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MIXED SECTIONAL-RICCI CURVATURE OBSTRUCTIONS
ON TORI

BENOIT KLOECKNER AND STEPHANE SABOURAU

ABSTRACT. We establish new obstruction results to the existence of
Riemannian metrics on tori satisfying mixed bounds on both their sec-
tional and Ricci curvatures. More precisely, from Lohkamp’s theorem,
every torus of dimension at least three admits Riemannian metrics with
negative Ricci curvature. We show that the sectional curvature of these
metrics cannot be bounded from above by an arbitrarily small positive
constant. In particular, if the Ricci curvature of a Riemannian torus
is negative, bounded away from zero, then there exist some planar di-
rections in this torus where the sectional curvature is positive, bounded
away from zero. All constants are explicit and depend only on the di-
mension of the torus.

1. INTRODUCTION

A classical line of research in Riemannian geometry is the relationship
between the various curvatures of a Riemannian manifold and its under-
lying topological structure. There are many results providing topological
obstruction to the existence of metrics with sectional or Ricci curvature of
a given sign. Here are some of classical examples under one-sided curvature
bounds among many others:

(1) as a consequence of the Cartan-Hadamard theorem, a manifold whose
universal covering is not diffeomorphic to R™ admits no complete
metric of non-positive sectional curvature;

(2) from Preissman’s theorem, cf. [P98, §6.3.2, Theorem 24|, the torus
admits no Riemannian metric of negative sectional curvature;

(3) as a consequence of Myers’ theorem, cf. [P98, §6.4.1, Theorem 25],
a closed manifold with infinite fundamental group admits no Rie-
mannian metric of positive Ricci curvature;

(4) finally, no closed manifold is almost nonnegatively Ricci curved un-
less its has an almost nilpotent fundamental group, cf. [CC96].

Actually, when constraining the Ricci curvature in Riemannian geometry,
one is led to consider lower bounds only since upper bounds do not carry
much geometric or topological information. More specifically, J. Lohkamp
showed that every closed manifold of dimension at least three admits a
Riemannian metric of negative Ricci curvature, cf. [L94]. Moreover, these
metrics are dense in the space of all Riemannian metrics, still in dimension
at least three, for the C%-topology, cf. [L95].

Contrarily to previous works, we consider mixed curvature bounds in-
volving upper bounds on the Ricci curvature in this article. More precisely,
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2 B. KLOECKNER AND S. SABOURAU

our main objective is to investigate the gap between the point (2) above
for Riemannian tori and Lohkamp’s theorem. Although there are no metric
with negative sectional curvature on any torus, tori of dimension at least
three do admit metrics with negative Ricci curvature. A natural question
to ask is: given a Riemannian torus with negative Ricci curvature, what
can be said about its sectional curvature? In particular, can such a torus
have almost nonpositive sectional curvature (that is, can its sectional curva-
ture be bounded from above by an arbitrarily small positive constant)? We
negatively answer this question, showing a topological obstruction to such
mixed curvature bounds.!

Theorem 1.1. For all integer n > 3, there exist positive constants ey,
and Ay, such that for any ¢ € (0,e,), no Riemannian torus M = (T",g)
can satisfy both

Ky - (diam M)* < ¢ and  Ricys - (diam M)? < —(n — 1)A, ¢

where Kj; denotes the sectional curvature and Ricps is the Ricci curvature.
Moreover, one can take &, = 2-6n*=Tn nq A,, = 3000n°.

To our knowledge, this is the first result of this kind involving an upper
bound on the Ricci curvature. Actually, such obstruction also holds for a
more general class of manifolds, namely generalized torus, see Definition 3.1
and Theorem 5.9.

While it could be tempting to use a compactness approach to prove this
obstruction theorem (taking a sequence M = (T", gi) with sup Kp;, — 0
and Ricci curvature bounded from above by some negative constant, and
passing to a limit to get a contradiction), such an argument seems doomed
to fail under a Ricci curvature upper bound (and would not yield explicit

bounds).

The idea of the proof is to establish a double estimate on the relative vol-
ume growth of balls in the universal cover of a torus satisfying some upper
bounds on the sectional and Ricci curvatures. On the one hand, it follows
from volume comparison estimates based on the “root-Ricci curvature” (a
generalized Giinther’s inequality, cf. [KK15]) that this growth is exponential
for balls of not too large radius. On the other hand, from a classical argu-
ment of Milnor [M68], we know that the growth of the relative volume of
balls is at most polynomial in their radius. The strategy is then to combine
the two growth estimates to show that too strong curvature bounds would
lead to a contradiction. However, due to the finite range of the generalized
Giinther inequality, we need to make Milnor’s argument non-asymptotic and
to control the involved constants as independently of the metric as possi-
ble. A difficulty in this approach is to choose a good generating set for the
fundamental group. One thing that could go wrong would be the presence
of very short non-contractible loops. This is a real possibility, dealt with
by passing to a suitable finite cover of M. The point is to kill the very
short non-contractible loops by taking a finite cover with roughly the same

INote that we use the convention Ricas(u, u) = Tr R(-, u, -, u) where R is the Riemann
curvature (0,4)-tensor, and that by Ricyr < A we mean Ricar(u,u) < Ag(u,u) for all
ue€TM.
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diameter and a “balanced shape”. This leads us to the following result of
independent interest: without any curvature assumption, up to a finite cover
of controlled diameter, the stable norm of a torus can be non-asymptotically
controlled by the displacement function (the precise definitions of these no-
tions are given in Section 2), in terms of the dimension and the diameter
only. More precisely, we prove the following.

Theorem 1.2. Let M be any Riemannian n-torus. There exists an n-torus
N which is a finite Riemannian cover of M with

diam(M) < diam(N) < 6" diam(M)

such that the displacement function dny on N with respect to any basepoint
satisfies

{5]\;(0) —|loflst| < Cn - diam(N)
for every o € Hi{(N;Z), where Cy, is an explicit constant depending only
on n. One can take C,, = 24n°+20n*

Neither the value given for C),, nor 6™ are optimal, and while we could
state slightly better (but more complicated) bounds, it seems non-trivial to
improve them dramatically.

A version of this result, applying to M directly without taking any cover,
but with a metric-dependent constant C instead of C), -diam(N), has been
established by D. Burago [B92]. Going over the argument, F. Cerocchi and
A. Sambusetti [CS16] showed that the metric-dependent constant Cs can be
expressed in terms of the dimension n, the diameter of M and the asymptotic
volume of the universal cover of M. Actually, their result holds in the more
general setting of length metric spaces with Z"-isometric actions. They also
presented an example in this setting showing that the difference between
the displacement function and the stable norm cannot be bounded in terms
of the dimension n and the (co)diameter only. Whether, in the case of a
Riemannian torus, passing to a cover is necessary to obtain such a bound is
a question left open?, but we do not need this for our purpose. Actually, we
do not use Theorem 1.2 to prove Theorem 1.1, we rather deduce both results
from a slightly different control of the displacement function involving word
norms, see Theorem 4.2.

2. CYCLIC COVERS AND DISPLACEMENT

Given a closed n-manifold M, we shall construct particular cyclic covers
of M and establish some cohomological properties related to their construc-
tion.

There is a natural bijection between H'(M;Z) and the set [M,S'] of
homotopy classes of continuous maps from M to the circle, provided by
the fundamental relationship between cohomology and Eilenberg-MacLane
spaces, c¢f. [H02, Theorem 4.57]. By definition, this bijection takes a con-
tinuous map f : M — S! to the cohomology class f*(e) € H'(M;Z),
where e is the fundamental cohomology class of S! in H'(S';Z). Denote

2despite S. Ivanov’s suggestion on MathOverflow [I13] to adapt D. Burago’s original
proof.



4 B. KLOECKNER AND S. SABOURAU

by fn : M — S' a continuous map in the homotopy class induced by a
cohomology class A\ € H'(M;Z) under this natural bijection.

We have the following relation.

Lemma 2.1. A cohomology class \ is primitive in H'(M;Z) if and only if
the continuous map fx: M — S' it induces is 1 -surjective.

Proof. Suppose that ) is not primitive in H!(M;Z). Then the class A can be
written as A = k u, where pp € H'(M;7Z) and k is a nonzero integer different
from +1. Since the multiplication by k in H'(S';Z) = Z corresponds to
a degree k covering m, of S' under the fundamental relationship between
cohomology and Eilenberg-MacLane spaces, we derive the homotopy relation
fa ~ 7o fu. As the covering 7y, is not mi-surjective, the same holds for f).

Conversely, suppose that the homomorphism fy, : 71 (M) — 71 (S!) = Z
induced by fy is not mi-surjective. Then, unless this homomorphism is
trivial, in which case f) is homotopically trivial, its image Im f), is an index k
subgroup of Z with k& > 1. From the covering theory, we derive that the
map f\ : M — S! factors out through a degree k covering m;, : S' — S1.
That is, fy = 7, o ¢ for some continuous map g : M — S'. In particular,

A= fx(e) = g*(m(e)) = kg"(e).
Thus, the class \ is not primitive in H'(M;Z). O

We are going to define a building block from which we will construct cyclic
covers of M. We could directly define these cyclic covers, but their various
properties are more convenient to establish by introducing this building
block first.

Let A be a primitive cohomology class in H'(M;Z). The map fy : M — S*
induced by A (and defined up to homotopy) lifts to a commutative diagram

M)\L);S’l

M Py
where the vertical maps are degree 2 cyclic covers. The fixed-point free
isometric involution of M) corresponding to the free action of the nontrivial
element of Zs on M), is called the antipodal involution and will be denoted
by 0= (9)\.

Fix a point p in M) and let ¢ = 6(p) be the image of p by the antipodal
involution. The Voronoi cell

D' ={z € M, | dyg, (7,p) < dyg, (2, 9)}. (2.1)

is a fundamental domain for the free action of Zy on M. We will need to
ensure some regularity of the boundary of the fundamental domain, and will
thus slightly modifiy D’.

Consider a triangulation of M including m(p) as a vertex, with the as-
sociated PL structure (implicitly, we assume a PL triangulation, i.e., the
link of each vertex is a PL sphere), and its lift to M. We consider the PL
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functions d,, and d, that match d(p,-) and d(q,-) on the O-skeleton, and we
define
D = {x € My | dy(a) < dy()} (2.2)
which is a domain with PL boundary. Choosing the triangulation fine
enough, we can assume that Jp and Jq are uniformly close to d(p,-) and
d(q,-) respectively. In particular, we can assume that D is at Hausdorff
distance at most 75 diam(M) from D’
Observe that since the triangulation on M) is a lift of a triangulation
on M, we have dy(z) = dy(6(z)) and vice-versa. In particular, the double
cover My is formed of the union of two isometric copies of D, namely D

and (D).
Lemma 2.2. The adjusted Voronoi cell D centered at p satisfies
diam D < 2.2diam M. (2.3)

Proof. Let x € D’. From the definition of the Voronoi cell D’ and since
7! (7(p)) = {p,q}, we have

dyz, (2,p) = dyy, (x, 77 (n(p))) = das (m(x), 7(p)).

Hence, d(z,p) < diam M. It follows that any = € D satisfies d(z,p) <
1.1diam M, and thus diam D < 2.2 diam M. O

Observe that the antipodal involution 6 leaves 0D globally invariant.
More specifically, we have the following

Lemma 2.3. The antipodal involution 0 takes every boundary component H
of D to a boundary component of D different from H.

Proof. We argue by contradiction. Let Hy be a boundary component of D
such that (Hy) = Hp and fix x € Hy. There are arcs [pz]| and [zg¢] lying in
D and (D) respectively. The arc [pz]U [zq] and its image by the antipodal
map @ form a Zs-invariant loop v of My. As the lift fy of the map fy is
equivariant with respect to the antipodal involutions on M, and S*, that is,
Zo-equivariant, the image of this loop by fy is noncontractible in S*.

The loop 7 intersects 9D only twice, at the two points x and 6(z) of the
connected component Hy. Thus, the loop « is homotopic to the product of
two loops lying on either side of dD. The images of these loops by fy are
contractible, so is the image of 7. Hence a contradiction with the previous
claim. O

From Lemma 2.3, the boundary 0D of D decomposes into two disjoint
isometric sets H, and H_, which are switched by the antipodal involution 6.
That is,

o0D=H UH_ (2.4)
with 6 taking Hy to H_ and vice versa. Now, given the Voronoi cell D
defined in (2.2), gluing back H; and H_ together gives rise to the original
manifold M = D/(0), while gluing two copies of D gives rise to the double
cover My = DUO(D).

The (n — 1)-cycle Hy of M given by Hy is related to the cohomology
class A € H'(M;Z) and the map f, : M — S' through the Poincaré duality
isomorphism as follows.
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Lemma 2.4. Up to the right choice of orientation of Hy, the Poincaré
duality isomorphism

PD: H'(M;Z) — H,_1(M;Z)

satisfies PD(\) = [H,].
Moreover, we can assume that the map f : M — R/Z induced by A
satisfies f;l(O) = H,.

Proof. Though these relationships can be obtained from general abstract
constructions, our argument will follow a hands-on approach.

The cohomology class
p € H'(M;Z) = Hom(H1(M; Z); Z)

whose Poincaré dual is equal to [Hy| € Hy,_1(M;Z) is defined by taking the
intersection with Hy. More precisely, for every 1-cycle ¢ of M, it is given by

p(lel) = [e] N [HA]
where N represents the (nondegenerate) intersection pairing in homology.

Consider also amap f : M — S with f~1(0) = H, defined as follows. Let
f:D —[0,3] be a continuous map with f~1(0) = H_ and f~1(3) = H,.
Extend this map into a continuous map f : My — S, still denoted by f,
equivariant under the antipodal involutions of My and S' = R/Z. That is,
fol=f+ % By the equivariance property of f, this map descends to the
desired map f : M — S with f~1(0) = H,.

Now, the f-invariant loop [p, q] U 0([p, q]) of M) formed of a minimizing
segment [p, g] between p and ¢, and its image 6([p, g]) by € projects down to
a simple closed curve of M, denoted by ¢g. The curve ¢y has intersection 41
with Hy. Furthermore, the map f takes the loop g to a generator of w1 (S*).
Hence, pu(co) = =1 and f*(e)(cp) = £1.

Finally, let H/. be the connected (n — 1)-cycle of M) obtained from H.
through surgery by attaching thin tubes in D between the connected com-
ponents of H so that H/ and its image H' = (H' ) decompose M) into
two connected cells. The projection of H’, gives rise to a connected (n —1)-
cycle H) of M, homologous to Hy. Consider the loops ~y of M which do not
intersect H). Since H} is connected, these loops generate the kernel of p
and lift to M. Observe that their lifts are sent to contractible loops in S*
by the equivariant maps f and fy. Thus, the images of the loops v under
the maps f and fy are homotopically trivial. Therefore the loops v generate
the kernels of f*(e) and A.

Since the cohomology classes A, p and f*(e) of
H'(M;Z) = Hom(H, (M;Z); Z)

have the same kernel, it follows that 1 = k1 A and f*(e) = k2 A for some
integers ki and kg (recall that A is primitive). As both classes p and f*(e)
take the values +1 at [cg], we conclude that A, u and f*(e) agree up to the
sign. In particular, the maps f and f) are homotopic up to the sign. O
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Definition 2.5. The construction of the double cover My by cutting M
open along the (n — 1)-cycle Hy and gluing back two copies extends to any
f-sheeted cyclic cover of M, where £ is a positive integer which will be fixed
later. More precisely, we can arrange ¢ copies Dy, - - , Dy of D in cyclic order
to form a f-sheeted cyclic cover M = M) , of M by identifying H’ to H i+l
(modulo ¢), where dD; decomposes into H}, U H' as in (2.4). Denote by
7 M — M.

the corresponding degree d covering. By construction, every copy D; of D
is a fundamental domain of M for the natural action of Zy on M.

Let o be a primitive cohomology class in H!(M;Z). The map fo : M — S*
induced by « lifts to a commutative diagram

MAK*);SQ

Trl lﬂ'a

Mt g
where fa : M — S'is m-surjective and m, : ST — S! is a covering of
some positive degree m,. The mi-surjective map f, induces a primitive
cohomology class & € H'(M;7Z) under the fundamental relationship between

cohomology and Eilenberg-MacLane spaces, c¢f. Lemma 2.1. That is, up to
homotopy we can write fi = fa.

Lemma 2.6. The following relation holds
(@) = mg, G.

Furthermore, my = (.

Proof. By construction, we have

Jaom=ms0 fa.
At the degree one cohomology level, this relation yields
7 (fale)) = fa(male))
where, as above, e denotes the fundamental cohomology class of S'. Since

fi(e) = a (and the same with &) and the homomorphism 77, corresponds

to the multiplication by m,, this relation can be written as
(@) = mg, G.
For a = A, the map fy : M — S with f 1(0) = H, lifts to a m-surjective
map fr : M — S! with f>\ (—) HZ L= H' . Tt follows that the vertical
map 7y : St — S'is a degree £ covering. That is, my = £. O
3. COHOMOLOGY LENGTHS AND COVERS

Using the same notations as in the previous section, we introduce co-
homological lengths and study how the cohomological lengths of integral
cohomology basis can grow by taking cyclic covers.

Let us introduce the following definition.
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Definition 3.1. A generalized n-torus is a closed n-manifold M with fun-
damental group Z" such that the classifying map ¢ : M — T" to the n-torus
has degree one.

For instance the connected sum of T™ with any closed simply connected
n-manifold is a generalized n-torus.

Note that every finite cover N of a generalized n-torus M is also a gener-
alized n-torus. Indeed, since every finite index subgroup of Z" is isomorphic
to Z", we have m(N) ~ Z"™. Moreover, the classifying map ¢ : M — T"
lifts to a commutative diagram

N —T"

Lo

M —2 5 Tn

where the vertical maps are finite covers of degree [r1(M) : w1 (V)] and the
horizontal map N — T" is the classifying map of N, which is of degree one.
Here, we implicitly use the fact that every finite cover of T" is diffeomorphic
to T™.

Consider a Riemannian generalized n-torus M. Given an integral co-

homology basis ay,--- ,a, of H'(M;Z), an integer £ > 2 and an index
k € {1,...,n}, consider the cohomology classes &1,---,d&, € H'(M;Z)
induced by aq,---,a, on the f-sheeted cyclic cover M = M, , associated

to A := ay, ¢f. Section 2. Note that M is a generalized n-torus.
Lemma 3.2. The cohomology classes G, -+ , &y form an integral cohomol-
ogy basis of H*(M; 7).
Furthermore,
1 ifi#£k
Ma, = e
' L ifi=k
Proof. Since the cohomology classes a1, -+ ,a, form an integral cohomol-
ogy basis of H'(M;Z) and the classifying map ¢ : M — T" induces an
isomorphism between the first integral cohomology groups, the cohomology
classes (1, - , Bn, where *(5;) = v, also form an integral cohomology ba-
sis of H'(T™;Z) and their cup product is a generator of H"(T";7Z). As the
classifying map is of degree one, we have
041U-"U04n:§0*(51U"'U,8n) :w*(w'ﬂ") =wMm
for some orientations wp» and wy; of T™ and M. Hence
(e U---Uay) =degm-wy = £-wy. (3.1)
On the other hand, by Lemma 2.6, we have

T U - Uay) =7 () U - U (ap) = <Hmal> G U---Udy, (3.2)
=1

Combining (3.1) and (3.2), we derive that there is an integer p such that

~

n
U Ubp =p-wy and p-Hmai:E.
i=1
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Since Mg, = ¢ from Lemma 2.6, we deduce that p and all the integers mq,
with ¢ # k are equal to 1. Hence, the cohomology classes &1, --- , &, form
an integral cohomology basis of H'(M;Z). O

Definition 3.3. Let M be a Riemannian generalized n-torus. For every
nonzero cohomology class o € H'(M;Z), define the cohomological length K ()
as the largest K > 0 such that

length(c) > K |a(c)|

for every integral one-cycle ¢ in M. Since « is nonzero, the cohomological

length K («) is well defined.

Let [c] denote the homology class of an integral one-cycle c¢. By definition
of the stable norm, cf. Definition 4.1.(4.2), and using the triangular inequal-
ity, we have length(c) > ||[c]||st- Letting ||-|| denote the cohomology norm
dual to the stable norm in homology, we also have |a(c)| < ||a]| - ||[c]|lst- It
follows that
length(c) S 1

in >
c#0  |a(c)] e

K(a) =

(and in particular K(«) > 0).

Fix A > 0. Consider the smallest nonnegative integer 7 = 77(A) such
that there exists an integral cohomology basis a1, -+ ,a, € HY(M;Z) with

K(a) <+ < K(ar) A < K(arp) < < K(an).  (33)
The following result is key in the proof of Theorem 1.2.

Proposition 3.4. Let M be a Riemannian generalized n-torus. Suppose
Tm(A) > 0. Then there exists a cyclic Riemannian cover M — M (where
M is a generalized n-torus) with

T (A) < Tar(A) =1

such that
diam (M) < 0.5A + 5.5 diam(M).

Proof. Let ay,---,a, € H'(M;Z) be an integral cohomology basis sat-
isfying the inequality sequence (3.3). Fix A = «,, where 7 = 737(A).
Let M = M A¢ be the f-cyclic cover induced by A, where ¢ will be fixed
later, cf. Definition 2.5. From Lemma 3. 2, the integral cohomology basis
ai, -+ ,ay, of HY(M;7Z) gives rise to an 1ntegral cohomology basis &1, -+ ,

of Hl(M, 7).

Let ¢ be an integral one-cycle in M. Since the map 7 is distance non-
increasing, we derive from the definition of K («;) and the relation &;(c) =
a;(m(c)) given by the definition of &; that

length(c) > length(m(c)) > K(ai)|o¢i(ﬂ'(c))‘ > K (ay)|ds(c)

Hence

By construction, the cyclic cover M is formed of ¢ copies Dy,---, Dy
of D glued together in cyclic order with Ht! = H' (modulo ¢) where
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oD; = H' U Hi, ¢f. Section 2. Cutting open M along H! = HfL gives rise
to an n-manifold MO =DyU---U D, with 8M0 =H!'U H_‘L. Clearly,

dy, (H-, HY) > ¢dp(Hy, Ho).

Now, let ¢ be the minimal integer such that dMO(HLHﬁ) > A. As the
cohomology class A is Poincaré dual to the homology class of H! = Hle

in M, cf. Lemma 2.4, every integral one-cycle ¢ in M with 5\(0) # 0 runs
across My between H! and HY at least |A(c)| times. Therefore,

~

length(c) > A - |A(c)].
Hence,
K(\) = K(4;) > A. (3.5)
From the inequalities (3.4) and (3.5), we immediately deduce that

7o (A) < Tar(A) — 1.

Now, we need to bound from above the diameter of M. First, observe that
£ > 2, otherwise M = M which would contradict the previous inequality.

Let ~ be the shortest loop in M with 5\(7) = 1. Since the loop v goes
through every cell D; of M, we immediately deduce that

~ 1
diam(M) < 5 length(vy) + 2 diam(D) (3.6)

by connecting every point of M to a point of v at distance at most diam(D).

Let us now bound from above the length of v. Let M’ = M;\ s, be the

(¢ — 1)-cyclic cover induced by A (recall that ¢ > 2) and denote by X the
cohomology class of H I(M ':7Z) induced by A, ¢f. Section 2. By minimality
of ¢, there exists an arc ' in M) = Dy U---U Dy_; connecting the (n — 1)-
cycles H! and Hﬁ_l with length(y") < A.

The endpoints of 7/ lie in
oD, =H' UH! =H'uH!
and can be joined by an arc 4" of D, with length(y”) < diam(D).

By construction, the loop v/ U~" of M has intersection 1 with HL = H ¢,
that is, A(y/ U~”) = 1. Therefore, by definition of ~y, we obtain

length(vy) < length(y") + length(y")
< A + diam(D). (3.7)

Combining the inequalities (3.6), (3.7) and (2.3), we immediately derive
the diameter bound of Proposition 3.4. U
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4. DISPLACEMENT AND HOMOLOGY NORMS

Relying on the results of the previous sections, we establish two quantita-
tive versions of the Bounded Distance Theorem, cf. [B92], up to finite index
integral lattices.

We first need to recall a few definitions.

Definition 4.1. Let M be a closed Riemannian manifold. The first integral
homology group H;(M,Z) isometrically acts on the universal Riemannian
cover M of M. Fix Z, a basepoint in M. The displacement function &y
with respect to Zg is defined as

dm (o) = dy (020, Zo) (4.1)

for every ¢ € Hi(M;Z). In other words, the displacement dy/(c) of o
represents the length of the shortest loop « of M based at the projection xg
of &y representing o (i.e., o = [v]).

The stable norm on Hi(M;7Z) is given by

. oym(ko)
=1 _— . 4.2
o= lim 2 (42)
It can be extended by homogeneity and uniform continuity to Hj(M;R).
The stable norm on H;(M;R) agrees with the norm induced by the Rie-

mannian length in homology with real coefficients. That is,

loflse = inf {Z!ai\ 1ength(%)}

where the infimum is taken over all the real linear combinations of Lipschitz
1-cycles ) . a;~; representing o in Hy(M;R).

The (homology) systole and the stable systole of M are defined as

sys(M) = inf inf d(0.2,7)
zeM oeHi(M;Z)
o#0
and
stsys(M) = inf ol|st-
() = inf ol
o#£0
We can now establish the weaker version of the quantitative Bounded
Distance Theorem from which we will deduce the stronger version given by
Theorem 4.4.

Theorem 4.2. Let M be a Riemannian generalized n-torus. There exist a
generalized n-torus N which is a finite Riemannian cover of M with

diam(M) < diam(N) < 6" diam(M)

and a word norm ||-|| on Hy(N;Z) with respect to an integral homology basis
such that the displacement function o on N with respect to any basepoint,
cf. Definition 4.1.(4.1), satisfies

Ay, - diam(N) - ||o]| < dn(0) < By, - diam(N) - ||o|| (4.3)
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for every o € Hi(N;Z), where one can take

1
ne6n
Remark 4.3. Note that by homogeneity of these bounds, the displacement
function can be replaced by the stable norm.

A, = and B, = 93n?—2n

Proof. Fix A = diam(M). Applying Proposition 3.4 at most n times gives
rise to a finite Riemannian cover N — M with 7n(A) = 0. This cover N is
a generalized n-torus, c¢f. Definition 3.1. Since every time we apply Propo-
sition 3.4 the diameter of the cover increases by a factor at most 6, we
immediately derive that

diam(N) < 6" diam(M). (4.4)

Now, as 7n(A) is equal to zero, there exists an integral cohomology basis

ai, - o, € HY(N;Z) with K(o;) > diam(M) for every i. Let e1,--- ,e,

be the integral homology basis of H;(/N;Z) dual to the cohomology ba-

sis a1, ,ap of HY(N;Z), that is, aj(ej) = 6; j. Every integral homology
class 0 € H1(N;Z) decomposes as

n
o = ZO@(O’) €;.
i=1

Thus, if ||-||; and ||-||sc represent the £!-norm and the sup-norm on Hy(N;Z)
with respect to the basis (e;), then

n
ol =3 losto)] and ol = s fostl)- (49
Z

Observe also that
lollee < llofli < nlofloo- (4.6)

Consider the displacement function dy on N associated to any base-
point Zo in N, ¢f. Definition 4.1.(4.1). Denote by zo the projection of g
to N. Since K(«;) > diam(M), every loop 7 of N based at zp with o = [v]
satisfies

diam(M) - |a;(0)| < length(vy)
for every i (simply recall that «;(0) = «;(7)). Combined with (4.4), (4.5)
and (4.6), this inequality leads to

o ~diam(N) - ||o|l1 < dn (o).

Let us show that a reverse inequality holds up to a multiplicative con-
stant. From [M68, Lemma 2], the fundamental group 71 (N, zg) of N, and
so H1(N;Z), is generated by loops of length at most 2 diam(N). Thus, there

exist n loops y1,--- ,7v, of N based at xy generating an integral homology
basis of Hi(N;Z) with
length(vy;) <2 diam(N) <2-6" - diam(M). (4.7

Since K («;) > diam(M), we also have the following lower bound

dian (M) - |o;(7;)| < length(7;). (4.8)
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Combining the previous inequalities (4.7) and (4.8), we derive

jas(y)| < 267 (1.9)

The integral homology basis e, - , e, and [y1],-- , [yn] of Hi(N;Z) are
related by

il = () e
j=1

The transformation matrix A between these two integral homology basis is
the invertible integral matrix of size n with coefficients a;(v;). Since the
integral matrix A is invertible, the determinant of A equals +1. From (4.9),
the coefficients a;(7;) of A are bounded by 2 - 6" in absolute value. By the
Hadamard inequality,

n—1
| det(A)] < TTIIC 2

j=1
where the C; are the columns of any square matrix A’ of size n—1, it follows
that the cofactors of A are bounded by

cn=(2-vVn—1-6")""1
in absolute value. By the inverse formula,

L1

~ det(A) com(4)

where com(A) is the comatrix of A, the same bound holds in absolute value
on the coefficients of the inverse transformation matrix A=! = B = (b; ),
where b; ; € Z. That is,

|bi,j| S Cp.

Now, from the relation
n
ei = big [yl
j=1

we can construct a representative of the integral homology class e; by con-
catenating the loops «; based at the same point zg. From the first length
estimate of (4.7) and the definition of the displacement function, cf. Defini-
tion 4.1.(4.1), we conclude that the displacement of e; satisfies

5N(ei) < Z b@j length('yj)
j=1
< 2¢y - diam(V)

From the triangle inequality, we finally deduce the following upper bound

on(0) <Y lai(o)] 6x(ei)
1=1

< 2¢, -diam(N) - ||lo|l1
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As the ¢*-norm ||-||; agrees with the word norm on Hi(N;Z) with respect to
the integral homology basis eq, - - - , e,, this finishes the proof of the double
inequality (4.3), with a constant

By = 2"(n—1)"z 6",
We can finally simplify this to the larger B, = 93n?—2n (take logy B, and
use log, © < 0.6z, log, 6 < 2.6). O

Relying on this result, we can now establish the following stronger version
of Theorem 4.2.

Theorem 4.4. Let M be a Riemannian generalized n-torus. There exists a
generalized n-torus N which is a finite Riemannian cover of M with

diam(M) < diam(N) < 6" diam(M)
such that the displacement function dny on N with respect to any basepoint
satisfies
0n (o) = llollst] < O - diam(N)
for every o € Hi(N;Z), where one can take Cy, = 94n?+20n?

Proof. The inequality (4.3) implies that the stable systole of N can be
bounded from below in terms of the diameter of N. More precisely,

Ay, - diam(N) < stsys(V) < sys(N) < 2 diam(N).

Indeed, from the first inequality in (4.3) and the homogeneity of ||-||1, we
have
Ay, -diam(N) -k ||lo|y < dn(ko)
for every ¢ € H1(N;Z). From the definition of the stable norm (4.2) and
the relation ||o||; > 1 holding for every o # 0, we deduce that

Ay, - diam(N) < ||o]|st

for every nonzero ¢ € H;(N;Z). Hence the lower bound on the stable
systole.

From [B92], we know that the displacement function dy of a Riemannian
torus NNV is at bounded distance from the stable norm. The dependence of this
distance in terms of global geometric invariant of N has been made explicit
in [CS16]. Namely, it only depends on the dimension n, an upper bound
on the diameter and a lower bound on the stable systole. In our case, since
the diameter and the stable systole only differ by a multiplicative constant
depending only on n, this bounded distance theorem can be expressed as
follows

0n(0) = llollst] < C - diam(N)
for every o € Hy(N;Z), where C,, is an explicit constant depending only
on n. The formulas given in [CS16] show that we can take
n
C, = 2n2+6n+10n2(n!)n+2 <% 4 1) nd
n
1

nGn )

C«n — 2n2+6n+10n2(n!)n+2(2n . 6n2 . + 1)n+4

Using the value A4, = we can thus take
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Taking the log, of this expression and using n > 3, logon < 0.53n and
3420n2

O

n! < n", we get that one can take the larger but simpler value C,, = 24"

Remark 4.5. Note that even the non-simplified constant is pretty large:
C3 >2-10%.

5. VOLUME GROWTH OF BALLS

In this section, we establish a double estimate on the relative volume
of balls in the universal cover of a generalized torus satisfying some upper
bounds on the sectional and Ricci curvatures. As a consequence, we derive
the main theorem of this article.

Standard comparison arguments between quasi-isometric distances and
norms lead to the following polynomial relative volume comparison estimate,
which does not require any curvature bound.

Proposition 5.1. Let N be a Riemannian generalized n-torus. Fix a point Tg
in the universal Riemannian cover N of N. Suppose that the displacement
function dn of N satisfies the double inequality (4.3). Then for every re-
als r, R with R > r > a, diam(N),

vol B(Zg, R) <D R+ diam(N)\"
vol B(Zg,7) — "\ r — diam(N)

where a,, and D,, are explicit constants depending only on n. More precisely,
one can take

2 3 2
an = ] Dn _ 23n +2n

Proof. Consider the Voronoi cells D, formed of the points z of N closer
to 0.2 than any other point of the orbit of y under the action of Hy(N;Z)
on N. That is,

Dy={z €N | dy(z,0.%0) < dg(z,0'Z0) for every o’ # o € Hi(N;Z)}
Note that the ball of radius A = diam(N) centered at 0.Zy covers the

Voronoi cell D,,.

Let r > (3n By, + 1) diam(N), where B,, is the explicit constant given by
Theorem 4.2 (this enables us to choose a, = 8"2). On the one hand, the
ball B(Zp,r) contains the union of the Voronoi cells centered at the points of
the orbits of Zg lying in B(Zg,r — A). On the other hand, the ball B(zg,r)
is contained in the union of the Voronoi cells centered at the points of the
orbits of Zg lying in B(Zo,r + A). Therefore,

#{o | dn(0) < r—A}-vol(N) < vol B(Zg,r) < #{o | on(c) < r+A}-vol(N).

From Theorem 4.2, this yields

vol B(Zg, r)
vol(N)

Let Bi(t) and Bu(t) be the balls of radius ¢ for the ¢! and ¢*° norms
on Hy(N;Z). Straighforward estimates, whose proof we will omit, show

r—l—A}.

#{o|Bullol < 255} < < #{o] An- ol <
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that their cardinalities satisfy
t\n
(1:6-)" < 1B=(@)] < Bi(1)] < B ()] < (220)"

for every t > 3n.
Our assumption on r allows us to apply these estimates, which leads to
the double inequalities

o (r—A)" _ vol B(&g, ) < B (T—i—A)n

" A vol(N) — " A
where A], = % and B], = (%)” Hence
VOlB(iN'Q,R) <D, R+ A n.
vol B(Zo, 1) r—A
where
B B;L n 2n 3n372"2 n? 3n3+2n?
D, =—=1375"-n"-2 6" <2 =: Dy,
A
n
again using a rough logarithm estimate. O

Remark 5.2. By taking a finite cover of N as in Theorem 4.2, we can easily
assume that the assumption on the displacement function is satisfied.

Let us recall some volume comparison estimates related to the root-Ricci
function, cf. [KK15], leading to an exponential growth of the relative volume
of balls at small scale.

Definition 5.3. Let M be a complete Riemannian n-manifold with sectional
curvature Kjs. Let p be a nonnegative real such that Kjy; < p. For every
point p € M and every unit tangent vector v € U,M, we define the root-
Ricci function as

VRic(p,u) = Tr(v/p (,-) — R(-,u, -, u))
where R(-,-,-,-) is the Riemann curvature tensor expressed as a tetralinear

form and the square root is the positive square root of a positive semidefinite
operator.

A complete Riemannian n-manifold M is of v/Ric class (p, ) with p > 0
and k < p if the two following conditions are satisfied

Ky <p

\/ﬁic(p,u) > m

n—1
for every u € UM.

The following upper bounds on the sectional and Ricci curvatures easily
imply the v/Ric class conditions.

Lemma 5.4 ([KK15]%). Let M be a complete Riemannian n-manifold. If
Ky < p and Ricyy < —(n — D)X with p,\ > 0 then the manifold M is of

3Note that the formula stated in the published version of [KK15], bottom of page 125,
is different from this: a mistake slipped through in the translation from the formula giving
B(k, a, p) (which is correct) to the formula giving S(k, p, p), where the constant n(n — 1)
should in fact be (n — 1)(n — 2).
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VRic class (p, k) with

1 )\+n—2
K= — .
n—1 n—lp

The VRic class conditions lead to volume comparison estimates through
the notion of candle function.

Definition 5.5. Let M be a complete Riemannian manifold. Denote by 7,
the geodesic of M starting at p with initial velocity u € U,M. Define the
candle function s(r,u) of M as the Jacobian of the exponential map

u = Yyu(r) = expy(ru).
In other words, the candle function s is given by the equation
dv = s(r,u) dr du

where dv is the Riemannian volume on M, du is the Riemannian volume on
the round unit sphere U,M and dr is the Lebesgue measure on R.

The candle function s, , of a complete Riemannian n-manifold of constant
curvature k does not depend on the unit vector u. It can be expressed as

s n—1
(%\/@) ifﬂ>0&ndr§%
Sn,/@(r) = T'nil ifk=0
sinh(v/—k 1) n-1
(7¢—7 ) if <0

We can set s, (1) =0 when x > 0 and r > %

Let ¢ > 0 (and assume that ¢ < % when £ > 0). A complete Rie-
mannian n-manifold M satisfies the logarithmic candle derivative condition
LCD(k,¢) if

(log s(r,u))" > (log snx(r))’
for every u € UM and 0 < r < £. Here, the derivatives are taken with
respect to r.

Theorem 5.6 ([KK15]). Let M be a complete Riemannian n-manifold of

VRic class (p, k) with p >0 and k < p. Then M is LCD </{, 2—%)

Arguing as in the proof of the Bishop-Cheeger-Gromov inequality (see
Lemma 1.6 in [P98, §9.1.3]) we obtain the following relative volume com-
parison result.

Proposition 5.7. Let M be a complete simply connected Riemannian n-
manifold of vRic class (p, k) with p >0 and k < p. Then

vol B(p, R) S vol B (R)

vol B(p,r) — vol By(r)
foreverype M and 0 <r < R < QWW’ where B(p,r) is the ball of radius r

centered at p in M and B (r) is the ball of radius r in the model n-space H!
of constant sectional curvature k.
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Proof. Fix £ = QL\/ﬁ. As Kjp; < p, the Rauch theorem, cf. [P98, §6.6.1],

implies that the exponential map defines a diffeomorphism from B(0,r) C
T,M onto B(p,r) C M for every r < ¢. Under this change of variable, we

can write
T
vol B(p,r) = / / s(t,u) du dt.
0 JU,M

Introduce the function f defined by

o) =1 (A1),

Its derivative can be written as

f(?”) = fr

where

a(t) = /U Ny s(t,u)du and b(t) = /S"—l S,k () du.

P

Therefore, the sign of f/(r) is given by the sign of
/ (a(r) b(t) — a(t) b(r)) dt.
0

Thus, f'(r) > 0 if the function % is nondecreasing.
Now, observe that

a(r) fUpMs(r, u) du 1 / s(r,u)
Up

= = du.
b(r) fSnfl Spr(r)du  vol St M Snr(T) u

where vol S"~! is the Euclidean volume of the unit sphere in R”. By as-
sumption, the function r — log (%) is nondecreasing and so is the
function r +— % Integrating this expression over U,M with respect
to u, we deduce that the same holds for %.

Therefore, the function f is nondecreasing on [0,¢], which implies the

desired inequality. O

Fix k < 0. Recall that the ball B, (R) of radius R in the model n-space H}!
of constant curvature x has volume

. n—1
vol B, (R) :volS"_l-/OR (%) dt (5.1)

We deduce that the growth of the relative volume of balls in H is expo-
nential. The precise formulation of the result below is far from optimal, but
our goal is to have it simple and explicit.

Proposition 5.8. We have

vol Be(R) 1 .<§>n.e(n—1>\/?|(%—r>_

vol B (r) — 22n—1 r
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Proof. Since sinh(u) < we" for every u > 0, we derive from (5.1) that

vol By (1) < vol "1 / =1 (n=1)/Islt g1
0

As the integrand is nondecreasing, it follows
vol B (r) < vol 771 . 7. e(m=DVIrlr, (5.2)

Since sinh(u) > %e% for every u > 0, we derive from (5.1) that

n—1 R
ol Bu() > G [Tt o0V g
0

As the integrand is nonnegative and nondecreasing, the integral can be
bounded from below by

R n—1
/ =1 -DVIR L g > B (5) =Dy &
R -2 2

2

Thus, we obtain

1571
vol B (R) > “’22? R OVIL (5.3)
The result follows from (5.2) and (5.3). O

We can now prove our main result, which we restate here for convenience.

Theorem 5.9. There exist explicit positive constants €, and A, such that
for all e € (0,e,,), no Riemannian generalized n-torus M can satisfy both
conditions

Ky - (diam M)? < ¢ and Ricys - (diam M)? < —(n — 1)A, e
More precisely, one can take

6n2—Tn

en =27 and A, = 3000n°.
Proof. Let € > 0 and assume
Ky - (diam M)? < ¢ and Ricyy - (diam M)? < —(n — 1)\e

for some positive constant \. We need to prove that if ¢ is small enough,
the factor A cannot be too large.

Consider a generalized n-torus N covering M as in Theorem 4.4, in par-
ticular satisfying diam(M) < diam(N) < 6" diam(M). Then

Ky, Ky < 6% ¢ - (diam N) ™2
and
Ricy, Ricyr < —(n — 1) - 62" \e - (diam N) 2.
From Lemma 5.4, the generalized n-torus N and its universal cover N are
of v/Ric class (p, k), where
p = 6>"¢ . diam(N) ">

and
62n

k= (n—2M\) 1es-(diamN)_2.
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We can assume that A > n (otherwise, we are done). In this case, we have
k < 0. To get the best from our estimates, we fix

-diam N

R— s o ™
C2p  2-6M/e

_ R R _ R
Letr—g and note that T-T =35 Fix

2
_ T
6n_<10-6”-an>

where a,, is given by Proposition 5.1. Assume that ¢ € (0,&,). From this
choice, we get R > r > a,, diam(N) and diam(N) < % =8 " < 1078y
Thus,
R + diam(NV)
r — diam(N)
and from Proposition 5.1 we obtain
vol B(Zg, R)
vol B(Zg,r)

<6.

where % is any point in N. 3
Proposition 5.7 (applied to N) and Proposition 5.8 then show that

5m (n—1)
o1 ¢ % "< D, -6

Thus,
k| R? < B,
for some explicit positive constant E,,, which can be taken equal to 7000 n?.
As, under the assumption A > n, we have
(A —n)m?
4n—1)"
a rough estimate yields the explicit upper bound A < 3000n°.
Last, we can strengthen &, into a simpler expression ¢,, = 9=6n’~Tn ]

6| R? =
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