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ON THE HUMPHREYS CONJECTURE ON SUPPORT
VARIETIES OF TILTING MODULES

PRAMOD N. ACHAR, WILLIAM HARDESTY, AND SIMON RICHE

ABSTRACT. Let G be a simply-connected semisimple algebraic group over an
algebraically closed field of characteristic p, assumed to be larger than the
Coxeter number. The “support variety” of a G-module M is a certain closed
subvariety of the nilpotent cone of GG, defined in terms of cohomology for the
first Frobenius kernel G1. In the 1990s, Humphreys proposed a conjectural
description of the support varieties of tilting modules; this conjecture has been
proved for G = SL,, in earlier work of the second author.

In this paper, we show that for any G, the support variety of a tilting mod-
ule always contains the variety predicted by Humphreys, and that they coincide
(i-e., the Humphreys conjecture is true) when p is sufficiently large. We also
prove variants of these statements involving “relative support varieties.”

1. INTRODUCTION

1.1. Support varieties. Let k be an algebraically closed field of characteristic
p > 0, and let G be a simply-connected semisimple algebraic group over k. We
assume that p > h, where h is the Coxeter number of G.

If G is the Frobenius twist of G and G; C G is the kernel of the Frobenius
morphism Fr : G — G, then the algebra Extg (k,k) admits a natural action of
G, which factors through an action of G, and it is well known that there exists a
G-equivariant isomorphisms of algebras

Exte, (k,k) = O(N),

where A is the nilpotent cone of G. If M is a G-module, then the k-vector space
Ext?; (M, M) admits a natural action of G' which factors through ¢, and a natural
(compatible) structure of module over Ext¢; (k,k). In this way this space defines a
G-equivariant quasi-coherent sheaf on AV, and the support variety Ve, (M) is defined
as the support of this sheaf (a closed G-stable subvariety of A). In a similar way, one
can define the relative support variety Vg, (M) of M as the support of BExtg, (k, M).

1.2. The Humphreys conjecture. We fix a Borel subgroup B C G and a max-
imal torus 7' C G, denote by X the character lattice of T, and let XT C X be
the subset of dominant weights (for the choice of positive roots such that B is the
negative Borel subgroup). Let W := Ng(T')/T be the Weyl group of G, and let W
be the affine Weyl group (the semidirect product of W; with the root lattice). For
A € X™T, let T(A\) denote the indecomposable tilting G-module of highest weight A.
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Grant No. ANR-13-BS01-0001-01. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No. 677147).
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The Humphreys conjecture [[12] gives a conjectural description of the support
varieties Vg, (T(A)). To describe this answer, consider the set W C W of elements
w that are of minimal length in the right coset Wrw. Then the alcoves in R ®z X
which meet X are in a natural bijection with fW. (In the definition of this bijection
we use the “p-dilated dot action” -, of W on R ®z X.) On the other hand, results
of Lusztig [[.3] provide a bijection between the set of G-orbits in A and the set of
two-sided cells in W, and results of Lusztig—Xi [LX] show that intersecting with
fIW provides a bijection between the set of two-sided cells in W and the set of right
cells in W which are contained in (or equivalently which meet) fI¥. Combining
these results we obtain a bijection between right cells intersecting W and G-orbits
in \V; for w € fIW we denote by &, the orbit corresponding to the cell containing
w. With this at hand, the Humphreys conjecture states that for all A € Xt we
have

Vo, (TOV) =
if w € W is the element such that A belongs to the lower closure of the alcove
corresponding to w. As of this date, this conjecture is open except in the case
G = SL, (k), where it was proved by the second author [[1a] under the assumption
that p > n + 1.

This conjecture has a natural “relative” version, which can be stated as follows.
We denote by fIW! € W the subset consisting of elements w which are minimal in
WewWe. Then it seems natural to conjecture that for any w € fIWf we have

Ve, (T(w 5 0)) = O

(Note that Vg, (T(\)) = @ if A € X+~ (tW*.,0), so that only the dominant weights
in fiwf -p 0 need to be considered for this question.) To the best of our knowledge,
this “relative” version is open in all cases.

1.3. Main results. The main results of this paper are summarized in the following
statement.
Theorem 1.1.
(1) For any A € XT and w € ‘W such that \ belongs to the lower closure of
the alcove corresponding to w, we have
VGI (T()\)) D ﬁiw
Moreover, if w € TWF we have
Ve, (T(w - 0)) D 0.
(2) There is an integer N > 0 (depending only on the root system of G) such
that if p > N, then the inclusions in (1) are equalities for all A and w.

In other words, part (2) says that the Humphreys conjecture and its relative
version are true when p > N. At the moment, we do not know how to deter-
mine N explicitly (except for SL,). In view of [Ia], this result has the following
consequence.

Corollary 1.2. For any given G and k, if the Humphreys conjecture holds then its
relative version also holds. In particular, the relative version holds if G = SL,, (k)
andp>n+1.

We also use Theorem 1.1 to check the Humphreys conjecture under some mild
(and explicit) assumptions on p in some cases when G has rank 2.
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1.4. The quantum case. Our proof of Theorem 1.1 builds on some results of
Ostrik and Bezrukavnikov obtained in the course of the proof of the quantum
analogue of the Humphreys conjecture. Namely, consider Lusztig’s quantum group
U, associated with the root system of G, specialized at a complex primitive ¢-th
root of unity. (Here ¢ > h is odd, and prime to 3 if G has a component of type
Go.) This algebra has a subalgebra u, C Uy, called the “small quantum group,”
which plays a role analogous to G;. Moreover, the algebra Ext;q (C,C) (where C
is the trivial module) has a natural action of the complex group G¢ with the same
root system as (G, and is isomorphic as a Gc¢-equivariant algebra to functions on
the nilpotent cone N¢ of Gc.

For each A € X, let T,4()\) be the corresponding indecomposable tilting U,-
module. It makes sense to consider the support varieties Vy, (T4(A)) and V;, (T4(N)).
In this setting, there are obvious analogues of the Humphreys conjecture and its
relative version, stated in terms of the ¢-dilated dot action -, of W on R ®7 X. We
call these statements the quantum Humphreys conjecture and the relative quantum
Humphreys conjecture, respectively.

The quantum Humphreys conjecture was proved by Ostrik [O2] in type A, and
the relative version was proved by Bezrukavnikov [B1] in general. As we explain
in §8.4 (and as was probably known to experts), one can in fact deduce the quantum
Humphreys conjecture from the relative version in general.

1.5. Outline of the proof. Bezrukavnikov’s proof of the relative quantum Hum-
phreys conjecture relies on results of | ] to reduce the computation of Vi, (T4(\))
to the computation of the support of certain complexes of the form m,L, where
7 Ng — N is the Springer resolution, and L is a simple object in the heart of
the ezotic t-structure on DPCoh®® (./\N/'@). Then these objects are identified with the
simple perverse coherent sheaves on N, whose support is known.

A “modular analogue” of the results of | | have been obtained by the first
and third authors in | ]. As in the quantum case, this reduces the problem to
computing the supports of certain objects of the form 7,L, where 7 : N = Nis
the Springer resolution over k. However, £ is now not in general a simple exotic
sheaf. Instead, it is an indecomposable object of DPCoh®*®m (A} that obeys certain
parity-vanishing conditions with respect to the exotic t-structure. (The principle
of replacing simple objects by “parity objects,” which has been advocated in the
work of Soergel and Juteau—Mautner—Williamson, has already proved to be very
fruitful.)

These supports are difficult to compute, but we are able to bound them below
by a “change-of-scalars” argument. In large characteristic, they can be deduced
from their characteristic-0 counterparts. This implies Theorem 1.1.

Remark 1.3. As suggested above, our proof of Theorem 1.1 relies on Bezrukavnikov’s
results in the quantum setting. But in fact our constructions yield a significant sim-
plification of his proof: namely, one can replace the “Positivity Lemma” of [B1] by
parity considerations, making the proof independent of the results of | ]; see
Remark 9.2 for more details.

1.6. Weight cells. In the course of the proof of Theorem 1.1 we obtain a “mod-
ular version” of another result of Ostrik on quantum groups, which might be of
independent interest.
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Namely, define the “quantum weight preorder” on X% by setting A <% p if
T4(A) is a direct summand of T,(u) ® M for some tilting Us-module M. The
“modular weight preorder” <t is defined in the same way, but using tilting G-
modules instead of tilting U,-modules. (Of course, these preorders depend on £ or
on p. In the quantum case this preorder was introduced in [O1]; see also [Anl] for
a thorough study of these orders in both settings.) We denote by ~% and ~v the
associated equivalence relations.

It is easily checked that two weights in the lower closure of the some alcove
are always equivalent, so that these preorders and equivalence relations descend
to alcoves meeting X T, i.e. to fW. The main result of [O1] states that the order
<% on W coincides with the restriction of the right Kazhdan-Lusztig order on W
in particular, the corresponding equivalence classes are the Kazhdan—Lusztig right
cells contained in fW. Our “modular counterpart” states that the order <t on fyy
coincides with the order defined by the same rule, replacing the Kazhdan—Lusztig
basis by the p-Kazhdan-Lusztig basis of [JW]. The equivalence classes for this
preorder are called right p-cells.

Our proof of this claim is essentially identical to Ostrik’s proof, replacing So-
ergel’s description of characters of quantum tilting modules by its modular coun-
terpart conjectured in [RW] and proved in | ]. (This proof is independent of
the rest of the paper, except for the definitions given in Section 5.)

1.7. Contents. The paper is organized as follows.

Sections 2—4 form the “geometric” part of the paper. In Section 2 we develop an
analogue for derived categories of graded highest weight categories of the theory of
“parity complexes” from | ]. Then in Section 3 we study these objects further
in the case of the heart of Bezruakvnikov’s exotic t-structure on DPCoh®*Cm (./\7 ).
In particular we provide a “Bott—Samelson type” construction of these objects,
which lets us study them via modular reduction arguments. In Section 4 we prove
some results on the support of certain objects constructed out of these parity exotic
sheaves.

Sections 5 and 6 form the “combinatorial” part of the paper. In Section 5 we
recall the theory of p-cells in the affine Hecke algebra and its antispherical module,
and in Section 6 we prove that the (usual) right cells in the antispherical module
are “finitely generated” in an appropriate sense. (A variant of this result is stated
without proof in [An1]; but as indicated in [An1] it can be deduced from results of
Xi [X].)

Finally, Sections 7-10 form the “representation-theoretic” part of the paper. In
Section 7 we prove the analogue of Ostrik’s theorem described in §1.6. Section 8
provides a reminder on the Humphreys conjecture, and the relation with its relative
version. In Section 9 we prove Theorem 1.1. We conclude the paper with some
examples in Section 10, providing in particular a proof of the Humphreys conjecture
for groups of type Cq (if p > 5) and Gy (if p > 7).

1.8. Acknowledgements. We thank Lars Thorge Jensen and Geordie Williamson
for helpful conversations on cells and p-cells.

2. PARITY OBJECTS FOR GRADED HIGHEST WEIGHT CATEGORIES

In this section, we develop a theory of “parity objects” in the derived category of
a graded highest weight abelian category. This notion is an algebraic or categorical
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analogue of the theory of parity sheaves from | ], in much the same way that
highest weight categories themselves are an algebraic or categorical counterpart to
perverse sheaves.

2.1. Graded highest weight categories. Let k be a field. Let & be a finite-
length k-linear abelian category, and assume that <7 is equipped with an automor-
phism (1) : & — /. Let Irr(«7) be the set of isomorphism classes of irreducible
objects of &7, and let . = Irr(7)/Z, where n € Z acts on Irr(</) by (n). Assume
that . is equipped with a partial order <, and that for each s € .%, we have a fixed
representative simple object L2". Assume also that we are given, for any s € .7,
objects A8 and V&', and morphisms A% — L& and L& — V&. For J C .7,
we denote by &7z the Serre subcategory of &/ generated by the objects L' (n) for
t € 7 and n € Z. We write @< for &jic #|1<s), and similarly for /.

Definition 2.1. The category <7 is said to be graded highest weight if the following
conditions hold:

(1) For any s € .7, the set {t € . | t < s} is finite.

(2) For each s € ., we have

R k ifn=0;
Hom(L&", L& (n)) = {O otherwise

(3) For any  C . closed (for the order topology) and such that s € 7 is
maximal, A8 — L& is a projective cover in &7 and L& — V& is an
injective envelope in /5.

(4) The kernel of A% — L& and the cokernel of L& — V& belong to &/;.

(5) We have Ext?(A8", V8 (n)) =0 for all s,¢t € . and n € Z.

If o satisfies Definition 2.1, then D®(7) is a Krull-Schmidt category by [L.C,
Corollary B]. The objects Ag"(n) are called standard objects, and the objects V&' (n)
are called costandard objects.

For the following lemma, see | , Lemma 2.2]. (See also [R3, §7.3] for more
details.)

Lemma 2.2. Let F C . be a closed subset in the order topology.

(1) The subcategory o C < is a graded highest weight category, with standard
(resp. costandard) objects A§" (resp. VE') fort € . Moreover, the functor
v7 : DPe/s — DPof induced by the inclusion /o C of is fully faithful.

(2) The Serre quotient & | /5 is a graded highest weight category for the order
on &~ 7 obtained by restriction from the order on . The standard
(resp. costandard) objects are the images in the quotient of the objects A&
(resp. V&) forse€ S\ T .

(3) The natural functor D(&7)/DP(o/7) — D®(/ | /) (where the left-hand
side is the Verdier quotient) is an equivalence. Moreover, the functors Il :
DP(o/) — DP(/ /7)) and Lo admit left and right adjoints, denoted 1%,
L., LI}, LLy, which satisfy

(2.1) MG o Ty (A) 2 AR, TI% 0T, (VE) = e
for s € .\ T and such that, for any M in DP(</), the adjunction mor-
phisms induce functorial distinguished triangles

v BM s M TR, Y mbiaM o M o epdm B
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When 7 = {t € & | t < s}, we will write t<,, <, etc., for the functors
introduced in this lemma, and likewise when 7 = {t € % | t < s}.

2.2. Parity objects. We fix a graded k-linear highest weight category 7 with
weight poset (7, <). Assume we are given a function t : . — {0,1}. Follow-
ing | ] we consider the following definition.

Definition 2.3. An object M in Do will be called (!, 1)-even if it satisfies

Hompo o (A%, M(n)[m]) #0 = m=nandn=1{(s) (mod 2).
It will be called (x, T)-even if it satisfies

Hompw (M (n)[m],V&)#0 = m=mnandn=7(s) (mod 2).
It will be called f-even if it is both (!, 1)-even and (x,1)-even. Finally, M will be
called parity if M = My ® M, where My and M;(1)[1] are even.
Lemma 2.4. Let M be (x,})-even and N be (1,1)-even. Then

Hompp 7 (M, N{(n)[m]) =0

unless n =m and n is even.
Proof. We prove the claim by induction on the cardinality of the smallest finite
closed subset .7 C . such that M belongs to the essential image of D75, If
T = {s}, then M is a direct sum of copies of L& (k)[k] = A% (k)[k] with k = {(s)
(mod 2). Then the desired vanishing follows from the definitions.

Now, assume that #7 > 2, and let s €  be maximal. Let ' := F \ {s}. We
can consider the functors 1 and ¢z, and their right adjoints as in Lemma 2.2. It
follows directly from the definition that
(2.2) B (N) s (1, 1)-even.

(Here and below, in a minor abuse of notation, we write { for the restriction of this
function to J or .J.)

Let M’ € D/ be such that M = 1(M’). It is easy to see that M’ is

(*, T)-even. We consider the functors
iz D’y — DPody, Tl : DPody — Db(,ﬂzfg/%gf)

and their adjoints as in Lemma 2.2, and the associated distinguished triangle

2.3 L, M — M — Tl (M) s
T T

We claim that

(2.4) L, (M) is (x,1)-even;

(2.5) ML, M5 M’ is a direct sum of objects A% (n)[n] with n = t(s) (mod 2).
In fact, (2.4) follows directly from the definitions (as for (2.2) above). For (2.5), we
observe that the category @5 /<7 is graded highest weight with a weight poset
consisting of one element; hence it is semisimple, with simple objects of the form
1T/ (L&) {n). Therefore, 1o M’ is a direct sum of objects of the form

L7 (A%) (n)[m] = Mg/ (VE) () [m] = Lz (LE) (n) [m].
Since M’ is (*, t)-even, using adjunction and the second isomorphism in (2.1), we

see that in fact IT» M’ is a direct sum of objects as above with n = m and n = 1(s)
(mod 2). Using the first isomorphism in (2.1), we deduce (2.5).
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Now we consider the image

LML T M — M —s 1507, (M) 1L

of the distinguished triangle (2.3) under ¢ #. Applying Hom(—, N(n)[m]) we deduce
an exact sequence

Hom(t7:i%,(M'), N (n)[m]) — Hom(M, N (n)[m))
— Hom(v 715,115 M', N (n)[m]).

By induction, (2.2) and (2.4), the first term vanishes unless n = m and n is even.
By (2.5), the last term also vanishes unless n = m and n is even. We deduce the
same property for the middle term. ([l

Corollary 2.5. Let 7 C . be a closed subset in the order topology. If M and N
are t-even, then the morphism

Hom pb oy (M, N) — Hompo (o /g7, ) (Il (M), 7 (N))
induced by Il is surjective.
Proof. By adjunction, the morphism under consider identifies with the morphism
Hom py (M, N) — Hompy o, (M, TE T 7 (N))
induced by the adjunction morphism N — Hgﬂg(]\/' ). Consider the distinguished
triangle
LB (N) = N = 511 ,(v) 2
from Lemma 2.2. Applying Hom(M, —) we obtain an exact sequence
Hom(M, N) — Hom(M,TTEII 7 (N)) — Hom(M, 175 N[1]).
Now one can easily check that t5.% N is (!, 1)-even. Hence by Lemma 2.4 we have
Hom(M, 1712 N[1]) = 0, and the desired vanishing follows. O
2.3. Classification of parity objects. Asin §2.2, we fix a graded highest weight
category &/ with weight poset (., <).

Proposition 2.6. For any s € .7, there exists at most one indecomposable par-
ity object E in Dbszfgs such that Ts(Es) = T4 (A8), where T : Db@f/gs —
DP (<)) is the quotient functor. Moreover, the objects

t<s(Eg)(n)[n] for s €. such that E exists and n € Z
form a set of representatives of the isomorphism classes of parity objets in DP.af .

Proof. We start with the uniqueness of Es. Suppose that F, and E! are two inde-
composable parity objects in D”@/c; such that Tl.4(Es) = Il 4(E)) & T 4(A8).
By Corollary 2.5, the morphism

Hompo gy (M, N) = Hompo (o, jer. ) (H<s (M), Hcs(N))
is surjective, where M and N are either E; or E’. Hence there exist morphisms
0: Es — E., v Bl — FE

such that IT.4(¢) and TI.4(¢)) are invertible. Then ¢ o % does not belong to the
maximal ideal of the local ring End(E), so it is invertible. Similarly 1 o ¢ is
invertible, so we conclude that ¢ and v are isomorphisms.
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Now, let E' be an indecomposable parity object, and let .7 be the smallest finite
closed subset of . such that E belongs to the essential image of 1. We denote
by E’ the object of DP(.77) such that F = 14 (E’).

We claim that 7 admits a unique maximal element. Indeed, if s and t are
distinct maximal elements in .7, then setting .7/ := .7 \ {s,¢} we can consider the
quotient functor

Iz : Db(ﬂy) — Db(ﬂg/ﬂg/)
By Corollary 2.5 the morphism
EndDb(,Q{g)(El) — EndDb(:Q{y/:Q{kq,)(Hy/(E/))

is surjective, so that I/ (E’) is indecomposable. Now since s and ¢ are not com-
parable, the category DP(«/s /o/7/) is semisimple, so that 11z (E’) must be either
isomorphic to some ITg/ (L&")(n)[m] or some IIz/ (L& )(n)[m]. In any case, this
contradicts the minimality of 7.

Since Z admits a unique maximal element, it must be of the form {t € % |
t < s} for some s. Moreover, the same argument as above shows that I 4(E') =
I (A%)(n)[m] for some n,m € Z. Since E’ is parity we must have n = m, and
then by uniqueness, we have that E, exists and E' = E (n)[n]. O

3. EXOTIC PARITY COMPLEXES

3.1. Definitions. In this section we fix a split connected reductive group scheme
Gz over Z with simply-connected derived subgroup, a Borel subgroup Bz C Gy,
and a (split) maximal torus Tz C Bz. We also set X := X*(Tgz).

We denote by gz and bz the respective Lie algebras of Gz and By, and consider
the Springer resolution

/VZ = GZ XBZ (gz/bz)*,

where (—)* means the dual Z-module. This scheme admits a natural action of
Gz X (Gp)z, where Gy acts via left multiplication on itself and z € (Gy,)z acts
by multiplication by 272 on (gz/bz)*. We will then consider the derived category
DPCohS*Cm (N, of (G x Gp)z-equivariant coherent sheaves on Nz; see | )
Appendix A] for a review of equivariant coherent sheaves on such schemes. (Here
and below, we will usually indicate coefficients only once as a subscript to simplify
notations.) We denote by (1) the autoequivalence of DPCoh®*®=(N); given by
tensoring with the tautological rank-1 (G, )z-module.

We will denote by Wt the Weyl group of (Gz, Tz), and by Sy C W; the subset
of simple reflections determined by Bz. We also denote by ® the root system of
(Gz,Tz), by @7 C ® the system of positive roots defined as the Tz-weights in
9z/bz, and by ®; C ® the subset of simple roots. We denote by Xt C X the
subset of dominant weights, by Y C X the root lattice, and set YT := Y N X*.
Note that our conventions make Bz the “negative” Borel subgroup.

We consider the affine Weyl group W := W X Y, and the extended affine Weyl
group Wext := Wi x X. There exists a natural length function ¢ : Wy — Z
determined by

(3.1) Lw-t)= > [a)+ > [1+(\aY)

acdt aed™
w(a)ed™ w(a)e—ot

*
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for w € Wy and A € X (where t) denotes the image of A in Wey;). Then Q := {w €
Wext | £(w) = 0} is a subgroup of Wext, and we have Weyy = W x Q. Moreover,
if S ={weW]|{lw)=1}, then (W,S) is Coxeter system, with length function
again given by (3.1). Finally, the restriction of (3.1) to W is the length function for
the Coxeter system (W, St). We will denote by < the Bruhat order on W (which
restricts to the Bruhat order on Wr).

We will denote by By the braid group associated with Weyy, i.e. the group
generated by symbols T, for w € Wy, and with relations T, T, = T, if £(vw) =
£(v) + £(w). The main result of [BR] (see also | , §3.3]) provides a (weak) right
action of the group Bey; on DPCohG*Cm (/\7)2; we will denote by

i : DPCoh®*Cm (N), 5 DPCoh SO (N,

the action of an element b € Beyt. (This functor is well defined up to isomorphism.)

For A € X, we will denote by wy the unique shortest element in Wity C Weyt.
We also denote by TW C W, resp. fWeyy € Wext, the subset consisting of elements
w which are of minimal length in Wiw. Then W = {wy : A € X} and W =
{wy : A € Y}. Finally, we will denote by fWf C W the subset of elements w which
are of minimal length in WiwW;. Then W = {wy : A € —Y+}.

We fix once and for all a weight ¢ € X such that (¢,a¥) = 1 for any o € ®.
(Our assumptions guarantee that such a weight exists, but it might not be unique.)

3.2. Exotic standard and costandard sheaves. In | , §5.2], C. Mautner
and the third author consider certain objects

AZ(A)7 VZ(A)

in DPCohS*C= (N), for A € X. (In | ] these objects are in fact considered in
a more limited setting, but these restrictions are not needed for the results we will
use in the present paper.) By | , Proposition 5.4], for \,p € X and m,n € Z
we have

Z it X=pand m=n=0;

(3.2) HomeCthXGm (ﬁ/)Z(AZ()‘), VZ(N) <n> [m]) = {0 otherwise.

For any Noetherian commutative ring R of finite global dimension we can also
consider the base change G, Boy, Noz of Gz, Bz, Nz to R. Let

o : DPCohG*Cm(A);, — DPCoh®*Cm (N)y
be the functor given by coherent pullback along ./\79; — J\~/Z. We set
An(A) =@ (Az(N),  Va(A) = @3 (Vz(V).

From (3.2) it is not difficult to check (using e.g. the same kind of arguments as
in | , Proof of Lemma 4.11]) that we have

R ifA=pu, m=n=0;

(3.3) HomeCthXGm(K/)m(Am(/\)’Vm(ﬂxm[m]) - {O otherwise.

If & is a Noetherian commutative PR-algebra of finite global dimension, we also have
a functor

oS+ DPCohS*Cm (N)g; — DPCoh®*Cm (N
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that sends An(A) and Vg (M) to Ag(A) and V() respectively. Moreover, the
morphism

S Rn HomeCthxGm (_/'\'/)m (Am()‘)v Vm (/‘L) <TL> [m])
— HomeCthXGm (_/V)G (AG()‘)a VG (M) <TL> [m])

induced by this functor is an isomorphism for any A, 4 € X and m,n € Z.

In the following lemma, we say that an object X in a triangulated category D
admits a “filtration” with “subquotients” Xi,..., X, if X belongs to {[X1]} *-- - *
{[X+]} in the notation of | , §1.3.9].

Lemma 3.1. Let F,G in DPCoh®*®=(N')p. Assume that F admits a “filtration”
with “subquotients” of the form Agx(N)(n)[n] with n = ¢(wy) (mod 2), and that G
admits a “filtration” with “subquotients” of the form Vg (A)(n)[n] with n = £(w))
(mod 2). Then the R-module

HomecthxGm (/\7)91 (]:a g<7’L> [m])

is free of finite rank, and vanishes unless m = n and n is even. Moreover, for any
R-algebra & as above and any n,m € Z the natural morphism

S Rn HOmeCOhGXGm (ﬁ)m (]:v g<n>[m])
— HomeCthXGm Me (‘pg (F), @g(g)<n> [m])
is an isomorphism.

Proof. We prove the lemma by induction of the sum of the shortest lengths of
“filtrations” of F and G as in the lemma. If this sum is at most 2, then either the
claim is obvious, or it follows from (3.3).

Otherwise, at least one of F and G admits no “filtration” of length less than 2.
We will treat the case where this holds for F; the argument for G is very similar.
Choose a “filtration” of F of minimal length, and consider the first morphism

Anx(A) (k) [k] = F

in this “filtration.” (Here A € X and k € Z are such that k& = {(w)) (mod 2).) Let
F’ be the cone of this morphism, so that we have a distinguished triangle

AN (R[] —» F — F s
Applying Hom(—, G(n)[m]) we obtain an exact sequence

Hom(Ag (N)(k)[k],G(n)[m — 1]) — Hom(F', G(n)[m]) — Hom(F, G(n)[m])
— Hom(Ag (M) (k) [K], G(n)[m]) — Hom(F", G(n)[m + 1]).

By induction, the second and fourth terms vanish unless n = m and n is even. We
deduce the same claim for the third term. If n = m and n is even, we also deduce
that in the sequence above the first and last terms vanish, so that the second arrow
is injective and the fourth one is surjective. Since the second and fourth terms are
free of finite rank over R, this implies that the third term has the same property.
Finally, the last assertion of the lemma follows from similar considerations and the
5-lemma. (]
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3.3. Some “wall-crossing” functors. For s € S, with associated simple root
o, we can consider the minimal standard parabolic subgroup P,z C Gz associ-
ated with s, denote by p, 7 its Lie algebra, and consider the “parabolic Springer

resolution” Nz := Gz xF=2 (gz/psz)*. There are natural maps
e, (Gz/Bg) xa,/p., Noz = Nu, s+ (Gz/Bz) xa,yp., Noz — Naz.
Let us denote by
IT, : DPCoh®*C=(N); — DPCoh®*Cm (A,
IT* : DPCoh®*C=(N,); — DPCoh®*C= (),
the functors defined by
I1s(F) = R(ps)«L(es)" (F ®og, Og, (=9));
I1°(G) = R(es)«L(ps)"(9) ®og O, (s — as)(=1).
Then we set
W, = II°II, : D" Coh®*®m(N)z — DPCoh®*Erm (A)z.

If s € S~ St, then there exists b € Bey and t € S¢ such that T, = bT3b~! in
Bext (see [R1, Lemma 6.1.2]). We fix such a pair once and for all, and set

U, = f,-10, g, : DPCoh®*Cm(N); — DPCoh®*Cm (N,
If s € S, the functor Uy fits into distinguished triangles of functors

(3.4) id(—1)[-1] = U, —» 77, 1,
(3.5) Sz = Uy > id(D[1]
(See | , (4.2)] for the case s € Sf, and conjugate for the non-finite simple

reflections.)

If R is a commutative Noetherian ring of finite global dimension, then these
constructions have obvious analogues for ./\7917 and we will use similar notations in
this setting.

Remark 3.2. Tt follows from | , Lemma 9.4] that the functor ¥, is self-adjoint,
for any s € S. The same remark applies to the endofunctor of DPCoh®*%=(A)
defined by the same formula.

Lemma 3.3. Let F € D"Coh®*®n (N, and assume that F admits a “filtration”
with “subquotients” of the form Am(X)(n)[n] with n = (wy) (mod 2) (resp. of the
form Vg (A)(n)[n] with n = ¢(wy) (mod 2)). Then for any s € S, U (F)(1)[1]
admits a “filtration” with “subquotients” of the form Ag(\){(n)[n] with n = £(w))
(mod 2) (resp. of the form Vu(A)(n)[n] with n = ¢(w)y) (mod 2)).

Proof. We treat the case of the objects Ag(\); the other case is similar.

It follows from the associativity of the operation “x” (see | , Lemme 1.3.10])
that if G and K admit a “filtration” as in the lemma and if H fits in a distinguished
triangle

RS TEY EUN
then H also admits a “filtration” of the same form. This observation reduces the

claim to the case F = An(A).
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Assume first that wys < wy. Then wys is minimal in Wrwy s, and hence of the
form w,, for some p € X with ¢(w,) = ¢(wx) — 1. We have

(Tw )71 'TS7

sw

)= (T = (T,

-1 —1
H A

so by the definition of Ag () we have
Ir.(An(N) = Fr, 0 /(ngl)—l(oﬁm) = S, 0 (Ox,) = Anp).

Using the triangle obtained by applying (3.4) to Ax(\), we deduce a distinguished
triangle

An(A) = Ty (An(\)W[1] = Ax(p)(1)[1] 2.

The claim follows.
Assume now that wys > w,. In this case we have

/(Ts)il(Am()\)) = /(T(w,\s)*l)fl(o./\wfm)'

If wys is minimal in Wiw)ys, then we deduce that

L)1 (Ax(N)) = Ax (i)

for some p € X with ¢(w,) = £(wy) + 1, so that we conclude as above using (3.5)
applied to Ag(N).

Finally, assume that wys > wy and that wys is not minimal in Wiwys. Then
there exists r € S such that wys = rwy, so that

A1 (Bax(N) = Jr, 0-1(O,) = An(A)(1),

as in [ , (3.10)]. Hence the triangle obtained by applying (3.5) to Ax () takes
the form

An(N)(1) = Ty(An (V) = A (W) (1)[1] s

It is easy to check from the definitions that
End i copexem (1), (At (V) = R,

so that the connecting morphism in this triangle is a - id for some a € 8. We claim
that a is invertible, so that ¥ (An(A)) = 0 in this case (which clearly implies the
desired result).

In fact, by compatibility of all our constructions with change of scalars, it suffices
to prove this when R is an algebraically closed field. In this case, otherwise we have
a = 0, so that we obtain an isomorphism

Vs (An(A) = A (A)(1) © A (A)(DH[L]-

If s € St, then this is absurd since the restriction of any object Ag (M) to the inverse
image of the open orbit in the nilpotent cone N is nonzero (because the functors in
the braid group action send objects with nonzero restriction to this inverse image
to objects with the same property), while the restriction of ¥ (An(N)) is 0. If
s € S\ St let b and ¢ be as above. Then we obtain that

Vio fp(An(A) = Fo(Ax(N))(1) @ Zp(An (V) (1)1,

and we obtain a contradiction as above. O
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We will use the term expression to mean any word in S. Given an expression
w = (s1,...,5-) and an element w € £ we set

Q‘E%(w,w) = ‘Ilsr S O\I/sl ° ij(Oﬁm)

It is clear that if & is a commutative Noetherian PR-algebra of finite global dimen-
sion, we have

(3.6) PR (E (w, w)) = €°(w, w).

(Here and several times below we use the fact that the functor ¢§ is compatible
in the appropriate way with pullback and pushforward functors; this is obvious
for pullback functors and follows from the general form of the flat base change
theorem—as in [Li, Theorem 3.10.3]—for pushforward functors.)

Corollary 3.4.

(1) Let w be an expression, let w € Q, and let A\ € X. For any n,m € Z, the
R-module

Hom(An (M), € (w, w)(n)[m])

is free of finite rank, and vanishes unless n = m and n = f(w) + £(w))
(mod 2). Moreover, for any & as above, the natural morphism

6 @ Hom(An(X), €% (w, w)(n)[m]) — Hom(Ae (), € (w,w)(n)[m])

18 an tsomorphism.
(2) Let w be an expression, let w € Q, and let A € X. For any n,m € Z, the
R-module

Hom (€% (w, w), Vot (A) (n)[m])

is free of finite rank, and vanishes unless n = m and n = f(w) + £(w))
(mod 2). Moreover, for any & as above, the natural morphism

& @or Hom(€% (w0, w), Vor (A) (m)[m]) — Hom(€® (w, w), Vs () (n)m])

s an isomorphism.
(3) Let w,w’ be expressions, and let w,w’ € Q. For anyn,m € Z, the R-module

Hom (€% (w, w), €% (&, ) (n) [m])
is free of finite rank. Moreover, for any & as above, the natural morphism
& o Hom (€% (w, w), € (o, ') (n)im]) — Hom (€% (w, w), € (!, w') (m) m])
s an isomorphism.

Proof. Fix an expression w of length r and w € Q. If A € X is the unique weight
such that w = wy, then 77, (Og ) = An(A) = Va(A). Then, Lemma 3.3 implies
that &% (w,w)(r)[r] admits both a “filtration” with “subquotients” of the form
Ax(N){n)[n] with n = £(wy) (mod 2) and a “filtration” with “subquotients” of the
form Vg (A)(n)[n] with n = £(wy) (mod 2). We deduce the desired claims using
Lemma 3.1. O
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3.4. Parity exotic sheaves. In this subsection we assume that R is field, that we
will denote k to avoid confusion. We choose an order <’ on X as in | , §2.5].
Recall that this order satisfies in particular
wy <w, = A< .

In case k is algebraically closed, it is proved in | | that the objects {Vi(\) :
A € X} form a graded exceptional sequence in the sense of [B1, §2.1.5], for the
order <’ on X, with dual exceptional sequence {Ag()\) : A € X}. From this case
it is not difficult to deduce that this property holds for any field of coefficients.
Using [131, Proposition 4], we deduce that if we define D=<°, resp. D=9, as the full
subcategory of DPCohG*Cm (J\7 )x generated under extension by the objects of the
form Ag(N){n)[m] with m > 0, resp. by the objects of the form Vi(A)(n)[m] with
m < 0, then (D=, D29) is a t-structure on D"Coh®*€m(A),. This t-structure
will be called the ezotic t-structure, and its heart will be denoted &S*Cm(N),.
By [ . Corollary 3.11], the objects Ax(A) and V() belong to &G*Cm(N),.
(Again, in [ ] it is assumed that k is algebraically closed, but the general case
follows.) It follows that &S*Gm(Af), is a graded highest weight category in the
sense of Definition 2.1 (with weight poset (X, <’)), and that the realization functor

DPESHCm (N)y. — DPCoh G Em (),

is an equivalence of categories. (See also | , §8] for another approach to these
claims.) For A € X, we will denote by £5()\) the simple object of &G*Gm (),
parametrized by A, i.e. the image of the only nonzero morphism Ag(\) — Vi(A)
(up to scalar).

Using this equivalence, we can consider parity objects in this category, in the
sense of §2.2) for the function { : X — {0,1} defined by the property that {(A) =
£(wy) (mod 2). (For simplicity, this function will be dropped from the notation.)

The indecomposable parity object associated with A as in Proposition 2.6 will be
denoted by €%.

Proposition 3.5.
(1) For any w and w, the object € (w,w) is a parity object in DPES*Cm (N),.
(2) If N € X and if wy = wsy -+ 8, is a reduced expression, then @“f\ is a direct

summand of € (w, (s1,...,s,)). Moreover, all the other direct summands
of this object are the form € (m)[m] with m € Z and p <’ X.

Proof. (1) It follows from Corollary 3.4 that & (w, w){¢(w))[¢(w)] is even, and hence
that ¢*(w,w) is parity.
(2) Tt follows from the proof of Lemma 3.3 that

Hom(€&(w, (s1,...,5r)), V(u)(n)[m]) #0 = w, <wx,

which implies that p <’ X\. Moreover, if u = ), this space is 1-dimensional if
n =m = 0 and 0 otherwise. The claim follows. (]

Corollary 3.6. Let k' be a field extension of k.
(1) The functor <p§l sends parity objects to garity objects. Moreover, for any
parity objects F and G in DPCoh®*C=(N')y, the natural morphism
k' ®x HomeCthXGm (N (F,G) — HomecthxGm (N (‘pﬁ (F)s 30]%1; (9))

18 an isomorphism.
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(2) For any A € X, we have ¢ff (€%) = €X'

Proof. (1) It follows from Proposition 2.6 and Proposition 3.5 that F and G are
direct sums of direct summands of objects of the form €*(w,w)(n)[n]. Then the
claim follows from (3.6) and Corollary 3.4.

(2) This proof is copied from [Wi, Lemma 3.8]. By (1), ¢k (€%) is a parity object.
Hence to conclude it suffices to prove that it is indecomposable. Now we remark
that the functor II..) considered in Proposition 2.6 induces a surjection

EndDbCOthGm (/\~/’)|k (eﬂi) — ]k

Since the left-hand side is a local ring, the kernel of this surjection is the Jacobson
radical of this algebra, so it is nilpotent. Applying k’ ® (—) and using (1) we obtain
a surjective morphism

End )y copaxem (N (‘Pi (Gﬂi)) -k
whose kernel is nilpotent. Hence the left-hand side is again a local ring, proving
that of (€%) is indecomposable. O
3.5. Integral form of parity exotic sheaves.
Proposition 3.7. For any A € X, there exists M € Z>1 (depending on A\) and an
object

1 ~
@f[M!] S DPCohG*Cm (N)Z[#]

such that for any field k of characteristic either O or greater than M we have

@HQ[ML] (Gf[ﬁ]) = @ufv

Proof. Choose a reduced expression wy = wsy - .. Then (’39 is a direct summand
in ¢%(w, (s1,...,5,)) by Proposition 3.5(2). We denote by f the idempotent in
End(¢%(w, (s1,...,s,))) given by projecting to @9. By Corollary 3.4 we have a
canonical isomorphism

Q ®z End (¢%(w, (s1,...,5,))) = End (¢%(w, (s1,...,5,))).
Hence there exists an M such that f belongs to

Y/ []\}['} ®z End ((’EZ(w, (s1,---, Sr))) =~ End (sz[ﬁ](w, (81,5 sT))) )

Now the category DPCoh®*Cm (/\7)2[ | is Karoubian by [135, Corollary 2.10]. In

1

an
1

particular, the object ¢Zlaril(w, (s1,...,s,)) admits a direct summand @f[M!] such

1
that the projection to fo[M’} is f. It is clear that

Zlwr)N ~
Sﬁ%ﬁ](ex M) = 69
Using Corollary 3.6(2), we deduce that
Z % ~Y
(3.7) ‘Pﬂ%[ﬁ] (QEA[M']) = ¢f.

for any field k of characteristic 0.
Using Corollary 3.6(2) again, to conclude the proof it suffices to prove that for
any p > M we have

Fp Z31)\ ~ Fp
ool (&) =€
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And it is not difficult to see that for this it suffices to prove that the left-hand side
is indecomposable. Assume for a contradiction that this is not the case. We have

Z 5 ~ » Zl 5
Fy @z, Bnd (o) (€)= Bd (37, (€57))
by Corollary 3.6. By assumption the right-hand side admits a nontrivial idem-
1
potent, which can then be lifted to End (go;p (Gf[m]>), by, say, [La, Theo-

(7]
rem 21.31]. We then obtain a nontrivial idempotent in

= E
Q, @z, Bnd (o7, | (€157)) = Bnd (o3, (&557)),
contradicting the case k = Q, of (3.7). d

3.6. Relation with tilting perverse sheaves on affine Grassmannians. From
now on we assume that Gy satisfies the conditions of | , §4.2]. In other words,
G is a product of (simply connected) quasi-simple groups and general linear groups
GL,, 7. We denote by N the product of all the prime numbers that are not very
good for some quasi-simple factor of Gz, and set R = Z[£].

Let TV be the complex torus which is dual to T¢, and let GV be the complex
connected reductive group with maximal torus TV which is Langlands dual to
Gz. We let BY be the Borel subgroup of GY containing TV whose roots are
the positive coroots of (Gz,Tz), and denote by Iw C GVY(&) the corresponding
Iwahori subgroup, where & := C[[t]]. Then if k is a field we can consider the affine
Grassmannian Gr of GY, and the category Parity(y,,(Gr,k) of Iw-constructible
parity complexes on Gr with coefficients in k in the sense of | ]. The mized
derived category DE‘I‘é;‘)(Gr,k) is defined as the bounded homotopy category of the
additive category Parity 1,)(Gr, k). The Tate twist (1) is defined as {—1}[1], where
{n} is the cohomological shift by n in Parity 1, (Gr, k) (viewed as a subcategory of
D‘(DIW)(Gr,lk)).

The main result of | ] is the construction of an equivalence of additive cate-
gories between Parity 1,y (Gr, k) and the category of tilting objects in &G*Cm (/\~/)k
which intertwines the functors {1} and (—1), under the assumption that there exists

a ring morphism R — k. (See [ , Remark 11.3] for comments on the difference
of conventions between the present paper—where the conventions are similar to
those in | |—and [ ]. Note also that in [ ] the field is assumed to be al-

gebraically closed; but the results above make it easy to generalize the theorem to
any field.) Passing to homotopy categories we deduce an equivalence of triangulated
categories

Y : D (Gr, k) = D"Coh®*®m (A7),

which satisfies T o (1) = (1)[1] o Y. (See also | ] for a different construction of
this equivalence.)
Consider the perverse t-structure on Dy (Gr, k) (see [AR2]). Its heart, which

mix

we will denote Perv{i)(Gr,k), has a natural structure of graded highest weight
category, and the realization functor

D"Perv(i (Gr, k) — D (Gr, k)
is an equivalence of categories. If 71(\) and J. () denote the (normalized) standard
and costandard objects associated with A respectively, we have

(3.8) T(A(N) = Ak(A), T(T(N) = V()
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for any A € X (see [ ; Theorem 1.2] or [ARd, Theorem 8.3]).
The indecomposable tilting objects in Pervl(”ff","f)(Gr7 k) are parametrized in a nat-

ural way by X x Z; we denote by T (\) the indecomposable object associated with
(X, 0) (so that the indecomposable object associated with (A, n) is T(A)(n)).

Proposition 3.8. For any X\ € X, we have Y(T()\)) = &%,
Proof. For pu € X we have

HOmeCOhGXGm (K/)k (A]k (M)a T(T()‘)) <n> [m])

(2:8) HOmeCOthGm (N (T(ﬁ (/J'))a T(T()‘) <n>) [m - TL])

= Homppix (i) (F1(12), T(A) () [m = n]).

Hence this space vanishes unless m = n. Using | , Lemma 3.17], it also vanishes
unless n = f(wy) — ¢(w,) (mod 2). The same arguments can be used to show that

Hom 1, g6 xem (7, (Y (T (X)) () [m], Vie())

vanishes unless m = n and n = {(wy) — £(w,) (mod 2). Thus Y(7(\)) is a parity
object. It is clearly indecomposable, and hence of the form €f(n)[n] for some
(1,m) € X xZ. 1t is easily checked that 4 = A and n = 0, and the claim follows. O

3.7. The case of characteristic 0. We continue with the assumptions of §3.6.

Theorem 3.9. Assume that k has characteristic 0. Then for any A € X, we have
ek = gk()).

Proof. By definition of (‘Sﬂ)‘\, all its cohomology objects have their composition factors
of the form £¥(u)(n) with u <’ A, and we have

HOmeCOhGXGm (ﬁ)k (Ak(A)a @ﬂ)&\ <TL> [m]) =

{]k ifn=m=0;

HomeCOhGXGm(ﬁ)k(GI‘;7Vk(A)<n>[m]): 0 otherwise.

Hence £%()\)(n) appears once as a composition factor of a cohomology object of &k
if n = 0 (in degree 0), and never if n # 0. Below we will prove that if 1 # A we
have

Hom 1, cgpaxem (ﬁ)k(Ak(M)’ ¢ (n)[m]) = Hom p, e xom (ﬁ)k(t’fﬂf\, Vi(p){n)[m]) =0

unless m > 0. This will imply that €% is in the heart of the exotic t-structure, and
that it has no simple subobject or quotient of the form £%(u1)(n) with p # A. This
will conclude the proof.

So, we fix u # A. By a simple change-of-scalars arguments based on Lemma 3.1
and Corollary 3.6, we can assume that k = Q, for some prime number p. As in the
proof of Proposition 3.8, we have

HomecthxGm (./QV[)hﬁ (Ak(u)u Gﬂ)(\ <’I’L> [m]) = Hosz‘I‘\ij‘) (Gr,k) (u% (:U’)7 T()‘) <n> [m - n])u

and this space vanishes unless m = n. The objects T () are studied in the case of
coefficients Q, in | ], based on the results of [Yu]. In particular, it is explained
in | , §10.2] that these objects satisfy Yun’s “condition (W).” This condition
implies that if j,, is the inclusion of the Iw-orbit on Gr associated with p, and jL
is the corresponding functor constructed in [ ], then jLT(/\) is a direct sum of
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objects of the form k(i){k} with ¢ < 0, and then (using adjunction and the fact
that 7i(n) = (ju)ik{£(w,,)}) that

Hom ), ¢ paxem (ﬁ/)k(Aﬂ«(M)a &5 (m)[m]) = HomDE‘I“i:)(Gr,k) (J(k), T(A)(m))
vanishes unless m > 0. One proves similarly that
HomeCOhGXGm (K/)k(eﬂ;» vk(ﬂ) <n> [mD =0
unless m > 0 (and n = m), and the proof is complete. O

Corollary 3.10. Let A € X, and let M be as in Proposition 3.7. Ifk is a field
such that char(k) > M, we have € = £5()).

Proof. Recall the object (’Ef[ﬁ] from Proposition 3.7. By construction this object
is a direct summand of an object of the form ¢Zlan] (w,w). Hence, by Corollary 3.4,
for any 4 € X and n,m € Z the Z[55]-module Hom(Az 1 (1), @f[ﬁ]m}[m]) is
free, and if char(k) is 0 or greater than M, we have

ke gy gy Hom (Agpy (), €57 (m)im]) = Hom(Aw (), €5 () m]).

By Theorem 3.9, if char(k) = 0 the right-hand side vanishes unless A = p and
n=m =0orm=mnand m > 0. It follows that the same property holds if
char(k) > M, and as in the proof of Theorem 3.9 this implies that €% = gk(X). O

3.8. Comparison between characteristic 0 and positive characteristic. Co-
rollary 3.10 and its proof show that in characteristic larger than some bound (that
is not explicitly known), the object €“§ behaves “as in characteristic 0,” and in par-
ticular coincides with £%(\). With additional information it is sometimes possible
to prove this property for a given characteristic. We assume that char(k) > 0.

Lemma 3.11. For any A\, p € X and m € Z we have

dimy (Hom(Ax(p), € (m)fom])) > dime (Hom(Ac(p), €5 (m)fm]).
Moreover, given A € X, if this inequality is an equality for all p € X and m € Z,
then €5 = €F()).

Proof. Using Corollary 3.6(2) we can assume that k = IF,, for some prime number
p. Then, consider some reduced expression wy = wsy - - - 5. By Proposition 3.5(2)
€% is a direct summand of €*(w, (s1,...,s,)). Using Corollary 3.4, an idempotent-
lifting argument (as in the proof of Proposition 3.7) shows that there exists a direct

summand fo” of €Zr(w,(s1,...,5,)) such that @“%p(@f”) =~ ¢%. Then, choosing

some ring morphism Z, — C, the object gp%p(@f”) is a parity object, which by
Corollary 3.4 satisfies

dimn, (Hom(Ag (1), € (m)[m])) = dime (Hom(Ac (n), 5, (€) (m)[m])

for any p € X and m € Z. From this we see in particular that A is maximal among
the weights such that the right-hand side is nonzero for some m, and that

dime (Hom(Ag(N), 95 (€57))) = 1.

Hence €€ is a direct summand in @%p(@f"), and we deduce the desired inequality.



ON THE HUMPHREYS CONJECTURE ON SUPPORT VARIETIES 19

If all these inequalities are equalities, then @%p((’if”) = ¢{. In view of Theo-

rem 3.9, it follows that €5 = @ﬂip(éf”) satisfies the “stalks and costalks” condi-

tions that characterize £¥(\) (as in the proof of Theorem 3.9); therefore we have
ek = gk()). O

4. SUPPORT COMPUTATIONS

4.1. Support of coherent sheaves on M. In this section we assume that Gz is
a (split) simply-connected semi-simple group, and let R be as in §3.6.

Let k be an algebraically closed field whose characteristic is very good for Gy.
Then if Aj is the nilpotent cone of Gy, the group Gy has a finite number of
orbits on N. More precisely, for any I C S, we have an associated parabolic
subgroup Pz C Gz containing Bz, and a Levi factor L; z of Pr 7z containing T7.
If J €I C S, then we also have a parabolic subgroup Py ;7 C L;z containing
Bz N L; 7 associated with J. We will denote by 3(S) the quotient of the set of
pairs (I, J) of subsets of S such that J C I and Py ;7 is a distinguished parabolic
subgroup of Ly z by the relation

(I,J)~ (I',J") if there exists w € W such that w(I) = I" and w(J) = J'.

We also denote by Py, Lik, Pr sk the base change of Pz, L1z, Pr sz to k.

To any pair (I, J) as above we associate the Gg-orbit containing the Richardson
orbit associated with Py ji in Lyk. Then this assignment factors through (),
and under our assumptions the main result of [Pr] implies that it induces a bijec-
tion between P(S) and the set of orbits Ny /Gg. Moreover, all of these orbits are
separable; see e.g. | , Proposition 6].

It follows in particular from these remarks that there exists a canonical bijection

Lk IN(C/G(C ; N]k/G]k7

defined by composing the bijection (S) = Ny /Gy with the inverse of the bijection
B(S) = Nc/Ge. By [Spa, Théoreme I11.5.2], ¢ is an isomorphism of posets, for
the order induced by inclusions of closures of orbits.

Recall that the support of an object F in DPCoh® (N )y, denoted by Supp(F),
is the set of points x such that the stalk F, is nonzero. This is a closed Gg-
stable subset (by, say, [[1t, Exercise I1.5.6(c)]); so it is a finite union of closures of
Gy-orbits. It is clear that

Supp(F) = Supp <@ ’H"(]—')) .
neZ
It is sometimes useful to consider the supports of objects in DbCth(g)k as well.
Note that if i : Ni — gi denotes the inclusion map, then for any F € D*Coh® (N )y,
the objects F and i,F have the same support.
We also observe that for F in DbCth(./\/)]k7 resp. DbCth(g)k, if f:{z} >N,
resp. f: {x} < g denotes the inclusion map of a point € Supp(F), then

(4.1) Lf*F #0.

If F is a coherent sheaf, this follows from Nakayama’s lemma; otherwise, if k is
the largest integer such that H*(F), # 0, then (4.1) follows from the fact that
HE(Lf*F) = f*HA(F).
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4.2. Statement. We denote by 7 : Nic = Ny the natural morphism (the “Springer
resolution”). In this section we are interested in describing

Supp(Rm.€5) and Supp (EXt.DbCoh(./v)k (€5, ¢%))

for A € —X* and A € X respectively. (It can be shown that Rm.€%¥ = 0 if
A € X\ (=XT)—compare e.g. Theorem 3.9 with [Ac, Proposition 2.6] in the case
char(k) = 0—which justifies the restriction in the first case. For the second case,
Extz)b Coh( ﬁ)k(@;, ¢%) is considered as a coherent sheaf on Ny via the natural action
of O(Ny) and the morphism O(N;) = O(N;) induced by 7.)

We start with the following easy case.

Lemma 4.1. For any A € X, we have

Supp(EX‘n'DbCoh(ﬁk)(Gﬂi, ) =M & Lwy)=0.

If X € =X, this condition is also equivalent to Supp(Rm,€%) = Ni.

Proof. Let ﬁﬂ‘eg C N be the unique open orbit. Then 7 restricts to an isomorphism
(65 ) 2 ok

reg reg*

First, assume that £(wy) # 0. Then if wy = wsy---s, is a reduced expres-
sion (with w € Q and s1,...,s. € S), we have r > 1, and €% is a direct sum-
mand in &%(w, (s1,...,s,)) by Proposition 3.5(2). Now as remarked in the proof

of Lemma 3.3, any object in the essential image of the functor ¥, has trivial
restriction to 7~!(0%,). Hence €% has trivial restriction to m—!(&0¥%,), which

reg reg
proves that Supp(Ext'Dbcoh(m)(QE“;{,(’Eﬂ;{)) # N and that if A\ € —X* we have

Supp(R.€%) # N.
On the other hand, if £(w)) = 0, the object €k = I, (Og ) is actually a line

bundle on N (cf. [Ac, Lemma 5.1(1)]); in particular, its restriction to T HOk,) is
nonzero. We therefore have Supp (EXt;DbCOh(K/k) (€%, €%)) = N and Supp(Rm,.€5) =
M. O

For the general case, our starting point is the description of these supports in
the case k = C, which is (essentially) due to Bezrukavnikov.
Theorem 4.2.
(1) For any A € =X, there exists 0 € N¢/Gc such that we have
Supp(Rw* QE(E\:) =0.
(2) For any A € X, there exists 0 € Ng/Ge such that

Supp (EXt.DbCoh(Kf)c (QE(E? QE(E)) =0.

Proof of (1). By Theorem 3.9 we have ¢§ = £5. Now by [131, Proposition 8] (see
also [Ac, Proposition 2.6]) the object R?T*S(E is a simple object in the heart of the
perverse coherent t-structure. By construction, such objects have as support the
closure of a nilpotent orbit (see [Ac, §4.3] for details and references). O

Assertion (2) will be justified in §8.5 below. In both cases, the orbit “0” can be
described more explicitly: see Remark 8.3.
The main result of this section is the following.

Proposition 4.3. Assume that char(k) > 0.
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(1) Let A € =X, and let O be as in Theorem 4.2(1). Then we have
Supp (R7. %) D w(0).

Moreover, there exists Ny € Z (depending on \) such that if char(k) > N;
we have

Supp (R, %) = 1 (0).
(2) Let A€ X, and let O be as in Theorem 4.2(2). Then we have

Supp (Ext'

Dbcoh(ﬁ)k(eﬂf\a Qfﬂi)) > u(0).

Moreover, there exists Ny € Z (depending on \) such that if char(k) > No
we have

Supp(Extbbcoh(ﬁ)k(Gﬂf\, (‘Eﬂ)‘\)) = 1x(0).

The first statements in both parts of Proposition 4.3 (the “lower bound”) will
be proved in §4.4. The second statements will be proved in §4.7.

Remark 4.4. We will see later (using representation theory) that in fact Ny and N
can be chosen independently of A; see Remark 9.4.

4.3. p-adic representatives of nilpotent orbits. To prove the “lower bound”
parts of Proposition 4.3 we will need the following technical result.

Lemma 4.5. Assume that p = char(k) > 0. There exists a finite extension O of
Zy, ring morphisms O — k and O — C, and a subset {x(; 5 : [I,J] € B(5)} C go,
such that the images of the points x(1 y) in gx are representatives for the Gy-orbits
in Nx, and the images of these points in gc are representatives for the Gg-orbits

n Nc.

Proof. Let F be an algebraic closure of the prime subfield of k, and consider an
embedding F < k. Then the Bala—Carter classification of nilpotent orbits recalled

in §4.1 shows that the embedding gr < gy induces a bijection Ng/Gp LN Nk /Gg.
Therefore, we can assume that k is an algebraic closure of a finite field.

Let P’(S) be a set of representatives for the equivalences classes of pairs (I, J)
as in §4.1. For any (I,J) € *P'(S), we fix a representative y(; s € ny sk for the
Richardson orbit associated with the parabolic subgroup Py s C Lyk. (Here, for
any &, ny_ ;g is the Lie algebra of the unipotent radical of Py j&.) Then there exists
a finite subfield ko C k such that y(; ;) belongs to ny jy, for any (I,J) € P'(S).
Let now O be a finite extension of Z, with residue field kg. For any (I, J) € P'(5),
we choose a preimage z(7, ] of y(r ) under the morphism n; jo — ns jk,. We also
choose an embedding @ < C. Then, by the Bala—Carter classification of nilpotent
orbits over C, to conclude it suffices to prove that for any (I, .J) € P'(S), the image
of [ js; in ny jc belongs to the Richardson orbit associated with the parabolic
subgroup P jc C Ly c.

For this, we consider the morphism f(;, 7y : P1 70 — nr 0 induced by the adjoint
action on z[7 5. By the choice of z[; ;, we know that Spec(k) ®gspec(0) fir,] 18
dominant. By | , Proposition 4.2.1], this implies that Spec(ko) @spec(0) f(7,4] 1
also dominant. By | , Proposition 4.2.3], we deduce that Spec(C) ®spec(0) f]1,]
is dominant, and finally the desired claim.
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4.4. Lower bound. Now we are in a position to prove the first statements in both
parts of Proposition 4.3. We fix some A\ € X.

Consider a finite extension O of Zj,, ring morphisms O — k and O — C, and a
subset {27 5 : [1,J] € B(S)} C go as in Lemma 4.5. Let also I be the residue field
of 0. For E € {C,0,F,k}, we will denote by iI[EI’J] : Spec(E) — gg the embedding
of the image of x[; ;s in gg.

By the same arguments as in the proof of Lemma 3.11, if wy = ws;---s, is a
reduced expression, then there exists a direct summand (’39 of €%w, (s1,...,5,))
such that ©f(€Y) = €5, and €§ is a direct summand in ¢5(€Y). We also set
7 := i o m; note that this morphism also makes sense over Q.

First, assume that A € —X¥*, and let & be as in Theorem 4.2(1), so that we
have Supp(Rm.€$) = €. If [1, J] € PB(S) is such that & corresponds to [I,.J], then
by (4.1) this implies that we have L(i([clyJ})*(Rfr* @%) # 0, and hence that

L O \x/p=~ o)
Céo (S, (RR.€0) = LGS, ) (RF.05(€D)) £0.

We deduce that L(i> i, ) (R @9) # 0, and then that

k®® L( Y, J]) (Rﬁ'*@A) = L( v, J]) (RW*W(@((’E@)) ( U, J]) (Rw*(‘f)\) # 0.

Since the image of x[; j in gx belongs to (&), this implies in turn that

Supp (R, (’Sﬂf\) D Lk(ﬁg\:),

finishing the proof of the first statement in Proposition 4.3(1).

The proof of the first statement in Proposition 4.3(2) is similar. Namely, let us
return to the assumption that A € X, and let & be as in Theorem 4.2(2). Then if
[I,J] € B(S) corresponds to &, as above we have

L( U, J]) (RW*R%OWﬁ ((‘E(E, GS)) # 0,
which implies that
L(if, i, J]) (RW*R%‘)mﬁ (Qfﬂf\a L’Eﬂf\)) 70

and then that Supp (Ext} ek, ek)) o w(0).

DY Coh(N)y (

4.5. Integral representatives of nilpotent orbits. To prove the second state-
ments in both parts of Proposition 4.3, we will need some representatives for nilpo-
tent orbits which can be compared in different positive characteristics; in other
words some representatives defined over Z.

Lemma 4.6. There exists P € Z and a subset {x(; j) : [I,.J] € P(S)} of gz such
that for any algebraically closed field k of characteristic either 0 or > P, the images
of the points T(1,7] n 9 = k @z gz are representatives of the Gg-orbits in Ni.

Proof. Fix a set P'(S) as in the proof of Lemma 4.5. For any (I,J) € P'(9),
let pr sz, resp. nr sz, be the Lie algebra of Py jz, resp. of its unipotent radical.
For any algebraically closed field k, we also denote by p; sk and n; i their base
change to k, which identify with the Lie algebras of P ;i and its unipotent radical
respectively.

For any (I,J) € P'(S), the subset ny ;7 C ny ¢ is dense; therefore it has to
intersect the Richardson orbit, so that there exists x[; ;; € ny sz whose image in
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gc lies in the orbit corresponding to [I,J]. To conclude, we only have to prove
that if char(k) is either 0 or large, then the image xﬂ[‘LJ] of (7 sy in ny s is also in
the Richardson orbit of the Lie algebra of Ly attached to P jx. This property
is equivalent to the fact that dim(Py s - xﬂ[‘LJ]) = dim(ns,sx), or in other words
that dim(ZpI“,’k(x'FLJ])) = dim(L;k). Now dim(Py s - xﬂ[‘I’J]) < dim(ny jk), so
that dim(ZpI,Jyk(x“[‘I’ﬂ)) dim(Lyk) in any case. Hence we only have to prove
that dim(ZpI’Jyk(x[FLJ])) dim(Ly) if char(k) is 0 or large. For this, by |
Proposition 1.10] it suffices to prove that dim(;,plﬁ,‘k(x'%‘[’ﬂ)) < dim(Lyk). However,

>
<

)

by choosing a Z-basis of p; sz, the subspace 3p, ,, (zﬂ[‘I’J]) C pr,sx can be written
as the space of solutions of a system of linear equations with coefficients in Z, and
independent of k. We have

dim(zPI,J,C (x([CI,J])) = dim(ZPI,J,’C (I([CI,J])) = dim(LJ,(C)

again by [IT1, Proposition 1.10] (and because, by construction, ac([cl g is in the
Richardson orbit); therefore, dim(;,plﬂ,)k(x'%‘[’ﬂ)) = dim(L ) if char(k) is 0 or large,
which concludes the proof. O

Remark 4.7. There exist explicit descriptions of nilpotent orbit representatives over
arbitrary fields; see e.g. [L.S]. Using this information one can obtain an explicit
value for the integer P in Lemma 4.6. Since this information does not lead to an
improvement in our results, for simplicity we do not go into these details.

4.6. Asymptotic support. If k is as in §4.1, then as explained in [J2, §7.14]
(see also [S], §3.14]), under our assumptions the nilpotent cone A is the scheme-
theoretic fiber of the adjoint quotient gy — gx/Gyk over the image of 0. We define
Ng as the scheme-theoretic fiber of the adjoint quotient gz — go/Gm over the
image of 0. Then it follows from [R2, Corollary 4.2.2] that for any k as above
we have My = Spec(k) X Spec() Nx. Hence it makes sense to define, for any
commutative ring & admitting a morphism R — &, the nilpotent cone over & as
Ne = Spec(6) Xgpec(r) Nor. As in §4.1 (in the case of an algebraically closed
field), we will denote by i : Ng — ge the embedding. Note that the morphism
7T ./\76 — ge factors through a morphism = : ./\7@ — N (which specializes to the
morphism considered in §4.2 if & is an algebraically closed field).

We claim that Ny is flat over SR. In fact this follows from the fact that the
adjoint quotient gm — goi/Ge is a flat morphism, which itself follows from the
case of fields k as above (which is known, see [S], §3.14]) using [R2, Corollary 4.1.2
and Proposition 4.2.1]. Once this is known, for any commutative Noetherian rings
G, T of finite global dimension and any ring morphism & — ¥ we can consider the
“extension of scalars” functor

V& : DPCoh®(N)g — DPCoh® (V)<
induced by the functor T ®% (-).

Proposition 4.8. Let & be a finite localization of Z containing R, and let F
be an object in DPCoh®(N)s. Assume that Supp(vS(F)) = € for some orbit
O € Nc/Gg. Then there exists Q € Z such that & C Z[é] and for any algebraically

closed field k of characteristic either 0 or > Q, we have Supp (¥ (F)) C w(0).
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Proof. We fix a set {x, : @ € P(S5)} as in Lemma 4.6, and for any a € P(S) and
any commutative ring ¥ we denote by i: : Spec(T) — g¢ the embedding of the
image of x, in g<.

If o € PB(S) and the orbit in N corresponding to ¢ is not included in @, since
i$ factors through ge . Supp (¥ (F)) we have

L
C®s Llig)" (i F) = L(ig)" (istos (F)) = 0.
Hence all the cohomology objects of the bounded complex of finitely generated &-
module L(i$)*(i,F) are torsion. We deduce that there exists Q € Z with & C Z[&}
such that
1| L
(4.2) Z [Q,} ®e L(i2)* (i, F) =0
for any o € B(S) such that the corresponding orbit in N is not contained in &.
Of course, we can assume that () > P, where P is as in Lemma 4.6.

We claim that with this choice of @, for any algebraically closed field k such
that char(k) > @Q or char(k) = 0, we have Supp(&(F)) C w(€). Assume for a
contradiction that this is not the case for some k, and let o € P(S) be such that the
corresponding orbit in Az is not contained in @, and such that the corresponding
orbit in Ny is maximal (i.e. open) in Supp(¢%(F)). By (4.1), it follows that

k Be LS) (1.F) = L) (105 (F)) # 0,

which contradicts (4.2) since the morphism & — k factors through Z| O

ol
4.7. Upper bound. We can now finish the proof of Proposition 4.3.
Let A € —XT, let M be as in Proposition 3.7, and consider the corresponding

object @f[ﬁ] € DPCoh&*Cm (./\7)2[#]. By Theorem 4.2(1) we have
Ll AT
Supp (1. (Rm. &™) = 65

Of course we can assume that M > N (where N is as in §3.6); then Proposition 4.8
provides a bound N;j such that

Z|
Supp(Rmeuﬁ) = Supp(zb%[ﬁ](Rme/\[M'])) C w(05)

if char(k) > Nj. Since the reverse inclusion has already been proved (for any k),
this finishes the proof of Proposition 4.3(1).
The proof of the second statement in Proposition 4.3(2) is similar, using the
1 1 e
object R#ome ((’Ef[M’], Q‘Ef[M’]) instead of fo[M’].
2l 537]

5. ANTISPHERICAL CELLS AND p-CELLS

We let Gz (and all the related data) be as in §3.1.

5.1. The affine Hecke algebra and its canonical bases. Let H be the affine
Hecke algebra of (W,S), i.e. the Z[v,v~!]-algebra with basis {H,, : w € W} and
multiplication determined by the rules:

e H =1+ (v! —v)H, for s € S;

e H H, = H,, for z,y € W such that {(zy) = £(x) + {(y).
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(Note that we follow the conventions of [Sol].)

This algebra admits a family of “canonical bases” which can be constructed using
geometry. Namely, let G be the simply-connected cover of the derived subgroup
of the group GV of §3.6 (but without the further technical conditions), and let T"
be the inverse image of the maximal torus TV C GY (so that T” is a maximal
torus of G™). We let B C G” be the Borel subgroup whose roots are the negative
coroots of (G, T), let I C G"(&) be the Iwahori subgroup determined by B”, and
consider the affine flag variety

Fl:= G(2) /1"

For any w € W we have a corresponding I"-orbit Fl,, C Fl, and then a Bruhat
decomposition
Fl = |_| Fl,,

weWw

with Fl,, isomorphic to C*®),
Let k be a field, and consider the derived category D}’IA) (F1,k) of I"-constructible

complexes of k-sheaves on Fl. Following | ], we say that a complex F in
DE’IA)(FL k) is even if

H"(F) = H"(Dp(F)) =0 unless n is even.

A complex is called parity if it is isomorphic to Fo @ Fy with Fo and Fi[1] even
complexes. The results of | | show that the indecomposable parity complexes
are parametrized, up to cohomological shift, by W; more precisely for any w € W
there exists a unique indecomposable parity complex X which is supported on
Fl,, and whose restriction to Fl,, is kg [¢(w)]. Then any indecomposable parity
complex is isomorphic to some £X[i] for a unique pair (z,i) € W x Z.

For any F in D](DIA)(Fl, k), we can define the character of F as

ch(F) = dimy H ") (Fl,, Fipy,) - v"H, € H.
weelg/

If p = char(k), we define the p-canonical basis (PH,, : w € W) by
PH,, = ch(EX).

An obvious generalization of [Wi, Corollary 3.9] shows that PH,, depends on k only
through p, which justifies the notation.

Remark 5.1.
(1) Tt follows from work of Kazhdan—Lusztig [[KXI.2] and Springer [Sp] (see
also [Wi, Proposition 3.6]) that if p = 0 then £ is the intersection co-

homology complex of Fl, (for the constant local system), and that the
O-canonical basis coincides with the “usual” Kazhdan—Lusztig basis (with

the conventions of [Sol, Theorem 2.1]). In this case we will sometimes write
H,, instead of °H .
(2) Using the results of [RW, Part ITI] one can check that the p-canonical basis

as defined above coincides with the basis considered in [JW].
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The p-canonical basis has the following positivity property, which will be crucial
to us:
(5.1) "H, "H, € @ Zsolv,v™']-?H
weWw

w*

(One way to prove this is to extend the previous construction to the equivariant
setting, which yields the same p-canonical basis by [ , Lemma 2.4]; then to
observe that the same arguments as in [Sp]—see also [ , 84.1]—show that the
convolution product of parity complexes is still parity, and that its character is the
product of the characters of the factors; then (5.1) follows from the definition of
the character map.) Note also that if s € S, then for any p, using the fact that
Fl, =2 P!, we have

(5.2) PH.=H, = H, +v.
If w=(s1,...,8,) is an expression, we also set

H,=H, - H

==Sn "

If w is a reduced expression for some w € W, then, using the Bott-Samelson
resolution of Fl,, determined by w, one checks that
(5.3) H, €"H, ® P Zzolv,v™"] - PH

=w =y"
y<w
Finally, we have an analogous notion of parity complexes on partial affine flag
varieties. Using the fact that the inverse image under the projection from F1 to a
partial affine flag variety of an indecomposable parity complex remains indecompos-

able (see [Wi, Proposition 3.5]) and the left-right symmetry of our constructions,
one checks that if w is an expression starting with some s € S, then
(5.4) H, € P Zv,v7"]-*H,.

yeWw

sy<y

5.2. Right p-cells. We fix p to be either 0 or a prime number.
It H € H, we will say that PH , appears with nonzero coefficient in H if the
coefficient of PH ,, in the decomposition of H in the basis (PH,, : w € W) is nonzero.
The following definition is an obvious generalization of a notion studied by
Kazhdan—Lusztig [[XL1]. (Their setting corresponds to our special case p = 0.

In this case we will sometimes omit the superscript “0.”)
Definition 5.2. We define the preorder <} on W by declaring that
w §’13{ y iff PH, appears with nonzero coefficient in pﬂy -PH,, for some z € W.
We denote by ~f; the equivalence relation on W defined by
w~ty iffw<fyand y < w.
The equivalence classes for this relation will be called the right p-cells.

The fact that <}, is a preorder follows from the observation that we have w <% y
iff there exists H € H such that PH,, appears with nonzero coefficient in ?H, - H
(which itself follows simply from the fact that (PH, : z € W) is a basis of H). In
case p = 0, the right p-cells will be called the right cells. If w € W, we will denote
by c(w) C W the right cell containing w.
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Below we will need some elementary properties of right p-cells, stated in the
following two lemmas.

Lemma 5.3.

(1) Let w,y € W, and s1,...,s; € S. Assume that PH,, appears with nonzero
coefficient in pﬂy -H,, -~~ﬂs],, Then there exist vi,...,vj41 € W with
v1 =Y, vj41 =w, and for each it € {1,...,j}, PH,, .1 appears with nonzero
coefficient in PH, - H.. .

(2) Let w,y € W. Then w <i y iff there exist vq,...,vx € W with v; =y,
vy = w and $1,...,8x—1 € S such that for any i € {1,...,k — 1}, PH
appears with nonzero coefficient in PH, - H. .

——Vi41

Proof. (1) We proceed by induction on j. If j = 0 there is nothing to prove.
Now assume that j > 0, and that PH,, appears with nonzero coefficient in PH,,
H, ---H, . Then (5.1) implies that there exists z € W such that PH , appears with
nonzero coefﬁc1ent in?PH, -H, - H, i and PH,, appears with nonzero coefficient
in?PH, - H, . Then we apply 1nduct10n to the pair (z,y), and deduce the claim for
the pair (w y)

(2) If w, y satisfy the second condition, then we have
w=wvp <{vp-1 <R <RUI=Y,

and hence w <}, y since <% is a preorder.
On the other hand, assume that w <% y. Let z € W be such that ?H,, appears

with nonzero coeﬂi(nent in pﬂy PH,, and let z=(s1, - ,sk) bea reduced expres-
sion for 2. Then PH ,, appears with nonzero coefficient in PH, - H_ by (5.1) and (5.3).
Hence using (1) we deduce the existence of v1,...,vx € W and s1,...,8k-1 € S
satisfying the desired property. ([l

Lemma 5.4. Let w,y € W and s € S. Assume that sy <y and w <{ y. Then
sw < w.

Proof. Choose a reduced expression y for y which starts with s. Then PH. y appears
with nonzero coefficient in H, by (5.3). Next, let z € W be such that PH,, appears
with nonzero coefficient in PH v -PH,, and let z be a reduced expression for z. The
same reasoning shows that PH , appears with nonzero coefficient in H,. Using (5.1)
we obtain that PH,, appears with nonzero coefficients in H, ,. By (5.45, this implies
that sw < w. o |

Ezample 5.5. It is clear from the definition that w < 1 for any w € W. On the
other hand, if w # 1 then Lemma 5.4 implies that we have 1 £% w. In particular,
{1} is a right p-cell.

5.3. Antispherical right p-cells. Again, we fix p to be either 0 or a prime number.
Recall that W ¢ W is the subset of elements w which are minimal in W - w

Lemma 5.6. Let ¢ be a right p-cell. If cNW # & then c C fTW.

Proof. Assume for a contradiction that ¢ NW # @ but ¢ ¢ TW. Let z € c NIV
and y € ¢N (W~ "W). Then z <% y. And since y ¢ ‘W, there exists s € S¢ such
that sy < y. By Lemma 5.4 this implies that sz < x, contradicting the assumption
that = € . O
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The right p-cells which intersect W will be called antispherical. Following the
terminology introduced in [L.X], we might have called these p-cells canonical. We
prefer the term antispherical in view of the following interpretation.

We denote by Hs the Hecke algebra of (Wr, Sg). Then we can consider the
antispherical right H-module

Masph 1= SgN @y, H,

where sgn is the set Z[v,v~!], made into a right H¢-module by having H, act by
multiplication by —v for all s € S¢. The standard, resp. p-canonical, basis of Mgpn
is defined by

Ny =1® H,, resp. PN, =1PH,,

where w € IV, and p is either 0 or a prime number.

Remark 5.7. In the case p = 0, it follows from [Sol, Proposition 3.4 and its proof]
that the basis (PN, : w € W) coincides with the basis characterized in [Sol,
Theorem 3.1(2)].

Lemma 5.8. If w ¢ W, then 1 ® PH,, = 0 in Mauspn.

w

Proof. We prove the claim by induction on ¢(w). If ¢(w) = 0 there is nothing to
prove. Otherwise, let w be a reduced expression for w starting with an element of
Se. Then it follows from (5.2) that 1® H,, = 0. Using induction together with (5.3)
and (5.4) we deduce that 1 ®PH,, = 0 as expected. O

As in the case of H, for N € Myepn we will say that PN, appears with nonzero
coefficient in N if the coefficient of PV,, in the decomposition of IV in the basis
(PN, : w € W) is nonzero. Then from Lemma 5.8 we deduce that if w,y € W,
then w <}, vy iff PV, appears with nonzero coefficient in PN, - H for some H € H.
In other words, the restriction of the preorder S% to fIW can be described in a
way completely similar to the preorder on H, simply replacing the regular right
module H by the antispherical right module Mspn. Similar remarks apply to the
equivalence relation ~}; the antispherical right p-cells are the equivalence classes
for this relation on V.

5.4. Description in terms of W-modules. Let
M;sph =17 ®Z[v,v*1] Masph = Ze ®Z[Wf] Z[W]7

where v is specialized to 1. (Here Z. is Z, equipped with the Wi-action in which each
s € St acts by multiplication by —1.) This is a right module over 1 ®zy,, ,—1] H =
Z]W]. We also have a p-canonical (Z-)basis in Z[W] defined by

PH, = 1070,
and a standard and a p-canonical basis in M7, defined by
Np = 1® Ny, PNe :=1®PN,,
for w € fW. (In case p = 0, we will drop the superscript p.)

As in the case of Mygph, for N € MZSph, we will say that PN: appears with

nonzero coefficient in N if the coefficient of PN in the decomposition of N in the
Z-basis (PN, :w € W) is nonzero.

Lemma 5.9. If w,y € "W, then w <k v iff PN, appears with nonzero coefficient
in PNy - h for some h € Z[W].
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Proof. If PN; appears with nonzero coefficient in PN - h for some h € Z[W], then
PN, appears with nonzero coefficient in PN, - H for some H € H, which implies
that w <§ y.

On the other hand, assume that w <} y, and let z € W be such that PH,,
appears with nonzero coefficient in PH, -PH,. Then PN, appears with nonzero
coefficient in PN, -PH . by the considerations in §5.3. Moreover, (5.1) and Lemma 5.8
imply that the coefficients of PN, - PH , in the basis (PN, : x € fi77) all belong to
Zso[v,v™"]. Hence PNg, appears with nonzero coefficient in PN - PH?, proving the
desired claim. (]

6. FINITE GENERATION OF ANTISPHERICAL RIGHT CELLS

In this section, we prove that each antispherical right cell is generated by a finite
number of elements under the operation of left multiplication by elements of the
form ¢, with A\ € YT; see Proposition 6.7. (Recall that right cell is a synonym for
0-right cell; thus, we are in the realm of classical Kazhdan-Lusztig theory.) This
statement is a slight variant of [Anl, Corollary 11]. This result is stated without
proof by Andersen but, as indicated in | ], a proof can be obtained by copying
some ideas in [Xi].

The proof will use the following well-known properties (see e.g. [Xi, §2]):

Ctrsp) = 0tr) +L(t,) A pueYT;
(6.2) Lwtyw™ ) =L(ty) fAe YT andw e W,
wv <gw if w,v €W and {(wv) = £(w) + {(v).

6.1. Preliminaries on minimal length representatives.

Lemma 6.1. Let A € Y and v € Wy, and set w = tyv. The following conditions
are equivalent:

(1) we'w;

(2) A e YT and £(tyv) = £(t)) — £(v);

(3) A€ YT and for all « € ®F such that v (a) € —®T, we have (\,a") > 1.

Proof. From | , Lemma 2.4] we see that (1) implies (2). On the other hand,
if (2) holds and s € S¢ we have

C(sw) = L(stav) > L(stx) —L(v) = L(ty) + 1 —L(v) = L(w) + 1,

proving that sw > w, and hence that (1) holds.
By the Iwahori-Matsumoto formula for the length in W (see, for instance, | ,
(2.2)]), we have

Uw)y= > | A)e")+ > 1+ (W™ (A), )|

aEd+Nu—1(d+) aEd+Nu—1(—o+)

S InvaY)+ > 11+ (A aY).

acv(dt)Ndt acv(dt)N(—dt)
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If A € YT, we deduce that

lwy=" Y (Aah+ > (A=D1

acv(dt)Nd+ Bev(—dT)NdT pev(—2T)Not
(ABY)>1 (A,B8Y)=0
= > haY) = #((=2) o) + 248 € v(-2F)N@* [ (A, 8Y) = 0}.
aedt
Since £(tx) = Y peqpr (M a¥) and £(v) = #(v(—®T) N ®T), we deduce the equiva-
lence of (2) and (3). O

Lemma 6.2. Let w € 'W and A € Y. Then

(1) L(taw) = £(tx) + L(w);

(2) taw € fVV,‘

(3) taw <p w.
Proof. Write w = t,v with p € YT and v € Wy (see Lemma 6.1(1)). Then
tAw = ta4,v, so that

(taw) > Lltar,) — £(v) "2 0(t0) + 0(t,) — £(v) = £(t2) + £(w).
Since £(tyw) < £(ty) + £(w), we deduce (1). Then (2) follows from Lemma 6.1
and (6.1). Finally, we remark that tyw = w - (w™'t\w) and that
((tyw) = L(w) + L(w Hy\w)
by (1) and (6.2), so that (3) follows from (6.3). O

By Lemma 6.2(2) we see in particular that the semigroup Y acts on W via
left multiplication in W.

6.2. Stabilization.

Corollary 6.3. If w € 'W and A € YT, there exists a unique n(w,\) € Z>qo such
that
n,m>n(w,\) = tpw~R paw
and
n>n(w,A)>m = tw LR tpaw.
Proof. If n > m, then by Lemma 6.2 we have
tpaw <R EpaWw.
Since W only has a finite number of right cells by [[.2, Theorem 2.2], the sequence

(tnaw : m € Z>o) must be stationary (with respect to the preorder <g), and the
existence and uniqueness of n(w, A) follow. O

For any o € @, we fix once and for all a weight w, € YT such that (w,, 3) =0
if B € &\ {a} and (w,, ") > 0, and we set k, := (wa,a’). We also set
ke := max{k, : a € ®s}. For any ¥ C Py, we set

Ty ‘= Z W -
ac¥
For A\ e YT, we set
U\ :={a e ds| (N a¥)>0}.

The following lemma (which will not be used below) justifies why later we will

only consider the numbers n(w, A\) when A is of the form zy.
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Lemma 6.4. Let w € ‘W and A € Y*. Then we have n(w,\) < ko - n(w, zg(y)).

Proof. Let m > n > kg - n(w,g(y)), and let a := Lij, so that a > n(w, zy(y))-
For any 8 € ¥(\A) we have
(X — azg(n), BY) = n(\, BY) — alzyr), 8Y) > n —aks > 0.
If B € @~ ¥(\) this quantity vanishes. Hence nX — axg(y) € Y1. By Lemma 6.2,
we deduce that
tpaw = tnAfa:v\I,(A)tam\l,(A)w <r ta:l)\p()\)w'
On the other hand, let b be an integer such that b > max{(\,a") : a € ®g}.

This implies that bzy(x) — A € YT. Then similarly we have

tbm-x\p(,\)w = tm(br\p(x)f)\)tm)\w <R tmaw.
Summarizing, we have

tbm-mq,(k)w SR tmaw gR tpaw SR tam\l,o\)w~
But thmzg W ~R tazy,, W because bm > n(w, ry(y)) and a > n(w, zy(y)), so we

deduce that ¢, w ~R tpaw. O

6.3. Reduction to a finite subset of fI/. We define
Yo:={AeY" |Vaed, (\aY)<k,}
Of course, Yy is a finite set. We then define
Z = {ty\v:v € Wx, )\EYQ}ﬂfVV,
which is again a finite set.

Proposition 6.5. For any w € ‘W, there exists A € YT and z € Z such that
w=1)z.

Proof. By Lemma 6.1, we can write (uniquely) w = ¢,v with g € Y* and v € W;
such that (u,a") > 1 for any a € ®* such that v=(a) € —®+. We proceed by
induction on
s(w) := Z {p, ™).
acdg
If 4 € Yo, then w € Z, and there is nothing to prove. (This covers in particular
the base case when s(w) = 0, so that u = 0.) Otherwise, there exists o € @4 such
that (u, ") > k,. We fix such an «; then we have

W=1m, by,

and g —w, € YT
We claim that w' :=t,__ v € 'W. First, we remark that if 3 € ®* satisfies
v=1(B) € —®F, and if m, s is the coefficent of the simple coroot a in 3V, then

<:U’ - wa7ﬁv> = <,U7ﬁv> — ko “Mq B

If ma = 0 then (u — w@,,BY) = (u,8Y) > 1. Otherwise we have (u,Y) >
(, ma,paY) > ko - Mma,p, 0 again we have (u —w,, 3Y) > 1. By Lemma 6.1, these
observations imply our claim.

Clearly, we have s(w’) < s(w), so that by induction there exists z € Z and
A € YT such that w' = tyz. Then w =ty 14, 2, and the proof is complete. O
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6.4. Uniform boundedness.
Proposition 6.6. The set {n(w,zy) : w € "W, ¥ C &} is bounded.
Proof. In this proof, for A € Y we set
VA i={aed | (\aY) >k}
We set
Ag = max{n(ty\z,ry): 2 € Z, A€ YT with ¥'(\) = @, ¥ C ®,}.

Then for ¢ € {1, ,|®s|} we define 4; by induction as

A; =max({A;_1} U {n(trz,2ze) : 2 € Z, A € YT with #V'(\) =i and

(A aY) < A1 kg for all a € U'(X), ¥ C ®}).

(Here we take the maximum over a finite set, so that this number is well defined.)
It is clear that

Ag <A <o < Ay

We will prove by induction on ¢ that for any w = ¢yz with z € Z and #¥'(\) = 4,
and for any ¥ C &4, we have

(6.4) n(w,zy) < A;.

It follows from this that n(w, zy) < Aje,| for any w € ‘W and ¥ C @, by Proposi-
tion 6.5, as desired.

If i = 0, (6.4) is clear from the definition. Now, assume this claim is known for
i—1,and let w = tyz with 2 € Z and #9'(\) =4, and ¥ C ®g. If (X, aV) < A;_1-ka
for all & € U’'(A), then n(w,zy) < A; by definition. Otherwise, choose o € W'(A)
such that (\,a") > A; 1 - ko. In this case, we will actually prove that

(6.5) n(w,zy) < A;—1.

Indeed, let k € Z be maximal such that pu:= A\ — kw, € Y. Then k > A;_1,
and #U'(u) =i — 1. First, assume that o ¢ U. Then if m > n > A;_; we have

tnw\pw = tnw\ptkwatuz <R tmin(n,k)-zq,u{a}tuz
and
tmw\pw - tm:v\pt/cwatuz ZR tmax(m,k)m\pu{a}tuz

by Lemma 6.2. Since min(n, k) > A; 1 > n(t,2, Tyufay) by induction, we have

tmin(n,k)q:\l,u{a} tHZ ~R tmax(m,k)-zq,u{a} tHZ,

which implies that also ¢y, w ~Rr tmz,w. The case a € ¥ is similar, using the
inequalities

thag W <R tnx\ptuz and tmaee W 2R t(m—Q—k)w\ptqu

which finishes the proof. O
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6.5. Finite generation of cells.

Proposition 6.7. Let ¢ be a right antispherical cell. Then there exists a finite
subset K C ¢ such that for any w € c there exists v € K and u € Y™ such that
w=1,v.
Proof. We set

A = max{n(w,zy) :w € W, ¥ C &}
(which is well defined by Proposition 6.6). We then set

(A a¥)

e

K:cﬁ{tvz:zGZ,AEY*withL JgAforallozefI)S}.

Clearly, K is finite. We will prove that this subset satisfies the property of the
proposition.

Let w € ¢, and choose z € Z and A € Y such that w = ¢,z (see Proposition 6.5).
We proceed by induction on

a(A) == max{ V)\}f:vw ra € <I>S} :

If a(\) < A, then w € K, and there is nothing to prove. Otherwise, let

o= foca |20 ay)

Then A — a(M\)zy € YT, and

w = ta()\)z\pt)\—a()\)mq,z~
Since a(A) > A > n(tax_a(r)ey 2 Tw), if We set w' := tx_,, 2z we have w ~r w’, or
in other words w’ € c. Since a(A — xy) < a()\), by induction there exist v € K
and v € YT such that w’ = t,v. Then if we set y = v + zy, we have p € Y+ and
w=t,0. [l

7. CELLS AND WEIGHT CELLS

From now on we assume (as in Section 4) that Gy is semisimple and simply
connected, and choose for ¢ the half-sum p of the positive roots. We also denote
by h the Coxeter number of Ggz.

7.1. Reminder on a result by Ostrik. Let ¢ > h be an odd integer, which is
prime to 3 if ® has a component of type Gz, and let U, be Lusztig’s quantum
group at a primitive ¢-th root of unity associated with Gz. (Here Uy is obtained by
specialization from Lusztig’s Z[v, v~1]-form of the g-deformed enveloping algebra of
gc.) Let Rep(U,) be the category of finite-dimensional Ug,-modules of type 1; the
simple objects in this category are parametrized in a natural way by X, and we
denote by L, (\) the simple module associated with A.
We consider the “dot-action” of W on X defined by

(wtrn) e p=w(p+LA+p)—p
for w € Wy and A\, p € X, and the associated fundamental alcove
Co={AeX|Vaed™, 0< (A+p,a”) <}

An alcove is a subset of X of the form w -y C; for some w € W. Such a subset is
defined by a family of inequalities nof < (A + p,a) < (ne + 1)£ for some family
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of integers (ny : a € ®). The lower closure of such an alcove is then the subset
defined by the inequalities nof < (A + p,a") < (n, + 1)¢ for all « € d+. Note also
that an alcove w -¢ Cp intersects Xt iff w € TW.

The category Rep(U,) has a natural structure of highest-weight category with
weight poset (X, <) (where < is the standard order on X), so that we can consider
the indecomposable tilting module T,(A) with highest weight A. Recall [Pa] that
the tensor product of two tilting modules in Rep(U,) is again a tilting module in
Rep(U,). Based on this fact, following Ostrik [O1] we define the “quantum weight
preorder” on XV as follows: A <% y iff there exists a tilting module M in Rep(U,)
such that T, () is a direct summand of Ty (p) ® M. We denote by ~4 the associated
equivalence relation: A ~% p iff A <%y and p <% .

By [Anl, Proposition 8], two dominant weights belonging to the lower closure
of a given alcove are equivalent for the relation ~%. Therefore one can transfer
the preorder <% and the equivalence relation ~% to fW as follows: we set w <% y
(resp. w ~% y) iff there exists a weight A € X in the lower closure of w -, C; and a
weight ¢ € X7 in the lower closure of y -, Cp such that A <%y (vesp. A ~% p1). The
following result is due to Ostrik [O1].

Theorem 7.1. The preorders S% and <g on W coincide. In particular, the

equivalence classes for the relation ~% on W are the antispherical right cells.

Our goal in this section is to prove a counterpart of Theorem 7.1 in the setting of
modular representations of reductive algebraic groups. Our proof will be essentially
identical to that of Ostrik, replacing Soergel’s character formula for quantum tilting
modules [So2] by its modular analogue obtained in | ]

7.2. Characters of tilting Gi-modules. From now on we let k be an alge-
braically closed field of characteristic p, and we assume that p > h. We denote by
Rep(Gy) the category of finite-dimensional algebraic Gg-modules. For any A € X
we have a costandard (or co-Weyl) module N(\) := Indgn“f()\) and a standard (or
Weyl) module M(A) = (N(—wpA))*, where wy € Wk is the longest element. There
exists a unique (up to scalar) nonzero morphism M(A) — N(A), and its image L()\)
is simple. It is well known that the category Rep(Gy) is a highest weight category
with weight poset (X1, <), so that we can consider the indecomposable tilting
module T(A) with highest weight .

We consider the dot-action of W on X defined as in §7.1 (but with ¢ replaced
by p), and the principal block Rep,(Gy), i.e. the Serre subcategory of Rep(Gy)
generated by the simple objects of the form L(w -, 0) for w € fW. The linkage
principle shows that the subcategory Repy(Gyg) is a direct summand of Rep(Gy);
we denote by pr, : Rep(Gg) — Repy(Gg) the corresponding projection functor.

Recall the right W-module Mg, defined in §5.4. Then we have a canonical
isomorphism

U K(RepO(Gk)) ; Mzsph

where [M(w -, 0)] = [N(w -, 0)] corresponds to Ng for any w € 'W. For s € S we
choose a weight ps on the s-wall of the fundamental alcove C,, and set

O, := TBSTé‘S : Repy(Gi) — Repy(Gy),

where TSS and T{'* are the translation functors as in [J1]. It is well known that for
any s € S and V in Repy(Gg) we have

(7.1) d([O:(V)]) = d([V]) - HZ.
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The following result was conjectured in [RW], and proved in | ]
Theorem 7.2. For w € 'W we have 9(T(w -, 0)) = PN?,.

Remark 7.3. Any tilting Gyg-module M can be “quantized” to a tilting module M,
in Rep(U,), where U, is constructed using a root of unity of order ¢ = p; see | ,
§2] for details and references. (In fact M, is characterized up to isomorphism by the
fact that M and M, have the same character.) In particular, if w € ‘W, comparing
Theorem 7.2 with its quantum counterpart due to Soergel (see §7.1), we see that
for z € W, the multiplicity of T,(z -, 0) as a direct summand of T(w -5 0), is the
coefficient of N§, in the expansion of PN;, in the basis (N} : y € ‘W) of Mon
We will also need the following technical result. (A very similar claim appears
in [O1].)
Lemma 7.4. Let M € Rep(Gx), and set Ay :={A € W -, 0| dim(M,) # 0}. For
any X € Ay, we denote by x the unique element of W such that x> -, 0 = X, and
then define

o(M):= Y dim(M,)-2* € Z[W].
AEANM
For any V in Repy(Gy), we have
I([pro(V @ M)]) = 9([V]) - ¢(M).

Proof. Tt suffices to prove the equality when V = M(w -, 0) for some w € fW. For
any A € X we set

Zwve (71)€(w) ew-p)\
ZU)EWf (_1)@(10)610-,,0

Then by Weyl’s character formula (see [J1, §I1.5.11]) and standard arguments, the
character of M(w -, 0) ® M is

> dim(My) - x(w -, 0+ X) = Y dim(My) - x(wp ),
Aewt (M) Aewt(M)

where wt(M) is the set of weights of M. (The second equality uses the fact that
Wt permutes wt(M) without changing the multiplicities.) Therefore, we have

I([pro(M(w -, 0) @ M)]) = > dim(My) - Ng,a = Ny - (M),
AEA N
which finishes the proof. (I

X(A) =

€ ZX].

7.3. Weight order and weight cells. Recall that the tensor product of two tilting
Gy-modules is again tilting [M1]. Using this property and copying the constructions
in §7.1 one can define the following preorder and associated equivalence relation.

Definition 7.5. We define the preorder <t on X+ by
A<t p iff T(XA) is a direct summand of T(u) ® M for a tilting Gg-module M.
We denote by ~7 the equivalence relation on X* defined by
A~ ff A<t pand p <t A
The equivalence classes for this relation will be called weight cells.

As in the quantum case we have the following property (also stated in [ , 84]).
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Lemma 7.6. If A\ and p belong to the lower closure of the same alcove, then A\ ~t1 .

Proof. We can assume that A belongs to W -, 0. Then by [Ha, Proposition 3.1.3]
we have T (T(p)) = T(X), and T{(T(X)) is a (non-empty) sum of copies of T(u).
Since translation functors can be described as tensoring with a tilting module and
then taking a direct summand (see [J1, Remark 7.6(1)]), the claim follows. O

Since the set of alcoves meeting X ¥ is in a natural bijection with ‘W (through
w — w -, C), as in the quantum case we use this lemma to transfer the preorder
<t and the equivalence relation ~1 to W: we set w <t Yy, resp. w ~t y, iff
w0 <ty-0,resp. w-, 0 ~1y-, 0. Then given A\, € X*, there exist unique
w,y € W such that X belongs to the lower closure of w -, C, and i belongs to the
lower closure of y -, C,; with this notation A <t p iff w <7 y.

The following theorem is the “modular analogue” of Theorem 7.1 promised
in §7.1.

Theorem 7.7. For w,y € 'W, we have
w<ty iff w<hy.

In particular, the equivalence classes for the relation <1 on W are the antispherical
right p-cells.

Proof. To prove that
w<hy = w<ry,

by Lemma 5.3(2), it suffices to prove that if s € S and PN, appears in PN, - H ., then
w <t y. However, if PN, appears in PV, - H, then as in the proof of Lemma 5.9
we see that PNy, appears in PNy - PH?. Using (7.1) and Theorem 7.2, we deduce
that T(w -, 0) is a direct summand of ©4(T(y -, 0)). As in the proof of Lemma 7.6,
this implies that w <t y.

On the other hand, assume that w < y, i.e. that T(w-,0) is a direct summand of
T(y-,0) ® M for some tilting Gg-module M. Then by Lemma 7.4 and Theorem 7.2
PN° appears with nonzero coefficient in pﬂz -¢(M). By Lemma 5.9, this implies
that w <% vy, as desired. O

7.4. Thick tensor ideals. Let Tilt(Gg) C Rep(Gg) be the category of tilting
Gg-modules. For any M in Tilt(Gy), we denote by (M)t the thick tensor ideal
of Tilt(Gg) generated by M, i.e. the smallest strictly full subcategory of Tilt(Gy)
containing M and which is stable under direct summands and under tensoring with
any tilting Gg-module.

It is clear from definition that

w<rty & T(w40)e(Tlyp0))r < (T(w0)r C(T(y0)r.
From this remark we deduce the following reformulation of Theorem 7.7.

Corollary 7.8. For w,y € ‘W, we have

wely e (T 0)r= (Tl ).
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7.5. An application. We now observe that the following result (originally due
to Georgiev—Mathieu [GM]; see also [M2]) is an immediate consequence of Theo-
rem 7.7. (Here, for a module M which admits a standard filtration and p € Xt
we denote by (M : M(u))a the multiplicity of M(u) in a standard filtration of M.)

Proposition 7.9. Let A € XT. The following conditions are equivalent:
(1) X eCy;

(2) ptdim(T(A));
(3) there exists p € C,, such that Zwefw(fl)e(“’) (TA) : M(w -p 1)) # 0.

Proof. If A € Cp, then T(A) = N(A) = M()), and Weyl’s dimension formula shows
that p 1 dim(T(X)). It is also clear that

3 (=D (T : M(w - A))a = 1 #0.

wefW

Now, assume that p { dim(T())), and let v € W be such that A belongs to the
lower closure of v -, C,,. Under our assumption the Gg-module k = T(0) is a direct
summand in T(A) ® T(A)*, so 0 <t A, which implies that 0 <t v-,0 by Lemma 7.6.
Using Theorem 7.7, we deduce that 1 <, v. As explained in Example 5.5, this
implies that v =1, i.e. that A € C,.

Finally, we prove that if A ¢ C,, for any p € C, we have

(7.2) Y DT M(w +p p))a = 0.

wefWw

In fact, if A ¢ W -, u this equality is clear since (T(A) : M(w -, u))a = 0 for any w
by the linkage principle. We prove the case A = v+, p for some v € W by induction
on £(v). Write v = us with s € S and £(v) = £(u) + 1 (so that u € W), and choose
v € X on the s-wall of C,. We observe that T//T(u -, v) is the direct sum of T(X)
and some modules of the form T(x -, p) with ¢(z) < £(v). Now we have

Y D NTET(wp ) M(w - p)a =0

wefW

(because this equality holds if T(u-,v) is replaced by any standard module, in which
case it follows from [J1, Proposition I1.7.12]), and T(u) is not a direct summand of
THT(u -, v) (because otherwise we would have p <t u -, v, which is excluded by
Theorem 7.7). Hence we obtain (7.2) using the induction hypothesis. O

The following consequence is also stated in [GM, M2] (where the second formula
is called the modular Verlinde formula); we recall the proof for completeness. (Here,
for \, u,v € X*, we denote by K¥ ., the multiplicity of the simple module for the
complex group G¢ with highest Welght v in the tensor product of the simple modules
of highest weights A and p.)

Corollary 7.10.
(1) For any A € C, and any tilting module M, the multiplicity of T()\) as a
direct summand of M is equal to >, coy (=1)/) (M : M(w - A))a
(2) For any A, p, v € Cp, the multiplicity of T(v) as a direct summand of T(A)®
T(w) is equal to Zwefw(—l)e(w)K;ﬁ':V.
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Proof. (1) Of course it is sufficient to prove the formula when M is indecompos-
able, i.e. of the form T(u) for some p € X*. If u ¢ C,, the claim follows from
Proposition 7.9. If u € C, we have T(u) = M(u), so that the claim is obvious.

(2) By (1), the multiplicity we want to compute is equal to

Y DT @ T(u) : M(w - 1))

welWw

= 3T (CHIIMN) © M)  M(w - 1)),
wew
The integer (M(A) @ M(u) : M(w -, v))a is the coefficient of x(w -, ) in the product
X(A) - x(u), where x(n) is as in the proof of Lemma 7.4. This coefficient can be
interpreted as stated in terms of characteristic-0 representation theory. ([

Remark 7.11. In the setting of §7.1, the same arguments as for Corollary 7.10 show
that if V' is a tilting module in Rep(U,) and if A € Cp, the multiplicity of T4()) as
a direct summand of V' is equal to 3"ty (— 1)) (V : Mg(w -, X)) a, Where My (v)
is the quantum Weyl module associated with v, and as above (— : —)a means the
multiplicity in a standard filtration. (In this setting, this claim is due to Andersen—
Paradowski [AP].) Since the modular and quantum Weyl modules have the same
character, in the setting of Remark 7.3 we deduce that for any tilting module M
in Rep(Gg) and any A € Cp, the multiplicity of T()) as a direct summand of M is
equal to the multiplicity of T,()) as a direct summand of M,.

8. THE HUMPHREYS CONJECTURE

We continue with the assumptions of §7.2; but to simplify notation (and since
k is fixed in this section) we write G = Gi. Note that since G is obtained by
specialization to k of a Z-group scheme, hence also by specialization of an F,,-group
scheme, its Frobenius twist identifies canonically with G. We also set N' = M.

8.1. Support varieties. We denote by G the first Frobenius kernel of G, i.e. the
kernel of the Frobenius morphism Fr : G — G. Since the subgroup G; C G is
distinguished, the algebra Extg, (k,k) admits a natural action of G, which factors
through an action of G/G1 = G. Tt is also clearly Z-graded, hence can be considered
as a G X Gy-equivariant algebra.

The following lemma will be proved in §9.1. (This statement is well known, see
e.g. [AJ, §3] for a proof under the same assumptions as ours; later we will use our
explicit construction of this isomorphism, however.)

Lemma 8.1. There exists a canonical isomorphism of graded G x Gy, -equivariant
algebras
Extg, (k,k) = OWN).

If M,N are G-modules, the graded vector space Extg, (M, N) has a natural
G xGp-action. Tt also has a natural structure of module over Extgy (k, k), see | ,
§2.2]. Using the isomorphism of Lemma 8.1, this object can then be considered as a
G x Gy-equivariant quasi-coherent sheaf on A'. Therefore it makes sense to consider
the support Supp(Extg, (M, N)); see §4.1.

Of course, the G x G, -equivariant quasi-coherent sheaf on N associated with
Extg, (M, N) depends on the choice of isomorphism in Lemma 8.1. Note however
that the results of [Se] imply that any G-equivariant automorphism of A/ induces
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the identity on the set of orbits N'/G. Therefore, the support Supp(Extg, (M, N))
is well defined, i.e. does not depend on any choice.
Following | | we set Vg, (M, N) := Supp(Extg, (M, N)). We will also use the
special notation
VGI(M = VGl(M7 M)? VGI (M) = VG1(k)M)

)

The subvariety Vi, (M) is called the support variety of M.

It is clear that Vi, (M, N) C Vg, (M) NVg, (N), see | , (2.2.1)]; in particular
we have
(8.1) VGl (M) C Vg, (M).
On the other hand, by | , (2.2.4)-(2.2.5)], for M, N in Rep(G) we have
(8.2) Vo, (M @®N) =Vg,(M)U Vg, (N);
(8.3) Vo, (M@ N) = Vg, (M) N Vg, (N).

The following property is also stated in [Ha, §3.1].

Lemma 8.2. If \,u € XT, we have
psTA = Ve (T(p) C Ve, (T(V).

In particular, if p ~1 A then Vg, (T(1)) = Ve, (T(N)).
Proof. If p <t A, then there exist tilting G-modules M, N such that

TANQM =T(u)® N.
Then we have

Ve (T(1)) € Va, (T() & N) = Vi, (TN © M) € Vi, (T(V)

by (8.2)—(8.3), proving the desired claim. O

8.2. The Humphreys conjecture. Recall that the main result of [[.3] provides
a canonical bijection between the set Ng/Ggc of Ge-orbits in Mg and the set of
Kazhdan—Lusztig two-sided cells in W. (The two-sided cells considered here are
defined as in the special case p = 0 of Definition 5.2, but allowing multiplication
both on the left and on the right by elements of #.) Then, the main result of [LX]
implies that taking the intersection with fW induces a bijection between the set
of Kazhdan—Lusztig two-sided cells in W and the set of antispherical right cells in
fi}. Combining these bijections, we obtain a canonical bijection between the set
of orbits Ng/G¢ and the set of antispherical right cells in . For ¢ ¢ "W an
antispherical right cell, we will denote by €S C N¢ the corresponding orbit.

Remark 8.3. Now that this notation is introduced, we can make the description
of the orbit & appearing in Theorem 4.2(1) slightly more explicit: by definition
this is the orbit appearing in the pair corresponding to A under the Lusztig—Vogan
bijection considered in [Ac, §4.3]. It follows from [B2, Remark 6] (see also the
remarks surrounding [O3, Conjecture 3]) that & = ﬁf(w), where w € W is the
unique element such that there exists w € {2 such that wy = ww. It will follow from
the proof in §8.5 that the orbit appearing in Theorem 4.2(2) can be described in

the same way.

Lemma 8.4. For y,w € ‘W, we have

y<pw = Lk(ﬁf(y)) C Lk(ﬁ(cc(w)).
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Proof. If y <g w, then y <;r w (where <pr is the two-sided Kazhdan-Lusztig

order). By [B2, Theorem 4(b)], this implies that ﬁf(y) - ﬁ’&w). Since the bijection

1 is an isomorphism of posets (see §4.1), we deduce that 1 (OF) C 1 (O). O
The following conjecture is due to Humphreys, see [H2].

Conjecture 8.5. For any w € ‘W, if \ € X belongs to the lower closure of w-,C,
then

Vo, (TOV) = 1(05,,).

By Lemma 7.6 and Lemma 8.2, Vg, (T()\)) only depends on the alcove whose
lower closure contains A. In particular, Conjecture 8.5 is equivalent to the following.

Conjecture 8.6. For any w € W,
Ve, (T(w -5 0)) = Lk(ﬁf(w)).

8.3. A relative version of Conjecture 8.5. Recall the subset W' ¢ W intro-
duced in §3.1.

Lemma 8.7. Let w € ‘W, and assume that w ¢ 'W'. Then Extg (k, T(w-,0)) = 0.

Proof. Let s € S¢ be such that ws < w. Then ws € W, and by [J1, E.11(1)] we
have ©,T(w -, 0) 2 T(w -, 0) & T(w -, 0). Hence
Extg (k, T(w-,0)) =0 iff Extg, (k,0,T(w-,0))=0.
According to [J1, §11.9.22], ©, can be extended to a self-adjoint endofunctor of
the category of rational G;T-modules (where T' = Ty) with the property that
@s(M &® kGlT(p)‘)) = GS(M) ® kGlT(p)‘)-

for any A € X and any G1T-module M. By comparing GG; and G171 cohomology,
we deduce that

Extg, (k,©,T(w -, 0)) = Extg, (0.k, T(w -, 0)).
However, we have O,k = 0, which implies the desired vanishing. ([l
Lemma 8.8. For any A € X7, there exists w € W' such that A\ ~1 w -, 0.

Proof. Let us choose a decomposition

TN TW =P M,
icl

where each M; is an indecomposable tilting module. We also set J := {i € I |
Homg (k, M;) # 0}. (Note that since there exists a nonzero morphism k — T(\) ®
T(A)*, we have J # @.) We also set M = P, ; M;. For any j € J, since M;
is indecomposable and contains k as a submodule, it belongs to Repy(G), hence
is isomorphic to T(w; -, 0) for some w; € TW. Moreover Extg, (k,M;) # {0}; by
Lemma 8.7 this implies that w; € it

It is clear that for any j € J we have w; -, 0 <t A. Hence to conclude the proof
it suffices to prove that A <t w; -, 0 for some 7, i.e. that T(A) is a direct summand
of M ® N for some tilting G-module N. In fact, we claim that T()\) is a direct
summand of M ® T(\). Indeed, consider the morphisms of G-modules

TO) STV @TOW @ T L TN
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defined by z — id® 2 and f ® y — f(y) (where we identify T(\) ® T(\)* with
Endg(T(N))). It is clear that ¥ o ¢ = id, and that ¢ factors through M ® T(\).
Hence indeed T(A) is a direct summand of M ® T(A), and the proof is complete. O

Remark 8.9. Comparing Theorem 7.7 and Lemma 8.8 we see that for any anti-
spherical right p-cell ¢ we have ¢ N fIW! # @. This does not seem to be obvious
from the definition.

The following can be considered as a “relative” version of Conjecture 8.6.

Conjecture 8.10. For any w € ‘W', we have
Vo, (T(w - 0)) = Lk(ﬁf(w))-

The following lemma explains the relation between this “relative” version and
the original Humphreys conjecture.

Lemma 8.11. Assume that Conjecture 8.10 holds, and moreover that if z,y € W
we have

(8.4) <%y = z<py.
Then Conjecture 8.5 holds.

Proof. We assume that Conjecture 8.10 and (8.4) hold. Property (8.4) implies that
the function w ﬁf( w) is constant on antispherical p-cells. On the other hand, by
Lemma 8.2 the function A — Vg, (T(X)) is constant on weight cells. Hence, using
Theorem 7.7, to prove Conjecture 8.5, it suffices to prove that for each weight cell,
there exists w € fIW and X in the lower closure of w -p Cp which belongs to the

given weight cell and such that Vg, (T()\)) = (0%

c(w)
can assume that A = w-, 0 for some w € fit. In this case, by assumption we know

) C Ve, (T(V)

). Hence by Lemma 8.8 we

that Vg, (T(A\)) = w(0C )). Using (8.1), this implies that ¢ (€C

c(w c(w

On the other hand, we have
Extg, (T(A), T(A)) = Extg, (k, T(A) @ T(A)).

All the indecomposable direct summands of T(A) @ T(\)* are of the form T(u) with

p€ YT and p <t A, and those which contribute to Extg, (k, T(A) ® T()\)*) satisfy

in addition p = v -, 0 for some v € 71 by the linkage principle for G1-modules

(see [J1, Lemma I1.9.19]) and Lemma 8.7. To conclude, we only have to prove that

for all such p we have Vg, (T(1)) C u (0%

c(w)
we assume to hold) we have Vg, (T(u)) = Lk(ﬁf(v)). Since v -+, 0 <t w -, 0, we

have v <t w. By Theorem 7.7 and (8.4), this implies that v <g w. Finally, using

). However, by Conjecture 8.10 (which

Lemma 8.4 we deduce that L]k(ﬁg(v)) - Lk(ﬁf(w)), and the proof is complete. O

8.4. The quantum case. Let us come back to the setting of §7.1. All the con-
structions considered in the present section have obvious analogues for U,-modules,
replacing p by ¢, the Frobenius kernel G by Lusztig’s small quantum group ug,
and omitting the bijection ¢. (In this case, the analogue of Lemma 8.1 is due to

Ginzburg—Kumar [GK].) In particular, we can consider the quantum analogues of
Conjecture 8.5 and Conjecture 8.10.
The quantum analogue of Conjecture 8.5 was proved by Ostrik in [O2] in the

special case Gz = SL,, z. Then the general case of the quantum analogue of Con-
jecture 8.10 was proved by Bezrukavnikov in [B1]. The same arguments as in the
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proof of Lemma 8.11 show that this implies the quantum version of Conjecture 8.5
in full generality. (In this setting we do not need any analogue of (8.4).)

8.5. Proof of Theorem 4.2(2). We consider the setting of Section 4 (without
assuming that k = C for now). Recall the group GV considered in §3.6, and let
Gr' := GY(0)\GY () be its “opposite affine Grassmannian” (where # := C((t))).
Let also I € GY(&) be the Iwahori subgroup associated with the negative Borel
subgroup of GY. Then, as in §3.6, there exists an equivalence of triangulated
categories

T': DEX(Gr' k) = DPCoh®> % ()
which satisfies Y' o (1) = (1)[1] o ¥’ and which sends the normalized standard
object J/(X) associated with A to Ag(N), for any A € X (see in particular | ,
Remark 11.3(2)]). Again as in §3.6, this equivalence sends the tilting mixed perverse
sheaf 77(\) associated with X to €X.
We consider the Grothendieck group [D’(“fl‘;"((}r'7 k)], and the embedding
Masph — [ ?E;X(Gr/7k)}

sending v™ Ny, to [F/(A)(m)] for any m in Z and A € Y. Then the results
of | , §7.3] show that, under this identification, we have

[T'(\)] =*N,,, forany AeY
(where p = char(k)). Composing this embedding with the isomorphism
[DE*(Gr' k)] = [DPCoh @ (A)y]
induced by Y’, we deduce an embedding
(8.5) Masph = [DCohEr (A7) ]

sending v™ Ny, to [A(X)(m)[m]] for any m in Z and A € Y, and which also sends
PN, to [€5]. The proof of Lemma 3.3 shows that, for any s € S, the embed-
ding (8.5) intertwines the action of H, on the left-hand side with the morphism
induced by ¥, on the right-hand side. These remarks show that if A € Y and if
w = (s1, -+ ,8) Is an expression, then the direct summands of

U, 0000y, (QEH/(\)

can be determined by expanding the element ?\,, - H,, in the p-canonical basis of

Mspn. In particular, these direct summands are of the form Gﬂlf with v € Y and
wy, <P wy.

Lemma 8.12. Let A\, € Y, and assume that wy ~% w,. Then

Supp (EXt.DbCoh(K/)k(éﬂi’ Gﬂ)‘\)) = Supp (EXt;Dbcch(/T/)k(eli’ @i)).

Proof. Of course, it is enough to prove that if wy <} wj,, then

k gk k gk
Supp(Ext;DbCOh(ﬁ)k(GA, ) C Supp(Ext})bCOh(ﬁ)k(G#, G#)).
However, if wy <} w,, then there exists an expression w = (s1,--- ,s,) such that

PN w, appears with nonzero coefficient in PN, w, H w

(see §85.2-5.3). Then the
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remarks above show that & is a direct summand of W, o---o WU, (€f), so that

Supp (Ext3, o 7). (€5 €X)) C
Supp (Ext, cop (7, (¥s, © -0 Vs, (€5), W, 00, (€4))).

Now, by adjunction (see Remark 3.2) we have

EXtZ)bCoh(./v)k(lI}ST 00 \IISl (QE]}Z)? \Ijs'r‘ 00 l:[151 (eﬂi)) =
1%, (€5, B 000 W 0, 00 0, (€5),
and the support of the right-hand side is included in Supp(Ext$,, ., e (€5, €5);
this finishes the proof. O

Now, we are in a position to give the proof of Theorem 4.2(2). More precisely,
as explained in Remark 8.3, we will prove that for any A € X we have

(€5, %)) = Oguy

c(w)?

Supp (EXtDb Coh(N)c

where w € W is the unique element such that wy = ww for some w € Q. Write
w = w,, for some p € Y; then it is easy to check that

€S = 71, (€5).

Since 7, induces an autoequivalence of DbCoh(J\~/ )¢, we can assume that A = p,
i.e. that w = 1. And using Lemma 8.12 and Remark 8.9 (or rather the analogous
characteristic-0 observation, which can be checked similarly using quantum groups)
we can further assume that w € fW! (or in other words that A € —X7). In this
case we have

Supp(Ext (e5, L’E(E\:)) D Supp(Rﬂ*(’E,\) = Supp(ExtDbC b7 (ONC (’EC))

DYCoh(N)¢

and by Theorem 4.2(1) the right-hand side is equal to ﬁ
suffice to prove that

w)) : hence to conclude it

Supp (Ext$ e, Qf()c\)) coC

c(wx)*

DPCoh(N)e (

Now, choose a reduced decomposition wy = sy---s, (with s; € § for i €
{1,---,r}). Then, by Proposition 3.5(2), &% is a direct summand of the object
e®(1, (s, ,s.)); it follows that

Supp(EXtDbcoh(./\/)(C(e )) - Supp(EXtDbcoh(N)W(e(c(lv (317 o 787“))7 Gg\:))
Now, by definition and adjunction (see again Remark 3.2), we have
Extz)bcoh(ﬁ)c(ﬁc(l,(sl,--- L 50)), €5) = Ext3 conirye (O Yo o---0W, (€5)).
It follows that

Supp(Ext Qfg, Qfg)) = Supp(Rﬂ,,ﬁ(\Ils1 00 \IJST(QE(E))).

DPCoh(N)¢ (
As explained before the proof of Lemma 8.12, U, o---0 \I/ST((’E(E) is a direct sum
of objects of the form (’ES with v € Y such that w, <g w). For such an object, by
Theorem 4.2(1) we have either Rm, &S =0 (if v ¢ —X7T) or

Supp (RT(* Qif) oC

c(wy)”
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By Lemma 8.4 we have ﬁ’f(wv) C ﬁ’f(wx) since w, <gr wy, hence these remarks
conclude the proof.

9. EXOTIC PARITY SHEAVES AND TILTING MODULES

In this section we continue with the assumptions of §7.2. As in Section 8 we
identify Gy with its Frobenius twist in the natural way.

9.1. Relation with tilting modules for reductive groups. The dot-action of
W on X extends in a natural way to an action of Wey;. We let Repy(Gy) be the
Serre subcategory of Rep(Gy) generated by the simple modules of the form L(w-,0)
where w € fW,;. (Note in particular that the “extended principal block” Rep (Gy)
contains the principal block Repy(Gg).) One of the main results of | ] (see in
particular [ , Theorem 10.7 and its proof]) is the construction of a functor

2 : DPCoh®*®m(N), — DPRep, (Gy)

and an isomorphism of functors € : Z o (1)[1] = = such that:

(1) for any F,G in DPCoh®*®= (), E and e induce an isomorphism

w
N
m
&

@ HomeCthXGm (ﬁ)k (./—", g<7’l> [TLD l> Home Rep 5 (Gy.) (
neL

(2) for any V € Rep(Gy) and F € DPCoh®*®m(N),, there exists a canonical
and functorial isomorphism

E(FRV)XE(F)QF"(V);
(3) for any A € X we have
Z(Ak(A) = M(wx -5 0),  Z(Vi(A)) = N(wy - 0).
Using this result we can finally give the proof of Lemma 8.1.
Gk

Proof of Lemma 8.1. By Frobenius reciprocity and the fact that Ind(Gk)1 is exact
(see [J1, Corollary 1.5.13(1)]), we have

Extlg,), (k,k) = Extg, (k, Ind(g

G, () = Extl, (k, Fr* (O(Gu))).

Since k = Z(0Og), the functor = induces an isomorphism
P Hom,cpaxem i, (Ox: O, @ O(G)(n)m]) = Extey, (k, Fr*(O(Gy))).
n,mez

Now the left-hand side identifies canonically with R*T'(Ni, O v,) = O(WN). (The
latter isomorphism follows from | , Theorem 2], the normality of Ny—see | ,
§5]—and Zariski’s Main Theorem.) The desired isomorphism

O(Ny) = Extlg,), (k k)

follows. It is left to the reader to check that this morphism is (G X Gy, )kx-equivariant,
and an algebra morphism. |

The application of our results of Section 4 to the Humphreys conjecture(s) will
be based on the following result.
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Proposition 9.1. For any A € X, there ezist Gg-equivariant isomorphisms
Extfq,), (k, T(wy - 0)) = R°T(Ni, €%),

Ext{g,), (T(wx 5 0), T(wy - 0)) = Bxty,, o (€5, €5)

which intertwine the actions of Extlg,) (k,k) and O(Ni) under the isomorphism
of Lemma 8.1 constructed above.

Proof. The proof is the same as that of Lemma 8.1 once we have shown that
Z(ek) 2 T(wy - 0). For this we first show that Z(€%) is a tilting Gi-module. In
fact, for any p € X we have

Extg, (M(w, -5 0), £(€5)) = Extg, (S(Ax(n)), 2(€5)).

We deduce an isomorphism

Fxt, (M(wy, 5 0), 2(€5)) 2 €D Hom e (i, (D), € () 1+ m]).
mEeEZ

Using Corollary 3.4, it follows that Ext¢, (M(w,, - 0),Z(€%)) = 0 unless n = 0.
One shows similarly that Extg, (E(€%), N(w, -, 0)) = 0 unless n = 0. Combining
these facts, we see that Z(€%) indeed is a tilting Gi-module.

Using the properties of Z and [(:(;, Theorem 3.1] we obtain that Z(¢%) is inde-
composable, hence isomorphic to T(w -, 0) for some w € fWest. Tt is not difficult to
check that w = wy, and the proof is complete. ([

Remark 9.2. The functor = has a “quantum analogue” constructed (long before
its modular counterpart) by Arkhipov-Bezrukavnikov—Ginzburg. More precisely, if
G( = G¢/Z(Gg), then the main result of the first part of | ] is the construction
of a functor

Z¢ : DPCoh S Cm (A)c — D Repy(U,)

with the same properties as the functor = of §9.1, where Repy(U,) is the principal
block of Rep(U,;). As in the case of =, the formal properties of E¢ imply that
this functor sends €5 to T,(wy ¢ 0) for any A € Y. Combining this observation
with Theorem 3.9 provides an alternative proof of [B1, Theorem 3] which does
not rely on | ]. (This proof replaces the weight arguments of [B1] by parity
considerations.)

9.2. A proof of the Humphreys conjectures in large characteristic. The
following theorem is the main result of this paper. It provides a proof of the
“lower bound” part of Conjecture 8.5 and Conjecture 8.10, and a full proof in large
characteristic.

Theorem 9.3.

(1) For any w € 'W and X € X+ which belongs to the lower closure of w -, Cp,
we have

Vic, (TV) D w(0g,,)-
Moreover, if w € TWF then

Vi, (Tw 5 0) 5 u(65,).
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(2) There exists N € Z>o (depending on Gz) such that if p > N, then for any
w € W and X\ € X which belongs to the lower closure of w -, Cp, we have

‘/(G:()l (T()‘)) = Lk(ﬁg(w)),

and if w € Wt then
Viea (T(w 5 0) = u(0g,,)).

Proof. As explained in §8.2, in both cases it suffices to treat the case A = w -, 0. In
this case, if 4 € Y is such that w = w,,, by Proposition 9.1 we have

Vg, (T(w -, 0)) = Supp(Ext'DbCoh(ﬁ)k(Qfﬂ;, Qf]i))

and if w € TW! (i.e. p € —X*) we have
V(Gk)l (T(w p O)) = SUPP(RW*@;)-

Then (1) follows from Proposition 4.3 and Remark 8.3.

To prove (2), recall that fI¥ has only a finite number of antispherical right cells
(see the proof of Corollary 6.3). Hence it suffices to fix such a cell ¢ and prove that
there exists N, such that if p > N, for any w € ¢ and A € X* which belongs to
the lower closure of w -, Cp,, we have

‘/(Gkh(T()‘)) = Lk(ﬁ§)7

and if moreover w € W' then

V(Gk)l(—r(w ‘p 0)) = Lk(ﬁg)
Fix a finite subset K C c as in Proposition 6.7. By Proposition 4.3, there exists
Nc such that for any p > N and any i € Y such that w, € K we have

Supp(ExtI)bCoh(ﬁ)k((’E]i, QEE;)) = u(0F).

Then as above, for any w € K we have

Vi (T(w -5 0)) = u(0g).
If p > N; and w € c is arbitrary, then by Proposition 6.7 there exist v € K and
v € Y such that w = t,v. Then w-, 0 = v -, 0+ pr, so that T(w -, 0) is a direct
summand of T(v -, 0) ® T(pr), and hence w <t v. By Lemma 8.2, this implies
that Vig,), (T(w-,0)) C Vig,), (T(v-,0)) = t(OF). Since the reverse inclusion was
already proved in (1), this implies that V(g,), (T(w -, 0)) = u(OF).
If we assume in addition that w € fW¥, then by (8.1) we have

Viga, (T(w 5 0)) € Vig,, (T(w -, 0)).

The right-hand side is now known to be equal to 1 (0F), and the left-hand side
contains (0F) by (1). We deduce that Vig,), (T(w -, 0)) = u(OF). O

Remark 9.4.

(1) From the proof of Theorem 9.3 we see that if Conjecture 8.5 is true, then
Conjecture 8.10 also holds (for any fixed k).

(2) Running the arguments of the proof of Theorem 9.3 backwards, we see that
the bounds N; and N3 in Proposition 4.3 can be chosen to be independent
of .
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9.3. A simplicity criterion for parity objects. We conclude this section with a
criterion that guarantees that certain parity objects in DPCohG*Cm (/\7 )k are simple
given the information that a corresponding tilting module remains indecomposable
upon quantization. This criterion will be used below in the course of the proof of
the Humphreys conjecture in type Go.

1

Corollary 9.5. Let A € Y, and assume that T(wy -p 0),
¢k =~ gk()).

Tq(wx -p 0). Then

Proof. Our assumption implies that for any p € X we have

dimy (Homg, (M(wy, - 0), T(wy - 0))) = dime (Homy, (Mg (w,, - 0), To(w - 0))).

—_

Using the properties of the functor = considered in the course of the proof of
Proposition 9.1 and the analogous properties in the quantum setting (see §8.5),
this implies that

> dimg (Homg (Ag (), €5 (m)[m])) = > dimc (Home (Ac (1), €5 (m)[m])).

meZ mEZ

Hence the inequalities in Lemma 3.11 must be equalities, and this lemma ensures
that €% = gk()). O

10. EXAMPLES

10.1. Easy cases. In this subsection, we explain how to check the main conjectures
for the regular, subregular, and zero nilpotent orbits.

10.1.1. Regular orbit. As explained in Example 5.5, {1} is a right cell, which is

clearly antispherical. The corresponding orbit in N¢ is the unique open orbit ﬁgg,

and for any k the orbit 1 (€<, is the unique open orbit ﬁﬂ‘eg C M. Conjecture 8.5

reg
and Conjecture 8.10 are clearly true if w = 1 since T(0) = k.

10.1.2. Subregular orbit. Now, consider the subregular orbit 0C_ C Mg, i.e. the

sreg

unique orbit which is open in Ng \ ﬁﬁg. Then for any k the orbit Lk(ﬁgeg) is
the subregular orbit ﬁi‘mg i.e. the unique orbit which is open in Aj \ ﬁﬂ‘cg. Let

Csreg C W be the corresponding antispherical cell. Then by Lemma 4.1 and Propo-
sition 9.1, if w € cueg We have Vig,), (T(w-,0)) C Ny~ ﬁ&eg = 0% __. On the other

sreg*
hand, by Theorem 9.3 we have V(q,), (T(w -, 0)) D O%,,. Hence Conjecture 8.5
holds for these values of w. Similar arguments show that Conjecture 8.10 also holds

for these values of w.

10.1.3. Zero orbit. Finally, consider the unique minimal antispherical cell cq C fIV,
corresponding to the orbit {0} C AN¢. The union of the lower closures of the
alcoves of the form w -, C, is (p — 1)p + XT (see in particular [Anl, Proposi-
tion 6]). If A = (p— 1)p + p with p € X then T()) is a direct summand in
T((p—1)p) @ T(p). Since T((p— 1)p) is projective and injective as a (G)i-module
(see [J1, Proposition 11.10.2]), so is T((p—1)p) @ T(11), and finally so is T(A). Hence
Vig, (T(A)) = {0} = «({0}), so that Conjecture 8.5 holds if w € co. Similar ar-
guments show that Conjecture 8.10 also holds if w € cq.
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10.2. Type Cs. In this subsection we assume that Gy is quasi-simple of type Co,
so that Gx = Spy(k). We will prove Conjecture 8.5 and Conjecture 8.10 in this
case, under the assumption that p > 5. By Remark 9.4, it suffices to consider
Conjecture 8.5.

We denote by a; and ag the simple roots, with oy short and ay long. In this
case Gy has 4 orbits in Ny (for any k): the orbits ﬁﬂ‘eg, ﬁ’g‘}eg and {0} considered
in §10.1, and the minimal orbit €%, . The antispherical right cells have been
determined in [I.1] and are depicted in Figure 1. Let ciin C fW be the antispherical
cell corresponding to &€, ; then in view of the cases considered in §10.1, to settle
Conjecture 8.5 in this case it suffices to consider the case w € cpi,. In fact, using
Theorem 9.3, it suffices to prove that if w € ¢min we have V(g,), (T(w-,0)) C OF,
or in other words V(g,), (T(w -, 0)) 2 O%,.

Let H C Gy be the derived subgroup of the Levi factor of Gy associated with oy
(so H = SLy(k)). Then if Nx(H) C Nk is the nilpotent cone of H, it is not difficult
to check that ﬁg‘ieg = G - Nk(H). Now if M is an H-module we can consider the

support variety Vg, (M) C Ng(H), and using [NPV, (2.2.10)], the considerations
above show that for any Gg-module M we have

(10.1) Vigo, (M) C 0%, iff Vi, (M) # Ni(H).

min

Now, consider the quantum group U, (associated with a root of unity of order
¢ = p), the subalgebra U,(H) C U, which quantizes H, and the corresponding small
quantum group ug(H) C ug. Then by the same arguments as above (replacing the
reference to [NPV] to a reference to [02, Lemma 3.4]) show that for any M in
Rep(U,) we have

(10.2) if qu(M) c ot then qu(H)(M|Uq(H)) #Nc(H),

min
where Ng(H) C Mg is the nilpotent cone of the complex counterpart of H.
Fix w € cmin and set M := T(w -, 0). As in Remark 7.3 we consider the
corresponding (possibly decomposable) tilting module M, in Rep(Uy). By [Ra,
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Theorem 3.9], this quantum tilting module is a direct sum of indecomposable tilting
modules of the form T,(z -, 0) with € cmin U co (Where cg is the antispherical
right cell corresponding to the orbit {0}). In particular, by the quantum Humphreys

conjecture (see §8.4), we have V,, (M,) C 0%, i.e.

(10.3) Vau () (Mg, () # Ne(H)
by (10.2). Now by [I1a, Proposition 6.2.3], under our assumptions (M)y, m) is a

tilting object in Rep(U,(H)); hence this object is the “quantization” of the tilting
module My in Rep(H) by the process considered in Remark 7.3.

For v a dominant weight for H, we denote by T# (v), resp. T (1), the indecom-
posable tilting module in Rep(H), resp. in Rep(U,(H)), of highest weight v. If u
belongs to the fundamental alcove Cp,(H) for H, we have V, g)(TEH (1)) = Ne(H);
hence (10.3) implies that (Mg)y, ) has no direct summand of the form T ()
with p € C,(H). By Remark 7.11, this in turn implies that M|y has no direct
summand of the form T (u) with € C,(H). By Lemma 4.1 and Proposition 9.1,
this means that Vi, (M|g) # Ni(H), hence concludes the proof by (10.1).

10.3. Type Gs. In this subsection we assume that Gz is simply-connected and
quasi-simple of type Ga. Unfortunately, we were unable to prove the main con-
jectures for this group. Below, we will describe partial progress towards Conjec-
tures 8.5 and 8.10 under the assumption that p > 7. Specifically, these conjectures
will be shown to hold for every orbit except the middle orbit. For the middle orbit,
we check Conjecture 8.10 when w is the smallest element of fIWF in the correspond-
ing cell.

10.3.1. Preliminaries. We let a1 and ag be the simple roots with oy short and ay
long, and denote by s1, s the corresponding reflections. The fundamental weights
are given by wy = 2a3 + s and wo = 31 + 2, so that 3oy + ag, wy and as form
the set of long positive roots, and ay, wi and aj + as form the set of short positive
roots. In this case, Gi has 5 orbits in Ny (for any k), whose closures are linearly
ordered: the orbits 0%, ¢% . and {0} considered in §10.1, and two additional

reg’ sreg
orbits: the middle orbit €%, and the minimal orbit €% . Let cpin and cmia
denote the antispherical right cells corresponding to ﬁfain and ﬁfﬁd respectively.
The antispherical right cells have been determined in [L1] and are depicted in
Figure 2. This figure also shows certain alcoves that will play a role in the arguments
below. For any k € {1,...,16}, we will denote by w;, € W the unique element
such that wy, -, 0 belongs to the alcove labeled “k.”
We will denote by U, the complex quantum group of type G (associated with a
root of unity of order ¢ = p), and by u, the corresponding small quantum group. In
the following statement we use (once again) the notation introduced in Remark 7.3.

Lemma 10.1. For any k € {1,...,16}, we have T(wg -p 0)q = Ty(wg - 0).

Proof. The wy case is obvious, the wa,...,ws cases are handled in [Ra, Remark
3.7] and the wig case follows by observing that T,(wig -p 0) = O, (T, (w7 - 0))."
This gives the characters of all the tilting modules in Cyeg Ll Cgreg-

For the labeled alcoves in cyiq, the wy case immediately follows from [Ra, The-
orem 3.9], the wi; case follows from the fact that T,(wi1 -p 0) = Oy, (T4(wg -, 0)),

IThere appears to have been a slight mistake in [Ra, Remark 3.7] regarding the character of
Tq(wio -p 0).
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and the w3, wis and wig cases can be verified by using the sum formula given in
[An2] (see in particular [An2, §2.13]). Finally, the wq2 case follows by observing
that

Os, (Tg(wig p 0)) = Ty(wiz - 0) & Ty(wr -, 0)
and then applying [Ra, Theorem 3.9], and the w4 case follows from the fact that
Tg(wisg p 0) = O, (Ty(wiz -5 0)). O

10.3.2. The minimal orbit. We will completely verify Conjecture 8.5 (and hence
Conjecture 8.10) for w € cuin. We begin with a lemma similar to [Ra, Theorem
3.9]. (Here, cg is the antispherical right cell corresponding to the orbit {0}.)

Lemma 10.2. For any w € Cmin, the quantum tilting module T(w-,0), decomposes
as a direct sum of modules of the form Tq(x -, 0) for & € cymin U co.

Proof. By Lemma 10.1, Tg(wi2 - 0) = T(wi2 - 0)q and thus by [B1] we have
Vi, (T(wiz p 0)g) = OF,, (see §8.4). From Figure 2, we can see that for any
W € Cmin we have wiz = w, where < is the weak order defined in [[Ha, §2.2].
By [Ha, Lemma 3.2.1 and its proof] this implies that T(w -, 0) is a direct summand

in a tilting object of the form ©,, o---00,, (T(w12-,0)) for some ry,..., 7 € S, and
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then that T(w -, 0), is a direct summand in ©,, 0---00, (T,(wi2,0)). As above
this implies that V,, (T(w -, 0)) C O%;,, hence that every indecomposable direct

summand Ty(z - 0) of T(w -, 0)4 satisfies V,, (T(z -, 0)q) C OF,,, hence satisfies

T € Cpin U Cg. O

Now we observe that 0% is regular in the Levi factor of Gy corresponding to
ay. If we let H C Gg be the derived subgroup of this Levi factor then, as in §10.2,
to conclude it suffices to show that

Vi, (T(w - 0)1) # Ne(H)

for all w € cpin. The proof of Conjecture 8.5 then proceeds identically to the one
in §10.2, where we replace the reference to [Ra, Theorem 3.9] with Lemma 10.2.

10.3.3. The middle orbit. We will now verify Conjecture 8.10 for the tilting module
T(wi6,0). It is important to note that wis € W and that this element is actually
the Duflo involution for ﬁﬂ;id. (If z := $251828150, then it can be checked that

Cmia N W = {wiez" : 7 > 0}.)

Proposition 10.3. Let )\ be the element corresponding to wig under the bijection
Wt —X*. Then we have €% = €5(\) and
Ve (Gi)1(T(wig 5 0) = Opfiq-

Proof. We have proved in Lemma 10.1 that T,(wie -» 0) = T(wig -p 0)4. By Corol-
lary 9.5, this implies that €% 2 £%()\). By [Ac, Proposition 2.6 and §4.3], it follows
that Rm.€X is the coherent intersection cohomology complex (in the sense of [A13])
attached to a pair (€,V), where & C N is a Gg-orbit and V is an irreducible G-
equivariant vector bundle on &. Then by construction we have Supp(Rm.€%) = 0.

We will prove that & = 0%, ;. Proposition 4.3(1) and the results of [I31] (see §8.4)
already ensure that € D ﬁf;id. On the other hand, cyegllCyreg is finite, hence so is its
intersection with fIWf. Since there are as many irreducible Gy-equivariant vector
bundles on ﬁﬂ‘eg and ﬁ_ﬂfreg as irreducible Gge-equivariant vector bundles on ﬁgg
and ﬁ;creg, applying Lemma 10.1 and the preceding argument to each pt € (Creg U
Careg) N Wt we can see that the push-forwards R, (’EHZ for g € (Creg Ll Csreg) N fyyt

exhaust all of the irreducible vector bundles on 0%  and 0% _ . The Lusztig-Vogan

reg sreg*
bijectiokn for coefficients k (see again [Ac, §4.3]) then forces & C ¥, and finally
0= ﬁmid' U
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