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MODULAR CATEGORIES ARE NOT DETERMINED

BY THEIR MODULAR DATA

MICHAËL MIGNARD AND PETER SCHAUENBURG

Abstract. Arbitrarily many pairwise inequivalent modular cat-
egories can share the same modular data. We exhibit a family of
examples that are module categories over twisted Drinfeld doubles
of finite groups, and thus in particular integral modular categories.

1. Introduction

A modular category is a braided spherical fusion category such that
the square matrix S whose coefficients are the traces of the square of
the braiding on pairs of simple objects is invertible. This S-matrix,
together with the T-matrix, which is diagonal and contains the values
of a kink on the simple objects, defines a projective representation of the
modular group on the complexified Grothendieck ring of the category.
The two matrices together are referred to as the modular data of the
modular category.

The modular data constitute a very important invariant of modular
categories, both powerful for the structure theory and classification of
such categories, and central to their role in mathematical physics and
low-dimensional topology. For the theory of modular categories, and
their background in mathematical physics, we refer generally to [BK01].

It is a natural question whether the modular data constitute a com-
plete invariant of modular tensor categories, or at least modular tensor
categories in some interesting class. The authors of [BNRW16] ex-
pressed their belief that this is true for integral modular categories; it
is the present authors’ impression, however, that the research commu-
nity in general, including perhaps the authors of [BNRW16], did not
have great faith in that conjecture. Still, it seems that to this date no
explicit example was known of two modular categories that share the
same modular data without being equivalent as modular categories.
In recent computer-based work, the authors have provided evidence
rather in favor of the conjecture: The twisted Drinfeld doubles of fi-
nite groups up to order 31 which have the same modular data are
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equivalent; altogether, there are 1126 inequivalent nontrivial modular
categories that arise in this fashion. In fact they are already distin-
guished by the coefficients of the T-matrices taken together with the
values of the higher Frobenius-Schur indicators for simple objects; this
is a potentially weaker invariant in general.

The present paper now exhibits a family of examples showing in fact
that arbitrarily many modular categories can share the same modular
data without being equivalent as braided tensor categories. Moreover,
our examples are found among the particularly accessible class of mod-
ule categories over twisted Drinfeld doubles of finite groups. In our
examples the categories in each family either have identical modular
data, or they are distinguished by their T-matrices.

2. Preliminaries

Throughout the paper we consider fusion categories in the sense of
[ENO05] defined over the field of complex numbers. A general reference
for the theory of fusion categories is [EGNO15]. We denote VectωG the
category of finite dimensional G-graded vector spaces with associativity
constraint given by a normalized three-cocycle ω : G3 → C×. We note
that G is determined by the fusion category VectωG as its Grothendieck
ring, and that VectωG and VectνG are equivalent as fusion categories if
and only if there is an automorphism f of G such that ν and f ∗ω are
cohomologous.

A group-theoretical fusion category is a fusion category which is cat-
egorically Morita equivalent to a pointed fusion category, see [Ost03],
and [Nik13] for an overview, or [EGNO15, 9.7]. Any group-theoretical
fusion category categorically Morita equivalent to VectωG can be de-
scribed in terms of a couple (H, µ) where H is a subgroup of G and
µ : H ×H → C× is a two-cochain with dµ = ω|H×H×H. The last con-
dition ensures that the twisted group algebra Cµ[H ], which has H as a
basis and multiplication x ·y = µ(x, y)xy for x, y ∈ H , is an associative
algebra in the fusion category VectωG. The associated group-theoretical
fusion category C(G,H, ω, µ) is the category of endofunctors of the
category of Cµ[H ]-modules in VectωG. A slightly more elementary (but
equivalent by Watts’ theorem) description is that C(G,H, ω, µ) is the
category of bimodules in VectωG over the algebra Cµ[H ], with the tensor
product of bimodules taken over Cµ[H ].

We note several elementary types of equivalences between group-
theoretical fusion categories: If f : G′ → G is an isomorphism of
groups, then C(G,H, ω, µ) and C(G′, f−1(H), f ∗ω, f ∗µ) are equivalent.
If θ : G2 → C× is a cochain, then C(G,H, ω, µ) and C(G,H, ωdθ, µθ) are
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equivalent. In particular, C(G,H, ω, µ) is equivalent to C(G,H, ω′, 1)

where ω′ = ωdθ̃−1 with any extension θ̃ of θ to G ×G. If λ : H → C×

is a cochain, then C(G,H, ω, µ) is equivalent to C(G,H, ω, µdλ).
Two fusion categories are categorically Morita equivalent if and only

if their Drinfeld centers are equivalent braided monoidal categories
[ENO05]. The Drinfeld center of VectωG is equivalent to the module
category of the twisted Drinfeld double Dω(G) introduced in [DPR90];
the modular data of these modular categories is the focus of [CGR00].

3. Pointed fusion categories of rank pq

Let p, q be odd primes such that p|q− 1. It is well-known that there
exist exactly two non-isomorphic groups of order pq, namely the cyclic
group and a nonabelian group, denoted G in the sequel, which is a
semidirect product Zq ⋊ Zp = Zq ⋊n Zp in which the generator of Zp

acts on Zq as multiplication by an element n of multiplicative order
p in Zq. Let κ : Z3

p → C× denote a representative of a generator of

the cohomology group H3(Zp,C
×) ∼= Zp. We can assume that κ takes

values in p-th roots of unity.
We note for later use that the automorphism of Zp given by multipli-

cation with m ∈ Z (prime to p) induces the action on H3(Zp,C
×) ∼= Zp

given by multiplication with m2. This can be deduced by a direct cal-
culation with the well-known periodic Zp-resolution of Z [ML95, IV.7].
A more conceptual proof uses the structure of the integral cohomol-
ogy ring of Zp and the fact that the group has periodic cohomology,
cf. [CE56, Bro82]. In fact H3(Zp,C

×) ∼= H4(Zp,Z), and an isomor-
phism between Hk(Zp,Z) and Hk+2(Zp,Z) is given by multiplication
with a generator η of H2(Zp,Z) ∼= Zp in the cohomology ring. Thus
H4(Zp,Z) ∼= Zp is generated by η2; the action of m on H2(Zp,Z) is
given by the action on Zp, and thus the action on H4(Zp,Z) is given
by m2.

Now we can define p pointed fusion categories C0, . . . Cp−1 by Cu =

Vectω
u

G where ω = InfGZp
κ is the inflation of κ to G.

Lemma 3.1. The categories C0, . . . , Cp−1 are pairwise not categorically

Morita equivalent. Equivalently, the Drinfeld centers Z(C0), . . . ,Z(Cp−1)
are pairwise inequivalent braided monoidal categories.

Proof. Any automorphism of G fixes the unique subgroup of order q and
induces the identity on the quotient Zp. Thus, the p pointed categories
are pairwise inequivalent fusion categories. The only fusion categories
categorically Morita equivalent to Cu are the group-theoretical fusion
categories C(G,H, ω̃, µ) where ω̃ is a three-cocycle on G mapped to ωu
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by an automorphism of G, H is a subgroup of G and µ is a two-cochain
on H whose coboundary is the restriction of ω̃. For C(G,H, ω̃, µ) to be
pointed, it is necessary (see e.g. [Nai07]) that H be abelian and normal
in G. Now the only three-cocycle mapped to ωu by an automorphism of
G is ωu itself. The only nontrivial abelian normal subgroup is H = Zq,
and the restriction of ωu to H is trivial, so µ has to be a two-cocycle.
Since the second cohomology group of H is trivial, we can assume that
µ is trivial outright. In this case the category C(G,H, ωu, 1) is explic-
itly known [GMN07, Thm.2.1] in the form VectαG′ and can be described
as follows: G′ is the semidirect product of Zp with the dual group of Zq

under the dualized action, and α = InfG
′

Zp
κu. If we identify Zq with its

dual, this means that G′ = Zq ⋊n′ Zp, with the generator of Zp acting
as multiplication with the multiplicative inverse n′ = np−1 of n modulo
q. This in turn means that G ∼= G′, with the isomorphism inducing the
inversion map on the quotient Zp. But the inversion map, or multipli-
cation by −1, acts as the identity on H3(Zp,C

×), so the isomorphism

pulls InfG
′

Zp
κu back to ωu, and we conclude that C(G,H, ωu, 1) is equiv-

alent to Cu as a fusion category. �

For the primary purpose of the present paper having found the p
distinct categories above is sufficient — we will see in the next section
that they afford only three distinct modular data. For completeness
we will continue and classify all pointed fusion categories of dimension
pq up to categorical Morita equivalence:

Lemma 3.2. Let p < q be primes. Then two pointed fusion categories

of rank pq are categorically Morita equivalent if and only if they are

equivalent monoidal categories.

(1) If p is odd and p | q−1, then there are exactly p+9 equivalence

classes of pointed fusion categories of dimension pq, namely

the p categories defined above, and nine categories of the form

VectαZp×Zq
.

(2) If p is odd and p ∤ q − 1, there are exactly nine equivalence

classes of pointed fusion categories of dimension pq.
(3) If p = 2, then there are exactly 12 equivalence classes of pointed

fusion categories of dimension pq.

Proof. We have H3(Zp,C
×) ∼= Zp, and the automorphism of Zp given

by multiplication with x ∈ Z×

p acts on the cohomology group as mul-

tiplication with x2; thus there are three orbits, namely zero, the qua-
dratic residues, and the quadratic nonresidues (except when p = 2,
where there are two orbits). The same holds for q, and thus H3(Zp ×
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Zq,C
×) ∼= Zp × Zq has 3 · 3 = 9 orbits under the action of the auto-

morphism group of Zp × Zq if p > 2, and 6 if p = 2. It is easy to
see that the nine, resp. six pointed fusion categories thus obtained are
categorically Morita equivalent only to themselves.

Now let p|q − 1. The cohomology groups of the nonabelian group
G of order pq (are surely well-known and) can be readily computed
using [ML95, Cor.10.8]: For the unique subgroup H of order q there is
a short exact sequence

0 → H3(Zp,C
×) → H3(G,C×) → H3(Zq,C

×)Zp → 0.

If the generator of Zp acts on Zq as multiplication by x, it acts on
H3(Zq,C

×) as multiplication by x2. Thus, if p > 2, the action is
nontrivial, the invariants are trivial, and every cohomology class is
inflated from Zp, giving the p categories we have already studied.

If p = 2 (so G is a dihedral group), then the action is trivial, thus
H3(G,C×) ∼= Z2×Zq. Any automorphism of Zq extends to an automor-
phism of G, thus the automorphism group of G acts on the cohomology
group as Zq acts on its cohomology group, giving three orbits on Zq,
and thus six orbits on Z2 × Zq. �

4. Equivalence of modular data

We will now determine to what extent the modular data distinguish
the centers of the pointed categories of dimension pq listed in the previ-
ous section. We will first concentrate on showing that the p pointed fu-
sion categories with noncommutative Grothendieck ring from the start
of the previous section have too few distinct modular data to be distin-
guished by them. This gives the desired counterexample in the paper’s
title. The main trick is an application of Galois group actions, on the
one hand on the cocycles’ values, on the other hand in the form of the
Galois action defined on modular fusion categories in general.

We will then proceed to investigate to what extent exactly the mod-
ular data distinguish centers of pointed fusion categories of dimension
pq.

Consider the situation of lemma 3.1. The p different cocycles ωu are
not so fundamentally different: With the exception of ω0, any two of
them are mapped to each other by an element of the absolute Galois
group of abelian extensions Γ := Gal(Qab/Q). In fact there is σ ∈ Γ
such that for each i we get ωu = σjω for some j ∈ {0, ..., p − 2}: it
suffices to arrange σ(ζp) = ζmp for a primitive root m modulo p.

It is quite tempting to simply declare as obvious:
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Proposition 4.1. Denote S(u), T (u) the modular data of Z(Vectω
u

G ).
Let σ ∈ Γ satisfy σ(ζp) = ζmp for m a primitive root modulo p. Then

there are bijections pr between the simples of Z(VectωG) and Z(Vectσ
rω

G ) =

Z(Vectω
mr

G ) such that S
(v)
pr(i),pr(j)

= σr(S
(1)
ij ) and T

(v)
pr(i)

= σr(T
(1)
i ) when

v ≡ mr(p).

A rather informal argument would be the following: The definition
of VectωG depends on the choice of a p-th root of unity involved in the
definition of our standard generator of the third cohomology group.
Of course, neither the category thus defined, nor anything constructed
from it (like the Drinfeld center with its braiding, or the modular data)
can crucially depend on that choice. Any other choice will only lead to
analogous constructions, with the root of unity replaced in the appro-
priate way by another root.

We will give a somewhat more precise argument in the following

Proof. The simple objects of Z(VectωG), which is the module category
over the twisted Drinfeld double Dω(G), were given in [DPR90]; the
simples are parametrized by pairs (g, χ), where g ∈ G represents a
conjugacy class, and χ is an irreducible αg-projective character of the
centralizer CG(g); here αg is a certain two-cocycle on CG(g) computed
from ω. We can assume that χ is the character of a projective matrix
representation ρ whose matrix coefficients are in a cyclotomic field.
When we replace ω by σω, then αg changes to σαg, applying σ to the
matrix coefficients of ρ yields a σαg-projective representation, whose
character is σχ. In [CGR00], formulas are given that compute the
modular data of Z(VectωG) in terms of the group structure, the cocycle
ω, and the projective characters representing the simple objects. Now
applying σ to a matrix coefficient of the S- or T -matrix amounts to
applying σ to the values of all the characters and cocycles involved in
the formula in [CGR00]; the bijection pr therefore just maps the simple
corresponding to the pair (g, χ) to that corresponding to (g, σrχ). �

Next, we consider the Galois action defined for any modular fusion
category, originating in [dBG91, CG94]; see [ENO05, Appendix]. Since
our modular category C = Z(VectωG) is integral, there is, for each σ ∈ Γ,
a unique permutation σ̂ of the simple objects of C such that σ(Sij) =
Si,σ̂(j) (in the general case this is true up to a sign). Thus σ2(Sij) =
Sσ̂(i),σ̂(j). In addition, it is shown in [DLN15] that σ2(Tii) = Tσ̂(i),σ̂(i).

Combined with the preceding remark, we obtain

Corollary 4.2. There are at most three different sets among the mod-

ular data of the p modular fusion categories Z(Vectω
u

G ). More precisely,
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the modular data of Z(Vect
σr(ω)
G ) only depends on the parity of r, so

that at least (p− 1)/2 of these categories share the same modular data.

In particular, for p > 3 the modular data of the categories Z(Vectω
u

G )
does not distinguish them up to braided equivalence, and for a prime

p > 2k there are k pairwise braided inequivalent categories among the

Z(Vectω
u

G ) that share the same modular data.

Note that the smallest example thus obtained is for the nonabelian
group of order 55; the rank of the twisted double is 49.

This completes the task of finding the counterexample indicated in
the present paper’s title. We will give a “better” counterexample in
the next section, but first we continue to analyze the modular data for
completeness:

The group G = Zq ⋊n Zp has the presentation

G = 〈a, b|aq = bp = 1, bab−1 = an〉.

There are q−1
p

+ p conjugacy classes of G. A set of representatives of
those classes is given by:

{bk, k ∈ {0, . . . , p− 1}} ∪ {al, nl ≡ 1 (mod p)}

For our calculations we choose a representative for a generator of the
third cohomology group H3(Zp,C

×) ∼= Zp, namely [MS89, (E.14)]

(4.1) κ(j̄, k̄, l̄) := exp

(
2πi

p2
[l]([j] + [k]− [j + k])

)

where, for a integer m, m̄ denotes its class in Zp and [m] ∈ {0, . . . , p−1}
with m ≡ [m] (mod p).

The simple Dω(G)-modules are parametrized by couples (g, χ) where
g is a representative of a conjugacy class in G, and χ is the character
of an irreducible αg-projective representation of the centralizer CG(g),
where the 2-cocycle αg on CG(g) is given by:

αg(x, y) := ω(g, x, y)ω−1(x, g, y)ω(x, y, g)

Finally, the element of the T -matrix of Dω(G)−Mod corresponding to
a simple (g, χ) is the scalar θ(g, χ) := χ(g)/χ(1G).

Proposition 4.3. For odd prime numbers p and q such that p|q − 1,
there are exactly 3 different T -matrices for the p non-equivalent modu-

lar tensor categories Z(Vectω
u

G ), where G := Zq ⋊n Zp.

Proof. Take first a representative of a conjugacy class of G of the form
al where l ∈ {0, . . . , q−1} is such that nl ≡ 1 (mod p). The centralizer
in G of this representative is the cyclic group Zq generated by a. So, its
third cohomology group is trivial; moreover, as ω is inflated from the
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quotient G/〈a〉, the cocycle αal is trivial on Cal(G) ∼= Zq. Therefore,
the αal-projective representations of Zq, and with them the q−1

p
× q

associated elements of the T -matrix of Z(Vectω
u

G ) do not depend on
the choice of the 3-cocycle ωu on G.

Now, take the trivial element 1G = bp ∈ G. As all the cocycles we
consider are normalized, the 2-cocycle α1G on G is trivial and again,
the q−1

p
+ p associated elements of the T -matrix do not depend on the

choice of the 3-cocycle on G.
So, the only conjugacy classes that may lead to elements of T that de-

pend on the cocycle are the ones represented by bk with k ∈ {1, . . . , p−
1}; there are p2 associated entries of the T -matrix. Take such a k, and
also an integer u ∈ {1, . . . , p− 1}. We compute explicitly the elements
of the T -matrix of Z(Vectω

u

G ) corresponding to the representative bk.
The centralizer of bk in G is the cyclic group Zp generated by b. So, the
cocycle αbk is a coboundary. Take a 1-cochain µbk such that ∂µbk = αbk .
Then the αbk -projective representations of Zp are usual representations

twisted by µbk . A generator χ0 of 〈̂b〉 is given by:

χ0(b) := exp

(
2πi

p

)

Take m ∈ {0, . . . , p − 1}. The T -matrix element corresponding to the
couple (bk, χm

0 ) is given by

θ(bk, χm
0 ) = χm

0 (b
k)µbk(b

k)

We need now to compute the scalar µbk(b
k). From 4.1, it is easy to see

that αbk(x, y) = ωu(x, y, bk) = exp
(

2πi
p2
ku([x] + [y]− [x+ y])

)
, and so

µbk(x) = exp
(

2πi
p2
ku[x]

)
. Finally we renumber the simples correspond-

ing to bk, letting (k,m) ∈ {0, . . . , p− 1}2 correspond to (bk, χm′

0 ) where
m′k ≡ m(p) if k 6≡ 0(p) and m′ = m otherwise. Then

θ(bk, χm′

0 ) = χm′

0 (bk)µbk(b
k)

= exp

(
2πim′k

p

)
exp

(
2πik2u

p2

)

= exp

(
2πi

p2
(mp+ k2u)

)
.

Thus

{θ(bk, χm′

0 )|m = 0, . . . , p− 1} = {ζxp2|x ≡ k2u(p)} = {z ∈ C|zp = ζk
2u

p }

for each k ∈ {0, . . . , p − 1}. For k = 0 this gives the set of p-th roots
of unity, and the union over the remaining values of k only depends
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on whether u is a quadratic residue modulo p or not: The values of
θ(bk, χm′

0 ) for k ∈ {1, . . . , p − 1} and m ∈ {0, . . . , p − 1} are the p-th
roots of the powers ζxp where xu is a quadratic residue modulo p; each
value occurs exactly twice. To conclude, we just need to observe that
for the trivial cocycle, all the µg are trivial for the representative g of
any conjugacy class of G. �

Corollary 4.4. The twisted doubles of groups of order 3q with a prime

q > 3 are classified by their modular data.

5. More counterexamples

The module categories of twisted Drinfeld doubles are fusion cate-
gories defined over a cyclotomic field, and for such categories a Galois
twist can be defined [DHW13]; clearly the categories found above which
share the same modular data are Galois twists of each other. One might
be tempted to immediately refine the refuted conjecture: Perhaps mod-
ular fusion categories defined over a cyclotomic field can only share the
same modular data if they are, at worst, Galois twists of each other?

Consider three primes p < q < r such that p divides both q − 1
and r − 1. Let Gq be the semidirect product group considered above,
define Gr in the same way, and consider G = Gq ×Gr. Further define

ωuv := InfGGq
Inf

Gq

Zp
(κu) · InfGGr

InfGr

Zp
κv.

The same arguments as above show that the categories Cuv := Vectωuv

G

are pairwise not categorically Morita equivalent (Again, any automor-
phism leaves ωuv invariant, and the only abelian normal subgroups are
Zq, Zr, and Zq × Zr).

The modular data for Z(Vectωuv

G ) is the Kronecker product of the
modular data for Z(Vectω

u

Gq
) and Z(Vectω

v

Gr
). Thus, there are at most 3 ·

3 = 9 different modular data. But the effect of a Galois automorphism
on ωuv is a cyclic permutation of {1, . . . , p− 1} which is to be applied
to u and v simultaneously (unless u or v is zero). Thus, there are p+1
orbits of cocycles, and thus p+1 categories among the Z(Vectωuv

G ) that
are pairwise inequivalent, even up to a Galois twist.

Of course one may argue that the inequivalent up to Galois twist
examples are thus obtained due to a cheap trick: They are Deligne
products of two modular categories, and we simply have a separate
Galois twist on each factor.

Question 5.1. If two modular categories defined over the cyclotomic
numbers are prime in the sense of [Müg03], and if they share the same
modular data, are they then Galois twists of each other? Is the module
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category of a twisted Drinfeld double Dω(G) of an indecomposable
group determined up to Galois twist by its modular data?
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