and ν(X) an equivariant form. Then e−iΩ(X)ν(X)ϕ̂(X) is rapidly
decreasing if ν(X) is an equivariant form with polynomial coefficients.
So we define DHG(M,Ω, νPγ) ∈ D′(g∗)G by

〈DHG(M,Ω, νPγ), ϕ〉 =
1

(−2iπ)d

∫

M

∫

g

e−iΩ(X)ν(X)Pγ(X)ϕ̂(X)dX.

An improved version of Witten non abelian localization theorem is
the following formula

DHG(M,Ω, ν) =
∑

γ∈BG

DHG(M,Ω, νPγ) (4.6)

which is somehow a consequence of the fact that
∑

γ∈BG
Pγ is equal to

1 in cohomology (see [16]).

We will prove the following theorem in the next section.

Theorem 4.4. We have the following relation

Θγ
k ≡ kd j1/2g (i∂/k)

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M)Pγ).

We end this section by some observations.
We see that Pγ(X) = χ +

∑d
j=1 ωj

∫∞

0
tj−1eit〈Φθ ,X〉dt where ωj is a

differential form, compactly supported, of degree 2j. Then

E(X, k) := Pγ(X/k) = χ+
d∑

j=1

kj ωj

∫ ∞

0

tj−1eit〈Φθ ,X〉dt, k ≥ 1,

is a polynomial in k with value equivariant forms with generalized
coefficients.
Let Uγ ⊂ M be a relatively compact invariant subset containing the

support of χ. So we can choose rγ > 0 so that Â(M)(X) is well defined
on Uγ when ‖X‖ < rγ.
We will deduce Theorem 4.4 from the following result proved in [20].
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Proposition 4.5. If ‖X‖ < rγ, we have the relation

Qspin
G (M,Lk, Zγ)(e

X) =
1

(−2iπ)d

∫

M

Â(M)(X)Pγ(X) e−ikΩ(X).

So, for k ≥ 1, the generalized functionQspin
G (M,Lk, Zγ)(e

X/k)j
1/2
g (X/k)

coincides with

1

(−2iπ)d

∫

M

j1/2g (X/k)Â(M)(X/k)Pγ(X/k) e−ikΩ(X/k)

on the ball {‖X‖/k < rγ}.
Let us compute the Laurent series of

[j1/2g (X/k) Â(M)(X/k)Pγ(X/k) e−ikΩ(X/k)][2d]

where [−][2d] means the component of maximal degree 2d inA•(M). We

write j
1/2
g (X)Â(M)(X) =

∑∞
n=0 dn(X) as a sum of closed equivariant

forms of equivariant degree n. Recall that E(X, k) = Pγ(X/k) and
b(X, k) = e−ikΩ(X/k) depend polynomially of k.

We write also j
1/2
g (X/k)Â(M)(X) =

∑∞
n=0 τn(X) where τn(X) is an

equivariant form with coefficients homogeneous polynomial functions
of X of degree n. We proceed as in the proof of Lemma 3.9 comparing
the terms of top exterior degree 2d. Arguing as in the proof of Lemma
3.10, we have the following formula.

Lemma 4.6.

[
b(X, k)

( ∞∑

n=0

1

kn
τn(X)

)
E(X, k)

]
[2d]

=
[
e−iΩ(X)

( ∞∑

n=0

1

kn
dn(X)

)
Pγ(X)

]
[2d]

.

Thus we can write formally

Qspin
G (M,Lk, Zγ)(e

X/k)j1/2g (X) = kd

∞∑

n=0

1

kn
gn(X)

where gn(X) is the distribution

gn(X) :=
1

(−2iπ)d

∫

M

dn(X)Pγ(X) e−iΩ(X).

4.3. Proof of Theorem 4.4. We fix a G-invariant function h : g →
R equal to 1 in a neighborhood of 0 and with support contained in
‖X‖ < rγ . If ϕ is a smooth function with compact support on g∗, we
have 〈Θγ

k , ϕ〉 = Ik + Jk where

Ik =

∫

g

Qspin
G (M,Lk, Zγ)(e

X/k)j1/2g (X/k)h(X/k)ϕ̂(X)dX
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and

Jk =

∫

g

Qspin
G (M,Lk, Zγ)(e

X/k)j1/2g (X/k)(1− h(X/k))ϕ̂(X)dX.

For estimating Jk, we will use estimation of the Fourier coefficients
mγ(λ, k) and we will prove that Jk = O(k−∞). For estimating Ik, we
will use Proposition (4.5).
To analyze these expressions, we need the following technical lemma.

Lemma 4.7. Let u(X) be a C∞ function of X. Assume that u(X)
and all its derivatives are of at most polynomial growth and that u(X)
vanishes at order N at X = 0.
Let R be an integer. Then there exists a constant cR such that

|

∫

g

u(X/k)ei〈ξ,X〉ϕ̂(X)dX| ≤
1

kN+1

cR
(1 + ‖ξ‖2)R

,

for all (ξ, k) ∈ g∗ × N \ {0}.

Proof. We may write in multi-index notation

u(X) =
∑

α,|α|=N+1

Xαvα(X)

with vα(X) (and derivatives) bounded by polynomial functions of X .
We compute IR = kN+1(1 + ‖ξ‖2)R

∫
g
u(X/k)ei〈ξ,X〉ϕ̂(X)dX . Thus

IR = (1 + ‖ξ‖2)R
∫

g

∑

|α|=N+1

Xαvα(X/k)ei〈ξ,X〉ϕ̂(X)dX.

Let ∆ = −
∑

j ∂
2
Xj

be the Laplacian on g. Then IR is equal to

∑

|α|=N+1

∫

g

Xαvα(X/k)ϕ̂(X)
(
(1 + ∆2)R · (ei〈ξ,X〉

)
dX =

∫

g

LR(X, k)ei〈ξ,X〉dX

where LR(X, k) = (1 + ∆2)R ·
(∑

|α|=N+1X
αvα(X/k)ϕ̂(X)

)
.

Using the fact that ϕ̂(X) is rapidly decreasing (as well as all its
derivatives), that the derivatives of the functions vα are bounded by
polynomials, and that 1/k ≤ 1 for k ≥ 1, we see that LR(X, k) can be
bounded by a rapidly decreasing function of X independent of k. So
|
∫
g
LR(X, k)ei〈ξ,X〉dX| ≤ cR. �

We return to our proof. We start by checking that Jk = O(k−∞).
For this computation, we can assume that ϕ is G-invariant. Let

c(λ, k) =

∫

g

χλ(e
X/k)j1/2g (X/k)(1− h(X/k))ϕ̂(X)dX.
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This is equal to vol(Gλ)
∫
g
ei〈λ/k,X〉(1− h(X/k))ϕ̂(X)dX .

By definition Qspin
G (M,Lk, Zγ)(e

X) =
∑

λ∈AG
mγ(λ, k)χλ(e

X), so we
get

Jk =
∑

λ∈AG

mγ(λ, k)vol(Gλ)

∫

g

ei〈λ/k,X〉(1− h(X/k))ϕ̂(X)dX.

Now consider u(X) = 1 − h(X). It vanishes identically in a neigh-
borhood of 0. As h(X) is compactly supported, u(X) and all deriva-
tives are bounded. So we can apply Lemma 4.7 and obtain |c(λ, k)| ≤
vol(Gλ) 1

kN+1

cR,N

(1+‖λ/k‖2)R for any integers (R,N). Since the multiplicities

mγ(λ, k) have at most a polynomial growth in the variable (λ, k), we
can conclude that Jk = O(k−∞).
We now estimate

Ik =

∫

g

Qspin
G (M,Lk, Zγ)(e

X/k)j1/2g (X/k)h(X/k)ϕ̂(X)dX.

As h(X/k) = 0 when ‖X‖/k ≥ rγ , we may use Proposition 4.5. Let

τh(X) = h(X)Â(M)(X)j
1/2
g (X), a smooth compactly supported func-

tion from g to differential forms on Uγ . We fix x ∈ Uγ and consider
τhx (X), a function from g to ΛT ∗

xM . Define

Ixk =

∫

g

τhx (X/k)Ex(X, k)bx(X, k)ϕ̂(X)dX

with

Ex(X, k) = χ(x) +

d∑

j=1

kj (ωj)|x

∫ ∞

0

tj−1eit〈ζ,X〉dt

if ζ = Φθ(x) and bx(X, k) = e−ikΩxei〈ξ,X〉 if ξ = φG(x). So

Ixk =

∫

M

∫

g

τhx (X/k)Ex(X, k)bx(X, k)ϕ̂(X)dX.

In view of Lemma 4.6, we only need to prove that the asymptotic
expansion of Ixk is obtained by replacing τhx (X) by its Taylor series (we
need to care of uniform estimates in x in the compact support of χ).
Thus we fix x and write Ex(X, k) = χ(x)+Rx(X, k). So Ixk = Sx

k+Tx
k

with

Sx
k = χ(x)

∫

g

τhx (X/k)bx(X, k)ϕ̂(X)dX

and

Tx
k =

∫

g

Rx(X, k)τhx (X/k)bx(X, k)ϕ̂(X)dX.
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The expression for Sx
k has been already analyzed when proving Propo-

sition 3.12, and indeed it admits an asymptotic expansion obtained by
replacing τhx (X) by its Taylor series.
Consider a(X, t) = ei〈ξ,X〉eit〈ζ,X〉P (t) where P (t) is a polynomial func-

tion on t with values in ΛT ∗
xM . We only need to prove that

Wx
k =

∫ ∞

t=0

∫

g

a(X, t)τhx (X/k)ϕ̂(X)dX

admits an asymptotic expansion, also obtained by replacing τhx (X) by
its Taylor series. We fix x ∈ M , write τhx (X) = τ≤N (X) + τ>N (X).
Then τ>N(X) vanishes at order N at X = 0. As τh(X) was compactly
supported, τ≤N(X) and τ>N (X) are of at most polynomial growth, as
well as derivatives. So we use Lemma 4.7 and obtain, for any positive
integer R,

|

∫

g

a(X, t)τ>N (X/k)ϕ̂(X)dX| ≤ P (t)
1

kN+1

cN,R

(1 + |ξ + tζ |2)R
·

If R is sufficiently large,
∫∞

t=0
P (t)

cN,R

(1+|ξ+tζ|2)R
< ∞. So we obtain

our estimate for the rest. All our estimates can be done uniformly in
x when x runs in the compact support of χ. This ends the proof of
Theorem 4.4.

4.4. Proof of Theorem 4.3. The decomposition Θ
(M,L)
k =

∑
γ Θ

γ
k is

well-defined since the distribution Θγ
k is supported in {‖ξ‖ ≥ ‖γ‖} (see

[18]). If ϕ is a test function, then

〈Θ(M,L)
k , ϕ〉 =

∑

γ

〈Θγ
k , ϕ〉

where the sum in the right hand side has only a finite number of non-
zero terms.
Thanks to Theorem 4.4, we have the asymptotic expansion

Θγ
k ≡ kd j1/2g (i∂/k)

∞∑

n=0

1

kn
DHG(M,Ω, Ân(M)Pγ)

for any γ. Hence Θ
(M,L)
k ≡ kd j

1/2
g (i∂/k)

∑∞
n=0 k

−nθn with θn equal

to
∑

γ DHG(M,Ω, Ân(M)Pγ). The proof of Theorem 4.3 is complete

since
∑

γ DHG(M,Ω, Ân(M)Pγ) = DHG(M,Ω, Ân(M)) by Equation

(4.6).
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5. Functoriality

5.1. H and G. Let H be a connected compact subgroup of G. Let
r : g∗ → h∗ be the projection. For θ a distribution with compact
support on g∗, the push-forward 〈r∗θ, ϕ〉 = 〈θ, ϕ ◦ r〉 is well defined.
The Fourier transform Fh∗(r∗θ) is the restriction to h of the Fourier
transform Fg∗(θ). We can define r∗θ more generally whenever θ is
compactly supported along the fibers of r.
The twisted Duistermaat-Heckman distributions behave very well

under the push-forward map r∗.
From (4.1) we get immediately the following

Proposition 5.1. Suppose that the moment map φH := r ◦ φG is
proper. Then, for any ν ∈ H∗

G(M), we have

r∗DHG(M,Ω, ν) = DHH(M,Ω, ν).

Re-scaling behave also very well under the push-forward map r∗:

rescalingh∗(k) ◦ r∗ = r∗ ◦ rescalingg∗(k).

In the rest of the article, objects associated to λ are associated to G,
while objects associated to µ are associated to H .

For µ ∈ AH and λ ∈ AG, let c(µ, λ) be the multiplicity of the rep-
resentation Vµ of H in the restriction of Vλ to H . In other words, for
h ∈ H , χλ(h) =

∑
µ∈AH

c(µ, λ)χµ(h).

Consider the H-invariant function j
1/2
g/h (Y ) = det

1/2
g/h(

eY/2−e−Y/2

Y
) on h.

Its Fourier transform is a compactly supported measure Bg/h on h∗.
We have an exact relation between the push-forward of the measure
βλ on h∗ and measures of H-admissible coadjoint orbits. We denote by
Bk

g/h = rescalingh∗(k)Bg/h.

Lemma 5.2. For λ ∈ AG, we have the relations

r∗(βλ) = Bg/h ⋆
( ∑

µ∈AH

c(µ, λ) βµ

)
,

rescalingh∗(k) (r∗(βλ)) = Bk
g/h ⋆

(
rescalingh∗(k)

( ∑

µ∈AH

c(µ, λ) βµ

))
.

Here the ⋆ sign denotes the convolution.

Proof. The first identity follows immediately by Fourier transform of

the formula: χλ(e
Y )j

1/2
g (Y ) = j

1/2
g/h (Y )

∑
µ∈AH

c(µ, λ)χµ(e
Y )j

1/2
h (Y ),

for Y ∈ h.
We get the second identity by applying the operator rescalingh∗(k)

to the first one. �
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We now prove a similar descent formula. We write g = h⊕ q where
q is H-invariant. Let g ∈ H and consider the function

d(Y ) := χλ(ge
Y )j

1/2
g(g)(Y ) det

1/2
g/g(g)(1− g−1e−Y ), Y ∈ g(g).

In one hand d(Y ) = 〈β(g, λ), ei〈−,Y 〉〉 when Y ∈ g(g), and on the
other hand we have

d(Y ) = j
1/2
g(g)/h(g)(Y ) det

1/2
q/q(g)(1− g−1e−Y )

∑

µ

c(λ, µ)〈β(g, µ), ei〈−,Y 〉〉

when Y ∈ h(g).
If A is a compactly supported distribution on g(g)∗, we still de-

note by r∗(A) the push-forward distribution on h(g)∗. We denote
by Bg(g)/h(g) the compactly supported measure on h(g)∗ which is the

Fourier transform of the H(g)-invariant function j
1/2
g(g)/h(g). We denote

by Bk
g(g)/h(g) := rescalingh(g)∗(k)Bg(g)/h(g). Let Cq/q(g) be the Fourier

transform of the H(g)-invariant function Y 7→ det
1/2
q/q(g)(1 − g−1e−Y ).

We denote by Ck
q/q(g) := rescalingh(g)∗(k)Cq/q(g).

The previous identities give the following result.

Lemma 5.3. Let g ∈ H. Then rescalingh(g)∗(k)
(
r∗β(g, λ)

)
is equal to

Bk
g(g)/h(g) ⋆ C

k
q/q(g) ⋆

(
rescalingh(g)∗(k)

( ∑

µ∈AH

c(µ, λ)β(g, µ)
))

.

5.2. Functoriality relatively to restrictions. Here we consider an
oriented spin manifold M of even dimension with an action of a com-
pact connected Lie groupG. Let L → M be aG-equivariant line bundle
equipped with an invariant Hermitian connection ∇. We assume here
that φG is proper. In this case we can define Q−∞

G (M,Lk) ∈ R̂(G) for
any k ≥ 1.
The main result of this section is the following theorem.

Theorem 5.1. Suppose that H ⊂ G is a closed connected subgroup
such that φH is proper. Then

(1) Q−∞
G (M,Lk) is H-admissible,

(2) Q−∞
G (M,Lk)|H = Q−∞

H (M,Lk).

We will prove Theorem 5.1 under the assumption that the generic
infinitesimal stabilizer of the G-action onM is abelian. It can be shown
easily that it implies the general case (see Lemma 4.2 in [19]).
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Let us denote by c(λ, µ) the multiplicity of Vµ in Vλ|H . If we con-
sider the generalized characters Q−∞

G (M,Lk) =
∑

λ∈Ĝ mG(λ, k) Vλ and
Q−∞

H (M,Lk) =
∑

µ∈Ĥ mH(µ, k) Vµ, we see that Theorem 5.1 is equiv-
alent to the following theorem.

Theorem 5.2. For any µ ∈ AH , we have

mH(µ, k) =
∑

λ∈AG

mG(λ, k) c(λ, µ),

where the right hand side is a finite sum.

We consider the sequences of distributions ΘG
k = kr

∑
λ mG(λ, k) βλ/k

and ΘH
k = kr′

∑
µ mH(µ, k) βµ/k associated to the formal geometric

quantizations Q−∞
G (M,Lk) and Q−∞

H (M,Lk).
We start with the following proposition.

Proposition 5.3. • We have Bk
g/h ⋆Θ

H
k ≡ j

1/2
g/h (i∂/k)Θ

H
k .

• The push-forward r∗(Θ
G
k ) is a well defined sequence of distributions

on h∗. We have

r∗(Θ
G
k ) ≡ j

1/2
g/h (i∂/k)Θ

H
k .

Proof. Since mH(µ, k) is a piecewise quasi-polynomial function (see
Section 3.1), the first point is a consequence of Proposition 2.2.

We now prove the second point. Let ϕ ∈ C∞(h∗) be a function
with compact support. Let Rϕ > 0 such that the compact set Kϕ :=
φG(φ

−1
H (Support(ϕ)) is contained in {ξ ∈ g∗, ‖ξ‖ ≤ Rϕ}. The expres-

sion

〈r∗(Θ
G
k ), ϕ〉 := kr

∑

λ

mG(λ, k)ϕ (r(λ/k))

is well-defined since the term mG(λ, k)ϕ (r(λ/k)) is non-zero only for
a finite number of λ. More precisely, since mG(λ, k) 6= 0 only if λ/k ∈
φG(M), we see that mG(λ, k)ϕ (r(λ/k)) 6= 0 only if λ/k ∈ Kϕ.
If ǫ ∈ C∞(g∗) is a function with compact support such that ǫ(ξ) = 1

if ‖ξ‖ ≤ Rϕ, we define ϕ̃ := ϕ ◦ r × ǫ. We see that

〈r∗(Θ
G
k ), ϕ〉 = 〈ΘG

k , ϕ̃〉 = kd
N∑

n=0

1

kn
〈θGn , ϕ̃〉+ o(kd−N)

where (θGn ) is the family of distributions on g∗ such that

j1/2g (i∂/k)
∞∑

n=0

1

kn
DHG(M,Ω, Ân(M)) =

∞∑

n=0

1

kn
θGn .
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We check easily that, for any polynomial P on g, we have

〈DHG(M,Ω, Ân(M)), P (∂)ϕ̃〉 = 〈DHH(M,Ω, Ân(M)), P |h(∂)ϕ〉.

Hence the formal series 〈j1/2g (i∂/k)
∑∞

n=0
kd

kn
DHG(M,Ω, Ân(M)), ϕ̃〉 is

equal to

〈j1/2g (i∂/k)

∞∑

n=0

kd

kn
DHH(M,Ω, Ân(M)), ϕ〉 ≡ 〈j1/2

g/h (i∂/k)Θ
H
k , ϕ〉.

�

Consider the function m′
H(µ, k) :=

∑
λ∈AG

mG(λ, k) c(λ, µ) and the
difference d(µ, k) := mH(µ, k) − m′

H(µ, k). Our aim is to show that
d = 0.

Proposition 5.4. We have rescalingh∗(k)
(∑

µ∈AH
d(µ, k)βµ

)
≡ 0.

Proof. The previous proposition tells us that

r∗(Θ
G
k ) ≡ Bk

g/h ⋆ rescalingh∗(k)
( ∑

µ∈AH

mH(µ, k) βµ

)
.

If we use Lemma 5.2, we can compute r∗(Θ
G
k ) in another manner:

r∗(Θ
G
k ) = rescalingh∗(k)

( ∑

λ∈AG

mG(λ, k)r∗(βλ)
)

= Bk
g/h ⋆ rescalingh∗(k)

( ∑

µ∈AH

m′
H(µ, k) βµ

)
.

At this stage we obtain that Bk
g/h ⋆ rescalingh∗(k)

(∑
µ∈AH

d(µ, k)βµ

)
≡

0, or equivalently Bk
g/h ⋆

(∑
µ∈AH

d(µ, k)βµ/k

)
≡ 0. Since the function

d(µ, k) is a piecewise quasi-polynomial function, we know that Θk :=∑
µ∈AH

d(µ, k)βµ/k admits an asymptotic expansion

Θk ≡ kno

∞∑

n=0

k−nθn(k)

where the distributions θn(k) depends periodically on k (see Proposi-
tion 2.1). Thanks to Proposition 2.2, we know that Bk

g/h ⋆ Θk admits
the asymptotic expansion

0 ≡ Bk
g/h ⋆Θk ≡ j

1/2
g/h (i∂/k)

(
kno

∞∑

n=0

k−nθn(k)
)
.
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If we write the Taylor series j
1/2
g/h (X) =

∑∞
n=0 dn(X), we obtain for any

n ≥ 0 the relation
∑

m+l=n dm(i∂)θl(k) = 0. As d0 = 1, we see that
θn(k) = 0 for all n ≥ 0. �

If we use Lemma 5.3 and Theorem 4.5, we can prove similarly the
following extension of Proposition 5.4.

Proposition 5.5. For any g ∈ H of finite order, we have

rescalingh(g)∗(k)
( ∑

µ∈AH

d(µ, k)β(g, µ)
)
≡ 0.

The function d(µ, k) is defined for µ ∈ AH = (ρH +ΛH)∩ t∗H,>0. Let

Λ̃H be the lattice generated by ΛH and ρH . Let WH be the Weyl group
of H . We can then extend the function d(µ, k) to a WH-anti-invariant

function d̃ on Λ̃H : d̃(wµ, k) = ǫ(w)d(µ, k) for w ∈ WH , µ ∈ AH and

d̃(µ, k) = 0 if µ /∈ ρH + ΛH .

Let TH be a Cartan subgroup of H . We have a covering T̃H → TH

such that Λ̃H is the weight lattice of the torus T̃H . Take g̃ ∈ T̃H and
its image g ∈ TH .
We now identify H(g)-invariant distributions on h(g)∗ to WH(g)-anti-

invariant distributions on t∗H through the isomorphism Rh(g). Using
Lemma 3.14, we have Rh(g) (β(g, µ)) = γg̃

∑
w∈WG

ǫ(w)g̃wµδwµ.
We thus obtain the following proposition.

Proposition 5.6. For any g̃ ∈ T̃H of finite order, we have
∑

ν∈Λ̃H

d̃(ν, k) g̃ν δν/k ≡ 0.

Since d̃(ν, k) is a piecewise quasi-polynomial function on Λ̃H × Z>0,

Proposition 5.6 implies that d̃ = 0 (see Proposition 3.1 in [23]). Hence
d = 0 : the proof of Theorem 5.1 is complete.
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