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Abstract—This paper explores the effect of increasing 
number of receivers to evaluate the geographic location of the 
High Frequency (HF) transmitters for distances in the radius 
of 2000 km. In the case of HF propagation over long distances, 
signals propagate using skywaves and are reflected back to the 
earth from the ionosphere. The Quasi-Parabolic (QP) model of 
the ionosphere provides analytic equations for ray path 
parameters through which the signal travel time is obtained. 
The position of the transmitter is found using time domain HF 
geolocation method namely Time Difference of Arrival 
(TDoA). An analysis of the QP model of the ionosphere is 
provided and limits of the model are emphasized. The 
geolocation algorithm for TDoA along with its mathematical 
equation is explained. Simulation results demonstrate that 
increasing the number of receivers leads to a significant 
improvement in the geolocation accuracy.  

Index Terms—HF propagation, geolocation, ionosphere, 
multiple recivers, TDoA. 

I.  INTRODUCTION 
HF radio waves can travel long distances using skywaves 

and therefore have their importance in military and civil 
applications. In such contexts, it is interesting to locate the 
position of the transmitter (Tx) by using the different types 
of information acquired from the signals received at the 
receiving station. Different methods are proposed to find the 
Direction of Arrival (DoA) of the signals by deploying a 
large array of co-located antennas [1]. Using time domain 
HF geolocation techniques such as Time of Arrival (ToA) 
and TDoA, signals received at different non co-located 
single antenna receivers (Rx’s) are sufficient to locate the 
position of the Tx [2]. The ToA method requires a minimum 
of three Rx’s to locate the position of the Tx [3]. Using the 
propagation path lengths obtained from the three Rx’s, the 
Tx location can be retrieved using trilateration. If the 
transmission time of the signal is unknown, the Tx position 
can be retrieved by multilateration using TDoA at different 
Rx’s. The TDoA method requires a minimum of four Rx’s to 
locate the position of the Tx [4]. 

A long range HF radio transmission uses skywaves 
where the signal is reflected from the ionosphere. The signal 
reflected once from the ionosphere back to the earth can be 
referred as single hop mode. Using a single hop mode, 
transmissions using skywaves are possible up to distances of 
3000 km at low elevation angles. In order to obtain the HF 
Tx location, it is necessary to obtain the group path lengths 
between the Tx and the Rx’s which largely depend upon the 
electron density profile of the ionosphere. The skywaves are 

reflected back to the earth due to the presence of electrons in 
the ionosphere. The ionization in the ionosphere varies a lot 
with the solar cycle, geographical location, seasonally and 
diurnally. These ionospheric variations are the main issues in 
HF Tx geolocation through the skywaves. HF Tx geolocation 
can be further improved by the use of prediction models 
since it reduces time delay errors introduced by the 
ionosphere [5]. 

In our previous study of ToA geolocation [6], the Tx 
location was obtained without the knowledge of reflection 
height and the minimum number of 3 required Rx’s. The 
geolocation error was in the range of about 50-100 km 
depending on whether the transmitter was very close or far 
away from the Rx’s. Another similar variant of HF 
geolocation was explained later in [7] based on TDoA and 
DoA methods which use multipath and achieve good 
geolocation performance without any ionospheric 
information. However, there is a requirement of antenna 
array on each reception site; accurate TDoA measurements 
are difficult to obtain in realistic scenario. 

This paper studies, the effect of increasing the number of 
Rx’s on the performance of  HF Tx geolocation in the radius 
of 2000 km. HF communication in the span of 2000 km is 
possible using a single hop mode. Further, to take into 
account the variable density of electrons in the ionosphere, a 
QP model of the ionosphere [8] is used. This model provides 
realistic group path lengths from which corresponding time 
delays are evaluated. Section II in the paper explains 
different aspects of ionospheric propagation. Section III 
explains the geolocation algorithm for TDoA along with its 
mathematical formulations. Simulation results are presented 
in Section IV in order to assess the Tx geolocation 
performance with an increasing number of receivers. Lastly 
conclusions are drawn in Section V. 

II. IONOSPHERIC PROPAGATION:PHYSICS AND 
MODELING 

A. Structure of the Ionosphere 
The ionosphere [9] is a region extending from a height of 

about 50 km to 2000 km over the surface of the Earth. The 
neutral atoms present in this region are ionized by extreme 
ultraviolet (EUV) light from the sun. It results in the 
formation of free electrons and positively charged ions. 
These free electrons formed by photo-ionization are mainly 
responsible for the reflection of HF signal from different 



layers of the ionosphere facilitating long distance 
transmission. 

Due to the presence of different gases at different 
altitudes in the ionosphere, there exist ionospheric layers. 
They are known as the D, E, F1 and F2 layer in the order of 
increasing altitude. The F2 layer is sometimes just referred as 
the F layer. Due to the opposing behavior between the 
density of the neutral atmosphere and the intensity of EUV 
radiation from the sun, the electron density of a given 
ionospheric layer is a convex function of the altitude, first 
increasing from zero to a maximum electron density, then 
again decreasing down to zero. The electron density is the 
least in the D layer and the maximum in the F layer. 

The D layer exists at an altitude of about 50-100 km and 
is mainly responsible for the attenuation of the radio waves. 
The absorption or the attenuation of the signal reduces as the 
frequency of the signal is increased. The E layer exists from 
100 to 150 km and can reflect HF signals. In the case of HF 
radio propagation, the F layer is the most important region. 
The height range for the F region is the highest which allows 
large communication paths. Furthermore, the electron 
density being the highest in the F region, it allows the 
reflection of the highest frequencies in the HF range. 

B. Analysis of the QP model 
 To take account for the electron density profile for the 
radio signals propagating through the ionosphere, the QP 
model can be used. Developed by Croft and Hoogasian [8], it 
is obtained by a slight modification of the parabolic model 
used to define the electron density profile of the ionosphere. 
The QP model provides analytic expressions describing ray 
path parameters of oblique propagation considering the 
ionospheric medium. Using the QP model, the ground 
distance and group path distance can be evaluated between 
different Tx-Rx’s pair for a specific elevation angle (β) from 
the Tx and operating frequency (𝑓𝑓) by the formulae provided 
in [8]. The group path is obtained by multiplying the signal 
transmission time with the speed of light. 

The electron density profile of a layer in the QP model is 
defined as follows: 
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where 𝑁𝑁𝑒𝑒 is the electron density having a maximum value 
𝑁𝑁𝑚𝑚 at a maximum distance of 𝑟𝑟𝑚𝑚, 𝑟𝑟 is the radial distance 
from the Earth’s centre being equal to the sum of the Earth’s 
radius and the height at which reflection occurs in the 
ionosphere, 𝑟𝑟𝑏𝑏 is the value of 𝑟𝑟 at the base of the layer and 
𝑦𝑦𝑚𝑚 is the layer’s semi-thickness [8].  

The QP model of the ionosphere is a monolayer model 
providing ray path parameters considering reflection only 
from a specific layer in the ionosphere. It is a limitation of 
the QP model. 

 
Fig. 1. Plot of ground distance using QP model at different values of F. 

Fig. 1 represents the ground distance (D) plotted using 
QP model at different values of 𝐹𝐹, which is the ratio of the 
operating frequency (𝑓𝑓) of the source of HF radio waves to 
the critical frequency (𝑓𝑓𝑐𝑐) of the QP layer [8]. The maximum 
ground distance at different values of 𝐹𝐹 can be calculated at 
the elevation angle β = 0 as seen in Fig. 1. Thus, 𝐷𝐷(β = 0) 
is the maximum distance at which a Tx-Rx link could be 
established using single hop propagation through an 
ionospheric layer following the QP model. 

The skip distance arises when 𝑓𝑓𝑐𝑐 of an ionospheric layer 
is greater than 𝑓𝑓 of the radio signal [10]. Hence, skip distance 
occurs only when the value of 𝐹𝐹 > 1. Skip distance can be 
found by calculating the minimum value of the ground 
distance curve for any specific value of 𝐹𝐹 > 1. Furthermore, 
it can also be found by computing the ground distance at 
which the slope of the curve is infinite for a plot of ground 
distance versus elevation angle. It is not possible to 
communicate using HF radio signals in the skip range using 
skywaves. The ground distance starts increasing again after 
reaching the skip distance for increasing elevation angle. It is 
due to high rays, also known as Pedersen rays, whereas the 
ground distance at which communication can be established 
before the skip distance range is due to low rays. Skip 
distance is a point where both the high and the low rays of a 
HF signal coincide. 

III. HF GEOLOCATION ALGORITHM 
A single hop transmission can be assumed for 

geolocation of HF transmitters in the radius of 2000 km. The 
signal reaches the destination via a single reflection from the 
ionospheric layer. Fig. 2 represents the HF geolocation 
geometry considering a uniform, single layer ionosphere. 
The transmitter is located at point Tx and the receivers are 
located at point Rx1 and Rx2. As per the Breit and Tuve’s 
theorem [9], the group path between Rx1-Tx sketched by the 
red curve is equal to the triangular path Rx1-I1-Tx and the 
same applies for Rx2-Tx. 

Due to the varying refractive index in the ionosphere, the 
signals propagate along a curved path. The apogee height of  
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Fig. 2. Geometry of the HF localization principle considering uniform 
single layer ionosphere. 

the group path length is denoted by ℎ𝑎𝑎. An equivalent 
height ℎ𝑒𝑒𝑒𝑒𝑒𝑒 corresponding to the reflection height of the path 
length with the same group delay can be defined assuming 
the signals are reflected via specular reflection on a flat 
ionosphere. The ionosphere is assumed to be uniform, so the 
reflection height for all considered paths is similar for signals 
having similar elevation angles. The Earth is considered to 
be flat by neglecting its curvature. 

Due to electromagnetic image theory, the length of the 
propagation path between Rx1-Tx is equal to Rx1-I1-Tx’; 
similarly the propagation paths between Rx2-Tx is equal to 
Rx2-I2-Tx’.The geolocation process consists of finding the 
coordinates of Tx’ which is situated at a height of 2ℎ𝑒𝑒𝑒𝑒𝑒𝑒 
vertically above the location of the Tx on a flat Earth. The 
coordinates of Tx’ can be found by multilateration in the case 
of TDoA (intersection of three hyperboloids) as explained in 
Section I. 

The geometrical problem of identifying the intersection 
of three spheres or three hyperboloids requires solving 
systems of quadratic equations which cannot be solved 
analytically. A mathematical approach to obtain the location 
of Tx’ is explained further for the TDoA case using [11] as a 
reference. 

A. Mathematical approach of TDoA 
Let the receivers (Rxi) be located at position  𝐏𝐏𝐢𝐢 =

(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 ,  𝑧𝑧𝑖𝑖)  where 𝑖𝑖 = 1,2,3. .𝑛𝑛; let the transmitter (Tx) on 
the flat Earth surface be located at position  𝐏𝐏𝟎𝟎 =
(𝑥𝑥0,𝑦𝑦0, 𝑧𝑧0). The coordinates of point Tx’ is located at 𝐏𝐏𝟎𝟎′ =
(𝑥𝑥0,𝑦𝑦0, 𝑧𝑧0′ ) where 𝑧𝑧0′  is given by (2): 

 
                              𝑧𝑧0′ = 𝑧𝑧0 + 2ℎ𝑒𝑒𝑒𝑒𝑒𝑒                               (2) 
 
The propagation path length 𝐷𝐷𝑖𝑖 between a Tx-Rx pair via 

one hop mode is given by (3): 
 
                    𝐷𝐷𝑖𝑖 = 𝑐𝑐(𝑡𝑡0 − 𝑡𝑡𝑖𝑖) = |𝐏𝐏𝟎𝟎′ − 𝐏𝐏𝐢𝐢|                      (3) 

 
where 𝑡𝑡0 is the signal transmit time, 𝑡𝑡𝑖𝑖 is the signal 

arrival time at the ith receiver, 𝑐𝑐 is the speed of light, 𝐷𝐷𝑖𝑖 is the 
propagation path length between the transmitter and ith 
receiver and | | represents the norm. Squaring (3), one 
obtains an equation which is given by: 

                   |𝐏𝐏𝟎𝟎′ − 𝐏𝐏𝐢𝐢|2 = 𝑐𝑐2(𝑡𝑡0 − 𝑡𝑡𝑖𝑖)2                           (4) 
 

In the case of TDoA, the transmission time 𝑡𝑡0 is 
unknown. Computing the difference between (3) for 𝑖𝑖 =
1 (𝑅𝑅𝑥𝑥1) and (3) for 𝑖𝑖 = 2 (𝑅𝑅𝑥𝑥2) ; after further simplification 
one obtains (5) which is independent of 𝑡𝑡0 and given by: 

 
−2(𝐏𝐏𝟐𝟐 − 𝐏𝐏𝟏𝟏)⊤.𝐏𝐏𝟎𝟎

′

𝑡𝑡2−𝑡𝑡1
+ 2𝑐𝑐2𝑡𝑡0 = (𝑡𝑡1 + 𝑡𝑡2)𝑐𝑐2 − �|𝐏𝐏𝟐𝟐|2−|𝐏𝐏𝟏𝟏|2�

𝑡𝑡2−𝑡𝑡1
     (5) 

 
where ⊤ represents the transpose operator.  

As all receivers are situated on the Earth surface, one can 
consider  𝑧𝑧1 =  𝑧𝑧2 =  𝑧𝑧3 = 𝑧𝑧0. After simplification, (5) has a 
form of linear equation with just 3 unknowns (𝑥𝑥0,𝑦𝑦0, 𝑡𝑡0) 
given by: 

 
−2�𝐏𝐏𝟐𝟐(𝑥𝑥,𝑦𝑦)−𝐏𝐏𝟏𝟏(𝑥𝑥,𝑦𝑦)�

⊤
𝐏𝐏𝟎𝟎(𝑥𝑥,𝑦𝑦)
′

𝑡𝑡2−𝑡𝑡1
+ 2𝑐𝑐2𝑡𝑡0 = (𝑡𝑡1 + 𝑡𝑡2)𝑐𝑐2 −

                               
�|𝐏𝐏𝟐𝟐(𝑥𝑥,𝑦𝑦)|2−|𝐏𝐏𝟏𝟏(𝑥𝑥,𝑦𝑦)|2�

𝑡𝑡2−𝑡𝑡1
                                     (6) 

 
where 𝐏𝐏𝐢𝐢(𝑥𝑥,𝑦𝑦) represents the projection of vector 𝐏𝐏𝐢𝐢 on the  
(𝑥𝑥,𝑦𝑦) plane (i = 1, 2). In the TDoA method, time delays 
between different receivers are calculated considering a 
reference receiver. So with 3 Rx’s, one can obtain two linear 
equations with 3 unknowns. Thus, to solve the equation for 
the 3 unknowns, a 4th Rx is used. Equation (6) is obtained 
using Rx’s 1-2. Similarly using Rx pairs 1-3 and 1-4, 
respectively, one can obtain 2 more equations. Thus, a linear 
system with 3 independent equations with 3 unknowns is 
obtained having the following form: 

 

                 �
𝑎𝑎11𝑥𝑥0 + 𝑎𝑎12𝑦𝑦0 + 𝑎𝑎13𝑡𝑡0 = 𝑏𝑏1
𝑎𝑎21𝑥𝑥0 + 𝑎𝑎22𝑦𝑦0 + 𝑎𝑎23𝑡𝑡0 = 𝑏𝑏2
𝑎𝑎31𝑥𝑥0 + 𝑎𝑎32𝑦𝑦0 + 𝑎𝑎33𝑡𝑡0 = 𝑏𝑏3

                    (7) 

 
The constants of 1st row of (7) can be obtained by 

identification with (6) which yields: 
 
   𝑎𝑎11 = −2(𝑥𝑥2−𝑥𝑥1)

𝑡𝑡2−𝑡𝑡1
 ;  𝑎𝑎12 = −2(𝑦𝑦2−𝑦𝑦1)

𝑡𝑡2−𝑡𝑡1
 ;  𝑎𝑎13 = 2𝑐𝑐2        (8) 

 
           𝑏𝑏1 =  𝑐𝑐2(𝑡𝑡2 + 𝑡𝑡1) − �𝑥𝑥22−𝑥𝑥12�

𝑡𝑡2−𝑡𝑡1
 − �𝑦𝑦22−𝑦𝑦12�

𝑡𝑡2−𝑡𝑡1
               (9) 

 
Similarly from the other 2 equations obtained from Rx 

pairs 1-3 and 1-4, constants of other rows of (7) can be 
obtained. Finally, the transmitter coordinates (𝑥𝑥0,𝑦𝑦0) and the 
transmit time 𝑡𝑡0 can be obtained by doing a simple matrix 
inversion operation. The value of 𝑧𝑧0′   can be obtained by 
substituting (𝑥𝑥0,𝑦𝑦0) in (4). Finally the equivalent height ℎ𝑒𝑒𝑒𝑒𝑒𝑒 
can be obtained by resolving (2). 

Note: Equation (7) can be realized in the form of 
(𝑥𝑥0,𝑦𝑦0, 𝑡𝑡0)⊤ =  𝐀𝐀−1𝐁𝐁 to obtain the transmitter coordinates. 
In the case of more receivers, the matrix inversion is done 
using the pseudo inverse of matrix A. 

Rx1 Rx2 Tx 

I1 I2 
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h= h equ 

h=2xh equ 
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Fig. 3. Geolocation error using TDoA with 4 Rx’s for a QP ionosphere. 

IV. SIMULATION RESULTS 

A. Quasi-Parabolic Ionosphere with a Fixed Height 
Fig. 3 represents geolocation error in locating Tx on a 

square grid with a length of 4000 km using the least number 
of 4 receivers required by the TDoA method. The 4 receivers 
are placed in a manner that they approximately form a square 
with the center at the origin of the square grid. The artifact 
seen along both the axes of the grid in Fig. 3 is due to the 
approximate symmetry formed due to the manner in which 
the receivers are placed.  The length of the sides of the 
square formed by the receiver is approximately 420 km. 
These four receivers are illustrated by green “+” symbols in 
Fig. 3. The group path lengths between different receivers 
and all possible transmitters on the grid are evaluated using 
the analytic expression of the QP model. The values used to 
define the QP model in all simulations are: F = 0.8, 
hm = 300 km and ym = 100 km. The coordinates of the 
transmitter can be found by the intersection of three 
hyperboloids using the geolocation algorithm of TDoA 
explained in Section III. The height of maximum ionization 
(ℎ𝑚𝑚) of the QP ionosphere is assumed to be fixed, thus 
leading to a uniform ionosphere. The geolocation algorithm 
being dependent on the reference receiver, the Tx 
coordinates are evaluated considering each receiver as the 
reference receiver. The final Tx location is obtained by 
computing the mean of the Tx coordinates obtained from 
each reference receiver. Finally, the geolocation error is 
evaluated by calculating the difference between the true 
location and the obtained final location. All the geolocation 
error greater than 100 km is represented by black color. 

The observed geolocation error is very large in the case 
when the Tx site is located at a distance less than around 600 
km from a Rx site. This geolocation error is higher due to 
large variation of the equivalent height between a Tx and 
different Rx configurations when they are placed close to 
each other. However, as a Tx site is further away from the 
origin, the geolocation error decreases. The Tx located at a 
distance range of around 1200 to 2000 km from the origin of  

 
Fig. 4. Geolocation error using TDoA with 5 Rx’s for a QP ionosphere. 

the square grid could be located with an error of about 20-50 
km using four receivers. 

Fig. 4 represents geolocation error calculated for each Tx 
location using five receivers with the TDoA method. The 4 
receivers are placed in a way that they approximately form a 
square with the length of side approximately equal to 710 km 
and the fifth receiver is placed at the centre of the square 
grid. The geolocation error for each Tx location, assuming 
refraction from a uniform QP ionosphere is calculated in a 
similar manner as done in the four receiver case. As seen in 
Fig. 4, the maximum geolocation error is around 50 km very 
close to the receivers. With the use of an additional receiver 
and placing it in an optimum position, the geolocation 
accuracy is improved. 

Fig. 5 represents the CDF of geolocation error in locating 
transmitters on a square grid with a length of 4000 km using 
different configurations of the number of receivers which are 
placed approximately uniformly over the grid. It is also 
assumed that the refraction of radio signals is from a QP 
ionosphere with fixed height. The numbers in the legend box 
of Fig. 5 corresponds to the number of receivers. From Fig. 
5, it is also evident that 80% of the geolocation error is less 
than 95 km using four receivers whereas 80% of the 
geolocation error is less than 30 km using five receivers. 
With five receivers, the median of the geolocation error is 
reduced by almost 85% compared to the median of the 
geolocation error with four receivers. This gain in terms of 
reduced geolocation error is quite high at the expense of just 
one additional receiver. Furthermore, with increasing the 
number of receivers the geolocation error keeps decreasing 
but the improvement is less significant. As seen from Fig. 5, 
there is only a slight improvement in the geolocation error 
when the number of receivers is increased from 13 (yellow 
curve) to 17 (cyan curve). From Fig. 5, it is also evident that 
93% of the geolocation error is less than 10 km and the 
maximum geolocation error is just 25 km using 17 Rx’s. 
Note that the Tx coordinates is evaluated using only the 
receivers for which the transmitter lies within their radio 
horizon. 



 
Fig. 5. CDF of geolocation error for different numbers of Rxs assuming a 
QP ionosphere with fixed height.  

B. Quasi-Parabolic Ionosphere with a Variable Height 
In order to obtain the location of the Tx using more 

realistic conditions of the ionosphere, the height of 
maximum ionization ℎ𝑚𝑚 is varied as a Gaussian distribution 
with a mean of 300 km and variance of 20 km all across the 
square grid of length 4000 km. Fig. 6 represents the CDF of 
geolocation error in locating transmitters on a square grid 
with a length of 4000 km with different configurations of the 
number of receivers and the height ℎ𝑚𝑚 being varied as a 
Gaussian distribution. The numbers in the legend box of Fig. 
6 corresponds to the number of receivers. As expected, the 
geolocation error is larger in this case for a similar number of 
receivers when compared to refraction from a uniform QP 
ionosphere. From Fig. 6, it is seen that around 20% of the 
geolocation error are less than 100 km using four receivers 
whereas around 75% of the geolocation error are less than 
100 km using five receivers. The geolocation accuracy 
improves considerably when the number of receivers is 
increased from 5 to 9 and then, from 9 to 13 as shown in Fig. 
6.The geolocation error keeps decreasing with increasing 
number of receivers. 

V. CONCLUSIONS 
This paper presents, HF geolocation using TDoA with 

variable number of receivers. These techniques make use of 
single antenna receivers which are a cost effective solution 
and can be easily deployed. The group path between a Tx-Rx 
pair for oblique propagation is obtained using the QP model. 
Furthermore, the mathematical approach for geolocation is 
also explained for the TDoA case. Simulation studies show 
that the geolocation error is significantly reduced by 
increasing the number of receivers. 
95% of the geolocation error is approximately less than 10 
km using 17 Rx’s for a uniform QP ionosphere; 95% of the 
geolocation error is less than 40 km using 17 Rx’s for a QP 
ionosphere having a variable height. The position of the 
receivers also plays an important role in the geolocation of  

 
Fig. 6. CDF of geolocation error for different numbers of Rxs assuming a 
QP ionosphere with variable height following a Gaussian distribution.  

the Tx. Several aspects related to the position of the receivers 
will be investigated in our future research. An experiment 
will be setup in the near future with four or five receivers to 
confirm these simulation results. 
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