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Counting for some convergent groups

July 26, 2017

Marc Peigné (1) Samuel Tapie (2) & Pierre Vidotto (3)

Abstract. We present examples of geometrically finite manifolds with pinched negative curvature, whose
geodesic flow has infinite non-ergodic Bowen-Margulis measure and whose Poincaré series converges at
the critical exponent dr. We obtain an explicit asymptotic for their orbital growth function. Namely, for
any « €]1,2[ and any slowly varying function L : R — (0, +00), we construct N-dimensional Hadamard
manifolds (X, g) of negative and pinched curvature, whose group of oriented isometries admits convergent
geometrically finite subgroups I' such that, as R — +o0,

L(R) €6FR
R~ ’

Nr(R) :=#{y €Tl d(o,y-0) <R} ~Cr

for some constant Cr > 0.

AMS classification : 53C20, 37C35

1 Introduction

We fix N > 2 and consider a N-dimensional Hadamard manifold X of negative, pinched curvature
—B? < Kx < —A? < 0. Without loss of generality, we may assume A < 1 < B. Let I' be a Kleinian
group of X, i.e. a discrete, torsionless group of isometries of X, with quotient X = I'\ X.

This paper is concerned with the fine asymptotic properties of the orbital function :

ur(x,y; R) :=t{y e T/d(x,v-y) < R}

for x,y € X, which has been the subject of many investigations since Margulis’ [10] (see also Roblin’s
book [14]). First, a simple invariant is its exponential growth rate

1
op = lim sup = log(vr(x,y; R)).

R—o0

The exponent dr coincides also with the exponent of convergence of the Poincaré series associated with
I:
PF(Xa Yy 8) = Z e—sd(x,’y‘y), X,y € X.
yel
Thus, it is called the Poincaré exponent of I' §p. It coincides with the topological entropy of the geodesic

flow (¢¢)ter on the unit tangent bundle of X, restricted to its non-wandering set. It equals also the
Hausdorff dimension of the radial limit set A(T)"¢ of T' with respect to some natural metric on the
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boundary at infinity X of X. Recall that any orbit I' - x accumulates on a closed subset A(T") of the
geometric boundary 0X of X, called the limit set of T'; this set contains 1, 2 or infinitely many points
and one says that I' is non elementary when Ar is infinite. A point x € Ar is said to be radial when it is
approached by orbit points in some M-neighborhood of any given ray issued from z, for some M > 0).

The group T is said to be convergent if Pr(x,y,dr) < oo, and divergent otherwise. Divergence can
also be understood in terms of dynamics as, by Hopf-Tsuju-Sullivan theorem, it is equivalent to ergodicity
and total conservativity of the geodesic flow with respect to the Bowen-Margulis measure mr on the non
wandering set of (¢¢):er in the unit tangent bundle 71X (see again [14] for a complete account and a
definition of mp and for a proof of this equivalence).

The more general statement concerning the asymptotic behavior of vp(x,y; R) is due to Th. Roblin:
if ' is a non elementary, discrete subgroup of isometries of X with non-arithmetic length spectrum®, then
Or is a true limit and it holds, as R — o0,

(i) if [mr|| = oo then vr(x,y; R) = o(e’r ),

~ Uyl or R
or|fmrl] ’

(ii) if ||mr|| < oo, then vp(x,y; R)

where (px)xex denotes the family of Patterson dp-conformal densities of T', and mr the Bowen-Margulis
measure on 7' X. Let us emphasize that in the second case, the group I' is always divergent while in the
first one it can be convergent.

In this paper, we aim to investigate, for a particular class of groups I', the asymptotic behavior of the
function vr(x,y; R) when T is convergent. As far as we know, the only precise asymptotic for the orbital
function of convergent groups holds for groups I' which are normal subgroups I' << 'y of a co-compact
group Iy for which the quotient I'g/T" is isometric up to a finite factor to the lattice Z* for some k > 3 [13].
The corresponding quotient manifold has infinite Bowen-Margulis measure; in fact, mr is invariant under
the action of the group of isometries of X which contains subgroups ~ Z*.

The finiteness of mp is not easy to establish excepted in the case of geometrically finite groups where
there exists a precise criteria. Recall that I' (or the quotient manifold X) is said to be geometrically finite
if its limit set A(T') decomposes in the radial limit set and the T'-orbit of finitely many bounded parabolic
points x1,...,xy, fixed respectively by some parabolic subgroups P;,1 < ¢ < ¢, acting co-compactly on
0X \ {z;}; for a complete description of geometrical finiteness in variable negative curvature see [4].
Finite-volume manifolds X (possibly non compact) are particular cases of geometrically finite manifolds;
in contrast, the manifolds considered in [13] are not geometrically finite.

For geometrically finite groups, the orbital functions vp, of the parabolic subgroups F;,1 < i < ¢,
contain the relevant information about the metric inside the cusps, which in turn may imply mr to be
finite or infinite. On the one hand, it is proved in [6] that the divergence of the parabolic subgroups P C T’
implies dp < or, which in turn yields that I" is divergent and ||mr|| < co. On the other hand there exist
geometrically finite groups with parabolic subgroups P satisfying dp = dr: we call such groups exotic
and say that the parabolic subgroup P (or the corresponding cusps C) is dominant when dp = op. Let
us emphasize that dominant parabolic subgroups of exotic geometrically finite groups I' are necessarily
convergent. However, the group I' itself may as well be convergent or divergent; we refer to [6] and [12]
for explicit constructions of such groups.

In this paper, we consider a Schottky product I' of elementary subgroups I'y,...,I',14, of isometries
of X (see §3 for the definition) with p + ¢ > 3. Such a group is geometrically finite. We assume
that T" is convergent; thus, by [6], it is exotic and possesses factors (say I'i,...,I',,p > 1) which are

dominant parabolic subgroups of I'. We assume that, up to the dominant factor e’r ¥, the orbital functions
vr; (x,y,-) of these groups satisfy some asymptotic condition of polynomial decay at infinity. More
precisely we have the

Theorem 1.1 Fix p,q € N such that p > 1,p+q > 2 and let T be a Schottky product of elementary
subgroups I't,I'a ..., I'pyq of isometries of a pinched negatively curved manifold X. Assume that the
metric g on X satisfies the following assumptions.

H;. The group I is convergent with Poincaré exponent ép = §.

41t means that the set £(X) = {£(7) ; v € I'} of lengths of closed geodesics of X = I'\X is not contained in a discrete
subgroup of R



H,. There exist o €]1,2[, a slowly varying function L (®) and strictly positive constants c1, .. S Cp
such that, for any 1 < j <p and A >0,
(o7

lim
R—+o00 L(R)

Z e 0de70) — A, (1)

ver;
R<d(o,y-0)<R+A

Hs. Foranyp+1<j<p+q and A >0,

[e3

R
Ii —dd(o,v-0) _ )
R%H}rloo L(R) Z ¢ 0

~ver;
R<d(o,y-0)<R+A

Then, there exists a constant Cp > 0 such that, as R — 400,

LR) i

Hy el |doy-0) <Ry ~ Cr =

The importance of the convergence hypothesis H; in the previous theorem is illustrated by the fol-
lowing result, previous work of one of the authors.

Theorem 1.2 ( [15], Theorem C) Let I' be a Schottky product of p + q > 2 elementary subgroups
I',Ta...,Tpyq of isometries of a pinched negatively curved manifold X. Assume that p > 1 and

e I is divergent and dr = ¢,

e Hypotheses Ho, Hs hold.
Then, there exists Cr > 0 such that, as R — 400,

ezSR

H{yel'[d(o,y-0)<R} ~ Cr RQTL(R)

The difference with the equivalent of Theorem 1.1 may surprise, since it is possible to vary smoothly
the Riemannian metric g,,; from a divergent to a convergent case, preserving hypotheses Hy and Hs,
cf [12]. Nevertheless, the proof of our Theorem 1.1 will illustrate the reasons of this difference. For groups
I' =T * ... % I'pyq satisfying Hy and Hs, the counting estimate only depends on elements of the form
Yy =aq---ai, whith ¢; € I'y U...UT,, and where a; and a;41,1 < i < k, do not belong to the same I';.
In the divergent case (see the proof of Theorem C in [15]), the asymptotic of {y € T' | d(o,v-0) < R}
as R — 400 only depends on the v = a; ---ap with £ >> R. On the opposite, in the convergent case,
the dominant parabolic factors I'y,...,I', are “heavy” and the asymptotic of the orbital function of I"
comes from the 7 = aj - - - a; with k£ bounded independently of R; the number of such isometries v with
L(R)

Ra
estimate remains valid in the divergent case; nevertheless, the fact that I' is divergent implies that the
contribution of these isometries is negligible.

d(o,v-0) < R is comparable to e’ By a straightforward adaptation of Proposition 5.4, this last

Remark 1.3 The condition o > 1 assures that the parabolic groups I'y,...,I') are convergent. The
additive condition o < 2 is_used in Proposition 5.3 to obtain a uniform upper bound for the power
Pk k > 1 of some operator P introduced in Section 5; the proof of this Proposition relies on a previous
work of one of the authors [15] and is not valid for greater values of a. The analogous of our Theorem
1.1 when o > 2 remains open.

The article is organized as follows. In the next section, we recall some backgrounds on negatively
curved manifolds, and we construct examples of metrics for which the hypotheses of Theorem 1.1 are
satisfied. In section 3, we present Schottky groups and the coding which we use to express our geometric
problem in terms of sub-shift of finite type on a countable alphabet. In section 4, we introduce the Ruelle
operator for this sub-shift; this is the key analytical tool which is used. Eventually, section 5 is devoted
to the proof of Theorem 1.1.

5A function L(t) is said to be ”slowly varying” it is positive, measurable and L(\t)/L(t) — 1 as t — 4-oo for every A > 0.



2 Geometry of negatively curved manifolds

2.1 Generalities

In the sequel, we fix N > 2 and consider a N-dimensional complete connected Riemannian manifold X
with metric ¢ whose sectional curvatures satisfy : —B? < Kx < —A? < 0 for fixed constants A and B;
the metric g we consider in this paper be obtained by perturbation of a hyperbolic one and the curvature
equal —1 on large subsets of X, thus we assume 0 < A <1 < B. We denote d the distance on X induced
by the metric g.

Let 0X be the boundary at infinity of X and let us fix an origin o € X. The family of functions
(y = d(0,x) — d(X,y))cx converges uniformly on compact sets to the Busemann function B;(o,-) for
x — x € 0X. The horoballs H, and the horospheres OH, centered at x are respectively the sup-level
sets and the level sets of the function B,(o,-). For any t € R, we set H(t) := {y/Bs(o,y) > t} and
OH (1) := {y/Bs(0,y) = t}; the parameter t = B,(0,y) — B,(0,x) is the height of y with respect to x.
When no confusion is possible, we omit the index x € 90X denoting the center of the horoball. Recall
that the Busemann function satisfies the fundamental cocycle relation: for any z € X and any x,y,z
in X

Bi(x,2) = Ba(x,y) + Bu(y, 2).

The Gromov product between z,y € 0X = 0X, x # y, is defined as

B:(0,z) + By(0,z)
2

(1'|y)0 =
where z is any point on the geodesic (z,y) joining z to y. By [3]), the expression
D(z,y) = e Aele
defines a distance on 0X satisfying the following property: for any v € I’
D(y-z,7-y) = e 3B:(700) =3 B,(y 00 Dy .

In other words, the isometry v acts on (0X, D) as a conformal transformation with coefficient of confor-
mality |7/ (x)]o = e~AB:(771-0.0) at 2 and satisfies the following equality

D(y-z,v-y) = VIV (@)oY W)l D(x, y). (2)

The function x — B,(y~! - 0,0) plays a central role to describe the action of the isometry v on the
boundary at infinity 0X. From now on, we denote it b(v,-) and notice that it satisfies the following
“cocycle property”: for any isometries 1,y of X and any = € 0X

b(y172, ) = b(y1,72 - ) + b2, ). (3)

In order to describe the action on 9X of the isometries of (X, g), it is useful to control precisely the

behavior of the sequences |(v")(z)|o; the following fact provides a useful estimation of these quantities.

Fact 2.1 (1) For any hyperbolic isometry h with repulsive and attractive fized point x, = lir_irrl h™ -0
n—-+0oo

and xz = lim A" - o respectively, it holds
n—-+o0o

b(hE", x) = d(o, hE" - 0) — 2(xi|), + €x(n)

with lim e, (n) =0, the convergence being uniform on the compact sets of 0X \ {z] }.

n—-+o0o
(2) For any parabolic group P with fixed point xp := lim p- o, it holds
PEP
p—+oo

b(p, ) = d(0,p - 0) = 2(xp|T), + €x(p)

with lim  €,(p) = 0, the convergence being uniform on the compact sets of X \ {xp}.
pEP
p——+o00



2.2  On the existence of convergent parabolic groups

In this section, we recall briefly the construction presented in [12] of convergent parabolic groups satisfying
condition (1), up to a bounded term; we refer to [12] for the details.

We consider on RV~ x R a Riemannian metric of the form g = T?(t)dz? + dt? at point x = (x,t)
where dz? is a fixed euclidean metric on RY~! and T': R — R** is a C* non-increasing function. The
group of isometries of g contains the isometries of RY~! x R fixing the last coordinate. The sectional

T"(t g 0
curvature at x = (z,t) equals K4(t) = — T(t()) on any plane <8—X1’ §>,1 <i< N -1, and ng(t)
0 0
on any plane <67’ 67>’ 1 <i<j<N-—1. Note that g has negative curvature if and only if T is
i J

convex; when T'(t) = e, one obtains a model of the hyperbolic space of constant curvature —1.

It is convenient to consider the non-decreasing function

R - R
“:{ s o T )

1
which satisfies the following implicit equation T'(u(s)) = —. The hyperbolic metric with constant curvature
s

—1 correspond to the function u(s) = log s. This function w is of interest since it gives precise estimates (up

a bounded term) of the distance between points lying on the same horosphere H; := {(z,t) : € RV1}

where t € R is fixed. Namely, the distance between x; := (z,t) and y; := (y,t) for the metric T2(t)dz?

induced by g on H; is equal to T'(t)||x — y||. Hence, this distance equals 1 when ¢t = u(||x — y||) and the

union of the 3 segments [Xo, X¢|, [X¢, ¥+] and [y¢, yo] lies at a bounded distance of the hyperbolic geodesic

joigning x¢ and yq (see [6], lemme 4) : this readily implies that d(xg,yo) — 2u(||x — y||) is bounded.
The “curvature” function K, may be expressed in term of u as follows:

~T"(u(s)) _ _ 2u'(s) + su(s)
Tuls)  SWEP ?)

For any a > 0, let us consider the non decreasing C2-function u = u, from R*T to R such that

Kq(u(s)) :=

(1) ua(s)=logsif 0<s<1 and (i) wu(s)=logs+ aloglogs if s> s,

for some constant s, > 1 to be chosen in the following way. Using formula (5) and following Lemma
2.2 in [12], for any A €]0,1[, one may choose s, > 1 in such a way the metric go = T, (¢)dz® + dt* on
R¥~1 x R has pinched negative curvature on X, bounded from above by —A2. Let us emphasize that
this metric coincides with the hyperbolic one on the subset R¥~! x R~ and that we can enlarge this
subset shifting the metric g, along the axis {0} x R as far as we want (see [12] § 2.2).

Now, let P be a discrete group of isometries of RY~! spanned by & linearly independent translations
pr, e ps in RY7L For any n = (ng,--- ,ng) € ZF, we set & = n17, + -+ + n7s. The translations
pg are also isometries of (RY,g,) and the corresponding Poincaré series of P is given by, up to finitely
many terms,

Pr(s)= 3 emdowme) _  §7 2sullil)=s00)

18][>sq,5 18]>s5a.5
e—s0(1)

B N 2sa”
5w (512 (log 5] )

Thus, the Poincaré exponent of P equals k/2 and P is convergent if and only if o > 1.

Remark 2.2 We can construct other similar metrics as follows. For o > 1, B > 0, there exists sqo. 5 > 0
and uq,p : (0,+00) = R such that

(i)  uap(s)=logs if 0<s<1,

(1)) uqp(s) =logs+ aloglogs+ Blogloglogs if s> 548,



(iii) Ky(u(s)) < —A.
Hence, the Poincaré series of the parabolic subgroup P with respect to the metric g g = Tfa 5 (t)2dz? +dt?
s given by, up to finitely many terms,

Po(s)= Y esdomwo) — §7 m2sull=s00)

lI5]> 50,5 6> 50,5

6750(1)

~ oo 2sa L\ 2887
pai = o )% (log 1)) (1og Lo )

This implies that P converges as soon as o > 1 but it is not enough to ensure that P satisfy hypothesis
(1). In the next paragraph, we present new metrics ¢,, close to those presented in the present section,
for which it holds

d(0, ps - 0) = 2 (log ||| + aloglog [|1i]|) + C + €(n),
where C' € R is a constant and lim e(n) = 0.

n—-+oo

2.3  On convergent parabolic groups satisfying condition (1)

Let us fix N = 2, > 1 and a slowly varying function L : [0, +00[— R**. We construct in this section a
metric g = gz = T?(t)d2?+dt? on Rx R such that the group spanned by the translation (z,t) — (z+1,t)
satisfies our hypothesis (1). The generalization to higher dimension is immediate.

For any real ¢ greater than some a > 0 to be chosen, let us set

Lt

L(t)

T(t)=Tar(t)=¢€

Without loss of generalities, we assume that L is C°>° on R and its derivates L(¥) k > 1, satisfy
L'(t)

L®)(t) — 0 and
(0 0and 7y
and Cy > 1 such that for any ¢t > tg

— 0ast — 400 (2], Section 1.3). Furthermore, for any 6 > 0, there exist tg > 0

L < L(t) < Cot?. (6)

T"(t 2
Notice that — T((t)) =— (1 - Ta + L’(t)> + (% + L”(t)) <0 fort>a.

We assume that 0 < A <1 < B and, following Lemma 2.2 in [12], extend T, 1, on R as follows.
Lemma 2.3 There exists a = ao. 1, > 0 such that the map T =To 1, : R — (0,400) defined by
o T'(ty=¢"t for t<0,

° T(t) = e—tLtTi) for t>aqr,

admits a decreasing and 2-times continuously differentiable extension on R satisfying the following in-
equalities
T”(t)

~B < K(0) =~

< -A<0.
Notice that this property holds for any ¢’ > ¢, 1; for technical reasons (see Lemma 2.7), we assume
that a > 4a. A direct computation yields the following estimate for the function v = u,,1 given by the
implicit equation (4).
1
Lemma 2.4 Let u = uq,r : (0,400) = R be such Ty, (u(s)) = — for any s > 0. Then
s
u(s) =log s + aloglog s — log L(log s) + €(s)

with €(s) — 0 as s — +00.



We now consider the group P spanned by the translation p of vector i = (1,0) in R?; the map p is an
isometry of (R?, g,.1) which fixes the point = co. By Lemma 2.4, it holds

d(o,p™ -0) = 2(logn + aloglogn — log L(log n))

up to a bounded term. Hence, the group P has critical exponent %; furthermore, it is convergent since
a > 1. (%) The following proposition ensures that P satisfies hypothesis (1); in other words, the “bounded
term” mentioned above tends to 0 as n — +oc.

Proposition 2.5 The parabolic group P = (p) on (R?,g4,1) satisfies the following property: for any
n €N,

d(o,p™ -0) = 2(logn + aloglogn —log L(log n)) + ¢e(n)

with hIJIrl e(n) = 0. In particular, if « > 1, then P is convergent with respect to ge.
n—-+0oo

Let H = R x [0,400) be the upper half plane {(z,t) | t > 0} and H/P the quotient cylinder endowed
with the metric go 1, = Ty, 1(t)?dz? +dt?. We do not estimate directly the distances d(o,p™ - 0), since the
metric g, 7 is not known explicitely for ¢ € [0,a]. Let us introduce the point a = (0,a) € R?. The union
of the three geodesic segments [o, al, [a,p™ -a)] and [p" - a, p™ - 0] is a quasi-geodesic; more precisely, since
d(o,a) = d(p™ - o0,p" - a) is fixed and d(a,p™ - a) — +o0, the following statement holds.

Lemma 2.6 Under the previous notations,

lim d(o,p™-o0)—d(a,p" -a) = 2a.

n—-+o0o

Proposition 2.5 follows from the following lemma.
Lemma 2.7 Assume that a > 4. Then

d(a,p" -a) = 2(logn + aloglogn —log L(logn) — a) + €(n)
with lim ¢(n) = 0.

n—-+o0o
Proof. Throughout this proof, we work on the upper half-plane R x [a, +00[ whose points are denoted
(x,a+t) with z € R and ¢ > 0; we set

—a—t (t + a)a
L(t+a)

In these coordinates, the quotient cylinder R x [a,+o00o[/P is a surface of revolution endowed with the
metric 7 (t)?dz? + dt?. For any n € Z, denote h,, the maximal height at which the geodesic segment
o, = [a,p™ - a] penetrates inside the upper half-plane R x [a, +o0]; it tends to +00 as n — +oo. The
relation between n, h,, and d,, := d(a,p" - a) may be deduced from the Clairaut’s relation ( [5], section
4.4, Example 5) :

bn hn
m ) dt wd 4.2 T(t)dt

2 o TWOVTEE) - T2(hn) o T2 - T2(hm)

These identities may be rewritten as

Tt)=Tu(t+a)=e

n 1 bn o f2(s)ds /h" 1
- = = and dp = 2hy, +2 — —1)ds
2 T(ha)Jo 1= F2(5) 0 (\/1 — fa(s) )
7 (hn)
h n(s) i = ————1 .
where f,(s) T —3) [0,hn] (8)
: : fa(s) e
First, for any s > 0, the quantity —=————= converges towards ———= as n — +o¢. In order to
- 720) e

use the dominated convergence theorem, we need the following property.

n)

L
6Notice that the group P also converges when a = 1 and Z (—
n>1

< +00; this situation is not explore here.



Fact 2.8 There exists ng > 0 such that for any n > ng and any s > 0,
0 < ful(s) < f(s) :=e%/?
Proof. Assume first h,, /2 < s < h,; taking § = «/2 in (6) yields

a+h, " La+hy,—s) _
a+hns) L(a+ hy) ¢
2 (U. + hn)3o¢/2 —5

“/2(q+ h, — s)o/2°

2

c
/2 3a/2 —s
< o2 (a4 hy,)°*=e

0<h =

<

Casa

ac/2

Wl

< (a+ hn)3a/2e_h7"e_% <e~

where the last inequality holds if h,, is great enough, only depending on a and «.
1 Ry —
Assume now 0 < s < h,,/2; it holds 5 < %hns <land 0 < ﬁ < min(%, =). Recall that
L'(t)/L(t) = 0 as t — 400 and 0 < 2= < €?¥ for 0 < v < #; hence, for any € > 0 and n great enough

(say n > n.), there exists s, € (0, s) such that

0< fuls) = Mot =) (1—!) e’

L(a+ hy) R
L'(a+ hy — sn) 20,
< 1 _go o Tim o om) ) —(1=-=F)s
= < T Llathe )
< (14es)e 7%
< 67(178727‘1)5.

1
Consequently, fixing € > 0 in such a way P +e< 2 it yields 0 < f,,(s) < e~%/2 for n great enough.
a

O
Therefore, () (s
e Y T e
where the function F is integrable on R*. By the dominated convergence theorem, it yields
n_14en) /+°° e 2 ds — 1+e(n)'
2 T(ha) Jo 1—e 2 T (hn)
Consequently h,, =logn + aloglogn — log L(logn) —log2 — a + €(n).
Similarly lim Oh" (m - 1)ds - /0 o (ﬁ - l)ds — log 2, which yields
dp, =2(logn + aloglogn —log L(logn) — a) + €(n).
O

The Poincaré exponent of P equals 1/2 and, as R — +o0,

ry2 L(R)

H{peP|0<d(o,p-0)<R}~e Rj2)7

Hence, for any A > 0,

L re L)
H{peP|R<d(o,p-0)< R+ A} ~— e’*——dt as R— +o0
2 Jr (t/2)"



and

R~ 1
li —3d(o,p-0) _ 204—1A
R%HJIrloo L(R) Z ¢

pEP
R<d(o,p-0)<R+A

which is precisely Hypothesis 1.

2.4 On the existence of non elementary exotic groups

Explicit constructions of exotic groups, i.e. non-elementary groups I' containing a parabolic P whose
Poinacré exponent equals dr, have been detailed in several papers; first in [6], then in [12], [7] and [15].
Let us describe them in the context of the metrics g = go.1, presented above.

For any a > 0 and t € R, we write

T - et if t<a
ala =19 g-a wp(t—a) if t>a ’

where T,  is defined in the previous paragraph. As in [12], we consider the metric on R? given by
Jo.L.a = Ti L,a(t)d$2 +dt%. Tt is a complete smooth metric, with pinched negative curvature, and which
equals the hyperbolic one on R x (—o0,a). Note that go,1,0 = go,r and ga,1,+00 is the hyperbolic metric
on H2. Note the previous subsection, for any a € (0, +oc) and any 7 € R*, a parabolic group of the form
P =< (z,t) — (z+ 7,7) > is convergent. This allows to reproduce the construction of a non-elementary
group given in [6] and [12].

Let h be a hyperbolic isometry of H? and p be a parabolic isometry in Schottky position with h (cf
next section for a precise definition). They generate a free group I' =< h,p > which acts discretely
without fixed point on H?. Up to a global conjugacy, we can suppose that p is (z,t) + (z +7,t) for some
7 € R*. The surface S = H?/T has a cusp, isometric to R/7Z x (ag, +00) for some ag > 0. Therefore,
we can replace in the cusp the hyperbolic metric by ¢q. 1., for any a > ag; we also denote g,,1,,, the lift
of go.1.a to R%.

For any n € Z*, the group I';, =< h",p > acts freely by isometries on (R?, go.14). It is shown
in [6] that, for n > 0 great enough, the group I',, also converges. This provides a family of examples for
Theorem 1.1. By [12], if I, is convergent for some ag > 0, then there exists a* > ag such that for any
a € lag,a*), the group I',, acting on (R?, g, 1) is convergent, whereas for a > a*, it has finite Bowen-
Margulis measure and hence diverges. In some sense, the case a = a* is “critical”; it is proved in [12]
that I" also diverges in this case. With additive hypotheses on the tail of the Poincaré series associated
to the factors I';,1 < j < p of I', P. Vidotto has obtained a precise estimate of the orbital function of I'
in the case when its Bowen-Margulis measure is infinite [15] ; this is the analogous of Theorem 1.1, under
slightly more general assumptions.

In [7], the authors propose another approach based on a “strong” perturbation of the metric inside
the cusp. Starting from a N-dimensional finite volume hyperbolic manifold with cuspidal ends, they
modify the metric far inside one end in such a way the corresponding parabolic group is convergent with
Poincaré exponent > 1 and turns the fundamental group of the manifold into a convergent group; in
this construction, the sectional curvature of the new metric along certain planes is < —4 far inside the
modified cusp.

3 Schottky groups: generalities and coding

From now on, we fix two integers p > 1 and ¢ > 0 such that ¢ := p 4+ ¢ > 2 and consider a Schottky
group I' generated by ¢ elementary groups I'y, ..., 'y of isometries of X. These elementary groups are in
Schottky position, i.e. there exist disjoint closed sets F}; in X such that, for any 1 < j </

50X \ Fj) C Fj.

The group I' spanned by the I';,1 < j < /£, is called the Schottky product of the I';’s and denoted
1":1"1*1"2*---*1"@.



In this section, we present general properties of I'. In particular, we do not require that conditions
H1, H2 and H3 hold; these hypotheses are only needed in the last section of this paper.

By the Klein’s tennis table criteria, I' is the free product of the groups I';; any element in I' can be
uniquely written as the product

y=aj...ak

for some a; € UI'; with the property that no two consecutive elements a; belong to the same group. The
set A = UL’} is called the alphabet of T', and ay, ..., ay the letters of 7. The number k of letters is the
symbolic length of v; let us denote T'(k) the set of elements of I" with symbolic length k. The last letter
of v plays a special role, and the index of the group it belongs to be denoted by [,. Applying Fact 2 one
gets

Property 3.1 There exists a constant C' > 0 such that

d(0,7v.0) — C < B,(y " .0,0) < d(0,7.0)
for any v € I' = %; I'; and any x € Uiz F;.
This fact implies in particular the following crucial contraction property [1].

Proposition 3.2 There exist a real number r €]0,1[ and C > 0 such that for any v with symbolic length
n > 1 and any x belonging to the closed set Ui F; one has

Y (@) < Cr™.

The following statement, proved in [1], provides a coding of the limit set A(T") but the I-orbits of the
fixed points of the generators.

Proposition 3.3 Denote by X7 the set of sequences (an)n>1 for which each letter a, belongs to the

alphabet A = UT'} and such that no two consecutive letters belong to the same group (these sequences are
called admissible). Fix a point xo in 0X \ F. Then

(a) For any a = (ay)n>1 € X1, the sequence (ay ...an - xo)n>1 converges to a point w(a) in the limit
set of ', independent on the choice of xg.

(b) The map 7 : Xt — A(T') is one-to-one and w(XT) is contained in the radial limit set of T.

(c) The complement of m(XT) in the limit set of T' equals the T-orbit of the union of the limits sets
A(Ly)

From now on, we consider a Schottky product group I'. Thus, up to a denumerable set of points, the
limit set of T' coincides with 7(X1). For any 1 <4 < ¢, let A; = AN F; be the closure of the set of those
limit points with first letter in T'; (not to be confused with the limit set of T';). The following description
of A = A(T") be useful:

a) A is the finite union of the sets A;,

b) the closes sets A;, 1 < i < ¢, are pairwise disjoints,

c) each of these sets is partitioned into a countable number of subsets with disjoint closures :

A; = UaGFj Ujzi a.Aj .

Now, we enlarge the set A in order to take into account the finite admissible words. We fix a point
xo ¢ U;F;. There exists a one-to-one correspondence between I' - zy and I'; furthermore, the point
v -9 € Fj for any v € I'* with first letter in I';. We set §~]+ = YT UT and notice that, by the previous
Proposition, the natural map 7 : £ — A(T) UT - zq is one-to-one with image m(X7) UT - zg. Thus we
introduce the following notations

a) A=AUT - zo;

b) A =ANF, forany 1 <i</.
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The set A is the disjoint union of {z} and the sets A;, 1 < i < ¢; furthermore, each A; is partitioned into
a countable number of subsets with disjoint closures:

Ai = Ugery Uji a- A

The cocycle b defined in (3) play a central role in the sequel. In order to calculate the distance between
two points of the orbit I' - 0, we consider an extension b of this cocycle defined as follow on A: for any
yeland z € A,

Z;( )f{ b(’yax) :Bz('y_loao) if xeA;
NE) = d(v"'-0,g-0)—d(o,g-0) if x=g-z9 forsome geTl.

The cocycle equality (3) is still valid for the function B; furthermore, if v € I' decomposes as v = a1 - - - a,
then
d(o,7-0) =b(a1,72 - zo) + b(az,v3 - zo) + - - + b(ax, o),

where v = a;---ag for 2 <[ < k.

4  On the Ruelle operators L;,s € R

In this section, we describe the main properties of the transfer operators Ls, s € R, defined formally by:

for any function ¢ : A — C and = € A,

Z Loga, e~ (. ) Z Z 1, —sﬁ(mcv)qg(,y - x).

v€er(1) j=1~€r;

For any 1 < j </, the sequence (7 - 0),er; accumulates on the fixed point(s) of I';. So for any z ¢ [\j,
the sequence (l;('y, x) —d(o, 7.0)) is bounded uniformly in x ¢ A;. Therefore the quantity £,1(x) is
vel;

well defined as soon as s > § := max{dr, | 1 < j < {}. The powers of L, s > d, are formally given by:
for any k > 1, any function ¢ : A — C and any = € A,

Z 1I¢;\je*5b("’z)q§(7 - x).

ver(k)

It is easy to check that the operator L, s > 4, act on (C(A), |- |); we denote py(o0) it spectral radius
on this space.

4.1 Poincaré series versus Ruelle operators

By the “ping-pong dynamic” between the subgroups I';,1 < j < ¢, and Property 3.1, we easily check that
the difference b(y,z) — d(o,~ - 0) is bounded uniformly in & > 0,7 € I'(k) and = ¢ A;,. Consequently,
there exists a constant C' > 0 such that, for any z € A, any k > 1 and any s > 0,

c _
) = E e—sd(0,7-0)

€T (k)
where A = B means % < B < cA. Hence,
Pr(s) := Ze‘s‘i(o’""o) =400 <= Zﬁfl(ac) = +o0. (7)
yel’ k>0
In particular
dr =sup{s >0 | ps(00) > 1} =inf{s > § | ps(c0) < 1}. (8)

It is proved in the next paragraph that T' is convergent if and only if ps(cc0) < 1.
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4.2 On the spectrum of the operators L,,s > §

In order to control the spectral radius (and the spectrum) of the transfer operators L;, we study their
restriction to the space Lip(A) of Lipschitz functions from A to C defined by

Lip(A) = {¢ € C(A); [|¢] = 8] + [¢] < +00}

where [¢] = sup sup lo@@) — W)l is the Lipschitz coefficient of ¢ on (90X, D).
0<i<peyer, DY)
Ty

The space (Lip(A),|.]|) is a Banach space and the identity map from (Lip(A), |.]|) into (C(A), |.|s)
is compact. It is proved in [1] that the operators Ls, s > 0, act both on (C(A), |- |s) and (Lip(A), |- |);
P. Vidotto has extended in [15] this property to the Banach spaces (C(A),| - |s) and (Lip(A), || - |-
We denote ps the spectral radius of L5 on Lip(i&); in the following proposition, we state the spectral
properties of the £; we need in the present paper.

Proposition 4.1 We assume { =p+q >3 (). For any s >4,
1. ps = ps(oo);
2. ps is a simple eigenvalue of L acting on Lip(]\) and the associated eigenfunction hs is non negative
on A;

3. there exists 0 < r < 1 such that the rest of the spectrum of Ls on Lip(]\) is included in a disc of
radius < rps.

Sketch of the proof. We refer to [1] and [15] for the details. For any s > 0 and 7 in I'*, let ws(7,.) be
the weight function defined on A(T) by: for any s > 6 and y € T

e—sb(v.2)  if zelj,j#L,
0 otherwise.

ws (Y, x) == {

Observe that these functions satisfy the following cocycle relation : if 71,72 € A do not belong to the
same group I';, then
ws (Y172, ) = ws (71,72 - T)ws (Y2, T).

Due to this cocycle property, we may write, for any k£ > 1, any bounded function ¢ : A — R and any

xr €A
Lho(w) = Y ws(v,2)p(y - ).

ver'(k)

In [1], it is proved that the restriction of the functions ws(y,.) to the set A belong to Lip(A) and that
for any s > 4 there exists C'= C(s) > 0 such that, for any ~ in T'**

lws(y, )l < Ce*d@7),

In [~15]7 Proposition 8.5, P. Vidotto has proved that the same inequality holds for the functions w; (v,.)
on A. Thus, the operator £, is bounded on Lip(A) when s > 4.
In order to describe its spectrum on Lip(A), we first write a “contraction property” for the iterated

operators £¥: indeed,

1Lhp(z) — LipW) < Y lws(v )l lo(y-2) —o(v-w)l + Y [ws(7,)] [l D(,y).
v€L (k) v€L (k)

By Proposition 3.2 and the mean value relation (2), there exist C' > 0 and 0 < r < 1 such that
D(y-z,7v-y) < Cr¥*D(x,y) whenever z,y € A;, j # . This leads to the following inequality

[£F¢] < ree] + Rel@loo 9)

"Recall that £ > 2 since T' is non-elementary. When £ = 2, the real —ps is also a a simple eigenvalue of Ls; a similar
statement to Proposition 4.1 holds for the restriction of Ls to each space Lip(A;),i = 1,2 [1].
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where 7, = (C’rk) |£E1| and Ry = > verws(7,.)]. Observe that

lim sup r;/k = rlimsup | £51|1/F = rp,(c0)
k k

where p,(00) is the spectral radius of the positive operator £, on C(A(T)). Inequality (9) is crucial in the
Ionescu-Tulcea-Marinescu theorem for quasi-compact operators. By Hennion’s work [9], it implies that
the essential spectral radius of £ on Lip(f\) is less than rp,(00) ; in other words, any spectral value of
L with modulus strictly larger than rps(co) is an eigenvalue with finite multiplicity and is isolated in
the spectrum of L.

This implies in particular p; = ps(c0). Indeed, the inequality ps > ps(00) is obvious since the function
1 belongs to Lip(A). Conversely, the strict inequality would imply the existence of a function ¢ € Lip(A)
such that Ls¢ = A¢ for some X € C of modulus > p,(c0) ; this yields |A||¢| < Ls]@| so that [A| < ps(c0).
Contradiction.

It remains to control the value ps in the spectrum of L. By the above, we know that ps is an
eigenvalue of L, with (at least) one associated eigenfunction hs > 0. This function is strictly positive
on A: otherwise, there exist 1 < j < p+ ¢ and a point yo € ]\j such that hs(yo) = 0. The equality
Lshs(yo) = pshs(yo) implies hg(y - yo) = 0 for any v € T' with last letter # j. The minimality of the
action of T' on A and the fact that I' - zy accumulates on A implies hy = 0 on A. Contradiction.

In order to prove that ps is a simple eigenvalue of L, on Lip(i&), we use a classical argument in
probability theory related to the ”Doob transform” of a sub-markovian transition operator. For any
s > 0, we denote Ps the operator defined formally by: for any bounded Borel function ¢ : A — C and

x €A,

1 1 7
Pso(x) = L(hso)(x) = e By 2)d(y - x).
)= g ) = s 3 (- 2ot )
The iterates of Py are given by: P? =1d and for k > 1
1 — T
Pho) = [ o)PHady) = S 30 MOy 2)oly - x)w (10)
X pshé(‘m) ~eT (k)

The operator Ps acts on Lip(A) as a Markov operator, i.e. Ps¢ > 0 if ¢ > 0 and P;1 = 1. It inherits
the spectral properties of Ls and is in particular quasi-compact with essential spectral radius < 1. The
spectral value 1 is an eigenvalue and it remains to prove that the associated eigenspace is C - 1. Let
f € Lip(A) such that P,f = f and 1 < j < p+ ¢ and yo € A; such that |f(yo)| = |f|eo- An argument
of convexity applied to the inequality P|f| < |f] readily implies |f(yo)| = |f (7 - yo)| for any v € T with
last letter # j; by minimality of the action of I' on A, it follows that the modulus of f is constant on A.
Applying again an argument of convexity, the minimality of the action of I' on A and the fact that T -z
accumulates on A, one proves that f is in fact constant on A. Finally, the eigenspace of £, associated
with ps equals C - 1.

Similarly, using the fact that ¢ > 3, we may prove that the peripherical spectrum of Ly, i.e. the eigen-
values A with |A| = ps, is reduced to ps; we refer the reader to Proposition I11.4 of [1] and Proposition 8.6 of
[15].

Expression (10) yields to the following.

Notations 4.2 For any s >0, any x € A, any k > 0 and any v € T'(k), set

1 hy (v-=)
Pk hs(z)

As for the ws(7, ), these “weight functions” are positive and satisfy the cocycle property

ps(7, ) ws (7, ). (11)

ps(1172, ) = ps(71,72 - @) - Ps (Y2, )

for any s > 8,z € A and 71,72 € I. Let us emphasize that Z ps(v,2) = 1; in other words, the

yET (k)
operator Ps is markovian.
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Corollary 4.3 The group I is convergent if and only if ps < 1.

Proof. If ps = ps(00) < 1 then ps < 1 for any s > 4§, since s — ps(0c0) = ps is decreasing on [d, +o0].
Equality (8) implies or < ¢ and so op = J; by (7), it follows that I' is convergent.

Assume now ps > 1. When T' is non exotic, it is divergent by [6]. Otherwise, o = ¢ and since the
eigenfunction hs is non negative on A, we have, for any k£ > 1 and z € A

LE1(x) = LEhs(x) = pihs(x) = pj.

Consequently Z E’gl(ac) = 400 and the group I is divergent, by (7).
k>0

5 Counting for convergent groups

Throughout this section we assume that I' is convergent on (X, g); by Corollary 4.3 it is equivalent to
the fact that ps < 1. B

For any ¢ € Lip(A), any = € A and R > 0, let us denote by M (R, ¢ x - )(x) the measure on R defined
by:

M(R, ¢ @ u)(@) =Y e 0De(y - a)u(=R +b(y, 7).
yel’

It holds 0 < M (R, ¢ ® u)(xz) < 400 when u has a compact support in R since the group I' is discrete.

The orbital function of I' may be decomposed as

Nr(R) = > " M(R,1® ey)(x0)
n>0
with €, (t) := €°*1)_(,,4+1),—n)(t). Hence, Theorem 1.1 is a direct consequence of the following statement.

Proposition 5.1 For any positive function ¢ € Lip(i&) and any x € A, there exists Cy(z) > 0 such
that for any continuous function u : R — R with compact support,

Jlim | MR 9 u)(w) = Cyla) /R u(t)dt.

This section is devoted to the proof of Proposition 5.1. From now on, we fix a positive function ¢ € Lip(i&)
and a continuous function u : R — R with compact support. Let us decompose M (R, ¢ @ u)(z) as

M(R,¢®u)(x) =Y My(R,¢ @ u)(z)
k>0
with 5
My(R,p@u)(z) == Y e OD(y - z)u(~R +b(v,x)).

€T (k)

Thus, it is natural to associate to Ps,s > 4, a new transition operator ﬁs on A x R, setting: for any
¢ € Lip(A), any Borel function v : R — R and any (z,s) € A) x R,

P(¢p@v)(z,t) = —POD (v - 2) By - @)ult + by, 7))

YET(1)

Z Ps (’Y, x)¢(7 : .Z‘)’U,(t + b(’y’ .Z'))

~v€r(1)

Notice that ]35 is a also a Markov operator on A x R; it commutes with the action of translations on R
and one usually says that it defines a semi-markovian random walk on A x R. Its iterates are given by:
PY =1d and, for any k > 1,

PE(¢p @ v)(x, 5) Z DsY> T cx)u(s + (v, x)).

YET (k)
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From now on, to lighten notations we write P = P, P = Ps, h = hg, p=ps and p = ps < 1. We rewrite
the quantity My (R, ¢ ® u)(x) as

MR, 69 0)(0) = @) P (§ @) (0,1,
so that,
M(R, ¢ @u)(z) = h(z) > pFP* <% ®u) (z,—R). (12)
k>0

We first control the behavior as R — 400 of the quantity M; (R, ¢ @ u)(x).

Proposition 5.2 For any continuous function u : R — R with compact support, there exists a constant
Cy > 0 such that, for any ¢ € Lip(A), any x € A and R > 1,

~ L(R
Blp & u)(x, ~R)| < Cullplle x 2D, (13)
Furthermore,
a p
REIEOO mP((p ®u)(z,—R) = ; Cj(z)p(x)) /}R u(t)dt, (14)
where Cj is defined by: for 1 < j <p,
e®(@ilz)o when z e A\Aj;
. B . (0,9-0)+d(o,g-0 A L.
Cj(z) chjh(xj) x{ € o (20707 l0.02) when v =g-a0 & Aj; (15)
ph(z)
0 otherwise.

Proof. Let 2 € A be fixed and assume that the support of u is included in the interval [a,b]. For any
R > —a, it holds

p+q

Ple® e ~R) = s 37 3 e 1 g h(y- )y - 2)u(~R+ b(3.2))

J=lyely

It follows from hypotheses Ho and Hg and Fact 2.1 that for any j = 1,...,p + ¢, there exists a constant
K; > 0 such that for any R > 1,

L(R)
o

Z e 0b(v,2) < K;(b—a)
vET;
R+a<b(y,z)<R+b

Together with the fact that L has slow variation, this implies (13).
Now, in order to establish (14), it is sufficient to prove that for any j = 1,...,p + ¢,

(o3

. R =
Qlim 2 ;ﬂ_pw, D)ol D)l =R +5.2)) = Cy(aplas) [ u(pi. (16)

where C;(z) is given by (15) for 1 < j < p and Cj(x) = 0 for j = p+1,...,q. By a classical approximation
argument, we may assume that u is the characteristic function of the interval [a, b]; it yields

> (v a)e(y - ) u(—R + by, x)) = L > e ON1 7 by x)p(y - w).

vyel'; h(x) YET; ’

Rta<b(y,)<R+b
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First, assume that = g - 2 belongs to I' - 9. For any j = 1,...,p and any v # Id in I'j, the sequence
(7" - 0)n>1 tends to x; as n — +oo; it yields

5(7", x) —d(o,y" - 0) = d(y™"-0,9-0)—d(v" " 0,0) —d(o,g - 0)
n—>_i>00 *ij (Oa g- O) - d(O, g- 0)'
When z € A, Fact 2.1 yields

lim b(y", z) — d(0,y" - 0) = —2(x; | z).

n—=4oco

Eventually, by hypotheses Ho and Hg, for any 1 < j <p-+gq,

(&3

AT ; p(y,2) = Cj(x)|b — al.
R+a§d(o,'y]‘o)§R+b
Hence,
lim L > B 2)e(y - 2)u(—R + b(y, 7)) = Cj(@)p(x;)|b — al
R4+%u>L(fD vp s X)PLY e =0Uj P L5 .

Now, we extend (13) and (14) to the powers 13’“, k > 1, of the Markov operator P.

Proposition 5.3 For any continuous function u : R — Rt with compact support, there exists a constant
Cy > 0 such that, for any ¢ € Lip(A), any x € A, any k > 1 and any R > 1,

L(R)
-

Pr(p@u) (2, R)| < Cu K [l¢l]oo % (17)
Proposition 5.4 For any continuous function u: R — R with compact support, any ¢ € Lip(A), any
x €A and any k > 1,

Jlim P o) @, ;(Zpl 2P n) [ o (1)

where, for any 1 < j < p, the Lipschitz functions is Cj : A — R is given by (15).

Proposition 5.1 follows immediately from these statements and (12). Indeed, Propositions 5.3 and 5.4
and the dominated convergence theorem yield

a P

i L]?R) (R, ¢ ® u)(z @S FY (ZPZ ) Ph1- l<%> (zj)> X/Ru(t)dt.

k>1 Jj=1

a
Let us now prove Propositions 5.3 and 5.4. For the convenience of the reader, we assume that all
subgroups I';,1 < j < p + ¢, are parabolic. Hence, they have a unique fixed point at infinity x; and for
any x € A, it holds
lim VT =T
ver;
d(o,y-0)—+00
Namely, if one of the non-influent elementary group I';,p +1 < j < p 4+ ¢, was generated by some
hyperbolic isometry h;, we would have in the next proofs to distinguish between positive and negative
power of h; and this would only overcharge our notations without interest.
Proof of Proposition 5.3. We apply here overestimations given in [15], whose proofs follow the approach
developed in [8]. We set « = 1+ 8 with 0 < § < 1; this restriction on the values of the parameter 3
is of major importance to get the following estimations. Following [15], we introduce the non negative
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ay
L(ak) N ~
there exists a constant C; = Ci(u) > 0 such that, for any ¢ € Lip(A), any z € A, any k > 1 and any
R>1,

sequence (ay)r>1 defined implicitely by =k for any k > 1. By Propositions A.1 and A.2 in [15],

~ 1
e if 1 < R < 2qay, then ‘Pk (p @ u) (x, —R)‘ < Ch]|¢lloo X poe
k
~ L(R
e if R > 2ay, then ‘Pk (p@u)(x, —R)‘ < Cik|lellso x %

The definition of the aj yields, for 1 < R < 2ay,

1 L(ax) ko LR)  Lla)
a_k =k 1+ﬂ = 21+8 RHﬁ X L(R)’

1 L(R
By Potter’s lemma (see [15], lemma 3.4), it exists Cy > 0 such that — < Cok? x RL;
ay
enough. We set C' = max(C1, Ca).

for R > 1 great

|
Proof of Proposition 5.4. We work by induction. By Proposition 5.2, convergence (18) holds for k = 1.
Now, we assume that it holds for some k¥ > 1. Let R > 0 and r € [0, R/2] be fixed. Recall that

P pu)(z,—R) = D p(a)e(y- z)u(-R+b(y,x)
vyel(k+1)

S v B (B, w)e(r8 - wyu( R+ by, B ) +b(B,7) ).

v€el'(k) BET(1)

We decompose P* (¢ @ u) (2, —R) as Ay(z, 7, R) 4+ By(z, 7, R) + Ci(z,r, R) where

AarB) = Y Y p(.8-2)p(Bia)e(r8 - )u(~R+b(y, 8- x) + 5(8.2)).
vyel(k) Ber@)
d(o,B-0)<r
d(g,e’yr-s)k))gr d(clf,%r-(()l))>r
and Gy, R) = Y S p(.B (B, 0)e(u8  w)u(—R+b(y, 5 2) +b(B,)).

€T (k) BEr(1)
d(cw o)>rd(o,8-0)>r

Step 1. Let us first prove that

RO‘ - . RY -,
d(o,B-0)<r

Indeed, the set of g € I'(1) such that d(o, 8 - 0) < r is finite and b(8,z) < r for such an isometry f;
furthermore, if p(8,z) # 0 then £ < R — b('yﬂ x) < R+ C where C' > 0 is the constant which appears
in Property 3.1. Using the inducmon hypothesis, it yields, for any 8 € I'(1) such that d(o, - 0) < r,

. R - -
R LB)” p(B,z) E;k)p(%ﬁ z)p(vB - z)u(*RJr b(B,z) +b(y, 8- :c))
R -
=p(B,2) x  lim mpk (p@u)(B-z, R).
Convergence (19) follows, summing over . It yields

P k
Jim lim LI(%R) Z( 2)PElg( ])> y /}R w(t)dt. (20)

j=1
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Step 2. We prove that there exists e(r) > 0, with lim €(r) = 0, such that, for any k& > 1,

r——4o0

« 6(’)“) «

%IBJIFICIE mBk(z,r,R) & lllzriilig mBk(x,r,R)
e(r)
z > st w0 [ uat 21)
ver(k) R
d(o,'yo)<7‘

a
where we write a ~ b if 1 — € < 7 < 1+ €. Since each I'; has a unique fixed point, there exists a map

€:(0,+00) — (0, +00) which tends to 0 as  — 400, such that
p(y,B-x) «(r)

B2 )
p(v, ;)

forany j=1,....,p+¢q, any § € I'; with d(o,ﬁ-o) >, any 2 € A and any v € T with Iy #7.
The set of v € T'(k) such that d(o,v-0) < ris a finite subset of I'(k); furthermore, for such v and
any (€ I'(1), it holds E <R- b(v E ) < R+ C, as above. Therefore,

S B wpBa)e(y8 - w)u(~R+ by, 8- @) + b(B,x))

YEL (k) BEr(1)

d(o,v-0)<rd(0,3-0)>r
p+q - B
Z Y praetra) Y p(Ba)u(-R+b0r.6 ) + b8 )
'yel"(k) Ber;
d(O o)<r d(o,B-0)>r

Convergence (21) follows, using (16). In particular, letting » — +o0, it holds

[e3% (o3

A il g Blon )= I B 7

= Zpk@(xj)cj(x)/Ru(t)dt. (22)

Step 3. We prove that there exists a constant C' > 0 such that, for any R > 2r > 1,

Bk(xv T, R)

+oo
Cu(z, 7, R) < CK2||¢|o L(R) 3 L(n) (23)

Ot

By property 3.1, the condition u(fR +b(vB - z) + b(B, x)) # 0 implies

d(o,v-0)+d(0o,f-0)=R+c and b(y8-z)+b(B,2)=R+c &
for some constant ¢ > 0 which depends on w.
We decompose C(z,r, R) into Ci(x,r, R) = Cy1(z,7, R) + Ck2(x,r, R) with
Cra(,7,R) = Z S b8 @)l a)e(B - w)u( R+ by, 5 2) + (5, 7)).
r<d(o ()<R/2d(o F())>7"

and

CralwrR)i= > 3 p8-0p(B,2)e(r8 - w)u(~R+b(v, 8- 2) + H(B,2) ).

YET (k) BEF()
d(o,y-0)>R/2d(0,3-0)>r

8the notation A = B 4+ ¢ means |A — B| < c.
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We control the term Cy 1 (x,r, R). Assuming ¢ > 1, one may write

[R/2]
Cri(arB) < lolellulos 3 3 S b8 m)p(B.)
n=[r] YET (k) BET (k)
d(o,y-0)=n+tc d(o,8-0)=R—nztc
[R/2]
< lelloollulls D > pBa) > p(nB-w)
n=[r] BeD(1) YEL (k)

d(o,8-0)=R—n=+tc d(o,y-0)=n+tc
Using (17), this yields, for some constant C' > 0,

(R/2]

L(R—n) L(n)
Crala,mR) < CR|¢lollulloe D —(én)a) ,f
n=[r]
) L(R) X L(n)
< CRlelscllulom” D =0
n=[r]

where the last inequality is based on the facts that R —n > R/2 — 1 and L is slowly varying. The same
inequality holds for Cj 2(z, 7, R), by reversing in the previous argument the role of 7 and /. Hence,

lim limsup ——=Ck(z,r, R) = 0. 24

Proposition 5.4 follows, combining (20), (22) and (24).
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