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PROJECTIVE STRUCTURES AND NEIGHBORHOODS OF
RATIONAL CURVES

MAYCOL FALLA LUZA!, FRANK LORAY?

ABSTRACT. We investigate the duality between local (complex analytic) pro-
jective structures on surfaces and two dimensional (complex analytic) neigh-
borhoods of rational curves having self-intersection +1. We study the analytic
classification, existence of normal forms, pencil/fibration decomposition, infin-
itesimal symmetries. Part of the results were announced in [13].
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1. INTRODUCTION

Duality between lines and points in P? has a nice non linear generalization which
goes back at least to the works of Elie Carta The simplest (or more familiar)
setting where this duality takes place is when considering the geodesics of a given
Riemannian metri(ﬂ on the neighborhood U of the origin in the plane. The space of
geodesics is itself a surface U* that can be constructed as follows. The projectivized
tangent bundle P(TU) is naturally a contact manifold: given coordinates (z,y) on
U, the open set of “non vertical” directions is parametrized by triples (x,y,z) €
U x C where z represents the class of the vector field 9, + 20,; the contact structure
is therefore given by dy—zdx = 0. Each geodesic on U lifts uniquely as a Legendrian
curve on P(TU), forming a foliation G on P(TU). A second Legendrian foliation F
is defined by fibers of the canonical projection 7 : P(TU) — U. The two foliations
F and G are transversal, spanning the contact distribution. Duality results from
permuting of the role of these two foliations. The space of F-leaves is the open set
U; if U is small enough, then the space of G-leaves is also a surface U*. However, U*
is “semi-global” in the sense that it contains (projections of) P!-fibers of 7. If U is
a small ball, then it is convex, and we deduce that any two P'-fibers are connected
by a unique geodesic (G-leaf) on P(TU), i.e. intersect once on U*. Finally, we get
a 2-dimensional family (parametrized by U) of rational curves on U* with normal
bundle Op1(1). Note that P(TU) C P(TU*) as contact 3-manifolds.

In fact, we do not need to have a metric for the construction, but only a collection
of curves on U having the property that there is exactly one such curve passing
through a given point with a given direction. This is what Cartan calls a projective
structureﬂ In coordinates (z,y) € U, such a family of curves is defined as the
graph-solutions to a given differential equation of the form

(1) y" = A(z,y) + B(z,9)(y) + C(z,9)(¥')* + D(z,y)(y')?

with A, B, C, D holomorphic on U. Then the geodesic foliation G is defined by the
trajectories of the vector field

Oy + 20, + [A+ Bz + C2* + Dz%] 9.

Since it is second order, we know by Cauchy-Kowalevski Theorem that there is a
unique solution curve passing through each point and any non vertical direction.
That the second-hand is cubic is exactly what we need to insure the existence and
unicity for vertical directions. In a more intrinsec way, we can define a projective
structure by an affine connection, i.e. a (linear) connection V : TU — TU ® Qf,
on the tangent bundle. Then, V-geodesics are parametrized curves v(t) on U such
that, after lifting to TU as (y(t),¥(t)), they are in the kernel of V. All projective
structures come from an affine connection, but there are many affine connections
giving rise to the same projective structure: the collection of curves is the same,

1Tt even appears in Alfred Koppisch’s thesis 1905.
2real analytic, or holomorphic
3not to be confused with the homonym notion of manifolds locally modelled on P™, see [11}, [20]
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but with different parametrizations. An example is the Levi-Civita connection
associated to a Riemannian metric and this is the way to see the Riemannian
case as a special case of projective structure. We note that a general projective
connection does not come from a Riemannian metric, see [5].

A nice fact is that the duality construction can be reversed. Given a rational
curve P! ~ Cy C S in a surface, having normal bundle O¢, (1), then Kodaira
Deformation Theory tells us that the curve Cy can be locally deformed as a smooth
2-parameter family C, of curves, likely as a line in P2. We can lift it as a Legendrian
foliation F defined on some tube V' C P(TU*) and take the quotient: we get a map
7 : V — U onto the parameter space of the family. Then fibers of 7* : P(TU*) — U*
project to the collection of geodesics for a projective structure on U. We thus get
a one-to-one correspondance between projectives structures at (C2,0) up to local
holomorphic diffeomorphisms and germs of (4+1)-neighborhoods (U*, Cy) of Co ~ P*
up to holomorphic isomorphisms (see Le Brun’s thesis [24]).

Section [2] recalls in more details this duality picture following Arnold’s book
[1], Le Brun’s thesis [24] and Hitchin’s paper [I7]. In particular, the euclidean (or
trivial) structure by lines, defined by the second order differential equation y” = 0,
corresponds to the linear neighborhood of the zero section Cj in the total space
of O¢, (1), or equivalently of a line in P2. But as we shall see, the moduli space of
projective structures up to local isomorphisms has infinite dimension.

We recall in section some criteria of triviality/linearizability. The neighbor-
hood of a rational curve Cy in a projective surface S is always linear (see Proposition
. As shown by Arnol’d, if the local deformations of Cy are the geodesics of
a projective structure on U*, then we are again in the linear case. In fact, in the
non linear case, it is shown in Proposition that deformations C, of Cy passing
through a general point p of (U*,Cy) are only defined for e close to 0: there is no
local pencil of smooth analytic curves through p that contains the germs C. at p.
We show in Proposition [2.9] that, in the non linear case, there is at most one point
p where we get such pencil.

Going back to real analytic metrics, the three geometries of Klein, considering
metrics of constant curvature, give birth to the same (real) projective structure,
namely the trivial one. Indeed, geodesics of the unit 2-sphere S? C R? are defined
as intersections with planes passing through the origin: they project on lines, from
the radial projection to a general affine plane. Similarly, for negative curvature,
geodesics are lines in Klein model. It would be nice to understand which (+1)-
neighborhoods (U™, Cy) come from the geosedics of a holomorphic metric.

In section |3 we introduce the notion of flat projective structure, when the
projective structure is defined by a flat affine connection V, i.e. satisfying V-V =
0. Equivalently, the collection of geodesics decomposes as a pencil of geodesic
foliations. On the dual picture (U*,Cp), such a decomposition corresponds to an
analytic fibration transversal to Cy, i.e. a holomorphic retraction U* — Cy. This
dictionary appear in Kryriski [I9]. Our main result, announced in [I3], is that non
linear (41)-neighborhoods (U*,Cp) have 0, 1 or 2 transverse fibrations, no more
(see Theorem [5.1). We show that each case occur with an infinite dimensional
moduli space.

The main ingredient to study the existence and unicity of transverse fibrations is
the classification of (41)-neighborhoods which is due to Mishustin [27] (section [4]).
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It was known since the work of Grauert [I6] that there are infinitely many obstruc-
tions to linearize such a neighborhood. Mishustin showed that any neighborhood
can be described as the patching of two open sets of the linear neighborhood by a
non linear cocycle, that can be reduced to an almost unique normal form (Theorem
and Proposition . The moduli space appears to be isomorphic to the space
of convergent power series in two variables. Hurtubise and Kamran [I8] provide
explicit formulae linking the formal invariants of Mishustin (coefficients of the co-
cycle) with Cartan invariants for the equivalence problem for projective structures
(or second order differential equations). They were not aware of Mishustin work
and proved a formal version of the normal form; we also proved the normal form
before S. Ivachkovitch informed us about Mishustin’s paper. It is quite surprising
that Mishustin’s result has never been quoted although it answers a problem left
opened since the celebrating works of Grauert and Kodaira. In Proposition [4.5 we
get a more precise description of the freedom in the reduction to normal form which
is necessary for our purpose, namely the action of a 4-dimensional linear group (see
Corollary .

From Mishustin’s cocycle (and its non unicity), we see in Proposition that
the first obstruction to the existence to a transverse fibration arise in 5-jet, i.e. in
the 50 infinitesimal neighborhood of the rational curve, which was also surprising
for us. Another surprising fact is the existence of many neighborhoods with two
fibrations: we get a moduli space (Theorem isomorphic to the space of power
series in one variable. One remarquable example (see section is given by the
two-fold ramified covering (U*,Cy) 23 (P! x P!, A) of the diagonal A C P! x P!
that ramifies along A: the two fibrations of P! x P! lift as fibrations tangent all
along Cy. This example is non linear, and in particular non algebraic (the covering
can be only defined at the neighborhood of A for topological reasons). However,
the field of meromorphic functions on (U*, Cy) identifies with the field of rational
functions on P! x P! and has transcendance dimension 2. We expect that the
general (+1)-neighborhood has no meromorphic function, but we have no proof,
and no example. We are able to compute the differential equation defining the dual
projective structure, namely 3" = (3’ — y)3. This example is also remarquable
because it has the largest symmetry group, namely SLy(C), and this is an ingredient
of the proof.

In the last section [f] we investigate the projective structures, or equivalently
(4+1)-neighborhoods with infinitesimal symmetries, or equivalently a positive dimen-
sional Lie group of symmetries. From Lie’s work, appart from the linear case sl3(C)
and the special case above sla(C), the group of symmetries is either 1-dimensional,
or isomorphic to the affine group aff (C). For each group, we recall in Theorem
the classification mainly established by Bryant, Manno and Matveev in [6]. Then,
in section [6.3] we end-up exploring the classification of flat projective structures
with non trivial Lie symmetries (Theorem [6.7)). The most remarquable fact is the
generic affine case: the Lie algebra can be normalized to C{X,Y’) with

X=0, and Y =0,+y0,, [X,Y]=X,
and the projective structure is defined by with coefficients
(A,B,C,D) = (ae®, 3,0,e"**), a,3¢€C.

These projective structures are two-by-two non isomorphic. The projective struc-
ture admits a flat structure if, and only if the parameters belong to the affine nodal
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cubic curve
I'={(a,B); 270> +46° — 12% + 96 — 2 = 0};
more precisely, under the parametrization
C—T; v (1292 =1),2- 3%,
the corresponding projective structure I, is defined by the pencil of foliations
F.={w. =0}, z€P', with

w. = ["(yy + (297 = 1)e®)dx — (y + 2ve")dy] + 2 [dy — ve"dz].
In other words, geodesics of II, are the leaves of F, while z runs over P!. The flat
structure (i.e. decomposition as a pencil of foliations) is unique except in the two
following cases:

(o, B) = (0, %) o oy = :I:% (nodal point)
(a,8) =(0,2) < 7=0

they respectively correspond to the two projective structures with larger symmetry
Lie algebra sly(C) and sl3(C). The former one admits exactly two flat structures:
the two pencils of foliations are given by F, as above, one for each value v = i%.
The latter one is the linearizable case: a pencil of geodesic foliations corresponds
in that case to the family of pencils of lines through all points of a given projective
line.

As a conclusion, it would be nice to go back to the study of Painlevé equations
from this point of view, as initiated in the paper [I8] of Hurtubise and Kamran.
We expect that the (+1)-neighborhood corresponding to the projective structure
defined by the phase portrait of a Painlevé equation has no transverse fibration, no
automorphism, and even no non constant meromorphic function, except possibly
the very special Picard case (see [20] [10]).

2. PROJECTIVE STRUCTURE, GEODESICS AND DUALITY

2.1. Second order differential equations and duality. Let (z,y) be coordi-
nates of C2. Given a 2" order differential equation

y' = f(z,u.y)

with f(x,y, 2z) holomorphic at the neighborhood V' of some point (0,0, zg) say, local
solutions y(x) lift as Legendrian curves for the contact structure defined by

a=0 ,where «a=dy— zdz.

We get two transversal Legendrian foliations on V. The first one F is defined by
the fibers of the projection V- — U; (z,y,2) — (z,y). The second one G is defined
by solutions = +— (x,y(x),y’(z)) or equivalently by trajectories of the vector field

v =20, + 20, + f(z,y, 2)0..

More generally, given a germ of contact 3-manifold together with two transversal
Legendrian foliations, the space of F-leaves can be identified with an open set
U C C? with coordinates (z,y) and G-leaves project on U as graphs of solutions of
a 28 order differential equation y” = f(z,y,y’), see [1, Chapter 1, Section 6.F].

It is now clear that the role of F and G can be permuted: on the space U* of
G-leaves, F-leaves project to solutions of a 2% order differential equation Y =
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g(X,Y,Y") (once we have choosen coordinates (X,Y) € U*). This is the duality
introduced by Cartan (see also [I, Chapter 1, Sections 6.F, 6.G]). Points on U
correspond to curves on U* and vice-versa. We will call V' the incidence variety by
analogy with the case of lines in P?2.

For instance, lines y = ax + b are solutions of the differential equation 3" = 0.
Using (X,Y) = (a,b) € P? for coordinates of dual points, we see that foliations F
and G given before are liftings of lines on the projective and dual plane, thus the
dual equation is also Y = 0.

If there is a diffeomorphism ¢ : U — U sending solutions of the differential
equation to the solutions of another one y” = f(z,y,y’) on U, then ¢ can be lifted
to a diffeomorphism ® : V — V conjugating the pairs of Legendrian foliations:
¢, F = F and ©,G = G. We say that the two differential equations are Cartan-
equivalent in this case.

2.2. Projective structure and geodesics. When the differential equation is cu-
bic in y’

y" = Az,y) + B(z,y)(y) + Clz,9)(y/)* + D(@,y)(y)°
(with A, B, C, D holomorphic on U), then the foliation G is global on V := P(TU) ~
UxPL 2= j—‘z, and transversal to the fibration F everywhere. Precisely, setting

zZ= % = %’ then the foliation G is defined by the two vector field
v =0, + 20, + (A+ Bz + Cz* + D2*)0,

for z finite, and
¥=20, + 0y — (D + Cz + Bz* + AZ%)0;

near z = oQ.

Remark 2.1. For equations " = f(x,y,y’) having right-hand-side f(z,y,y’) poly-
nomial with respect to %', but higher than cubic degree, the foliation G globalizes
on U x C, but transversality is violated at z = co. Indeed, the corresponding vector
field
1
=20, +0, — 2 f (wy) 9z

‘ Z
becomes meromorphic; after multiplication by a convenient power of Z, the vec-
tor field becomes holomorphic but tangent to F and leaves become singular after
projection on U.

With the previous remark, it is easy to check that any foliation G on P(TU)
which is
e Legendrian, i.e. tangent to the natural contact structure (dy — zdx = 0),
e transversal to the projection P(TU) — U,

is locally defined by a vector field like above, cubic in z, i.e. by a second order
differential equation with y” = A + B(y') + C(y")?> + D(y')3. We call projective
structure such a data. We call geodesic a curve on U obtained by projection of a
G-leaf on P(TU). The following is proved in [24] Section 1.3]

Proposition 2.2. If U is a sufficiently small ball, then all geodesics are properly
embedded discs and we have the following properties:
e convexity: through any two distinct points p,q € U passes a unique geodesic;
e infinitesimal convexity: through any point p € U and in any direction | €
T,U passes a unique geodesic.
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We say that U is geodesically convex in this case.

The second item just follows from Cauchy-Kowalevski Theorem for the differen-
tial equation defining the projective structure.

2.3. Space of geodesics and duality. It is proved in [24] Section 1.4] the follow-
ing

Proposition 2.3. If U is geodesically convex, then the space of geodesics, i.e. the
quotient space
U*:=P(TU)/G
is a smooth complex surface. Moreover, the projection map
7 P(TU) - U*
restricts to fibers of m: P(TU) — U as an embedding.

We thus get a two-parameter family (parametrized by U) of smooth rational
curves covering the surface U*: for each point p € U, we get a curve C,, C U*. The
curve C), parametrizes in U* the set (pencil) of geodesics passing through p. Any
two curves C), and Cy, with p # ¢, intersect transversely through a single point in
U* representing the (unique) geodesic passing through p and ¢q. The normal bundle
of any such curve C,, is in fact Op: (1) (after identification C, ~ P').

One might think that rational curves define the geodesics of a projective structure
on U*, but it is almost never true: for instance, the set of rational curves (of the
family C},) through a given point of U* cannot be completed as a pencil of curves
(as it would be for geodesics of a projective structure), see [I, Chapter 1, Section
6-D]. In fact, we will prove that if such a pencil exists at two different points of U*,
then we are essentially in the standard linear case of lines in P2.

From a germ of projective structure at p € U, we can deduce a germ of surface
neighborhood of C,, ~ P'. Conversely, it is proved in [24, Section 1.7] that we
can reverse the construction. Indeed, given a rational curve C' C S in a surface
(everything smooth holomorphic) having normal bundle Op: (1), then C' admits by
Kodaira Deformation Theory a local 2-parameter family of deformation and the
parameter space U is naturally equipped with a projective structure: geodesics on
U are those rational curves passing to a common point in S.

In the sequel, we call (+1)-neighborhood of a rational curve C a germ (S,C)
of a smooth complex surface S where C' is embedded with normal bundle NC =~
Oc(-i-l).

Theorem 2.4 (Le Brun). We have a one-to-one correspondance between germs of
projective structures on (C2,0) up to diffeomorphism and germs of (4+1)-neighborhood
of P up to isomorphism.

2.4. Affine connections, metric. Let S be a smooth complex surface. An affine
connection on S is a (linear) holomorphic connection on the tangent bundle T'S,
i.e. a C-linear morphism V : TS — T'S ® QF satisfying the Leibnitz rule

V(f-Z)=Zdf +f-V(2)

for any holomorphic function f and any vector field Z. Given a two vector fields
Z, W, we denote as usual by Vi Z := iy (VZ) the contraction of VZ with W.
By a parametrized geodesic for V, we mean a holomorphic curve ¢ — ~(t) on S
such that Vs)¥(t) = 0 on the curve. The image of ¥(t) on S is simply called
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a  (unparametrized) geodesic and is characterized by Vi )7(t) = f(t)¥(t) for any
parametrization. Geodesics define a projective structure Ily on S.

In coordinates (z,y) € U C C2, a trivialization of TU is given by the basis
(0z,0y) and the affine connection is given by

V() =d(Z)+Q-Z, Q= (3 ?)

where Z = 210, + 200, and «, 3,7,6 € Q*(U). On the projectivized bundle P(TU),
with trivializing coordinate z = z5 /21, equation V = 0 induces a Riccati distribution

dz = —y+ (a — 8)z + B2°.

Intersection with the contact structure dy = zdx gives the geodesic foliation G of
the projective structure. Precisely, if we set

a B\ (a1 B az B2
(7 5>_<71 51>dx+<’72 52>dy

(with «, B;, v, 0; € O(U)) then the projective structure is given by

dz
g T (a1 — 61 —72)z + (B1 + ag — 62)2° + B2z,

We say that two affine connections are (projectively) equivalent if they have the
same family of geodesics, i.e. if they define the same projective structure. The
following is straightforward

Lemma 2.5. Two affine connections V and V' on U, with matrices Q and Q'
respectively, define the same projective structure if, and only if, there are a,b,c,d €
O(U) such that

;o dx/2 0 —dy/2 dx dx 0 dy 0
QQ+a(cly —dm/2>+b( 0 dy/2 Tlo dr +d 0 dy)’

Remark 2.6. Any projective connection I : ¢ = A+ B(y') + C(y')? + D(y')? can
be defined by an affine connection: for instance, ® = IIy with

0 Cdx + Ddy>

V=d+ <—Adm—de 0

or is equivalently defined by the Riccati distribution

dz + Adx + Bdy + 2*(Cdx + Ddy) = 0.

There exist also a unique affine connection defining II which is trace-free and torsion-
free (see [29, lemma 6.11]):

B c C
—Adr — 5dy —3Fdr — Fdy

But mind that these two “special” representatives do not have intrinsec meaning
(i.e. not preserved by change of coordinates).

One can also define a projective structure by a holomorphic Riemannian metric,
by considering its geodesics defined by Levi-Civita (affine) connection. But it is
not true that all projective structures come from a metric: in [5], it is proved that
there are infinitely many obstructions, the first one arising at order 5.
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Question 2.7. Can we characterize in a geometric way those projective structures
arising from a holomorphic metric ? And what about the corresponding (+1)-
neighborhood ?

2.5. Some criteria of linearization. A projective structure (U,II) is said lin-
earizable if it is Cartan-equivalent to the standard linear structure whose geodesics
are lines: there is a diffeomorphism

O:U =V cCP?

such that geodesics on U are pull-back of lines in P2. When U is geodesically
convex, this is equivalent to say that (U*,Cp) is the neighborhood of a line in P2.
As we shall see later, there are many projective structures that are non linearizable
(even locally). Here follow some criteria of local linearizability.

Proposition 2.8. Let II be a projective structure on a connected open set U. If
IT is linearizable at the neighborhood of a point p € U, then it is linearizable at the
neighborhood of any otherpoint q € U.

The proof is postponed in section using another criterium of linearization.

Proposition 2.9. Let I be a germ of projective structure at (C2,0) and let (U*, Cp)
be the corresponding (+1)-neighborhood. If for 2 distinct points p1,ps € Cy the
family of rational curves through p; is contained in a pencil of curves based in p;,
then (U*,Cy) ~ (P2, line) (and I1 is linearizable).

Proof. For i =1,2, let F; : U* --» P! be the meromorphic map defining the pencil
based at p;: deformations of Cy passing through p; are (reduced) fibers of F;. We
can assume Cy = {F; = 0} for ¢ = 1,2. Then, maybe shrinking U*, the map
R )

FF

is an embedding of U* onto a neighborhood of the line zg = 0. Indeed, ¢ is well-
defined and injective on U* \ Cp; one can check that it extends holomorphically on
Co and the extension does not contract this curve. O

LT 2 .
(I).U _>]P>(20121222) 5 p|—>(1

Corollary 2.10 (Arnol’d). Let II be a germ of projective structure at (C2,0) and
let (U*,Cy) be the corresponding (+1)-neighborhood. If deformations of Cy are

geodesics of a projective structure II* in a neighborhood of a point p € Cy, then
(U*,Cy) =~ (P2,line) (and 11 is linearizable).

Remark 2.11. Arnol’d stated this result in [T, Chapter 1, Section 6.D] in terms
of 2" order differential equation: "An equation d*y/dx* = ®(x,y,dy/dx) can be
reduced to the form d*y/dx* = 0 if and only if the right-hand side is a polynomial
in dy/dx of order not greater than 3 both for the equation and for its dual”. Cartan
had a similar discussion in [9].

Proof. Let V. C U* the open set where the projective structure IT* is defined. Then
at any point ¢ € Cy NV, deformations of Cy through ¢ are contained in a pencil.
Choose two distinct points and apply the previous Proposition. O

Proposition 2.12 ([I8, Proposition 4.7]). Let S be a smooth projective surface
with an embedded curve Co ~ P! with self-intersection +1. Then S is rational and

(S, Co) = (P2, Lo).
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Proof. As S contains a smooth rational curve with positive self-intersection, we
deduce from [2, Proposition V.4.3] that S is rational. This implies H'(S,Og) ~
HO%Y(S) ~ HYO(S) ~ H°(S,QY) = 0 thus the Chern-class morphism H'(S,0%) —
H?(S,7Z) is injective. We can take deformations Cy, Co of Cy such that Co N Cy N
Cy = () and by the previous discussion the three curves determine the same element
Os(C) of H'(S, 0%), then we have sections F; of Og(C') vanishing on C;, i = 0,1, 2.
We define
o:=(Fy:F:F):8 --»P?

which is in fact a morphism. Moreover, by the condition on the intersection of the
curves we deduce that the generic topological degree of ¢ is 1. In particular o is a
sequence of blow-ups with no exceptional divisor intersecting Cy. d

Proposition 2.13. There is a unique global projective structure on P?, namely the
linear one.

Proof. If Fy1 is the associated regular foliation by curves defined in M = P(TP?)
with cotangent bundle Oy (ah + bh) and V stands for the foliation defined by the
fibers, then Tang(Fi,V) = (a + 2)h + (b — 1)h (see [12, Proposition 2.3]). So, the
only second order differential equation totally transverse to V is the one given by

y// — O l:l

Finally, we end-up with an analytic criterium proved by Liouville in [23] (and
later by Tresse and Cartan):

Proposition 2.14. Given a projective structure Il defined by , then consider
the two functions L;(z,y) defined by

@ Ly = 2By, — Cuw — 3A,, — 6AD, — 3A, D + 3(AC), + BC, — 2BB,,
Ly = 2C4y — Byy — 3Dy + 64,D + 34D, — 3(BD), — B, B + 2CC,.

Then, the form 0 := (Lydx+ Lady)®(dxAdy) is intrinsically defined by the projective
structure 11, i.e. its definition does not depend on the choice of coordinates (x,vy).
Moreover, 11 is linearizable if, and only if, 8 = 0.

3. FLAT STRUCTURES VS TRANSVERSE FIBRATIONS

A (non singular) foliation F on U, defined by say y' = f(z,y), can be equivalently
defined by its graph S := {z = f(z,y)} C P(TU), a section of 7 : P(TU) — U.
The foliation is geodesic iff the section S is invariant by G; in this case, the section
projects onto curve D := 7*(.S) intersecting transversally the rational curve Cy at
a single point on U*. We thus get a one-to-one correspondance between geodesic
foliations on U and transversal curves on U*.

3.1. Pencil of foliations and Riccati foliation. A (regular) pencil of foliations
on U is a one-parameter family of foliations {F;}icpr defined by F; = [w; = 0] for
a pencil of 1-forms {w; = wp + tweo Hrepr With wo, wee € NH(U) and wo A wee # 0
on U. The pencil of 1-forms defining {F;};cp1 is unique up to multiplication by
a non vanishing function: @; = fw; for all t € P! and f € O*(U). In fact, the
parametrization by t € P! is not intrinsec; we will say that {F;};cp1 and {F} };epr
define the same pencil on U if there is a Moebius transformation ¢ € Aut(P!) such
that F; = F, ) for all ¢t € P,
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There exists a unique projective structure II whose geodesics are the leaves of
the pencil. Indeed, the graphs S; of foliations F; are disjoint sections (since folia-
tions are pairwise transversal) and form a codimension one foliation H on P(TU)
transversal to the projection 7 : P(TU) — U. The foliation H is a Riccati foliation,
i.e. a Frobenius integrable Riccati distribution:

H:jlw=0], w=de+az?+B2z+7 wAdw=0.

Intersecting F with the contact structure yields a Legendrian foliation G (also
transversal to the P!-fibers) and thus a projective structure.

In local coordinates (z, y) such that Fo and F, are respectively defined by dz = 0
and dy = 0, we can assume the pencil generated by wp = dz and ws = u(z,y)dy
(we have normalized wp) with %(0,0) # 0. Then the graph of the foliation F is

given by the section Sy = {z = ,m} C P(TU). These sections are the leaves

of the Riccati foliation # : [dz + 9%z = 0], and we can deduce the equation of the
projective structure:
U U
v+ =y + () =0.
u u
Note that the projective structure is also defined by the affine connection

ldu 0
voavn o (B 0)
2 u

which is flat (or integrable, curvature-free) QA dQ2 = 0, and trace-free trace(£2) = 0.
Remark 3.1. A Riceati distribution H : [w = 0] on P(TU),
w:dz+az2+ﬂz+fy, aaﬂa’YGQl(U)a

is the projectivization of a unique trace-free affine connection, namely

_B8 _,
T2
Are equivalent
e Vis flat: QA Q+dQ = 0;
e w is Frobenius integrable: w A dw = 0.
There are many other affine connections whose projectivization is w which are not
flat: in general, we only have the implication [V flat] = [H integrable].

3.2. Transverse fibrations on U*. If we have a Riccati foliation H on P(TU)
which is G-invariant, then it descends as a foliation H on U* transversal to Cj.
Maybe shrinking U*, we get a fibration by holomorphic discs transversal to C that
can be defined by a holomorphic submersion

H:U*— CO
satisfying H|c, = id|c, (a retraction). Indeed, we can define this map on P(TU)
first (construct a first integral for #) and, then descend it to U*.

Conversely, if we have a holomorphic map H : U* — P! which is a submersion
in restriction to Cp, then fibers of H := H o n* : P(TU) — P! define the leaves
of a Riccati foliation 7. Indeed, the restriction of H to P!-fibers must be global
diffeomorphisms, and in coordinates, H take the form

~ B a(;[;7y)2 + ﬁ(ﬂ?,y)
H(z,y,2) = y(z,y)z + 6(x,y)
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which, after derivation, give a Riccati distribution:
dH=0 <&

(ad — Bv)dz + (ydoo — audy) 2% + (vdB — Bdry + dda — add)z + (8dS3 — BdS) = 0.

By construction, the Riccati foliation H is G-invariant.
The following also appear in [19)]

Proposition 3.2. Let II be a projective structure on (U,0) and (U*,Cy) be the
dual. The following data are equivalent:

e a pencil of geodesic foliations {Fi}icpr,
o a G-invariant Riccati foliation H on P(TU),
e q fibration by discs transversal to Cy on U*.

In this case, we say that the projective structure is ﬂatﬁ

Example 3.3. Let IIy be the trivial structure y” = 0 with Riccati distribution
wo = dz. In this case w = wy + (F + zG)(dy — zdz) is integrable if and only if

(3) F,=F? G,=G? G,+F,=2FG.

On the other hand, since Cy C P2, it is easy to see that every transverse fibration
to Cy extends to a pencil of lines passing through some point outside Cy and in this
case the foliation defined by w corresponds to the pencil of foliations given dually
in P2. We fix coordinates (a,b) € P? for the line {ax + by = 1} C P? and observe
that 0 is the line of the infinity L., in this coordinates. It is straightforward to see
that the Riccati foliation associated to the pencil of lines through (a,b) is

w=ds+ ((1_@‘;_@) +z (HZ—@)) (dy — zdx).

We find in this way F = l_af;_by, G = l—a:bx—by solutions of Remark that the
fibrations induced by wy and w have a common fiber, which is the fiber associated
to the radial foliation with center at {ax + by = 1} N L.

3.3. Webs and curvature. We say that the projective structure II is compatible
with a regular web W if every leaf of W is a geodesic of II. For 4-webs we have the
following proposition.

Proposition 3.4 (|29, Proposition 6.1.6]). If W is a regular 4-web on (C,0) then
there is a unique projective structure Ilyy compatible with W .

Let W = F; K F, K F3 K Fy be a regular 4-web on (C, 0)
Fi=1Xi=0; +ei(x,y)0) = [m =edr —dy], i=1,23,4.
The cross-ratio

(e1 —e3)(e2 —eq)

(4) (flaf2;f3uf4) = (62—63)(61—64)

is a holomorphic function on (C, 0) intrinsically defined by W. Then, we have:

4ot to be confused with [20] where flat means locally linearizable
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Proposition 3.5. If W = Fo X F; K Fy is a reqular 3-web on (C,0), then there is
a unique pencil {F;}iepr that contains Fo, F1 and F as elements. Precisely, F;
is defined as the unique foliation such that

(anfl;ftvaO) =t.
We denote by Iy the corresponding projective structure on (C2,0).

Conversely, any flat projective structure comes from a 3-web: it suffices to choose
3 elements of a pencil. In particular, any 4 elements of a pencil {F;}icpr have
constant cross-ratio.

We can define the curvature of a flat projective structure as follows. First of all,
to a regular 3-web W = Fy X F; K F,, we can define the curvature Kyy which is a
2-form. For instance, if W is in the normal form W = dx K (dz + a(z, y)dy) ¥ dy,
with a(0,0) # 0, then it is easy to see that the curvature is
o o
|0z 0y
In particular, the curvature of the web is the same if we change the foliation F;
by any other member F; : [dz + ta(z,y)dy = 0] of the pencil generated by W.
Consequently, the 2-form K (W) does not depend of the 3-web inside the pencil.

On the other hand, let w = dz + zdlog(a) be the Riccati 1-form given by the
same pencil. The Chern connection associated to WV is the unique torsion-free affine
connection V. associated to w (see [28], [19]). A simple calculation shows that the

connection matrix is
q, — (gx log(a)dx , 0 >
0 5y log(a)dy

K(W) log(a(x,y))| dx A dy.

and the curvature matrix of . is

400+ QA Q= (K<OW) K(OW)) .

This implies again that the curvature on any 3-web in the pencil is always the same.
In particular, the Chern connection associated to VW has zero curvature if and only
if ITyy is linearizable.

Example 3.6. In the case of the linear projective structure Iy by lines, all pencils
have zero curvature Ky, = 0 (i.e. hexagonal, see [3, section 6] or 29, Chap. 1,
Sect. 2]) and can be defined by pencils of closed 1-forms. We can easily construct
non linearizable projective structure by violating these properties. For instance, the
projective structure generated by the pencil of 1-forms w; := dx + te®¥dy cannot
be defined by a pencil of closed 1-forms; we have Ky, = 1 in this case.

3.4. About unicity of flat structure. If the Riccati distribution w = dz + v +
2(6 — o) — 223 is integrable, then recall that any other Riccati distribution defining
the same projective structure writes w’ = w+(F+2G)(dy—zdz). Then H' : [w’ = 0]
is Frobenius integrable if and only if

(FG—W)dw/\dy—&-F(ﬂ/\dy)-i—G(dx/\V) =0

(G? — Gy)dx Ndy + 2G(a Ndx) + (Fdx — Gdy) AN =
(Fp — F?)dz ANdy + 2F(dy A a) + v A (Fdz — Gdy) = 0,
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However, it seems impossible to see from these equations how many flat Riccati
foliations are compatible with a given flat projective structure. We will give a
complete answer by considering this question on the dual surface U*.

4. CLASSIFICATION OF NEIGHBORHOODS OF RATIONAL CURVES

Let P! < S be an embedding of P! into a smooth complex surface and let C be its
image. The self-intersection of C is also the degree of the normal bundle of the curve
C-C =deg(N¢g). When C'-C < 0, it follows from famous work of Grauert [16] that
the germ of neighborhood (S, C) is linearizable, i.e. biholomorphically equivalent
to (N¢, 0) where 0 denotes the zero section. Such neighborhood is called rigid since
there is no non trivial deformation. When C - C = k > 0, it follows from Kodaira
[21] that the deformation space of the curve C in its neighborhood is smooth of
dimension k£ + 1. In particular, for C'- C' = 0, the neighborhood is a fibration by
rational curves, which is thus trivial by Fisher-Grauert [I5]: the neighborhood is
again linearizable (see also [30]), thus rigid. However, in the positive case C-C > 0,
it is also well-known that we have huge moduli. The analytic classification (which is
less known) is due to Mishustirﬁ [27] and in this section, we recall the case C'-C = 1.

Let us first decompose C = Vi U Vo where z; : V; = C are affine charts,
i = 0,00, with gz = 1 on Vy N V. Then any germ of neighborhood (5, C) can
be decomposed as the union Uy U Uy, of two trivial neighborhoods U; ~ V; x D,
with coordinates (z;,y;) patched together by a holomorphic map

1 n n
(Toos Yoo) = @ To + Zan(mO)yO ) Z b (0)yo

n>1 n>1

where a,,, b, are holomorphic on V5 NV, ~ C*. Moreover, b; does not vanish on
VoNVs and, viewed as a cocycle {b;} € H' (P!, Of), defines the normal bundle Nc¢.
Denote U the germ of neighborhood defined by such a gluing map. The gluing
map @ can also be viewed as a non linear cocycle encoding the biholomorphic class
of the neighborhood, as illustrated by the following straightforward statement.

Proposition 4.1. Given another map ®', then the following data are equivalent:

e a germ of biholomorphism ¥ : Uy = Ug: inducing the identity on C,
e a pair of biholomorphism germs

n>1 n>1
(with bY,b5° not vanishing) satisfying ® o W0 = ¥> o ®:

Uy —2> U,

@i | iw

Up —2> Une

We will say that the two “cocycles” ® and ® are equivalent in this case.
Since H'(P!, Of) = Z there exist b’ € O*(V;), i = 0, 00, such that b>°b; = z£8°.

Thus, the pair Ui(z;,y;) = (24,b;), i = 0,00, provides us with an equivalent

Swe thank S. Ivachkovitch for the reference
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cocycle such that by(xg) = z&. Now, this exactly means that C - C = —k. As
conclusion, (+1)-neighborhoods can be defined by a cocycle of the form

1
q)($07y0 7+Zanx0y[)7 +Zb xO = <x0+a7gzé(())+b>

n>1 n>2

4.1. Normal form. Using the equivalence defined in Proposition above, we
can reduce the cocycle ® into an almost unique normal form:

Theorem 4.2 (Mishustin). Any germ (S,C) of (+1)-neighborhood is biholomor-
phically equivalent to a germ Ug for a cocycle ® of the following “normal form”

o) (2 e L S ey

n>4 m=3 n>3 m=2

Moreover, when the neighborhood (S,C) admits a fibration transverse to C, then
one can choose all a,, =0 so that the fibration is given by xo = i S =C.

As we shall see in the next section, this normal form is unique up to a 4-
dimensional group action.

In order to give the proof of the theorem, let us introduce the following notation.
For a subset E C Z?2, denote by > g the sum over indices belonging to E. For
instance, setting

V(k ) :={(m+kn+l)eZ®; -n<m<0}, (k) cZ?
then normal form of Theorem [1.2] writes
b= 1—1— Z A Y" g—f— Z bm.nx™y"
- m,n ' r m,n
V(-3,4) V(-2,3)

In view of this normal form, a huge step can be done by a simple geometrical
argument using blow-up and rigidity in the case of zero self-intersection.

Lemma 4.3 (Prenormal Form). Any germ (S,C) of (+1)-neighborhood is biholo-
morphically equivalent to a germ U for a cocycle ® = (a(x,y),b(x,y)) of the
following “prenormal form”

d = Z amnx ZU Z bm,nxmyn
V(=11

V(—1,0)

(with a_1 9 = 1). Moreover, an equivalent cocycle ® = ¥ o ® o W0 is also in
prenormal form (with possibly different coefficients) if, and only if

Wiz, y) = (a'(y)a + B (y), ¢ (), i=0,00

with of, 81, ¢ € Cly}, a'(0) = 1, B1(0) = 0, ¢'(0) # 0. When the neighbor-
hood (S,C) admits a fibration transverse to C, then one can choose a = 0 in the

prenormal form so that the fibration is given by xg = S —=C.
Proof. Since a coordinate zg = i has been fixed on C, we can consider the
following two points p; := {z; = oo}, i = 0,00. Consider for each i = 0,00 the

blow-up 7% : 8% — S of the surface at the point p;, and denote by D; the exceptional
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divisor. The strict transform C? := (7%)*C' of the rational curve has now zero self-
intersection. Following [21] and [I5] (see also [30]), one can find a neighborhood U*
of C* in S* which is trivial: there are coordinates (x;,v;) : U* — P x C such that
C* = {y; = 0} and D; = {z; = o} extending the coordinate z; initially defined
on V; C C. This system of coordinates is clearly unique up to the freedom settled
in the statement. By abuse of notation, we still denote U? (the open part of) its
image by 7 in U.

We now have to check that the cocycle ® given by these systems of coordinates
satisfy precisely the conditionof the statement. First of all, note that after blowing-
up p;, both coordinates zy and zo are well defined at the intersection point C*ND;,
and have opposite divisor. Therefore, the function

n
Yo
To - Too = 1+ E G, nme =1+ E A, nx””"“ <$0>

m,n m,n

must be a holomorphic (and non vanishing) function of

° (:cgl, yo) at C° N Dy implying m + 1 < 0 in the support of a-component,
e (z0, y”) at C°° N D, implying m +n + 1 > 0 in the same support.

On the other hand
= b (&)
Zo

must be a holomorphic function of (3307 ¢) at C°°N Do implying m+n > 0 in the
support of the b-component. Also,

LYoo = (xOxoo . ( ) me nxgl+1
m,n

must be a holomorphic function of (z5*,yo) at C° N Dy implying m +1 < 0 for the
same support.

If the neighborhood admits a transverse fibration, then we can preliminarily
extend each coordinate z; : V; — P! as a submersion #; : U — C defining the
fibration on the neighborhood U of C'. After blowing-up p;, the exceptional divisor
D; is clearly defined by #; = oo so that we can write 7; = a'(y;)z; + 8°(y;). Finally
note that, by construction, Z., = 1/Z¢ so that these new coordinates provide a
cocycle ® satisfying a = 0. ]

Proof of Theorem[].4 We now use the freedom in pre-normal forms of Proposition
to sharpen the support of coefficients. First decompose

(Toos Yoo) = P(T0, Y0) =

h
f(yo) Z A T (y0)+ Z Do YL

x z
0 V(=3,2) 0 V(=2,2)

with f,g,h € C{y}, f(0) = 1, h(y) invertible. We want first to normalize coefficients
f,g,h by conveniently changing coordinates (zg, y9). More precisely, setting

(z0,90) = ((Fo)Zo + B(Jo), ¢(To))s
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then the first component z, of ® is given by

f o v(do) g #(4o)
a(fo)Zo + B(Go)  (a(go)To + B(Y 7t Z3:2) ol

We note that, if (m,n) € V(p, q), then the support of

a(Fo)To + B(F0))" (o)™

/8(:';0) )m
a(%o)Zo
is still contained in V(p, q), as a power series in (Zg, gp). Therefore, we can rewrite
foe(i) | goe(j) - ﬂ(yo)f ° ¢ (%o)
= — - + + Gm n T4
= a(%o)Zo a(9o)*T Z 6 00

z5'yo = (a(¥o)Zo + B(%0))™ ¢(0)" = 5" a(Yo)™ ¢ (70)" (1 +

V(-3,2)

(with new coefficients @y, ). In a similar way, we have

ho 90 yo o~
yoo - Z an nﬂUBnyg

a(Zo)Zo “2.2)

Therefore, we want

o »(Go) . . . how(go) _

=1, o -0 ) =0 and ——= =

(7o) g0 ¢(Jo) (o) f © ¢(%o) alijo) Yo
which rewrites
Cpopl g goht _
a=foh ", ﬁ_fohfl and @=~h

Reversing now (%, 7o) = ¥° (o, y0), we get
xo—Bopyo) T 9(o)  h(yo)

6) v = - _

© W) = (L2220 o) ) - (4 .

we get ® = & o U0 with & half-normalized

~0 ~ o
Q(IOJJO = + Z Qm nxo yO ) %o + Z bm,nxgqy(y)l
V(-3,2) V(-2,2)

In a similar way, write
(xooayoo) = (b(jOagO) =

Loige 3 anadit . hrdokt Y bnadfi
V(—3,4) V(—2,4)
V(_2a3)

with f,g,h, k € C{£}. Then, setting (Zoo, fsc) = ((Yoo)Too + B(Ysc), (Yoo )), and
using Taylor expansion

a(h+ Zok) = a (h) + ok - o/ (h) + (Tok)? -

we get:  Too = a(h + Zok) (i”fo +g> + B(h) + Z * T4 Yo
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. h
_ fraoh

Zo

(g-aoh+f-k-aoh+Boh)+ Y. il
V(-3,4)

and Joo =poh+ > xEgU.
V(-2,3)

Finally, we want
f-aoh=1 g-aoh+f-k-o/oh+Boh=0 and poh=id.
Deriving the first equality gives

f’-OzOh_ f/

flrach+f-aloh-N =0 iedoh=—gmpm = -y

so that we can fix «, 3, ¢, and after inversion we get

(1) (Toos Yoo) = ¥ (T, Joo) = (f@OO)joo + 9(¥o0) — M h(goo)) .

W(Joo)
By construction, ® = U> o &' o U0 where (Zoo,¥o0) = ®'(Z0,%0) is a cocycle in
normal form . O

Remark 4.4. We have the following geometric interpretation of the normal form
(B). We go back to the geometric construction of prenormal forms in the proof
of Lemma [£33] For i = 0,00, the coordinate y; in normal form is such that after
blowing-up the point p;, it is linear in restriction to the exceptional divisor D;. On
the other hand, near the divisor D;, the two fibrations given by zg and z., are well
defined and have D; as a common fiber. The coordinates g and z, in normal form
are such that the two fibrations have contact of order 3 along D;, for ¢ = 0, 00. For
instance, blowing-up the point xg = 0 in prenormal form gives

To - Too = f(t) + x0g(t) + 2 Z Am g T
V(_112)

where ¢ = £, f(0) = 1 and g(0) = 0. The contact between the two fibrations is
defined by the vanishing divisor of

1
drog Nd () ;
Too

since TgTo # 0, it is equivalently defined by

1
—(20%o0)dxo N d () = x2dro A d2o

oo

= xodrg A d(T0T00) = [ mof'(t) + 234 (t) + Z Amnzf T dog A dToo .
V(-1,2)

The multiplicity of {xg = 0} is 3 precisely when f(¢) = 1 and g(¢) = 0 like in the
normal form (f)).
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4.2. Isotropy group for normal forms. During the proof of Theorem [{.2] we
have had the possibility to normalize coefficients

a_1,1 =0-21 =0a-22 = 0 and b,1,1 =1

by either using ¥° or ¥>°. This underline a 4-parameter freedom in the choice of

normalizing coordinates systems (zg, yo) and (Zeo, Yoo ). For instance, if ¢ = (%, Z)
is the linear neighborhood, then we know that it admits the following family of

automorphisms:
Too T Yoo Yoo R + By Oyo
14+ BYso 14 By l+ayo ' 1+ay /)’

We will see that this group acts on the set of normal forms , having ®q as fixed
point. On the other hand, we can easily check that if ® is in normal form, then

(Too + VY20 Yoo) © ® = @' 0 (z0 — VY3, Yo)

gives another a new normal form. The 4-parameter of freedom is a combination of
those two actions.

Proposition 4.5. Consider a cocycle in normal form
b = lJr Z QA n " Y" LA Z by nx™y"
- m,n ' 7 m,n
V(=3,4) V(-2,3)

Then an equivalent cocycle U o & = & o WO s also in normal form if, and only
if, there are constants o, B,y € C and 0 € C* such that

Yo — Toot Yoo | Yoo 2+ BE™ (Yoo) 0yoo
14+BYoo v 1+BYco (1+8Y0)? 7 1+Byeo

(8) 2 o
U zo+BYo _ v Yo ok (yo) 9yo
1+ayo 14+ayo (14+ayo)? > 1+ayo

where ko(yO) = angg b72,ny(7)l and k> (yoo) = ang bfnJrl,nygo'

For instance, starting with the linear neighborhood ®¢ = (%, Z), then we obtain

the following equivalent cocycles in normal form (with ¢ = g5 € C arbitrary)
142y oy 1 o
T(1+c) @ (14l o
We promptly deduce from Proposition that any change of normalization
Cbl —P®oPo (\I/O)fl

of a given cocycle in normal form ® is determined by the quadratic part of ¥0:
9) 9 =(r+(B-an)y+(aPr—(af+))y*+ -, Oy —bay® + ).

Conversely, for any ¥ = (o, 8,7,0) € C3 x C*, the above quadratic part can be
extended as a new normalization (U} 4, ¥5%) for each cocycle ® in normal form.

We thus get an action of C3 x C* on the set of normal forms

(9, @) = 9P :=TFgo0Po (Vhe) "
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with the group law given by

U1 (U2 @) = UF go [P go0Po (‘I’%z,<1>)_1 ° (‘I’gl,@)_l
@’ .
(U5 00 50) 0 ®o (U9, 4099, 4)
= TP go®o (VG 4)7! = VU39

This group law can be easily computed by composing the quadratic parts @ of
\11?91 and \11?92, and we get

U3 = (a2 + Osa1, Bo + 0281, 72 + 0371, 0102).

In other words, the group law on parameters ¥ = (a, 3,7, 0) is equivalent to the
matrix group law

1 « ,@ Y
L 0 68 0 O 3 .
L= 00 6 0 , (a,8,7,0) e C° xC C GL4(C).
0 0 0 #2
We deduce:

Corollary 4.6. The 4-dimensional matriz group I' acts on the set of normal forms
(@) as defined in Proposz'tion and the set of equivalence classes is in one-to-one
correspondance with the set of isomorphisms classes of germs of (+1)-neighborhoods
(S,C) of the rational curve C ~PL (with fized coordinate x).

Let us describe this action on the first coefficients of the cocycle @' = ¢ - :
/ a_3.4—2+2vb_23—Bb_osatab_3.
a_34 = 0*
a_gstaa_ga+(2y—aB)b_sa+0’b_34—Bb_ss5+ab_ss

(10) @-35 = : 5
’ _a—a5+2Ba_3,4+3BbZ, 53— b2 a+(af+27)b_34—Pb_35+ab_a5
A_yg5 = 05

/ _ b_a3—7y
D2 b L b

/ _ b2y ’ _ b_34
Vg4 = 55 bz = =5
B __b_astab_ay B _ bosstab_s4—29b_33+7° % __ b_as+Bb_3.4
o5 = g1 U35= 01 45 = g

Proof of Proposition[{.5 The existence of a 4-parameter group acting on normal
forms is clear from the proof of Theorem we have 4 degrees of freedom in the
construction of (W, U>) as mentionned at the beginning of the section. So it just
remains to check that formula in the statement is indeed a normalizing pair. It
is enough (and easier) to show it for elements of the decomposition

9= (Oéaﬁ»%e) = (0,0,0,9) : (04,0,0, 1) : (Oaﬁaov 1) : (0707’73 ]-)
We easily check that the following pairs preserve normal forms:

U0 = (20, 0yo) and U® = (Zoo, 0Yoo)
0 = (20 —vy5,90) and U = (Too + VY5, Yoo)
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Now let us set U™ := (oo + @Yoo, Yoo) and compute b = U>® o P:

T 9] 1 m, n Y ko(y) m, n
b =PY>®o E + Z AmnT Y, ; + 22 + Z bm,nx Y
V(=3,4) V(=3,4)

Zv(,z,g) b, Y™

1+ay | ok%y) o Y i
— . + 2 + Z (@, + by )z Y™, o + Z bin.n®™y
V(-3,4) V(-2,3)
Looking at the proof of Theorem formula @ gives & = & o U0 with
o0 _ ( ro __ak®(yo) Yo )
1+ayy (1+ay)?’ 1+ ayo

and @' (= ¥ o ® o (¥Y)~1) is in normal form.

In a similar way, if we set ¥ = (29 4+ Byo, yo) and compute ® := & o (¥0)~1:

T m, n Yy oo/ Y m, n 0y\—1
g Ypakd)y+ S v
amnx™y" . xk (a:) b nx™y" | o (¥°)
V(-3,4) V(-24)

EV(—Z,S) bm.,nwm/yn

1 ~ Y Y 7
= + mnx™y" ) + (T — ke + b nx™y"
> amna™y P (@ = By)k>(— ﬂy) > bmaz™y

V(—3,4) V(-2,4)

f(;) ~ m. n Yy 7Y T m, n
= —+ Z AmnT Y, h(;) + Ik(;) + Z bm,na7 Yy
V(—3,4) V(-2,4)

1 Yoo -
—_—, ——— and kWoo) = (14 BYo0) k™ (Yoo)-
1= By 1 Byee (be0) = ( I (4e0)
Formula @ in the proof of Theorem 4.2 gives a normal form ® = U™ o & with
T — ( Loo Bk (Yoo ) Yoo >

L+ BYos (14 Byac)? ' 1+ Byes

where  f(yoo) = h(yoo) =

O

Remark 4.7. In this classification, we have fixed a coordinate z : C — P!. One
could consider the action of Moebius transformations on C and therefore on z. For
instance, the action of homotheties z — Az on normal forms is easy:

Ay = A" Y, and b, = N .

m,n
If we add this action to the 4-parameter group I', then orbits correspond to the
analytic class of (S,C D {po,poc}) where we have fixed two points p; = {z = i}
without fixing the coordinate on C. If we blow-up py and p~,, and then contract
the strict transform of C, then we get a germ (S, Cy U Cs) of neighborhood of the
union of two rational curves Cj and Co (exceptional divisors) with self-intersection
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C;-C; = 0, that intersect transversally at a single point p = CoNC (the contraction
of C). In fact, we can reverse this construction and have a one-to-one corespondance

(S’CD{pmpoo}) Ane (‘§>COUCOC)

so that analytic classifications are the same. We note that the action of other
Moebius transformations on normal forms & are much more difficult to compute.

4.3. Existence of transverse fibration. We go back to the notion of transversal
fibration by discs on (S, C) considered in If we have such a fibration, it can
be defined by a submersion H : .S — C inducing the identity on C'; equivalently,
after composition with = : C' — P! we get an extension of the coordinate z on
the neighborhood S. In this case, recall (see Theorem that one can choose a
normal form with zero a-part:

Ly m, n
(I)(.’I},y) = x7$+v(z2:3) bmﬂ’Lx Yy

compatible with the fibration in the sense that x o H = x¢ = %

Proposition 4.8. A (+1)-neighborhood with normal form ® admits a transversal
fibration if, and only if, there is a 9 = («, 8,7,0) € T such that the a-part of 9- P is
trivial. Moreover, the set of transversal fibrations is in one-to-one correspondance
with the set of those (a, 3,7) € C® for which the a-part of (o, 3,7,1).® is zero.

Proof. Just observe that, once we get a normal form with trivial a-part, the fibration
given by g = 1/2 is only preserved by the action of (0,0,0,6). We thus have to
divide the group action by this normal subgroup to get a bijection with the set of
fibrations. O

It is clear that we cannot kill the a-part in general by means of the above 3-
dimensional group action and therefore that we have infinitely many obstructions
to have a transversal fibration.

Proposition 4.9. Any (+1)-neighborhood admits a normal form with a-part van-
ishing up to the order 4 in y-variable, i.e. with a_34 = 0. In other words, the 4th
infinitesimal neighborhood always admit a transverse fibration; the first obstruction
to extend it arrives at order 5.

Example 4.10. The neighborhood Ug given by the cocycle in normal form

1
o= {-+L+ Y eIt Y bpae™y
V(=3,4)n{n>5} V(-2,3)n{n>5}

does not admit transversal fibration.

Proof of Proposition [{.9 and Ezample[{.10 Looking back at the explicit action
of T' on the a-coefficients, we see that whatever is a_3 4, we can assume a’ 3, =0
by setting « = 8 =0, 0 = 1 and 4?> = a_34. On the other hand, the coefficient
a_35 cannot be killed in general, and in particular in the example. Indeed, since
all other coefficients a,, n, by, n occuring in a’_3 5 - formula - are zero, we see
that a’ 5 5 = 6=5 # 0 whatever are (o, 3,7) € C3.
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Example 4.11. The neighborhood Ug given by the cocycle in normal form

o= -2
T

+ Z b y" with b_os5b_45#b_35
V(-2,3)n{n>5}

8=

admits no other transversal fibration than dx = 0. Indeed, following Proposition
another fibration would correspond to a triple («, 3,7) # (0,0, 0) such that the
a-part of («, 8,7, 1).® is zero. However, formula gives

a 3,=-7" d g5=ab_szs—Bbos and a ,5=ab_y5— b g5
which shows that we must have a = § =~ = 0.

From previous examples, we understand that neighborhoods with exactly one
transversal fibration have infinite dimension and codimension in the moduli of all
(4+1)-neighborhoods.

4.4. The case of general positive self-intersection C' - C > 1. Mishustin gave
in [27] a normal form for (k)-neighborhoods for arbitrary k € Z-o and the story
is similar to the case k = 1. More geometrically, we can link the general case to
the case k = 1 as follows. Let k£ > 1 and (S, C) a (k)-neighborhood. Then, maybe
shrinking S, the topology of (S,C) is the same than the topology of (N¢,0), in
particular:
m(S\C)~7Z/ < k>

i.e. the fundamental group of the complement of C is cyclic of order k. We can
consider the corresponding ramified cover

(8.0) = (s,0)
totally ramifying at order k over C, and inducing the cyclic cover of order k over
the complement S\ C. If we do this with S being the total space of Op: (k), then
S will be the total space of Opi(1), the neighborhood of a line in P?. Likely as in
the linear case, the lifted curve C' will have self-intersection C' - C' = 1 and we are

back to the case k = 1. Moreover, S is equipped with the Galois transformation,
of order k, which has C' as a fixed point curve.

Proposition 4.12. Isomorphism classes (S,C) of germs of (k)-neighborhoods of
the (parametrized) rational curve x : C — P! are in one-to-one correspondance with
isomorphism classes of germs of (+1)-neighborhoods (S,C) equipped with a cyclic
automorphism of order k fizing C point-wise.

5. NEIGHBORHOODS WITH SEVERAL TRANSVERSE FIBRATIONS

In this section, we study (+1)-neighborhoods having several fibrations. The
following was recently announced and partly proved in [I3]; Paulo Sad and the first
author gave another proof in [14].

Theorem 5.1 ([13, I4]). If a germ (S,C) of (+1)-neighborhood admits at least
3 distinct fibrations H, H' and H" transversal to C, then (S,C) is equivalent to
(P2, L), where L is a line in P2,

In this case, recall (see example that there is a 2-parameter family of trans-
verse fibrations (each of them is a pencil of lines through a point) and any two have
a common fiber. Before proving this theorem is full details in section [5.6] we need
first to classify pairs of fibrations on (41)-neighborhoods.
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5.1. Tangency between two fibrations. Given two (possibly singular) distinct
foliations H and H’ on a complex surface X, define the tangency divisor Tang(H, H’)
as follows. Locally, we can define the two foliations respectively by w = 0 and w’ = 0
for holomorphic 1-forms w,w’ without zero (or with isolated zero in the singular
case); then the divisor Tang(#, H') is locally defined as the (zero) divisor of w Aw'.

Proposition 5.2. If a germ (S, C) of (+1)-neighborhood admits 2 distinct fibrations
H and H', then

o cither Tang(H,H') = [C] (without multiplicity),

o or Tang(H,H') - [C] is a single point (without multiplicity).

The former case is rigid and will be described in section [5.4] In the latter case,
the tangency divisor is reduced and transversal to C' (equivalently the restriction
Tang(H,H’')|c has degree one); moreover, the support T of the divisor is

e cither a common fiber of H and H’,
e or is generically transversal to H and H’' (but might be tangent at some
point).

Proof. If C' is contained into the support T' of Tang(H,H’), then we just have to
check that Tang(H,H') - [C'] is a single point (without multiplicity) for any small
deformation C” of C. Note that the multiplicity of Tang(#, H')-[C’] (or equivalently
the degree of the restricted divisor on C”) is invariant by deformation of C’. We can
thus assume without loss of generality that the support T intersects C' tranversely,
outside say po = {x = 0}. After blowing-up po, we get a new surface mg : S =S
with exceptional divisor Dy and lifted foliations H and H’ with tangency divisor

Tang(H, H') = 73 Tang(H, H') + [Do).

By assumption, Dy does not intersect the support 731" of mjTang(H,H'). The
strict transform C' of C has self-intersection C - C' = 0. We can therefore trivialize
(see beglnmng of section |4)) its neighborhood with coordinates (x,%y) € P! x C such
that C = {y = 0} and H = {dz = 0}, extending the original coordinate = on
C ~ C. Note that # and H' are (smooth) transversal to C, having the exceptional
divisor Dy as a common leaf near C, so that Dy = {x = 0}. The other foliation H’,
being transversal to y-fibration, must be defined by a Riccati equation

dx

dy
Since Dy is a leaf, we have ¢(y) = 0; in this chart, the tangency locus is given by

Tang(#, H') = la(y)a® + b(y)a = 0] = [a(y)z + b(y) = 0] +[Dy]

g Tang(H,H')

=a(y)z® +b(y)z +c(y), a,b,ce Cly}.

and by assumption the two components do not intersect: b(0) # 0. Now, replacing
x by its inverse o, = 1/x, we get

H o dre =0 and H : dre + (b(y)Too + a(y))dy = 0.

We note that g is biregular in restriction to this chart (zoco,y) € C x (C,0) and
the support of m§Tang(H,H') is totally contained in this chart, coinciding with
Tang(H,H') there. It is given by

mo Tang(H, H') = [b(y)zoo +a(y) = 0],  with b(0) # 0
and restricts to C' : {y = 0} as a degree 1 divisor. O
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FIGURE 1. Blowing up

5.2. Two fibrations having a common leaf. Let us start with the simplest case.

Theorem 5.3. Let (S,C) be a (+1)-neighborhood that admits two transversal fi-
brations H and H' with a common leaf T. Then (S, C) is linearizable.

Proof. By Proposition H and H' have contact of order 1 along T and are
transversal outside. Let H,H’ : S — P! be the two submersions defining these
foliations and coinciding with = : C' — P! in restriction to C. For simplicity, assume
T ={H =00} ={H' = c0}. We can use H and H’ as a system of coordinates to
embed (S, C) into P?/ Precisely, consider the map given in homogeneous coordinate
(u:v:w)€P?by

d:=(H:H :1):5 — P2

The complement S\ T is clearly embedded by ® as a neighborhood of the diagonal
A = {u = v} in the chart w = 1. Moreover, the two fibrations are send to fibrations
du =0 and dv = 0. We just have to check that this map is (well-defined and) still
a local diffeomorphism at T'N C'. In local convenient coordinates (2o, Yoo) ~ (0,0)
at the source, we have

1

(we used that 1/H and 1/H’ coincide along y., = 0, vanish at o, = 0 and have
simple tangency there). Coordinates at the target are given by

(X,Y) = (iz—l)

Therefore, our map is given by

D (X,Y) = (Toos Yoo - [ (Zoos Yoo))

which is clearly a local diffeomorphism. t
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FIGURE 2. Linearization

5.3. Application: cross-ratio and analytic continuation. Let II be a projec-
tive structure on a geodesically convex open set U (see definition in Proposition
2.2). For each point p € U, we can consider the singular foliation J,, whose leaves
are geodesics through p. Given 4 distinct points p1, p2, p3, p4a € U, we can define by
formula the cross-ratio function:

(Fprs Fpai Fpss Fps) : U\ Uiggjvij — C

(where «; ; is the geodesic passing through p; and p;, for each ¢, j € {1,2,3,4}); it
is clearly holomorphic outside of the six geodesics 7; ;.

Example 5.4. In U = P? equipped with the standard structure IIy, the fibers
of the cross-ratio function (F,,, Fp,; Fpss Fp,) are those conics passing through
D1, D2, P3, Pa provided that not three of them lie on the same line. On the other
hand, when all four points are on the same line, then the cross-ratio is constant.

We say that II satisfies the cross-ratio condition on U if, for any geodesic
curve 7, and every four points in pi,p2,p3,ps € 7, then the cross-ratio function
(Fprs Fpy; Fps, Fpy) 1s constant. Since this property is invariant by change of coor-
dinates, any linearizable structure locally satisfies cross-ratio condition; conversely:

Lemma 5.5. If the projective structure Il satisfies the cross-ratio condition on U,
then it is linearizable at every point of U.

Proof. Let p € U be an arbitrary point. We claim that II is flat in a neighborhood of
p. In fact, take a geodesic v not passing through p and choose three distinct points
p1, P2, ps € 7. Consider the flat structure I’ defined by the 3-web F,, K F,, K F,,
around p (see definition in Proposition . For any fourth point py € ~, the
foliation Fp, of Il-geodesics by ps has constant cross-ratio with F;, F» and F3,
then Fy is IT'-geodesic. We infer from Proposition that Il = IL,. By taking
another geodesic 7/ intersecting v at some point ¢, we obtain a second flat structure
IL, equal to II around p and having F, as common foliation with IL,. Passing to
the dual picture (U*,Cp) of the germ of IT at (U, p), the two flat structures give
two fibrations on U* transversal to Cj that share a common fiber given by F, (see
Proposition [3.2]). We finally apply Theorem to conclude that II is linearizable
in a neighborhood of p. [
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Corollary 5.6. If U is geodesically convexr and 11 is linearizable at p € U, then 11
is linearizable at every point q € U.

Proof. For every geodesic curve v C U and every 4-tuple P = (p1, p2, p3, pa) of dif-
ferent points of v, the cross-ratio function fp = (Fp,, Fp,; Fps, Fps) is holomorphic
on U\ vy. Since U is convex, the set of such 4-tuples is a smooth connected manifold
P of dimension 6: once we have chosen = in the dual 2-manifold U*, we have to
choose distinct p;’s on vy, which is a disc. Moreover, the cross-ratio function fp
depends holomorphically on P € P (where it makes sense, i.e. locally outside 7).
Now, take an open subset V containing p, where II is linearizable. In particular,
IT satisfies the cross-ratio condition on V: for those P such that all p; € V, the
differential 1-form dfp is identically vanishing. By analytic continuation, we have
dfp = 0 for all P € P. Therefore, the cross-ratio condition propagates on the whole
of U, and the previous lemma finishes the proof. ([

Corollary 5.7. If U is connected and 11 is linearizable at some point p € U, then
II is linearizable at every point of U.

Proof. Given any other point ¢ € U, take a path [0,1] — U starting at p and
ending at ¢, cover it by a finite number of geodesically convex open sets, and use
the previous Corollary successively of these sets. O

5.4. Two fibrations that are tangent along a rational curve. The goal of
this section is to describe a very special neighborhood. As we shall see later, it
is the only one having a large group of symetries (i.e. of dimension > 2) but not
linearizable.

Let us consider the diagonal A C P! x P!, The self-intersection is A+ A = 2 and
its neighborhood is a (42)-neighborhood. Therefore, we can take (see section
the 2-fold ramified cover, ramifying over A:

m:(S,0) 3 (P! x P!, A)

and we get a (+1)-neighborhood. Moreover, the two fibrations on P* x P! defined
by projections on the two factors lift as fibrations H; and Hs on S transversal to
C whose tangent locus is Tang(H;,Hs) = C.

Remark 5.8. The two fibers passing through a given point p € S close enough
to C' intersect twice: the Galois involution ¢ : (S,C) — (S, C) permutes these two
points.

Proposition 5.9. The germ (S,C) is not linearizable.

Proof. Assume by contradiction that (S, C) is equivalent to the neighborhood of a
line L C P2. Then each foliation H; extends as a global singular foliation on P2.
Since H; is totally tranversal to L, it must be a foliation of degree 0, i.e. a pencil
of lines. But if H; and Hs are pencil of lines, their tangency must be invariant (the
line through the to base points), contradiction. O

Corollary 5.10. The germ (S, C) is not algebrizable but the field M(S,C) of mero-
morphic functions has transcendance degree 2 over C.

Proof. Tt immediately follows from Proposition that (S, C) is not algebrizable;
the field M(S,C) contains the field or rational functions on P! x P! which has
indeed, as an algebraic surface, transcendance degree 2 over C. (]
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Remark 5.11. The fundamental group 71 (P! x P\ A) is trivial, and this is a reason
why we cannot extend the ramified cover to the whole of the algebraic surface.

The cocycle ® defining the germ (.5, Cy) can be constructed as follows. We can
give local coordinates (2o, %0), (Zoo,Yoo) 00 S and (ug,vg), (Ueo,Vso) o V. DO A
such that

uy = To Usg = Too 1 1
11 00y Voo) — | — > —
P P VNI (R

where A = {vg = up} = {Voo = Uso}- So the cocycle is explicitely given by

—-1/2 3 5
L % Yo L ooy 3y
12 d = 1-— = + + + ...
(12) (20, 90) (xo’ To ( o o wo 222 8x ’

which is already in normal form. The fibrations are given by

1 1

hi=xz9=— and ho=x9—yt = ——.

1 0 T 2 0~ Y% Yoo + Y2

Proposition 5.12. The fibrations Hi and Hs are the only one fibrations on S
transverse to Cy.

Proof. Recall (see Proposition |4.8)) that transverse fibrations are in one-to-one cor-

respondance with 9 = (o, 3,7,6) € C? x {1} such that the a-part of the equivalent

cocycle 9 - @ is zero. Substituting the explicit cocycle above in formula , we get
!

3 3
C‘/—3,4 =y(1—7), alz5= 3¢ and aL4,5 = gﬁ

so that the only two possibilities are (o, 3,7,6) = (0,0,0,1) or (0,0,1,1) which
respectively correspond to the two fibrations H; and Hs. |

Remark 5.13. Another proof runs as follows. Let H be a transversal fibration on
(S, C). Assume first that H is invariant by the involution ¢. One easily check that
its projection on the germ of neighborhood (P! x P!, A) is a foliation F transversal
to A. Since A is ample, F extends as a singular foliation on the whole of P! x P!,
The tangent bundle writes TF = Opiyp1 (m[F}] + n[Fs]) where F; is a fiber for the
projection on the i*" factor and m,n € Z. But for any curve C' C P* x P! which
is not F-invariant, we have TF - C = C - C — Tang(F, C) where Tang(F,C) > 0
is the number (counted with multiplicities) of tangencies between F and C' (see [7]
Chapter 2, Section 2, Proposition 2]). For the two fibrations we have (m,n) = (2,0)
or (0,2), and for other foliations, the non negativity of Tang(F, F;) implies m,n < 0.
Finally, for C = A, we obtain Tang(F,A) = 2 — m — n which is only possible
for the two fibrations. Assuming now that H is not invariant by the involution,
we get, after projection and extension, a singular 2-web W on P! x P! given by
w € HOP' x P, Sym®QL, 5 ® Nyw), where Ny = a[Fy] + b[F»] stands by its
normal bundle. We see locally that in some neighborhood U of A the web is
irreducible and has discriminant A(W) N U = A. Pulling-back w by the inclusion
i: C — P! x P! of a not invariant curve we are able to count tangencies and
obtain Tang(W, C) = Ny - C —2x(C). Taking in particular horizontal and vertical
lines we see a,b > 4. On the other hand [29] Proposition 1.3.3] gives A(W) =
(2a —4)[F1] + (2b — 4)[F3], thus A(W) must have some component distinct from A
intersecting A, a contradiction.
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Theorem 5.14. Let (S,Cy) be a (+1)-neighborhood and suppose that there are two

fibrations Hi and Ho transverse to C such that Tang(Hi,Hs) = Co. Then (S, Co)
is the previous example.

Proof. Let x : Cy — P! be a global coordinate on Cy and consider hy, ho : S — P!
first integrals of H; and Hs such that hy|c, = h2|c, = z. Consider the map

®:8 P x P &(p) = (ha(p), ha(p)).

Clearly, ®|¢, : Co = A is an isomorphism, and we claim that ® is a 2-fold covering
of a neighborhood V' of A, ramifying over A. In order to prove this claim, it suffices
to check it near py : { = 0} since z is well-defined up to a Moebius transform.
Fix local coordinates (x,y) on (S, pg) such that Cyp = {y = 0} and hy(z,y) = =.
Therefore, ho(z,y) =  — y>f(x,y) with £(0,0) # 0; here we have used that h;
and hg coincide on Cjy and are tangent there, without multiplicity. We can change
coordinate (X,Y) = (z,y+/ f(z,y)) so that

hi(X,Y)=X and ho(X,Y)=X-Y2

From this it is clear that ® is a 2-fold cover ramifying over A C PL x P! since in
coordinates (U, V) = (u,u —v) we have A ={V =0} and ¢ : (X,Y) — (U, V) =
(X,Y?). By construction, H; and Hs are sent to dX =0 and dY = 0. O

—\
2:1
—

F1GURE 3. Covering

A

Now we want to write explicitly the differential equation associated to this ex-
ample. In order to do that, we consider the automorphism group

Aut(PL x P!, A) = PSLy(C) x Z/27
where the PSLy(C)-action is diagonal
a b (1, 0) au+b av+b
: (u,v
c d ’ cut+d cv+d
and the Z/2Z-action is generated by the involution (u,v) — (v,u). After 2-fold
cover (S,C) — (PL x PL A), we get an action of

I' ~ {M € GLy(C) ; det(M) = +£1}

where —1I is the Galois involution of the covering, and we have

Aut(PL x PL,A) =T/{%I}.



30 M. FALLA LUZA, F. LORAY

Indeed, the PGL2(C)-action is given by SLo(C)/{%+I} and (/—1I)/{+I} ~ Z/27Z
is the permutation of coordinates u ¢+ v. In coordinates (u,v) = (x,z — y?) (see

(T1)), the SLy(C)-action on (S, C) writes

a b L (@) ar+b y cx+d
c da) WY cx+d cx+d\ cx+d—y?

where ad—bc = 1 and the square-root choosen so as v/1 = 1 (note that its argument
is 1 along y = 0). The involution writes

(J(? J%) D (zy) e (=P V1),

Going to the dual picture, we get a projective structure IT on (C?,0) invariant by
an action of the same group I', and fixing the origin 0. By Bochner Linearization
Theorem, the action of the maximal compact subgroup I'g C I is holomorphically
linearizable, and since T' is just the complexification of Ty (and therefore Zariski
dense in T') the action of T" itself is linearizable.

Proposition 5.15. The unique projective structure IT on (C2,0) which is invariant
by the linear action of SLa(C) is given (up to homothety) by
(13) y' = (zy' —y)*.
Proof. Consider the differential equation defining the projective structure
Iy = f(z,y.y) = Ale,y) + B(z,y)(y) + C(z,y)(y')* + D(x,y)(y)°.

The action of a linear map p(z,y) = (ax + by, cx + dy), with ad — bc = 1, induces a
biholomorphism on the contact variety P(T'C?) (near the fiber x = y = 0) given by

- c+dz
o(x,y,2) = (ax—l—by,cm—i—dy, a+bz> .

The geodesic foliation G defined by the vector field v = 9, + 20, + f(z,y, 2)0.
must be preserved by ¢ which means that the following two vector fields must be
proportional:

a+ bz 1
Dg(a,y,2) -vl(wy,2) = | ¢ F dzz) , X(@(x,y,2)) = cids
(a—i-,l?)!;)2 f((p(.]?, Y, Z))
We thus get
(14) fz,y,2) = (a+b2)° f(@(2,y, 2)).

In fact, this equation is equivalent to ¢*(w) = w where w = A(dz)® + B(dx)?(dy) +
C(dz)(dy)?+ D(dy)? defines the “inflection” 3-web W, whose directions correspond
to inflection points of geodesics. Since the linear action preserves lines, it must
indeed preserve the inflection web of the structure II.

The isotropy group of a point (zg,y0) # (0,0) under the SLy(C)-action is a
parabolic subgroup fixing all those points along the line xgy = yox through this
point and the origin; moreover, the only direction fixed by this subgroup at (xg, 3o)
is along the same line. Therefore, the inflection web YW must be radial: w =
Mz, y)(zdy — ydz)®. One easily check that wy = (vdy — ydx)? is invariant by
SLo(C) and A(x,y) must be invariant, therefore constant. We deduce that

I : oy =Xay —y)®, MeC.
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Since II # Iy, we have A # 0 and we can normalize A = 1 by homothety. d

Theorem 5.16. The two pencils of geodesic foliations for the SLy(C)-invariant
projective structure iy = (xy’ —y)® are given by

wiF = (y2dx — (zy + V-1)dy) + t ((xy + V-1)dz — 2?dy) =0, teP!

where + stand for the two determinations of /—1. For each t, we see that the line
y =tz is a common leaf for the two foliations fw:f and ]-'wt—.

Proof. Recall (see Proposition that there are exactly 2 pencils of geodesic
foliations for this special projective structure. We can just verify by computation
that the pencils in the statement are geodesic, however we think that it might be
interesting to explain how we found them.

In order to find the elements of the pencils, we will use again the SLy(C)-
invariance. We first construct the two foliations (i.e. for the two pencils) having
the geodesic y = 0 as a special leaf, i.e. wgt; then it will be easy to deduce the full
pencil by making SLy(C) acting on woi. In order to characterize woi, let us go back
to the dual picture (S, C). The two foliations we are looking for come from the two
fibers passing through pg = {z¢ = yo = oo} in C, or equivalently the two fibers
up = oo and vg = oo on P! x P! (here we use coordinates given by formula )
These curves are invariant by the action of the Borel subgroup

(a b ) (ug,vo) (a2u0 + ab, avy + ab)

0 a! (20,90) — | a’xo + ab, —2L

\/l—ayg
and they are the only one except the diagonal A. Therefore, the two foliations we
are looking for are the only one that are invariant under the action of the Borel
subgroup above, and distinct to the radial foliation. Let w = dy — f(x, y)dx be one
of these foliations. Setting (a,b) = (1,¢), we get ¢'(x,y) = (x + ty,y) and

d
(EV'wAw=0 YVt < yfo+f>=0 (where f,:= di)
x
Now, setting (a,b) = (ef,0), we get ¢t (z,y) = (etz,e"ty) and
d,
((pt)*w/\w:o, Vi & 2f+l‘fz—yfy:0 (andfy = di'];)

Finally, the foliation F,, is geodesic if, and only if, the corresponding surface {z = f}
in P(T'C?) is invariant by the geodesic foliation defined by v = 9,420, + (22 —y)30,.
In other words

iwd(z = f)l=p =0 & (af —y)*~fo—ffy=0.

The combination of the three constraints gives (after eliminating f, and f,)

- (0s) - 2m) o

The first factor gives the radial foliation and the two other ones yield wi. We
conclude by applying the one-parameter subgroup ¢t(x,y) = (z,tx + y) to each of
these foliations and get the two pencils. [
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Remark 5.17. The (+1)-neighborhood (S, C') considered in this section cannot be
embedded in a projective manifold. Indeed, otherwise it would be linearizable by
Proposition However, the field of meromorphic functions on (S, C') identifies
with the field of meromorphic (rational) functions on P! x P!, and has therefore
transcendance dimension 2 over the field C of complex numbers. In fact, we cannot
globalize the 2-fold cover (S, C') — (P! x P, A) since the complement P! x P1\ A is
simply connected; morever, it does not contain complete curves so we cannot even
extend the cover over a Zariski open set.

Remark 5.18. The (+4)-neighborhood of a conic C' € P? is not linearizable,
otherwise its 2-fold cover ramifying over C' would be linearizable as well; but this
cover is just (P* x P, A) divided by (u,v) — (v,u), which is not linearizable.

5.5. Two fibrations in general position. The goal of this section is to show
that there are many (+1)-neighborhoods with exactly two fibrations; surprisingly,
they are easy to classify.

Suppose that the germ of (+1)-neighborhood (S, Cy) admits two transverse fi-
brations H; and Hs, such that their tangent locus T' = Tang(H1, Hz) is neither a
leaf, nor Cy. Remember (see Proposition that T is smooth and intersects Cy
transversely in one point, say x = 0. We say that H; and Hs are in general position
near Cy if, moreover, the curve T is transversal to H; (and therefore Hs). To state
our result, denote

Diff*(C,0) := {¢(2) € C{z} ; ¢(2) = z + o(z")}
the group of germs of diffeomorphisms tangent to the identity at the order > k and

denote Diff*(C, 0) := Diff=*(C, 0) \ Diff =*"!(C, 0) the set of those tangent precisely
at order k. The group

A:={p(z)=az/(1+bz) : ac€C", beC}=PGLy(C)UDiff(C,0)
acts by conjugacy on each Diff=*(C,0) and therefore on Diff*(C,0).

Theorem 5.19. Germs of (+1)-neighborhoods (S, Cy) that admit two transversal
fibrations Hy and Ho in general position are in one to one correspondance with the
quotient set

Diff}(C, 0)/A.

Proof. Like in the proof of Theorem consider hi, ho : S — P! the first integrals
of H1 and Hs whose restrictions on Cj coincide with the global parametrization
x: Cy = P'. Now, consider the map

®:5 =P x P ®(p) = (hi(p), ha(p))

and denote by ¥ := ®(T) the critical locus. In local coordinates (z,y) at po adapted
to the first fibration, we have hy(z,y) = = and we can assume Cj : {y = 0} and
T :{x =y"}, k € Z~o. Obviously k = 1 if H; and Hs are in general position, but
the general case can be treated in the same way. Since dhj A dhs vanish precisely
on T, we get
ah2 k .

After integrating, we get

ha(2,y) = x + 21 (2, y) — y*d2(2,y)
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where = stands for the integration constant and ¢1, ¢o are defined by

(15) % = %ﬁj + §¢2 = qb, and gf)l(I,O),d)Q(I‘,O) =0.

Therefore, ¥ = ®(T) is parametrized by y — (y*,y*(1 4+ ¢(y))) where

e(y) = 104", y) — 624", y) = O(y).
Clearly, the curve ¥ C (P! x P!, A) only depends on the choice of the global
parametrization = : Cy — P!, not on local coordinates (x,%y) choosen near py €
(S, Cp). In coordinates (U, V) = (u,v — u), the curve ¥ admits an equation of the
form

(16) % VE o (U)VF 4 o (U)VF2 4 e (U)V + 4 (U) = 0,
with 1p; = o(U"), fori=1,...,k — 1 and ¢ = O(U").

Conversely, let us show that any such curve ¥ arise from a (41)-neighborhood

(S,Cp) with a pair of fibrations Hq,Hs. Indeed, equation always admits

a parametrization (U,V) = (y*,y*¢(y)) with ¢(y) = O(y), and starting with

d(z,y) = ¢(y) depending only on y, we get ¢ = @1 — ¢po which, combined with

, gives

h(ey) =z ad ha(e,y) =2 +apy) + S ).

k
We can thus realize the curve ¥ as critical set of a local map

® = (h1,h2) : (S,po) = (P' x P', qo).

It is then easy to complete this picture in order to form a (+1)-neighborhood by
setting (zo, 9o) = (2,y) and

S Y e )
(o) = (e~ i) = (e 4 oao))

so that the two fibrations H; : {dh; = 0} extend on the whole of the neighborhood,
transversal with Cy, and transversal to each other outside py. By construction, %
is the invariant of the bifoliated neighborhood.

We can now describe the same construction in a more geometrical way. First
observe that, in the neighborhood of pg, ® is a (k + 1)-fold cover ramifying over 3;
indeed, the two fibers {h; = 0} and {hy = 0} have a contact of order k + 1 at po.
In fact, we can extend this ramified cover over the neighborhood of A C P! x P!

and get

D (S,CoUCLU---UCK) U (B x Pt A)

where Cy, ..., are the preimages of A, that intersect transversely at pg. After
selecting one of them, say Cp, we get our initial map @ : (S,Cp) — (P! x P A).
From this point of view, it becomes clear that the lack of unicity comes from the
choice Cy among Cy,...,C, and the corresponding neighborhoods might be not
isomorphic: (S, C;) # (S, Co).

However, in the case H; and Hy are in general position, then £ = 1 and the
covering, being of degree 2, is automatically galoisian: (S, Cy) ~ (S,C7). Then we
have a one-to-one correspondance between smooth curves 3 at go having a simple
tangency with A and (+1)-neighborhoods (S,Cy) with H;, Hs having a simple
tangency at pg = {x = 0}, up to isomorphism preserving the fixed parametrization
X : CO — Pl
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Finally, the change of parametrization induces a diagonal action of the group A
on P! x P1. Viewing ¥ as the graph of a germ of diffeomorphism v = ¢(u), we see
that o(u) = u+cu®+---, ¢ # 0, and the diagonal action induced by A is an action
by conjugacy on ¢, whence the result. [

Remark 5.20. If we consider the very special (41)-neighborhood (.5, Cy) studied
along section [5.4] after specializing to the neighborhood of any deformation C. #
Co, we get a new (+1)-neighborhood (S, C¢) with two fibrations in general position.
This neighborhood does not depend on the choice of ¢ since SLo(C) acts transitively
on those rational curves; it is easy to check that it corresponds to the class of the
diffeomorphism ¢(u) = u/(1 — u), i.e. to a curve ¥ given by a bidegree (2,2) curve
(a deformation of A).

5.6. Proof of Theorem [5 Before proving the theorem we make some consid-
erations. First of all, recall (see Proposition B ) that there are normal forms

d =

H\H

Y .
;4’ Z bz y" |, P = + Z bmn ;=12
V(—2,3) —2,3)

compatible with H, H; and Hs respectively, and denote by ¢; = (a;, 8,7, 1) the
parameter corresponding to the change of cocycle from ® to ®%, i = 1, 2.

d
(a17ﬂ1771y \\(izﬁzﬂ%l)
b ]

All along the section, we assume moreover (ai,f1,71) # (a2, B2,72) and are
both # (0,0,0) (otherwise two of the three firbations coincide).

Lemma 5.21. Ifb_53 =0, ¥; = («,0,0) and 92 = (0, 5,0), oS # 0, then by, =0
for every (m,n) and the neighborhood is linearizable.

Proof. From formula , we already get 0 = alz, = ab 34 and 0 = a?3, =
Bb_2,4. Assume by induction that b,, = 0 for every k < n. Then

1 y b_2 n bl—n n

=24+ (——+... +—)"+...].
(sc’a:+( 2 ot zn—1 "+

The change of coordinates sending ® to ®; takes the form (see Proposition [4.5)

Y )
)7 \Ill :(x+ay7y)a

14+ ay

and we can check by direct computation that

1 b—3n bl —n,n Yy
Oy = (= a2 4 ...
1 <$+a( 2 +...+ p — )y +oly )x+o(y)>

so that we deduce by, , = 0 for m # —2. On the other hand

x n n
) = (1+ay —ab_s,y" + o(y™),

we see in a similar way that a_3,n = Bb_gm = 0. We conclude by induction. (]

Lemma 5.22. Ifb_s3 =0 and ¥; = (a;,0,0) with oy # as both non zero, then
bm.n = 0 for every (m,n) and the neighborhood is linearizable.
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Proof. We prove by induction on n, in a very similar way, that b, , = 0 for m # —2,
until n = 7: for instance, at each step, we get a}nm = a1bm,n (we use only two
fibrations so far). Then, for n = 8 we find that ai_g)s = a;(b_ss — a;b_s4) = 0.
Of course, since o # g we get both b_3 g = b_94 = 0. For n > 8, the induction
shows that b_o _4 =b_3, = -+ = bi_yn = 0 and we get the result. [l

Proof of Theorem[5.1. We consider the following cases.

Case 1: Tang(#,H1)NTang(H,Hsz) = 0. We change parametrization x : Co —
P! so that Tang(H,H1) N Cy = {z = 0} and Tang(H, Hz) N Cy = {x = oo}, which
implies 51 = as = 0. Note that a; 82 # 0 because we are not in the case of tangency
along Cj.

If b_gs # 0, we can assume after change of coordinate ¥ = (0,0,0,6) that
b_2 3 = 1. We consider the equations a}n’n =0and a%yn =0 for n < 7, we can solve
and express all by, ,, n < 7, in terms of ay, 71, B2 and 2. We replace them in the
remaining coefficients a2, ,, for n < 7, m # 3, and use Groebner basis in order to
rewrite the ideal

2 2 2 2 2 2
<‘1—4,57a_4,6’ A_56,0_47,4_57; a—6,7> = (72, a12)

but this implies that «; 82 = 0, which is not possible.
If b_o3 = 0 with a similar argument we arrive in 7, = 72 = 0 and thus we
conclude by lemma [5.21]

Case 2: Tang(H,H1)NTang(H, H2)NCo = {x = 0}. In this case we can assume
¥ = (@4, 0,75, 1) with ajas # 0. Suppose first (g, 1) not parallel to (az,72).

If b_>3 =1, we use equations a,lmn =0,3<m<n<7 and a2_3,5 = a2_376 =
a2_377 = 0 in order to find all b, , with n < 7 except b_g 7 in terms of oy, 11, g
and vys. Replacing them in a2_677 we obtain v = 0 or 73 = 2. The former case
implies, by using a2_3,4, that v, = 2 and this give us the equation a2_476 = 6a; =0,
impossible. On the other hand, the last case gives us a2_5’7 =12(a1y2 — aay1) =0,
and this also contradicts our hypothesis. We conclude that we are never in this
case.

If b_y3 = 0, we use equations a,,, = 0,3 <i<j <7 anda®35 =a’34 =
a2_377 = 0 in order to find all b, , with n < 7 except b_g 7 in terms of oy, 11, g
and ;. Replacing them in a?3 4, a®, 5 and a® ; 5, we arrive in v, = 7o = 0. We
are in the hypothesis of lemma and therefore we conclude the theorem.

Finally we consider the case (a2,7v2) = Ao, 71), for A # 0, 1.

Ifb_gs =0, froma's, =a?3, = 0 we obtain 71 = 72 = 0, and then we are
able to apply lemma [5.22

If b3 =1, again from al 5, = a® 3, = 0, we obtain v; =7, = 0 and a! 3, =
a1b_3 4 = 0. Now, from al 3 5 = al, 5y = 0 we also get b_35 = b_y 5 = 0. Therefore
alys=o(b_zs—a1) =0and a® 35 = az(b_s6—az) = 0, which is a contradiction
since a1 # Q. O
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6. AUTOMORPHISM GROUP

Let II be a projective structure defined on some neighborhood U of 0 € C? by
(17) y' = f(z,y,9)

with  f(z,y,2) = A(z,y) + B(z,y)z + C(z,y)2° + D(z,y)2°

A local diffeomorphism ¥ in U (fixing 0 or not) is an automorphism of the projective
structure II, if it sends geodesics to geodesics of . As a consequence, ¥ acts
also on the dual neighborhood (U*,Cj), inducing a diffeomorphism ¥ from the
neighborhood of Cj onto the neighborhood of (itself or another) (41)-rational curve
C inside U*. Conversely, such a diffeomorphism ¥ in U*, between neighborhoods
of (+1)-rational curves, induces an automorphism ¥ of the projective structure II
as above. Lie showed that the pseudo-group of automorphisms of the projective
structure forms a Lie pseudo-group denoted by Aut(II). Vector fields whose local
flow belong to this pseudo-group are called infinitesimal symmetries and form a
Lie algebra denoted by aut(II). Elements of aut(IT) obviously correspond to germs
of holomorphic vector fields on the dual (germ of) neighborhood (U*, Cy), and we
denote by aut(U*, Cy) the corresponding Lie algebra. Clearly, we have

aut(IT) ~ aut(U™, Cy).

In [22], Lie gives a classification of the possible infinitesimal symmetry algebras for
projective structures, showing that they must be isomorphic to one of the following
algebras

(18) {0}, C, aff(C), sl3(C) or sl3(C)

where aff(C) is the non commutative 2-dimensional Lie algebra corresponding to
the affine group acting on the line: it is spanned by X and Y satisfying [X,Y] = X.

In their paper [6], R. Bryant, G. Manno and V. Matveev classified two-dimensional
local metrics (U, g) whose underlying projective structure (U,II,;) is such that
dim aut(Il;) = 2. This problem was settled by Lie himself. As a biproduct, they
provide in [0, section 2.3] a list of almost unique normal forms for generic local
projective structures (U, II) with dim aut(II) = 2. In section we give a precise
statement of this, completed with other possible dimensions dim aut(IT) = 1,2, 3, 8.

6.1. Preliminaries. Let us start with some considerations in the case the projec-
tive structure (U, II) is invariant by one (regular) vector field, say 0,,.

Lemma 6.1. Let X = 0, be a non trivial symmetry of a projective structure (U, II)
and let X be the dual vector field on (U*,Cy). Then the differential equation for
the projective structure takes the form

(19) y" = Alx) + B(x)(y) + Cla)(y')* + D(2)(y)?
and we have the following possibilities:

e D(0) # 0 and X is regular on (U*,Cy), with exactly one tangency with Co;

e D(0) =0 but D # 0 and X has an isolated singular point on (U*,Cy);

e D =0 and X has a curve T' of singular points on (U*,Cy); moreover,
I' is transversal to Co and the saturated foliation Fx defines a fibration
transversal to Cy.
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Proof. The normal form follows from a straithforward computation. Clearly,
X has a singular point at p € U* if, and only if, the corresponding geodesic in U is a
trajectory of X (i.e. is X-invariant). Therefore, up to shrinking the neighborhoods
U and U*, we have 3 possibilities:
e D#0onU and X is regular on (U*,Cp);
e D vanishes exactly along = 0 which is therefore geodesic, and X has an
isolated singular point at the corresponding point on (U*, Cp);
e D =0, the foliation dz = 0 defined by X is geodesic, and X has a curve I'
of singular points on (U*, Cp).
In the first case, the restriction X |, cannot be identically tangent to TCy ~ Op1(2),
otherwise it would have a singular point; it thus defines a non trivial section of
NCy ~ Op: (1) which must have a single zero, meaning that X has a single tangency

The second case we are not interested, since moving to a nearby point of U, we
can assume that we are in the first case.

In the third case, each trajectory of X is geodesic, so is the induced foliation
dx = 0. By duality, this foliation defines a cross section to Cy consisting of singular
points of X. The saturated foliation F t is locally defined by X oustide T, and by
the vector field %X near I', where f is a reduced equation of I". But %X induces a

non zero section of NCy (near I') since it must be less vanishing; %f( is therefore
transversal to Cp, and so is Fy. O

Lemma 6.2 (Cartan [8, p.78-83]). Let W = Fo W F; X Foo be a regular 3-web on
(C,0), and let aut(W) be the Lie algebra of vector fields whose flow preserve W. If
aut(W) # 0 then we are in one of the two cases, up to change of coordinates:
o autW) = Co, and W = dy X (dy — dz) X (dy + f(z)(dy — dx)), with f
analytic, not of the form f(z) = ae®®, a,b € C;
o aut(W) = C(0y, Oy, 0y + y0y) and W = dy K (dy — dz) K dz.

Lemma 6.3. Under assumptions and notations of Lemmal[6.1, assume that we are
in the last case D = 0. If the singular set I' of X is a fiber of the fibration defined
by Fx on (U*,Cy), then (U,II) is linearizable.

Proof. Take 3 different fibers of Fy different from I', they define a 3-web W =
Fo X F1 K Foo which is invariant by X. By Cartan’s Lemma we can assume
X =0y, and W = dyX (dy — dz) K (dy + f(z)(dy — dx)) so that the flat structure
of TI is defined by the pencil dy + zf(z)(dy — dx) = 0. But the foliation dz = 0
defined by X is, by assumption, belonging to the pencil, which means that II is also
defined by the hexagonal 3-web dy X (dy — dz) K dz, thus linearizable. O

6.2. Classification of projective structures with Lie symmetries. The prob-
lem of this section is to classify those local projective structures (U, II) having non
trivial Lie symmetry, i.e. such that dim aut(IT) > 0, up to change of coordinates.
However, in this full generality, the problem is out of reach; indeed, it includes for
instance the problem of classification of germs of holomorphic vector fields (with
arbitrary complicated singular points), which is still challenging. Instead of this,
and in the spirit of Lie’s work, we produce a list of possible normal forms up to
change of coordinates for such a (U,II) at a generic point p € U, i.e. outside a
closed analytic subset consisting of singular features. For instance, a non trivial
vector field is regular at a generic point and can be rectified to d,; we only consider
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this constant vector field in the case dim aut(IT) = 1. The following resumes some
results of [6] section 2.3].

Theorem 6.4. Let (U,II) be a projective structure with aut(II) # {0}. Then, at
the neighborhood of a generic point p € U, the pair (IL, aut(II)) can be reduced by
local change of coordinate to one of the following normal forms:

(i) aut(Il) =C- 9y and (A,B,C,D) =
(i.a) (A(x), ()Ol)wzthABe(C{x}
(i.b) (A(x),0,e*,0) with A € C{z};
(ii) aut(Il) = <8y,8 +ydy) and (A,B,C,D) =
(ii.a) (e®,3,0,e72%) with a, B € C, (o, B) # (0,2),(075);
(ii.b) (ae®,0,e77*,0) with o € C;
(iii) aut(Il) = C(9y, Oz + Y0y, Y0y + %%) and (A, B,C, D) = (0, %,0,6_295);
(iv) aut(IT) = sl3(C) and (A, B,C,D) = (0,0,0,0).
These normal forms are unique, except for the case (i.a), which is unique up to the
C*-action:

(A(z), B(x),0,1) *5 (A\*A(\%2), \A2B(\2z),0,1).

Remark 6.5. The normal forms for aut(II) in the statement correspond to the list
of transitive local actions of Lie algebras listed in , except that sla(C) has also
exotic representations generated by

2

2
Only the standart one occurs as symmetry algebra of a projective structure.

X=0, Y=0,+y0, and Z = (y+ci1e®)0, —|—( + coe? )0y, c1,c2 € C.

Remark 6.6. Case (iii) corresponds to the special structure studied in section
o @y = (ay' —y)°
at the neighborhood of any point p # (0,0) and is invariant under the standart
action of sla(C)
ut(TTo) = Cladly 5 (~as + 40,), ~ 5y0:)

However, at p = (0,0), the Lie algebra is singular, which is excluded from the list
of Theorem Case (iv) corresponds to the linearizable case y”’ = 0.

Proof of Theorem[6.J} We essentially follow [6, section 2.3]. Let us start with the
case aut(IT) = C(X). At a generic point p € U, the vector field X is regular and we
can choose local coordinates such that X = 0,. One easily deduce that the equation
for the projective structure, being X-invariant, takes the form y” = f(z,y,y’)
with

(20) f(z,y,2) = A(z) + B(z)z + C(x)2* + D(x)2*

The normalizing coordinates for X are unique up to a change of the form
P (z,y) = (Y(2),y+6(x)), (0) =¢(0) =0, ¢'(0) # 0.

The projective structure ®*II is defined by

~

f(x,y,2) = A(z) + B(x)z + C(x)(2)* + D(2)(2)°
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where (we decompose for simplicity)

A=Aoy-(¢)?

CBow.u 4t
(21) when @ = (ih(z), y), thend 5~ DOV VT

C=Coy
AN _ Doy
D=2

A=A+B¢ +C(¢)? + D)~ ¢
B =B+20¢ +3D(¢)?
C=C+3D¢
D=D
If D # 0, then we can assume at a generic point that D # 0. We can normalize
D =1 by setting ¢~ (z) := Iy % in the first change, and then normalize C = 0
by setting ¢'(x) = —C/3 (which does not change D =1): (A(z), B(z),0,1).

Since we are interested in the Lie algebra, more than a given vector field, then
we can also change ®(x,y) = (z, ay) with a # 0 and get the form

(23) when ® = (z,ay), then (A, B,C,D) = (a"'4, B, aC, a?D).
Finally, ® = (a?z, ay), a combination of (21)) and , yields the new normal form
(a®*A(a’x),a® B(a*z),0,1)

whence the C*-action of the statement.

Suppose now D = 0. If C' would be constant then, by , Ly =Ly=0and]Ilis
linearizable. Passing to a generic point, we can assume C’(0) # 0 and use changes
(21) and to normalize C' = e*. Finally by using , we arrive in the unique
desired normal form (A(z),0,e*,0). In this case the equation is never linearizable,
since by (2)) we get (L1, L) = (0,2¢%).

Now we study the case aut(Il) = C(X,Y), with [X,Y] = X. By [0, Lemma 1], we
know that, at a generic point, we can find coordinates where X = 9,, Y = 0, +y0,.
The invariance of the projective structure by both the flows of X and Y yields

(A7B7 C? D) = (aem’ﬁ’ 7€7E75672$)7

were «, (3, v and § are constants. The normalizing coordinates for the Lie algebra
are unique up to a change

(22)  when ® = (z,y + ¢(x)), then

O = (x,ay + be®)
with a,b € C, a # 0. If § # 0, we obtain a unique normal form (ae?, 3,0, e2%).
By [0}, Lemma 4], the cases (a, 8) = (0,2) and (0, %) have more symmetries: they
respectively correspond to the sl3(C) and sla(C) cases.
When § = 0, we shall have v # 0 (otherwise IT would be linearizable), and we can
normalize (/T,E, é,ﬁ) = (ae®,0,e7*,0), with o € C; this normal form is unique.
The case aut(Il) = sly(C) follows directly from [6, Lemma 4]. O

In Theorem normal forms (i) contain some models with larger symmetry
Lie algebra, and we end the section by determining them. First of all, the projec-
tive structure is linearizable when Liouville invariants L; and Lo given by are
identically zero, and we get:

(L1, Ly) = (—3A'(z), —3B'(z)) for model (i.a), and
(L1, Ly) = (—e™ %, —2e~2®) for model (i.b).
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Linearizability only occur in model (i.a) when A and B are simultaneously constant.
In the case aut(II) = aff(C), there must exists a vector field v € aut(II) such that

[0y, v] =0, or c-v, ceC.
This implies that v takes the respective form
v=a(x)0; + (y+ B(x))0y or eY(a(x)0,+ (x)0y).

We can furthermore assume «(0) # 0 so that the local action is transitive together
with dy; moreover, ¢ # 0, otherwise the two vector fields commute, which is excluded
in the non linearizable case. Let us firstly discuss the case of normal form (i.a).
In the case where 0, is stabilized by aut(II), by using [6 formula (3)] for v =
a0y + (y + B)0y, one easily deduce that

1]
v=2(x+a)0:+ (y+5o)0y, and (A, B,C,D)= ((z +1(30)3/2, @ +Oa0) ,0, 1) )

with ag, B0, 70,00 € C, ap # 0. The second case v = e (a(x)0; + B(x)0y) is less
explicit. The invariance of the projective structure in normal form (i.a) allows us
to express everything in terms of «(x) and its derivatives:

a/_02a /II_C4a/ 3a1/+c4a
7071 )

8=

2¢ 43a 7 4cta
and finally yields the following differential equation for «

+ oo’ — 3(0//)2'

and (A, B,C,D) = (O‘

C4(Oéa// _ (O/)Q) _ 302(046/” _ O/Oz”) + 200"
Once we know the 3-jet of «, then we can deduce all the coefficients by mean of this
differential equation. Mind that we can set «(0) = 1 so that we get a 4-parameter
family of projective structures, taking into account the constant ¢, that can further
be normalized to ¢ = 1 by using the C*-action. Equivalently, the family of projective
structures is given by the solutions of the system of differential equations

, 27cA? +9AB’ — 3¢(B + ¢*)B' 4 ¢(4B + ¢?)(B + ¢?)?

A

6(B + c?)
B — _ 2TcA(cA - B') — 12(B")? = 9¢*(B + ¢*)B' + ¢*(4B + ¢®)(B + ¢?)?
6(B + ¢?)
and we can recover a and 3 by:
/ / /2
o 3cA+B and 5:(1 o

a  B+¢ 2¢
For normal forms (i.b), the discussion is similar, easier though, and one find
v=—0; + (y + )9y, c € C, with projective structure (age™*,0,e",0).
Finally, for the case aut(II) = sly(C), we just note that 9, must be contained in a
2-dimensional affine Lie subalgebra, and we are in a particular case of the previous
one.

6.3. Symmetries of flat projective structures. Here, we classify those pro-
jective structures having simultaneously a flat structure (see section and Lie
symmetries. In other words, we describe which models in the list of Theorem [6.4]
have a flat structure, and how many. Recal (see section [5]) that a given projective
structure, if not linearizable, has at most 2 flat structures.
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Theorem 6.7. Let (U, 1I) be a flat projective structure with Lie symmetries: aut(Il) #
{0}. Then, at the neighborhood of a generic point p € U, the pair (II, aut(II)) and
pencil of geodesic foliations F, : wg + 2weo can be reduced by local change of coor-
dinate to one of the following normal forms:
(i) at(II)=C-9,, (A,B,C,D) =
(i.a.1) (0,0,14¢',g) and F, : eY(dz + g(z)dy) +z\d£/;
|

wo Woo

(i.a.2) (0,0,¢',1) and F, : —(dz + (g(z) + y)dy) +

z dy ;
~—
Woo

wo
(i.b) (0,0,¢’,0) and F, : dx + g(x)dy+=z dy ;
—_—— =~
wo Woo
(i) aut(Il) = C(9y, 0y + ydy) and (A,B,C,D) =
(ii.a) (e®,3,0,e72%) with a, B € C belonging to the cubic nodal curve
C — T'={27a?+4p%>-1282+98-2=0} Cc C?
(24) 2 2
v (7(29° = 1),2=377)
and the corresponding flat structure is given by

F. e (yy + (29 — 1)e®)dx — (y + 2ve®)dy +2 (dy — ve*dzx) .

wo Woo

Here, we exclude the cases a = 0 corresponding to (iii) and (iv) below.

(ii.b.1) (1%4)‘2637,0,6_”,0) with A € C*, and

F.: e {dy — (12)\) e‘”daz} +z [dy — <1J2r)\> ezdx};

wo Woo

® 1
(iLb.2) (2,0,e7%,0) and F. : (1 — g)e“"d:z: +ady+ (dy — 5" da);

wo Woo
(iii) awt(TT) = C(dy, Dy + Y0y, y0x + £0,) and (A, B,C,D) = (0,1,0,e72);
(iv) aut(I) = sl3(C) and (A, B,C, D) = (0,0,0,0).

Case (iii) corresponds to the case (ii.a) with v = j:%; the two values of y provide

the two flat structures for II in this case. Case (iv) corresponds to the case (ii.a)
with v = 0; in that case, all flat structures are described in example [3.3]

Lemma 6.8. Let (U,II) be a projective structure with Lie symmetry X = 0, and
flat structure F,,_, with w, = wo + 2weo. If (U,II) is not linearizable, then

o the flow ¢' of X must preserve the flat structure,
e the flow ' must preserve at least one foliation of the pencil, say F, .,
e no element of the pencil F,,. can coincide with the foliation Fx : {dz = 0},
and after change of coordinate y — y + ¢(x), we may furthermore assume
Woo = dy.
In particular, at the neighborhood of a generic point p € U, we may furthermore
assume ws, = dy in convenient coordinates.

Proof. The vector field induces an action on geodesics, and therefore on the dual
space (U*,Cy); denote by X the infinitesimal generator. Let H be the transverse
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fibration corresponding to the falt structure. If H is not invariant by the flow gth,
then we deduce a l-parameter family H; = ((b’}()*’H and deduce from Theorem
that II is linearizable, contradiction. Therefore, X preserves H and acts on
the space of leaves ~ P.. In particular, it has a fixed point, corresponding to an
X-invariant foliation in the pencil, say F,, .

Assume for contradiction that the foliation Fyx, defined by dz = 0, coincides with
one of the F,,_’s; since it is X-invariant, we can assume z = co. Therefore, we are in
the third case of Lemma X has a curve I' € U* of singular points transversal to
Cy. Moreover, I is H-invariant and X defines another transverse fibration F ¢ T
is invariant by F ¢, then Lemmaimphes that (U, 1I) is linearizable, contradiction.
Therefore, I' is not invariant by F 5, and in particular, the fibrations 7y and H do
not coincide. Consider the tangency set ¥ := tang(Fx, H). Since H is X-invariant,
' must be X-invariant. Clearly, ¥ is not contained in the singular set sing(X) =T
and H is thus Fg-invariant. Again, this means that I' is a common fiber of Fy
and H, and Lemma implies that (U, II) is linearizable, contradiction. (I

Proof of Theorem[6.7 Let us start with the case aut(Il) = C - X with X = 9,,
and assume (U, II) not linearizable. Then, by Lemma X preserves the pencil
of foliation and acts on the parameter space z € P! fixing z = oco. More precisely,
we can assume we, = dy and that the action on the pencil is induced by one of the
following vector fields

z0,, 0, or 0.

In the first case, we must have that (¢% ).w, is proportional to we:, for any ¢, z € C;
since w, = wp + 2weo and weo is P -invariant, we deduce

(thX)*wO = eitwo-

This implies that wy = e¥(f(x)dx + g(z)dy) for some functions f, g € C{xz}, f(0) #
0. After taking [ f(z)dx as a new coordinate, we get the normal form

wo = ¥ (dx + g(z)dy).

We easily derive the projective structure II by derivating “wo/weo”:

/ 1
0= (ev (L4 ey (Lag)per (X 1y
y Y Y\y ™Y w2 7

=y =1+g)y)+(9))?, ie (A B,C,D)=(0,0,1+4g).

If the action is now induced by 9, then we get

(0% )swo = Wo + twee

which gives wg = f(z)dz + (9(x) —y)dy, where again we can normalize f = 1 which
gives the projective structure

wo = 7(d$ + (g('r) =+ y)dy and (A7B707 D) = (07079/7 1)

Finally, when the action is trivial on the parameter space z, we get that wy is also
invariant, i.e. of the form f(x)dx + g(z)dy; we can again normalize f = 1 and get

wo =dz +g(x)dy and (A,B,C,D)=(0,0,g,0).
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Let us now consider the case aut(Il) = C(X,Y) with X = 0, and Y = 9, + y0,,
and still assume (U, II) not linearizable. Like before, the Lie algebra preserves the
pencil F, and induces an action on the parameter space of the form

(X,Y)|. = (0.,20,), (0,Xz0,), (0,0.), or (0,0),

with A € C*. We note that we cannot normalize A = 1 by homothecy since Y has
to satisfy [X,Y] = X in the (z,y)-variables; different values of A will correspond to
different projective structures.

In any case for (X,Y)|,, Foo is fixed, and this means that we can write

Woo = d(y — ve")
for some v € C. Indeed, the invariance by X means that the leaves of F,, are
Oy-translates of the leaf y = f(x) passing through the origin, i.e. we can choose
Weo = d(y — f(x)); then, the invariance by Y gives the special form f(z) = ~ye®.
Here, we have used Lemma to insure that, maybe passing to a generic point

p € U, we can assume that F, is not vertical at p.
If (X,Y)|, = (0., 20.), then we can check that

wo = (a€®® + vey)dx + (Be” — y)dy

for some constants «, § € C. This normalization is unique up to a change of coor-
dinate of the form ® = (x, ay + be™) preserving the Lie algebra; this allow to reduce
the corresponding projective structure II into the normal form (ii.a) of Theorem
yielding after straightforward computation the formulae (ii.a) of Theorem [6.7
If (X,Y)|. = (0, A20,), then we find
wo = M (ae®dx + fe*dy)

which gives after normalization

w, = e [dy — (12>\> exdar] +z [dy — (1;)\> exdx]

1— )2

and (A4,B,C,D) = < ez,O,ez,O) )
If (X,Y)|. =(0,0,), then we find

wo = (@ +yz)e®dr + (8 — x)dy
which gives after normalization

1 x
w, =(1— g)emdm‘ + xdy + 2(dy — 569”) and (A,B,C,D)= (Z,O,eﬂO) .

Finally, if (X,Y)|. = (0,0), then we find
wo = aedx + Bdy
which gives after normalization (A, B,C, D) = (0,1, 0,0), which is linearizable. O

Remark 6.9. Projective structures of Theorem [6.7] (i) can be put in normal form
as in Theorem For instance, in the case (i.a.1), using change , one easily
get the following form

w, = el @V(de +dy) + 2zdy and (A,B,C,D)= (0, f',1+ f.1).
z ( y) y (77,) (7f7 fa)
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The final normalization is not so explicit, but turning the other way round,
we can easily check that a normalized projective structure (4, B,0,1) comes from
such a flat structure iff it satisfies

(4B* +5B — 3B’ 4 1)?
3(1B + 1)
and in this case, f(z) (and the flat structure) is given by

A% =

11
f’=§+5 —3(4B +1).

In a very similar way, the projective structure (4, B, 0, 1) comes from the case (i.a.2)
iff
(4B? — 3B’)?
108B
and in this case, g(x) (and the flat structure) is given by

¢ =v—-3B.

Finally, one easily check by similar computations that any normal form (i.b) of
Theorem [6.4] i.e. (A(x),0,€”,0), is also flat, i.e. comes from (i.b) of Theorem [6.7

A2 =
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