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ABSTRACT. We introduce in a reduced complex space, a “new coherent sub-sheaf”
of the sheaf w$ which has the “universal pull-back property” for any holomorphic
map, and which is in general bigger than the usual sheaf of holomorphic differential
forms Q% /torsion. We show that the meromorphic differential forms which are sec-
tions of this sheaf satisfy integral dependence equations over the symmetric algebra
of the sheaf Q% /torsion. This sheaf a% is also closely related to the normalized
Nash transform.

We also show that these g—meromorphic differential forms are locally square-integrable
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on any g—dimensional cycle in X and that the corresponding functions obtained
by integration on an analytic family of g—cycles are locally bounded and locally
continuous on the complement of closed analytic subset.

AMS CLASSIFICATION. 32 C 15-32C30-32S xx-328S 45.

KEY WORDS. Meromorphic differential forms on a singular space- Universal pull-
back property- Normalized Nash transform- Integral dependence equation for dif-
ferential forms.

Introduction

In this article we discuss the following question: given a reduced complex space
X the normalization of X consists in building a proper modification v : X — X
such that meromorphic locally bounded functions on X becomes holomorphic after
pull-back to X. Moreover this process gives a desingularization process for curves,
that is to say for X of pure dimension 1.

It seems then natural to define an analogous process for meromorphic locally bounded
differential forms. The main trouble is to define what means a “locally bounded”
for a meromorphic differential form of positive degree on a reduced complex space.
To define this notion is the purpose of this paper. Of course, this does not lead
to a simple proof of a desingularization process for a reduced complex space, but
we will show that the natural process associated to “normalization of differential
meromorphic forms” is simply the classical normalized Nash transform, and it
is an old (an probably very difficult) conjecture that this process leads to a desin-
gularization. We hope that the introduction of this “new sheaf” a% will be useful
in that direction.

But in fact, the main reason to introduce this sheaf is the look for the “universal
pull-back property” which means to define a coherent sheaf of meromorphic dif-
ferential forms which admits a natural pull-back for any holomorphic map between
reduced complex spaces and which is “maximal” with this property. Note that if we
only consider complex manifolds the sheaf 2% has this property, but we will show
that this is no longer maximal when X admits singularities.

Our main result is the theorem 3.0.1 (and its precise formulation 3.0.2) giving the
“universal pull-back property” for these sheaves. We obtain also two other results
which may be useful:

e The fact that for any section « of the sheaf a% the form a A @ is locally inte-
grable on any holomorphic cycle of dimension ¢ and also the local boundness
and the “generic” continuity of such an integral when the g—cycle moves in
an analytic family (see theorem 4.0.7);

e The existence of a local integral dependence equation for a section of a% over
the symmetric algebra of the sheaf Q% /torsion (see proposition 5.1.1).
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We conclude this article by computing some simple examples showing that the sheaf
a% may be different from other classical sheaves of meromorphic differential forms
which are used on singular complex spaces.

1 Universal pull-back for Q% /torsion

CONVENTIONS AND NOTATIONS.

e Any complex space will be reduced in the sequel.

e The graded sheaf 2% on the complex space X is locally defined in a local
embedding of X in an open set U C CV as the quotient

O [Ix Vo + dIx AN
where Zx is the reduced ideal of X in U.

e On a complex space X we shall consider the graded sheaf L% which is the
direct image of the sheaf of holomorphic forms on a desingularization of X,
and the graded sheaf w$% C 7,7*Q%, where j : X \ S — X is the inclusion
of the regular part of X, which is the sheaf of d—closed (e, 0)—currents on X
modulo these currents which have support in S (see [B.78]). Then we have
the natural inclusions of graded coherent sheaves

Q% /torsion C L% C wk.

Note that in the case where the codimension of the singular set in X is at least
equal to 2, we have the equality w$ = 7.5°Q%.

e When X is not irreducible, let X := U;c; X; be the decomposition of X in its
irreducible components. In this case a desingularization of X will be given by
the disjoint union 7 : X — X of desingularizations 7; : X; — X; < X, where
X is the disjoint union of the connected complex manifolds X;.

It is easy to see that in this situation the sheaf L% is the direct sum of the
direct images in X of the sheaves L% . This direct sum is locally finite on X
as the irreducible components of X are locally finite on X.

It is clear that the sheaf )% on a complex space has the “universal pull-back” prop-
erty because the pull-back of a holomorphic form by a holomorphic map f: Y — X
is well defined and functorial in the map f.

To begin we shall prove that the sheave Q% /torsion still have this “universal pull-
back” property.

Proposition 1.0.1 Let X be a reduced complex space and consider a torsion holo-
morphic p—form o« on X ( meaning that o vanishes at smooth points in X ). Let
Z be an analytic subset in X. Then the p—holomorphic form induced by o on Z is
again a torsion form on Z.



Proor. Without any lost of generality we can assume that Z is irreducible. Let
S the singular set of X. If Z is not contained in S the result is obvious. Also if the
dimension of Z is less that p the conclusion is again obvious. So let dim Z = p + ¢
with ¢ > 0 and let Z’ the dense open set of smooth points x in Z for which the
multiplicity of x in X is minimal. It is enough to show that the restriction of a to
Z' vanishes. As the problem is local on Z’, we can assume that we have an open
neighbourhood X'’ of xy in X and a local parametrisation 7 : X’ — U on a polydisc
U of C" with the following properties:

i) 7(wo) = 0.

ii) U =V x W where V and W are polydiscs with center 0 respectively in CP*¢
and C"7P71,

i) 72”7 := Z'Nn X' = 7YV x {0}) set theoretically and 7w : Z” — V x {0} is an
isomorphism.

Define the analytic family of (p 4+ ¢)—cycles (Zy)wew in X’ parametrized by W by
letting Z,, := 7*(V x {w}), where the pull-back by 7 is taken in the sense of cycles!.
Then, if k is the degree of 7 (which is the multiplicity in X of each point in Z”) we
have Zy = k.Z" as a cycle in X’. Remark that for w generic in W the intersection
of the cycle Z,, with the ramification set of 7 has no interior point in Z,, which is a
reduced cycle. So the restriction of the holomorphic form a to Z,, for w generic is
a torsion form.

Now choose a non negative continuous function with compact support p on X’ and
a holomorphic g—form 5 on X’ and define the function on W

o: W —RY, w»—)gp(w)::/ p-(aNB)A (A B).

It is a continuous function (see [B-M 1] ch.IV) and it vanishes for w generic in W
as « generically vanishes on Z,, for such a w. Then it vanishes for w = 0 and this
shows that the restriction of o to an open dense subset of Z’ vanishes. ]

Corollary 1.0.2 Consider a holomorphic map f : X — Y where X and Y are
reduced complex spaces. Then, if o is a p—holomorphic form on'Y which is a torsion
form, the p—holomorphic form f*(«) is a torsion form on X.

PRroor. It is enough to consider the case where X is a connected complex manifold.
Let X’ be the open dense subset of X where f has maximal rank. On X’ the map
f is locally a submersion on a locally closed complex sub-manifold of Y and the
previous proposition applies to show that the pull-back of o on this locally closed
sub-manifold vanishes. So the holomorphic form f*(a) vanishes on X’. Then it is a
torsion form on X. |

!This means that if f : U — Symk(X ") is the holomorphic map classifying the fibers of 7, the
cycle Z,, is the cycle-graph of the analytic family of k—tuples in X’ defined by the restriction of f
to V x {w}.



CONCLUSION.

e The usual pull-back for holomorphic differential forms induced a natural pull-
back for the sheaf Q% /torsion by any holomorphic map between reduced com-
plex spaces.

Definition 1.0.3 Let f: X — Y a holomorphic map between two reduced complex
spaces. We have a natural graded pull-back Ox—morphism

£ 1 (Q5 Jtorsion) — Q% [torsion (*)

We shall denote f**(€2y,) the image of this graded sheaf morphism.
We shall also denote f**(G) for any sub-sheaf G of QS /torsion its image by the
morphism f* above (or also when G is a subs-sheaf of Q).

So, by definition, f**(Q2},) (and more generally f**(G)) is a sub-sheaf of the sheaf
Q% /torsion, so it has no Ox—torsion.

Lemma 1.04 Let f : X — Y and g : Y — Z two holomorphic maps between
reduced complex spaces. Then we have equality of the sub-sheaves f**(g**(H)) and
(go f)™*(H) for any sub-sheaf H of the sheaf Q% /torsion.

Proor. The pull-back by g gives a morphism
g" (2%, /torsion) — Q3 [torsion
with image ¢**(Q%,/torsion) and the pull-back by f gives a morphism
f (g™ (Q2% /torsion)) — f*(25 /torsion)

which, by right-exactness of the tensor product, is surjective on f*(g** (2%, /torsion)).
Then we have the following commutative diagram

[*(g*(Q [torsion)) —* f*(g**(Q /torsion) —— f*(Q. /torsion) .

. ..

(g o f)*(Q°/torsion) Q3 /torsion

Here « is surjective and the image of /5 is the sub-sheaf f**(¢g**(£2z)) by definition.
Also the image of v is (g o f)*(Q%) by definition. Now the commutativity of the
diagram allows to conclude. [



2 Definition of the sheaf of

The following result is the key of the definition of the sheaf a% on the reduced
complex space X.

Theorem 2.0.1 Let X be a reduced complex space and let S be a closed analytic
subset with no interior point in X containing the singular set of X. Let o be a
section on X of the sheaf w . The following properties are equivalent for c:

o There exists locally on X a desingularization T : X = X such that o extends
to a section on X of the sub-sheaf 1.7 (%) of W% . (A)

o There exists locally on X a finite collection (p;)jes of € functions on X \ S
which are locally bounded near S and holomorphic p—forms (w;);es on X such
that « =3, ; pjwj as a (p,0) currents on X. (B)

Note that under the second property stated in the theorem, the (p,0)—current on
X associated to the form -, ; pj.w; on X\ S is defined by

(XS o /X oA (Y pry)

jed

and this integral is absolutely convergent as the functions p; are locally bounded
near a point in S. It defines a (p,0)—current on X with order 0. The assumption
that « is a section of the sheaf w¥ implies that this current is d—closed on X.

PROOF. Let us begin by the implication (A) = (B). By definition, a section
a € Wk is in the sub-sheaf 7,7*(Q%) if, locally on X, it can be written as a linear
combination of pull-back of holomorphic forms on X with holomorphic coefficients
in Oz. Using the properness of the desingularization 7 and a 4 partition of
the unity on X we obtain the first part of (B) because 7 induces an isomorphism
X\ 771(S) = X\ S by hypothesis. The last property in (B), that is to say the fact
that the current defined on X by the right hand-side coincides with «, is consequence
of the fact that both are sections of the sheaf w% and are equal on X \ S.

Note that the formula given describes the direct image by 7 of the (p,0)—current
defined by « on X.

To prove the implication (B) = (A) consider the pull-back to X \ 77(S) of the
form 3, ; pj.ws. We obtain a holomorphic form on X \ 771(S) which has locally

bounded coefficients along 7—(S) when we compute it in a local chart of X near a
point of 771(S). So it extends to a holomorphic form & in Q?{ and then defines a
section 7.(@) of the sheaf L% . But 7.(&) and « coincide on X \ S, so on X as the
sheaf w’ has no non zero section supported in S.

But we have a better estimate. Consider, locally on X, a holomorphic function
g € O such that g.Q% C 7(Q%) (such a non zero g existe as the sheaf Q% /7 (%)
has its support in 771(.9)), then the local boundness assumption on the functions



p; near any point in S gives a local constant C' on X such that our section & has
coefficients bounded by C'.|g| in a local chart of X on which Q% is a free Oy —module.
The following lemma allows to conclude that & is a section of the sheaf 7#*(Q%.) and
then a = 7,(&) is a section of the sheaf 7,7**(Q%). [

Lemma 2.0.2 Let M be a normal complex space and let F C O be a coherent
sheaf such that the quotient sheaf Oﬁ/]—“ has support in a closed analytic subset S
without interior point in M. Let o € T'(M, OY,) such that for any local system of gen-
erators gy . .., gr of the annihilator of the sheaf OY,/F in a neighbourhood of a com-
pact set K in M there exists a constant C' such that we have |o| < C.sup;ep g 9]
at each point of K. Then o is in I'(M, F).

PROOF. Let 7 : M — M be a proper modification of M with M normal, such that
the sheaf 7**(F) C (9]]\\[4 becomes locally free (of rank N). Then we have, locally on
M a holomorphic function v € Oy such that fy.(’)NM = 7*(F). Fix a point 7, in
M and note zg = 7(yo). Let g1,..., gr be holomorphic function in an open neigh-
bourhood of x5 which generates the ideal 7 in O,; which annihilates Oﬁ / F. Then,
near o there exists i € [1, k] and a holomorphic invertible function 6 near yq such
that v = ¢;.0 near yo. As we have ||o|| < C;.|g;| near xy by hypothesis, there exists
some constant C' with ||[7**(¢)|| < C.|7| near yo. Then the meromorphic section
7*(0) /v of the sheaf O}, is holomorphic near 3, by normality of M and then 7* (o)

belongs to 7*(F). But, as 7.(7**) induces the identity on the sheaf Oy, o belongs
to (M, F). n

Definition 2.0.3 The graduate sub-sheaf % = T.(7™*(Q%)) of the sheaf L% s
independent of the choice of the desingularization. So it is naturally defined and
Ox—coherent thanks to Grauert’s direct image theorem.

REMARK. A direct proof of the fact that the sub-sheaf 7,(7**(Q% /torsion) is in-
dependent of the choice of the desingularization 7 is rather easy. But it does not
gives the implication (B) = (A), and property (B) is a simple characterization of
the sheaf a§ which does not use any desingularization of X.

Nevertheless neither (A) nor (B) are easy to compute on examples (see section 6).

Corollary 2.0.4 Let X be a pure dimensional reduced complex space and let
X = UiEIXi

be its decomposition in irreducible components. Then the sheaf a% has a natural
ingection in the locally finite direct sum of the direct images in X of the sheaves o,
forv e 1.



Proor. This is an easy consequence of the fact that a section of the sheaf L% is
a section of a% if and only if it satisfies the condition (B) in the previous theorem,
because we have an isomorphism L% ~ @ics (ji)«(L%,), where j; : X;. — X is the
inclusion. |

Note that when X is not irreducible the injective map a% — @ics (Ji)«(a%,) is not
an isomorphism, in general, because the injective map

Q% [torsion — @icr (Ji)«(Q, /torsion)

is not an isomorphism, in general.
Remark that, for each ¢ € I, and any point € X;, the “restriction” map

[ ] [ ]
aX,a: — aXi7$

is surjective because each restriction map 2% ,/torsion — Q% ,/torsion is surjec-
X,z Xix
tive.

3 Universal pull-back for of
The main result of this paragraph if the following theorem.

Theorem 3.0.1 For any holomorphic map f : X — Y between reduced complex
spaces, there exists a functorial graduate Oy —morphism

frofray = ok
which is compatible with the usual pull-back of the sheaf QS /torsion.

For any holomorphic maps f : X — Y and g : Y — Z between reduced complex
spaces we have

(g (@) =gof (a) Vaeay (1)

Let now give a precise formulation of this result. For that purpose let C be the
category of reduced complex spaces with morphisms all holomorphic maps. We may
enrich this category, using the universal pull-back property for the graded sheaf
Q% /torsion :

Let Cgirs be the category whose objects are pairs (X, Q% /torsion) where X is an
object in C and where the morphisms are given by pairs (f, f*) where f : X — Y
is a morphism in C and f* : f*(QS, /torsion) — Q% /torsion is the graded pull-back
by f of holomorphic forms modulo torsion (see section 2). Of course the forget-full
functor Gy : Cyiry — C obtained by (X, Q% /torsion) — X, (f, f*) — f is an equiv-
alence of category.

Then the precise content of the theorem above is the following result.

2We shall make this precise in the theorem 3.0.2 below.



Theorem 3.0.2 [Precise formulation] There ezists a category Cy_g4i55 whose ob-
jects are pairs (X, a%) where X is in C and where the graded coherent sheaf a% has
been defined in section 2 for any object X in C. The morphisms are given by pairs
(f, f*) for each f: X — Y a morphism in C where f* : f*(ay) — a% is the graded
Ox—linear sheaf map defined by f. Moreover, the following properties holds:

1. For each X € C we have a graded Ox—linear injection

nx : Q% /torsion — a%.

2. For any morphism f: X — Y in C we have a commutative diagram of graded
Ox —linear maps of sheaves

(98 /torsion) EANN Q% /torsion (2)
f*(m/)l lnx
* L] f* L]
fr(a5) ax

where f* 15 the graded Ox—linear map of coherent sheaves on X associated to
the holomorphic map f.

Of course the interest of this result comes from the fact that the sheaf a% is, in
general, strictly bigger that the sheaf Q% /torsion; see section 6.

Note also that the sheaf L% does not have such a functorial pull-back by holomor-
phic maps: let 7 : X — X be a desingularization of X € C and let z € X be a point
such that 771(x) has dimension > 1. Let w be a holomorphic form near 771(x) in
X which does not induce a torsion form on an irreducible component I' of 771 (x).
Then, because the map 7p : I' — X factorizes by the constant map to {z} the
pull-back of w on I" has to be zero. But this map factorizes also by the inclusion of
I'in X and 7. As the pull-back by 7 is injective (by definition of L%), this gives a
contradiction. Such an example is given in section 6.3.

PRELIMINARIES. Consider the following situation : let Z be a connected complex
manifold and consider a proper holomorphic map 7 : Z — X which is surjective
on a reduced (irreducible) complex space X. Let ¢ := dimZ — dim X and let k
be the number of connected components of the generic fibre of 7. Assume that we
have a kahler form w on Z. Then, after a suitable normalization of w, the smooth
(¢,q)—form w := +.w"¥ is d—closed and satisfies the condition 7,(w) = 1 as a
d—closed (0,0)—current on X. This is consequence of the fact that in the Stein fac-
torization g : Z — Y, 0 : Y — X of 7, the reduced complex space Y is irreducible
and this implies that the generic fibres of 7y are in the same connected component

of the space of ¢—cycles in Z. So the volume computed by w”? of the connected



components of the generic fibres of 7 is constant, and we may normalized w in order
that this volume is equal to 1. Then the d—closed (0,0)—current m,(w) on X is
equal to 1 on a dense Zariski open set in X. This implies our claim.

Assume now that the complex manifold Z has finitely many connected components

Z1, ..., Zy such that the restriction of 7 is surjective on each Z; and such that each Z;
has a kéhler form w;. We can normalize each w; in order that the form w; := %.w/\qf
J

has integral equal to 1/7.k; on each connected component of the generic fibres of
m; := Tz, and then the smooth form w := Z;Zl w; satisfies again the condition
m.(w) = 1 and for each j any connected component of the generic fibres of 7; has
the same w—volume equal to 1/7.k;.

In this situation we shall say that the smooth for w on Z satisfies the
condition (Q@).

The proof of the theorem 3.0.2 will use the following proposition.

Proposition 3.0.3 Let X = U,y X; be the decomposition of a reduced complex
space X as the union of its irreducible components. Let Z := Ujcy; Z; be a disjoint
union of connected complex kdhler manifolds. Assume that we have a map 6 : J — 1
which s surjective and has finite fibres. Let m : Z — X be a proper holomorphic
map such that for each j € J it induces a surjective map

Uy Zj — X@(j)

and let ¢; := dim Z; — dim Xy(;). For each i € J let w; be a smooth (q;, q;)—form
on Z; which is d—closed and satisfies the condition (Q) relative to the restriction of
™ to 71 (Xi) = Ug(j)=i Zj (see preliminaries above). Note w := 3", wj.

Let 8 be a section on Z of the sheaf 7**(2%.). Then we have:

1. The O—closed (p,0)—current 7,(3 Aw) on X is independent of the choices of
the forms w;, assuming that they are d—closed and satisfy the condition (Q).

2. The section (8 Aw) on X of the sheaf W% is a section of the sub-sheaf o .

3. If there exists a section « of the sheaf Q% [torsion such that = 7**(a) on Z,
then o = (8 Aw) as a section on X of the sheaf w.

REMARKS.

1. It is enough to prove assertion 1) and 3) of the proposition above for each map
m;,7 € J because the sheaf wk is the direct sum of the sheaves wﬁ’(i,i € [ and
the restriction of 8 to Z; is a section of the sheaf 7T;-<*<Q§(9(j)) for each j € J.

This is not the case for the assertion 2) of the proposition : the sheaf o is a
sub-sheaf of the direct sum of the sheaves o/)’(i,i € I but, in general, strictly
smaller than this direct sum. Note also that the condition on 5 to be a section
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of the sheaf 7**(€2%) is stronger than the condition on each §; := fiz,,j € J
to be a section of the sheaf 7T;-<*<Q§(6(j)).

2. In general, a section § € T'(Z, 7 (%)) is not equal to some 7 () where « is
in I'(X, Q%) even in the case where 7 : Z — X is a desingularization of X.

Proor. Thanks to the previous remark, we may assume that X is irreducible to
prove assertions 1) and 3) of the proposition.

In the case ¢ = 0 the map 7; is generically finite and w; is a locally constant
function on Z with a prescribed value on each Z;. So there is no choice for w; and
the first assertion of the proposition is trivial. As the second assertion is also clear
in this case (the sheaf w% has no torsion on X by definition), we shall assume ¢; > 1
in the sequel.

The fact that the current m, (8 Aw) is —closed on X is consequence of the fact that
on each Z; the smooth (p + ¢, ¢;) form 5 A w; is d—closed and of the holomorphy
of . Let w’ be a smooth form on Z which is d—closed and satisfies the condition
(@). We want to show that 7.(5 A (w — w’)) vanishes as a section of the sheaf w¥.
Let X’ be the open and dense subset of X of smooth points for which the Stein
factorization of each 7; : Z; — X is a covering of degree k;. Remember that, as
we assume that X is irreducible here, the set [ is reduced to one point and so J
is a finite set. On this open set X’ it is enough to prove that for each j € J the
current (7;).(8 A (wj — w’)) vanishes. So we can fix j and replace locally X’ by one
sheet of the corresponding finite covering and make the proof in this case. That is
to say that we may assume that Z is smooth and connected and that 7 : Z — X
has connected fibers on X.

In this case the generic fibres of 7 are irreducible and of dimension ¢q. For any
x € X’ there exists an open neighbourhood V' (z) of #~!(x) which is a deformation
retract of 77! (x). Then we have an isomorphism H?!(V (z),C) — C which is given
by integration on 7~ !(z). But w and w’ have the same integral on 7—!(x) by the
property (@). So there exists a (2¢— 1) smooth form 6 on V' (z) such that df = w—uw’
by de Rham’s theorem.

Consider now a small open neighbourhood U of x in X’ such that 7= (U) C V (x).
Let z1,...,x, be a local coordinate system on U. Then the sheaf 7*(Q% ) is a free
sheaf of Oz—modules on 7=}(U) with basis 7*(dz*) where L runs in all ordered
sub-sets of cardinal p in [1,n]. If we write S = 37, gr-m*(dz’) on U the
holomorphic functions g; on 71 (U) are constant along the fibres of 7 and so there
exists holomorphic functions fr, |L| = p with g, = 7*(fL) (recall that U is a smooth
open set in X). This means that there exists a holomorphic p—form « on U such
that 8 = 7*(a) on 7~ 1(U).

Let ¢ € €>°(U)™ 7™, By definition of the direct image we have

(ma(B A dB), ) = / B A dO AT ().

7 1(U)

11



But it follows from the equality 8 = 7*(a) on 7~ 1(U) that the form

AT () = (aA)
is d—closed as a A ¢ is d—closed on U (its degree is 2n). So by Stokes formula the
integral
/ ﬁ/\d@/\ﬂ*(w):j:/ d(BAONT ()
7=1(U) 7= 1(U)
vanishes. This implies that the section 7,(8 A (w —w')) of the sheaf w% vanishes on
the open dense subset X’ so everywhere on X as the sheaf w’ has no torsion.
The assertion 3) of the proposition is clear, because the equality is obvious at the
generic points in X.

Let now prove the assertion 2). We no longer assume that I has a unique point.
Let 7: X — X be a desingularization of X, so X is the disjoint union of desingu-
larizations 7; : X; — X; for each ¢ € I, and consider the commutative diagram

X XX,str Z 7:—> Z

where X x x,str £ 1s the strict transform, so the union of irreducible components of
X x x Z which dominate some X}-.

Then the p—form 7*(3) gives, for each such component, a section of the sheaf
(Tom)™(Q) and as the d—closed form 7*(w) satisfies the condition (@) for the map
7, the —closed current 7, (7**(3) A 7*(w)) is in fact a p—holomorphic form on X
thanks to Dolbeault-Grothendieck’s lemma. This already proved that o := m,.(8Aw)
is a section of the sheaf L% because 7*(m.(8 A w)) = 7.(7**(8) A 7*(w))) at the
generic points of X , SO everywhere on X.

Now the map 7 : Q% — Q% given by 7+ 7.(7(y) A 7*(w)) is the identity map,
thanks to the assertion 3). So, if 7 () gives a section of the image of the sub-sheaf
7 (7% (Q%)) of the sheaf Q% Z/torsion, v will be a section of the image of the

sub-sheaf 7°*(Q2y) because the map 7 : 7*(Q7) — QI()XXX,S”Z) is injective.

X,str

Apply this to v := 7*(a) = 7. (7*(8) A 7*(w)) which is a section of Q% as we
already proved that « is a section in L% ; we obtain that 7**(«) is a section of the

sheaf 7* (%) because, as the diagram above commutes, 7*(3) is a section of the
sheaf 7 (7**(Q%)) = 7 (7" (%) thanks to the lemma 1.0.4. |

REMARK. If Z is not assumed to be smooth in the previous proposition, replacing
Z by a projective desingularization o : Z — Z (as before, this means that Z is
the disjoint union of projective desingularizations o; : Zj — Z; for j € J), the
proposition applies to the proper map ¢ o7 and to 3 := o* () which is a section of
the sheaf (o o 7)**(€2%). Then the result is still true. O

12



PROOF OF THE THEOREM 3.0.1. The first step in proving the theorem will be the
construction of f*(a) € a% when « is a section of the sheaf a%. So let o be a section
on Y of the sheaf of,. Let 7 : Y — Y be a locally projective desingularization of Y.
Consider the following commutative diagram

I

x-1.y

f

—_—

where X C X xyY is the strict transform of X, that is to say the union of irreducible
components of X Xy Y which dominate an irreducible component of X, and where
7 and f are induced by the natural projections of X xy Y.

Now the problem is local on X and Y and we may assume that X,Y and Y are
kéhler. So we may assume that we have on X a smooth d—closed form w which
satisfies the condition (@) for the proper map 7 (we may replace X by a projective
desingularization to reach the precise situation of the proposition 3.0.3; see the
remark above).

Then, as (3 is a section of 7#*(Q%), the form f**(B) is a section of 7**(Q% ) because
if we write locally on Y

B = Z 9.7 (wy)
!
where w; are local sections of €}, and ¢, are holomorphic functions on Y, we obtain

FrB) =Y [ g)-J" (" (W)

and the equality f**(7**(w;)) = 7*(f**(w;)) due to the commutativity of the dia-
gram and the lemma 1.0.4 shows that f**(3) is a section of the sheaf 7**(Q%). So
we can apply the proposition 3.0.3 and obtain that W*(f** (B) Aw) is a section of the
sheaf . This will give the definition of f*(a) when we will have proved that it is
independent of the choice of the desingularization 7: Y — Y.

Note that the proposition 3.0.3 already gives the independence of the choice of w
(assumed d—closed and satisfying (@)) in this construction.

Note also that the proposition 3.0.3 gives also that for a a section of €, /torsion
f*(a) is a section of Q% /torsion and coincides with the usual pull-back f*(a) (see
section 2).

Remark now that, as the sheaf o has no torsion on X, to prove the independence
of f*(oz) on the choice of the desingularization 7, it is enough to prove it at the
generic points of X. Moreover, this problem is local on X and so we may assume
that X is smooth and connected.

In our construction, we sum the various direct images (7;).(f*(8) A w;) when j de-
scribes the various connected components of the desingularization of X. Each such

13



component is send by f in a connected component of Y and then it is enough to
show the invariance of the current (7;).(f*(8) Awj;) if we change only one connected
component of Y in the given desingularization, and also if we consider only the
corresponding connected components of the desingularization of X. So, in fact, it
is enough to prove the following special case of our problem:

Assume that X is smooth and connected and that_Y is irreducible. Let 7 : Y Y
is a projective desingularization of Y and that 6 : Y — Y is a proper smooth modi-

fication of Y. So our new desingularization of Y is fo7 : Y — Y. Note that we can
make this assumption without any lost of generality because two desingularizations
can always be dominated by a third one (thanks to Hironaka).

Now we shall consider the following diagram, where Xisa desingularization of an
irreducible component of the strict transform X xy Y and X is a desingularization

of the strict transform of X Xy Y:

Let g the dimension of the generic fibres of 7 and £ the number of connected com-
ponents of its generic fibres. Let w be a kahler form of ¥ normalized in order that
the form f*(w"9) satisfies the condition (@) for the map 7. Let ¢ be the dimen-
sion of the generic fibre of 6 and let @ a kahler form on Y normalized in order
that the form f*(@"9) satisfies the condition (@) for the map 0. Now consider the
(¢+3q, g+ q)—smooth form w ::~f*(9* (W) AGT) on X which is d—closed. It satisfies
the condition (@) for the map 6o 7.

So the definition of f*(«) using the desingularization 6 o 7 is given by

(@0 7). ((fo0)"(B) Aw),

But, as f**() is a section of the sheaf Q?Z/torsion, we have the equality

6.0 (F*(B) A F(@7) = F*(B)

and the conclusion follows from the fact that

(60 7).((f 0 0)™(8) Aw) = 7[0, (B (F(8)) A F*(@7) A F*(w))].

The compatibility of this construction with the pull-back of holomorphic forms mod-
ulo torsion which is given by the last assertion of the proposition 3.0.3 obviously
gives that the injective Ox—linear morphism

nx : Q% /torsion — a%

14



for each X € C gives the commutative diagram (2) of the precise formulation 3.0.2
of the theorem for each morphism f: X — Y in C.

Now we have to prove the functoriality of f *. Then consider a holomorphic maps
f: X —=Yand g:Y — Z. We want to prove the formula (1) of the theorem.
Consider the commutative diagram

l\n
~in

-
>

l“&r
=4
\\]!

Xk?kn

where 7 : Z — Z is a desingularization, where § : Y — Z is the strict transform of
g by 7, where f: X — Y is the strict transform of f by 71, where f:X =Y is the
strict transform of f by 8 : Y — Y which is a desingularization of Y.

Let a be a section of af, note 3 := 7*(a) € 7**(Q,)? and let w; and wy be smooth
d—closed forms satisfying the condition (@) of the proposition 3.0.3 for the maps 7
and 0 respectively. We have

9" (B) = (1)+(g7(8) A w)

but we have also, because §**(3) is a section of 77*(€2}.)

9°(B) = (0 o). (67 (37 (8) A 0" (wn))).

Then we obtain

~
*
—
>
*
—
(o}
N—
N—
|
—
o)
(@]
3
SN—
*
—~
=
*
*
—
)
*
*
—
N}
—
@
N—
N—
N—
>
=

(wr) Aws).

As the square

is also the strict transform of f o g by 7 we have
——

fog (@)= (1) ((fog)™(B) A f*(w)).

Then the conclusion follows from the equality

B.(F= (07 (™ (B)) A [ (07 (wn)) Aws) = F*(5°(8)) A F*(wn)

3See the simple lemma 3.0.5 below.
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obtained by the comparaison of both hand-sides at the generic points of X. |

Our next result shows that the sheaf a% is “maximal” in order to construct the
pull-back via the method of the proposition 3.0.3.

Theorem 3.0.4 Let m : Z — X be a proper surjective holomorphic map between
irreducible complex spaces. Put q := dimZ — dim X. Let 8 € of be equal to
() for a section o of the sheaf of;. Let also w be a smooth (q,q)—form on Z
which is d—closed and satisfies the condition (Q) of the proposition 3.0.53. Then the
(p, 0)—current T,(8 Aw) on X (which is O—closed and independent of the choice of
w satisfying dw = 0 and (Q); see proposition 3.0.3) is equal to the image in w of
the section « of the sheaf o .

Using the “pull-back” theorem 3.0.1 the theorem above will follow from the following
simple lemma.

Lemma 3.0.5 Let X be a complex space and 7 : X — X a desingularization of X .
Then the image of the pull-back 7* : 7*(a%) — a% = Q% is the subsheaf 7 (Q%) of
Q..

X

PROOF. By definition, a section of this image is locally on X a O —linear com-
bination of holomorphic forms on X which are locally O;—linear combinations of
pull-back by 7 of holomorphic forms on X. So the conclusion is clear. |

PROOF OF THE THEOREM 3.0.4. Let 7 : Z — X be the strict transform of 7 by 7,
and denote by 7 : Z — Z the corresponding projection on Z which is a modification.
So we have the following commutative diagram

[t

The (g, g)—form 7*(w) is smooth and d—closed in Z and satisfies the condition (@)
of the proposition 3.0.3 for the proper surjective holomorphic map 7 o 7. As we
can write § = 7*(a) where « is a section of o, we have, by functoriality of the
pull-back for the sheaf aj. and the equality Tom =7mo7

#(5) =7 ()
But, thanks to the previous lemma, we have 7*(«) which is a section of 7**(Q%.) and

using the smoothness of X we have % = #*. Then we obtain, using the lemma
1.0.4, the fact that 7*(f) is a section of the sheaf (7 o 7)**(€2%.). Then the proposi-
tion 3.0.3 applies to the map 7 o 7 : Z — X with the form 7*(w) and the section
7*(B) of the sheaf (7 o 7)** (%) and gives that the (p,0)—current on X given by
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o= (1o 7).(7*(B) A 7*(w)) is O—closed on X and is a section of the sheaf o%.
But the (p+q, ) —current 7.(7*(8) A7*(w)) is equal to 3 Aw at least over the generic

points in X, the (p,0)—current 0—closed in X 7.(8 A w) is generically equal to o
and a. So « and o are equal as sections of the sheaf of;. [

4 Integration on cycles

NoOTATIONS. Let V be a complex manifold and A be a continuous hermitian form
on V. So h is a real continuous definite positive (1,1)— differential form on V. If w
is a continuous (p,p)—form on V', we shall consider w as a continuous sesqui-linear
form on AP(Ty) and we shall write

|wllx < C.AY

where K is a subset in V and C' > 0 a constant, if for any point z € K and any
v1, ..., U, € Ty, the inequality

lw(z)[vr A=+ Al < CRP(x)[vg A -+ Ay

holds. For instance, if a, 8 € QF, we shall write ||a A B||x < Cx.h"? when for any
x € K and any vy, ...,v, € Ty, we have

la(z)[or A== Avpl[|B(@)[vr A=+ Awp)| < O WP (2)[or A=+ A ). (1)

REMARK. If f: W — V is a holomorphic map and if (1) holds then we shall have

1£*(a) A = (B) | p=1x0) < Cc-f*(R)™ (2)

but, in general, f*(h) is no longer definite positive on .
Conversely if (2) holds on a set L in W then (1) is satisfied on f(L).

Proposition 4.0.1 Let X be a reduced complex space, let S be the singular set in
X and let h be a continuous hermitian metric on X. Let U be a relatively compact
open set in X. For all o, € of there exists a constant Cy > 0 such that the
following inequality holds at each point in U\ S

lo A Bllens < CU-hg(S-

PROOF. Remark that the problem is local on the compact set U N S because
near smooth points in X the assertion obviously holds. Let 7 : X — X be a
desingularization of X. Then we shall show that for each point y € 7=1(UNS) there
exists an open neighbourghood W of y in X and a positive constant Cyy such that
the inequality

I7* () A7 (B)lw < Cw.7"(h)"7
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holds : if y is a point in X we can write in an open neighbourghood W of y

a= Z gr. 7™ (dz’) and B == Z hy.m(da')
[I|=p [I|=p
where x4, ..., xy are local coordinates in a closed embedding of an open set U CC X
in CV near 7(y). Our estimates is consequence of the facts that the holomorphic
functions g; and h; are locally bounded and that for any (7, J) there is a constant
¢’ > 0 with
|da! A da?) ||y < e WP
because we can assume that b in induced by a continuous hermitain form on CV.
Now the properness of 7 allows to find a a constant Cy; such that the inequality

I77 () A= (B)llxe < Cy.7 (h)"™

holds on the compact set K := 7-1(U). This allows to conclude thanks to the re-
mark above. [

Corollary 4.0.2 Let X be a complex space of pure dimension n, and let o, 3 be
sections on X of the sheaf L%. Then, if p is a continuous compactly supported

function on X the integral
/ p.a N\ 3
X\S

is absolutely convergent for any closed analytic subset S containing the singular set
in X and its value does not depends on the choice of S.

If, moreover, a and [3 are sections of the sheaf o, for any continuous hermitian
metric h on X there is constant C' > 0 depending on «, 8 and on the support K of
p such that

[ pand <cC / Pl < Cloll / B, 3)
K K

X\

PROOF. The first part is consequence of the fact that 7 () and 7**(3) are holo-
morphic n—forms on X. The estimates when «, 3 are sections of a% is a direct
consequence of the previous proposition. [ |

Definition 4.0.3 For «, 3 sections of the sheaf L'y the common values of the abso-
lutely convergent integrals fX\s p.a A\ B will be denoted simply by fX p.aAf.

Lemma 4.0.4 Let f : Y — X a proper generically finite and surjective holomorphic
map between two complex spaces of pure dimension n; let k be the generic degree of
m. Let o, B be sections on X of the sheaf L'y and p € €°(X). Then the holomorphic
n—forms f*(«a) and f*(8) are well defined on a dense Zariski open set in'Y and
extend as sections on'Y of the sheaf Ly.. We have the equality

/X panB=Fk /Y 1(0).£7* (@) A T(B).
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PROOF. Remark that it is enough to prove the lemma for « = 5. As 7(«)
is an holomorphic n—form on X implies that « is locally L2 on X. Let S. be
an open ¢—neighbourhood of S a closed analytic subset in X such that the map
f:Y\fY(S) — X\ S is a finite covering between two complex manifolds. Then
the usual change of variable gives, if p is in €2(X)

/ pana =k / F*(0)-17 (@) A T (@),
X\Se Y\f~1(Se)

Letting € goes to 0 shows that f**(«) is locally L? on any desingularization of YV
and so f**(«) is a section of the sheaf LY.. The conclusion follows easily. |

Definition 4.0.5 Let X be a complexr space and let Y C X be an irreducible
p—dimensional analytic subset in X. We shall denote j :' Y — X the the inclu-
sion. Let a, 8 be sections of the sheaf o, on X and p be a continuous function with
compact support in X. We shall define the number fY p.ac A B as the integral

/Y J(p)-3"(@) A (B).

Note that this definition makes sense because the pull-back j* : J (ah) = of is
well defined and because the inclusion of. C LY, allows to use the definition 4.0.3.
Remark that this definition only depends on the irreducible analytic subset Y of X.
So we may extend by additivity the definition of the integral

/Y p.aAf

to any p—dimensional cycle Y in X.

REMARK. It is not clear that the definition 4.0.5 may be extended to sections of
the sheaf L% for 0 < p < n, for a p—cycle Y contained in the singular locus of X.

The next lemma shows that the change of variable holds for such a integral.

Lemma 4.0.6 Let f : X — Y be a holomorphic map and let o, 3 be sections on
Y of the sheaf of.. Let p be a continuous compactly supported function on'Y . Let
Z be a p—cycle in X and assume that the cycle f.(Z) is defined in Y*. Then
the restriction to |Z| of the continuous function f*(p) has compact support and the

integral [, F(p).f*(@) A f*(B) is well defined and we have

/Z F*(p)-F(e) A F(B) = /f L pan

4This means that the restriction of f to |Z| is proper; see [B-M 1] chapter IV.
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PROOF. First remark that any irreducible component I'' of Z which has an image of
dimension at most equal to p — 1 does not contribute to the right hand-side and also
to the left hand-side because the forms f*(a) and f*(8) vanish on such a irreducible
component :

Let g : I' = f(I') be the map induced by f; by functoriality of the pull-back §*
factorizes through o/;(r) which is zero.

Then the result is in fact a local statement near each point of the set |f.(Z)|. And
because of our previous remark and the fact that closed analytic subsets with no
interior point can be neglected in the integrals, it is enough to prove the result when
7 is smooth and when f induces an isomorphism of Z on f(Z). In this case, which
is not trivial because Z and f(Z) can be contained in the singular sets of X and Y,
the functorial property of the pull-back and the fact that for a complex manifold V'
we have af, = Qf, allow to conclude. [

Theorem 4.0.7 Let X be a complezx space and let (Yy;)ier be an analytic family of
p—-cycles in X parametrized by a reduced complex space T'. Let o, 3 be sections of
the sheaf o on X and p be a continuous function with compact support in X. Then
the function ¢ : T — C defined by

olt) = /Y pa B

1s locally bounded and for any given hermitian metric h on X there exists a constant
C such the following estimate holds for each t € T':

() <C. | ol (E)

Yy
Moreover for each point ty € T there exists an open neighbourhood Ty of to in T and
a closed analytic subset ©g with no interior point in Ty such that ¢ is continuous

on TO \ @0.
Proor. We shall cut this proof in several steps.

STEP 1. Let v : T — T the normalization of T'. The family (Y, )ier 1s an analytic

family of p—cycles in X parametrized by T, and if the theorem is proved for this
family it implies the result for the initial family, because the function is constant on
the fibres of the normalization map.

So we shall assume that 7" is normal in the sequel.

STEP 2. If the generic cycle Y; is not reduced and irreducible, the normality of T’
allows to write the family (Y;);er as a finite sum of analytic families of p—cycles in
X parametrized by T such the sum of these families is our initial family (see [B-M
1] ch. TV theorem 3.4.1). So it is enough to prove the theorem for such a family.
We shall assume that for ¢ generic in 7" the cycle Y; is reduced and irreducible.
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STEP 3. Let G C T x X the cycle-graph of our analytic family. It is a reduced
cycle and the projection 7 : G — T is (by definition) a geometrically flat map, that
is to say that there exists an analytic family of cycles (Z;);er in G such that for
each t € T we have |Z;| = 7—!(t) and such that the generic cycle Z; is reduced and
irreducible. Of course, here we have Z; := {t} x Y; foreach t € T.

Note pr : G — X the projection and define on G the sections of the sheaf af, by
letting oy := pr*(a) and p; := pr*(f). Then, it is enough to prove the theorem
for the function ¢ +— th p.aq A B where p := pr*(p) thanks to the change variable
theorem proved in lemma 4.0.6. Remark that pr induces an isomorphism of | Z;| onto
|Y;| for each t € T'. Note also that the continuous function p on G has a m—proper
support.

STEP 4. Let 7: G — G be a desingularization of G. Define the subset
O:={teT /JyecK dim,(ropr)*(t) >p+1}.

This is a locally closed analytic subset® in 7" with no interior point. For ¢, € T fix
an open neighbourhood Tj of ty small enough in order that ©, := © NTj is a closed
analytic subset. The map

q:Gn (Topr) HTy) \ (topr) 1 (©) = Ty \ O

is p—equidimensional on a normal basis, so it is geometrically flat and we have an
analytic family (Zt)teTO\@() of fibres of ¢ which are p—cycles in G, and for ¢ generic
in Ty \ ©g the cycle Z, is irreducible.

Note that the pull-back of a; and 81 on G N (7opr)~}(T}) are holomorphic p—forms.
So, by the usual result of the continuity of integration of a continuous form on a
continuous family of cycles (see [B-M 1] ch. IV prop. 2.3.1), we conclude using the
lemma 4.0.6 that the function ¢ is continuous on Tj \ ©y.

STEP 5. The local boundness on T of the function ¢ is given by the corollary 4.0.2
which gives the the estimate (E) by integration. [

REMARKS.

1. In the case of a proper family of compact cycles in X, it is easy, using results
of [B-M 1] chapter IV, to prove that the function ¢ becomes continuous after
a suitable modification of the complex space T.

2. Already in the case of the normalization map, if « is a locally bounded mero-
morphic function on X, the function z — |a(z)|* is not continuous on X in
general.

5See, for instance, the lemma 2.1.8 in [B.15].
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5 Integral dependence equations and normalized
Nash transform

We shall use here the notion of linear bundle on a reduced complex space X . Re-
call that there is an equivalence between coherent sheaves on X and linear bundles
on X which is local and sends a Oy —coherent sheaf F having a local presentation

0% LN O% — F — 0 to the linear bundle F' C X x CP given as the kernel of the
map ‘M : X x C? — X x C4.

The inverse correspondence associates to the linear bundle F© — X the sheaf of
linear bundle homomorphism U +— Homy (F,C). In particular, when F is a vector
bundle, the associated coherent sheaf is the sheaf of holomorphic section of the dual
vector bundle F™.

In this section we consider a normal complex space X.

5.1 Integral dependence equations

TwWO EXAMPLES.

1. We shall show in section 6.2 that for k¥ > 2 and k — 1 > ¢ > k/2 the form
wq = 2%.(dx/z — dy/y) is a section of the sheaf oy where

Se = {(x,y,2) € C* | z.y = 2F}

which are not sections of the sheaf Qg /torsion.
But as we have dz/x + dy/y = k.dz/z on Sy we obtain the equality

wy = k.22 (dz2)? — 42°7F dx.dy;

so wy is, for ¢ > k/2, a section of S*(Q ), the piece of degree 2 in the

symmetric algebra of the sheaf Q}S‘k

2. We shall show in section 6.4 that on X := {(x,y,u,v) € C* / 2.y = u.v} the
form a := u.dv Adx/x is a section of the sheaf o% which is not in Q% /torsion.
But using the following identities on X:

u.dv ANdz/x +u.dvAdy/y = dvAdu
wdv ANdy/y+v.duNdy/y=deAdy

we obtain that
a® + a.(du A dv + dx A dy) — (dv A dz).(du A dy) =0

which is a homogeneous integral dependence equation for a on the symmetric
algebra of the sheaf Q% /torsion.
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The following proposition shows that these examples are special cases of a general
phenomenon.

Proposition 5.1.1 Let X be a normal complex space. Then for each integer q the
sheaf % is the sub-sheaf of meromorphic sections of the sheaf Q% [torsion which
satisfy a homogeneous integral dependence equation over the sheaf S®(Q%), the sym-
metric algebra of the sheaf Q% /torsion.

PROOF. Let T9 — X be the ¢—th Zariski tangent linear bundle over X, which is,
by definition, the linear bundle associated to the Ox—coherent sheaf Q%. Then a
section w of the sheaf a% defines a morphism of linear bundles pr : 79 — X x C
over the open set X \ S. As a function on 77 it is locally bounded along pr=!(S)
thanks to property (B) in the theorem 2.0.1. So it defines a meromorphic locally
bounded function on the complex space T¢ and then satisfies an integral dependence
equation of the form

m
w™ 4 g a;.w™ ™ =0
Jj=1

locally in an open neighbourhood of S x {0} in 7% As w is linear on the fibres, we
may assume that the holomorphic function a; is a homogeneous polynomial of degree
j along the fibres of pr : 79 — X, and this conclude the proof, because the sym-
metric algebra of the sheaf Q% /torsion is the algebra of holomorphic functions on
T4 which are polynomial on the fibres modulo these which vanish on pr—!(X\ S).1H

5.2 Normalized Nash transform

NoTATION. For integers n < N we shall denote Gr(n, N) the grassmannian man-
ifold of sub-vector spaces in CV of dimension n.

Let X be a reduced complex space pure of dimension n and let S its singular locus.
Assuming that X is embedded in an open set U in C we have a holomorphic map

6:X\S—Gr(n,N)

sending each point z € X \ S to the n—dimensional vector sub-space of C" which
directs the tangent space at « to X. This map is holomorphic on X'\ S and meromor-
phic along S. So the closure of its graph in X x Gr(n, N) is a proper modification
of X. We shall note A" : X — X the projection on X of the normalization of this
graph. We shall call the (local) normalized Nash transform of X this modifica-
tion.

Let 7 : U — Gr(n, N) the universal n—vector bundle of Gr(n, N) and let £9 be the
sheaf of section of the dual vector bundle to A%(f). Let pr: X — Gr(n, N) be the
projection.
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Proposition 5.2.1 For each integer q there is a canonical isomorphism

¢ N7 (%) /torsion — pr*(L7).

Proor. Remark first that the pull-back fo holomorphic forms
N N*(Q% [torsion) — Q% [torsion
factorizes via the natural sheaf morphisms
c* N*(Q /torsion) — L° and  L* — Q% /torsion;

This is a consequence of the fact that £* is the quotient N*(Q% /torsion)/torsion.
Consider now a desingularization 7 : X — X. Then 7 := 7o is a desingularization

of X and we have
Q0 Jtorsion) = (L") C Q%.

This shows that N,(L®) is a sub-sheaf of the sheaf LS C w%. Moreover, if o is a
section of N,(L*), then 7*(0) is a section of 7*(Q% /torsion) thanks to the lemma
1.0.4 and then o is a section of the sheaf a%. [

As a consequence of this proposition we obtain that for a normal complex space we
have o% ~ N,(L?) for any integer ¢ > 0.

Lemma 5.2.2 Let X be a reduced complez space and let 7 : X — X be any (proper)
modification. Then we have a natural inclusion a% — T.(a%).

PROOF. Consider a desingularization 6 : X — X and remark that 7 := o7 is a
desingularization of X. Then we have

af = m (7 (%) = T (0.0 (7 (X))
Now the equality % = 0,(6"(Q2%)) and the inclusion 7*(Q%) C Q% /torsion give
0 (77 (Q%) C 07 (Q%)
0. (0" (7(2%)) C a% and then
a% C u(a%)

concluding the proof. ]

REMARK. This shows that when we consider a sequence of successive modifications
over a reduced complex space X, the sequence of coherent sub-sheaves (7,).(a%, ) is
locally stationary on X. For instance, this is the case for iterated normalized Nash
transforms over a given X.
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6 Some examples

6.1 Computation of w§ for hypersurfaces

We shall need the following elementary lemma.

Lemma 6.1.1 Let U be an open polydisc in C" and D an open disc in C. Let
X C U x D be a reduced multiform graph of degree k in U x D with canonical
equation P € O(U)|z|, which is a monic degree k polynomial in z. Then we have
the inclusion

I'(X,wk) c @l I, Q)

P'(z)
with equality for ¢ = n.
PROOF. First will shall prove the following formula, where (j, h) € [0, k]?:
ol k.(k—1)/2
det;p, [TraceX/U(m)} =(-1) (k=1)/2

Assume, without loss of generality, that D is centered at the origin with radius R.
Then for » > R we have, thanks to Cauchy’ formula

- ( Zm ) 1 Z™.dz
race — )= — .
YRP(R) T 2in ) P(2)
Then for m < k — 2 put z = r.e*? we obtain
- Lm 1 2w Terlfk.ei.(erlfk)'de
racexulpiy) = %/0 1+ 0(1/r)

and letting r — +o0 gives 0. For m = k — 1 the same computation gives

A do
Tracep(r) = 5, Tr e

Where @ is a polynomial without constant term in (1/r).e7*?. So we obtain that

Tracexu( "

;,,—(Z)) = 1. This is enough to obtain the formula above.

To prove the inclusion I'(X, w%) C P,L(Z).F(U, QF) take a € w% and write
o= Z gp.dt?
|H[=q

where gy are degree < k — 1 polynomials in z with meromorphic functions on U
as coefficients. As we have P'(z).dz = =), _, gTi'dth on X, this is possible. Now
for any f € O(X) we have Tracex,y[f.c] € QI(U) and this implies that for any
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H c [1,n|,Tracexy|f.gu) is in O(U). Let g be a meromorphic function on X and
assume that we write

k—1 i
9= Y P
j=0

where a;, j € [0,k — 1] is a meromorphic function on U. This is always possible for
the gy as we can see in what follows. Let m,, := Tracex,y[2*.g] for p € [0,k — 1].
Then we have the linear system in the (a;),j € [0,k — 1]:

a; Tracex,y|=—] =m, VYpe|0,k—1].
gt J / P'(z) P
But the determinant of this linear system is (—1)*®*=1/2 5o this implies, if we assume

that the functions m, are holomorphic on U, that the functions a; for j € [0, k — 1],
are holomorphic in U and so that g is in .O(X). Then our inclusion is proved,

as O(X) =Y"") O(U).#*.
Note that in the situation above, the condition in order that a = P,L(Z).Qq (U) will
be in w?(X) is that for any j € [0,k — 1] the (¢ + 1)—forms

_1
P

Tracexy[2’.dz A o]

are holomorphic for all j € [0,k — 1]. This is consequence of the fact that for any
p e QP(X) the (p+ 1)—form Tracex;y[o A B] must be holomorphic (see [B. 78] for
this characterization of the sheaf w%). For ¢ = n this extra condition is empty, so
the equality occurs. ]

REMARK. For a general reduced multiform graph X C U x B where B is now
a polydisc in C?, for any linear form [ in C? which separates generically the fibers
of the projection 7 : X — U, the map idy x [ : U x B — U x C is proper and
generically injective on X. If we define Y} := (idy x [)(X), we are in the situation
of the lemma above, and, as the direct image by 7 induces an injective sheaf map
T. 1 Wy — 7 (wy, ), we obtain the inclusion

()
Pl/

wg C @?;6 Qp

for any such [, where P, is the canonical equation for Y; (see [B-M 1] chapter II).
Note that the canonical equation P, is obtained from the canonical equation of the
reduced multiform graph X by the evaluation at [ (with z = [(x)); see loc. cit.. O

Note that, if X is a reduced complex space of pure dimension n, a section o € w' is
in L' iff o A & is locally integrable on X. The analogous characterization for p < n,
involves local integrability of a A & on all p—dimensional irreducible analytic subset
Y C X not contained in the singular set of X; so it may be useful as a necessary
condition but very difficult to check as a sufficient condition.
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6.2 The case X = {(z,y,2) € C* | z.y =2}k >2

NOTATION.  After blow-up (z,y, ) in C* the homogeneous coordinates in P, will be
(a, B,7). The symetry between x and y allows to consider only the chart {« # 0}
on which we put b := (/a,c := v/« and the chart { # 0} on which we put

a=a/y,b:=pB/y.
Our first example will be the normal complex spaces, where k € N, k > 2
X =S, :={(z,y,2) € C* [ 2y = 2F}.

Note that Sy and S; are smooth complex surfaces.

Lemma 6.2.1 For any k > 2 the normal complex space Sy, is nearly smooth®. So
we have Ly = wg,_ for any k.

PrRoOOF. Let ¢ be a k—th primitive root of 1. Then .S is somorphic to the quotient
of C? by the action of the automorphism 6(u,v) = ({.u,("'.v). The quotient map
is given by q(u,v) = (u*,v*,u.v) € C?. |

Now compute the sheaf w% for h € [0,2]. We have w} = Ox as X is normal, and
w} = Ox. %A% - A rather easy computation shows that the quotient wl /QY is gen-
erated on Ox by the image of x.dy/zk*1 = —y.dx/z*"1 + k.dz which is annihilated

in this quotient by z,y and z*~1.

Lemma 6.2.2 For any k > 2 the sheaf a, coincides with Q%k/torsion.

PrROOF. Remark that for £ = 0,1 the lemma is obvious as .S; is smooth. We shall
prove the lemma by induction on k£ > 2.

We have to consider the case k = 2 first because it appears that the computation is
special in this case (see the denominator & — 2 in the computation for k£ > 3).

For k = 2 after blowing-up the origin we have a smooth manifold:
In the chart {a # 0} we have y = 2.b, z==xz.c, b=c* so (z,c)is a coordinate
system in this chart and

dx N\ dy

z

= 2.dx Ndc

is holomorphic but not in 7*(Q%,) ~ Og.x.dx A de.
In the chart {y # 0} we have x = z.a, y=2b, ab=1.So (z,a)is a coordinate

system with a # 0. Then

dz Nd
GEAL: —2dz N\ daja

z

6See [B-M. 17]
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which is holomorphic but not in 7*(Q%,) ~ O¢.z.dz A da.
The assertion is proved for k = 2.

As the assertion is proved for k = 2, we may assume that, for & > 3 the equality is
proved for Sy_o. Then let X — X := S; be the blow-up of Sy at the singular point
x =y =z =0. In the chart {7 # 0} of X we have the relations

r=az y=bz ab=2""?

and we find a copy of Sy_5. For k > 3 we have

B 9 . ab dandb
d;z:/\dy—k_z.z .da/\alb—/’{;.IC_Q.izk_4 ,
a daAdb b daNdb

So in this chart
da N db

k4

Q3 [torsion) = O, _,.(a,b).

and, as a consequence of the fact that 27972 is not in the ideal (a, b) .Og,_, forqg > 1,
for no ¢ > 1 the 2—form dx A dy/zq is a section of the sheaf T**(Q?gk /torsion) near
the origin a = b = z = 0 in this chart. So the sheaf a2 is equal to Q%k/torsion. n

Lemma 6.2.3 For all k > 0 the vector space Ly, /o, has dimensionp = [(k—1)/2]
the integral part of (k — 1)/2. A basis is given by the 1—forms x.dy/z? for q in
[[k/2] + 1,k — 1], for k> 3.

PrRoOOF. The lemma is clear for k = 0,1. We have seen that after blowing-up the
singular point in Sy for any £ > 2 we find only one singular point of the type Si_o in
the chart {y # 0} and that the form x.dy/2? is given by the following computation
in this chart {y # 0} :

r=rza, y=2zb ab=22"7 zdy/2?=a.db/z*+ " dz.

So assuming that & = 2p + 1 > 3 and that we know that the forms a.db/z972 for
g—2in {p,...,2p—2} is a basis of the vector space LISQP_l/aéQp_l, this implies that
the forms z.dy/z? for ¢ = p+ 2,...,2p is a basis of a vector space of dimension
p—1linLg, / ag, ., because we have a linear map Ly, . /oy, | /og, | given by
the pull-back. Tt is then enough to prove that for ¢ = p+1 the form x.dy/zP™! is not
in oy, | and that it completes in a basis the previous free system in Ly,  /ag,
to conclude. In the last chart {v # 0} in the desingularization process of Sy,1 by

blowing up the unique singular point at each step, we reach the following relations:

r=uP Py =uT P 2 =uw :1c.aly/zple = (p+ D)l P du + pauP P do
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where (u,v) € C? is a local coordinate system.
Now assume that there exists holomorphic functions A, y, v near the origin on C?
and a polynomial Q(z) := 1+ Z;’:l qj.%’ such that we have

Q(2).z.dy/2"* = Nu,v).dv + p(u,v).dy + v(u,v).dz

near v = v = 0. This implies the equalities

w).(p+ D tar = Xpa? P + p(p+ Dok P o
]
Q(u.v).pult Pt = X (p+ 1)’ P + ppu Pt + v  and then
Q(u.v).uP Pt = AP P + puP P! and so
Q(u.v) = =Av + pu

which is a contradiction. Note that the same computation gives

v.dy/2’ = (p+ 1).uP vPdu + paulT ol dv
= (p+1)adu+pydv andaszu=yv =2
= (p+1).(dzF"" — w.dz) + p.(d2PT — v.dy)
= (p+1).dz"?" — (p+ 1) .udr — pu.dy € 7 (L torsion
Sopr1

Now assume that & = 2p with p > 2 then in the last chart { # 0} we shall have,
with coordinates (z,u) with u # 0

v=z:"u, y=2:2/u so xdy/ =pdz— 2 du/u.
Then assume that, again with Q(2) :=1+3°%_, ¢;.2
Q(2).2" Ldu = \.(2F.du + pu.zP~t.d2) + p.(—2P.dufu® + pu~t. 2P d2) + vdz;
it implies that
Q(2).2P P =X —pfu? and Q(z) = (A —pfu?).z

which gives a contradiction for z = 0.
Note that it easy to see that zP.du = dx — p.u.2P~t.dz € T**(Q}%P/torsz'on). [
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6.3 The case X := {(2,9,2) € C* / 23 + > + 22 =0}

Now consider X := {(z,y,2) € C* / 2® +y*+ 2* = 0}. The lemma 6.1.1 gives the

inclusion

1
w}( C ;Qéﬂ

where x,y are the coordinates on C?2. An easy computation shows that the form
o= (z.dy — y.dz)/z* generates w} /.
Let 7 : X — X the blowing-up at the origin of X is a desingularization. In the
chart. {7 # 0} let a := o/ and b := (3/v; then we have the relations

r=za, y=2z2b da+B+1=0
and then we can choose (z,a) or (z,b) as local coordinates. Then we have

a = a.db—b.da = db/a® = —da/b*.
In the chart {a # 0} we have

y:u.x,z:v.x,u3+v3+1 =0.

Then we can choose (x,u) or (z,v) as local coordinates and o = du/v? = —dv/u?.
This shows that w} = L. But a does not vanish on the exceptional divisor, so a
is not a section of a.
But, in the first chart,

z.a = z.a.db— z.bda = a.dy — a.b.dz — b.dx + a.b.dz = a.dy — b.dx € 7(QY)
and in the second chart
r.o = x.du/v? = dy/v? — u.dr /v = —dz/u* + v.dx/u?

also belong to 7**(Q%).
Then z.cr, y.a and z.a are sections of oy and the quotient L / ol is a vector space
of dimension 1 with basis a. [

Note that x.y.z.ar is not a section of Q% /torsion because if this is not the case, we
can write

v.y.(v.dy — y.de) = z.[Adx + p.dy + v.dz + p.df + o.f]

in C®, where A, jt, v where homogeneous of degree 2, p is a complex number and
where 0 = u.dx + v.dy + w.dz with u,v,w complex numbers. This gives, for
instance —z.y% = 2.\ + 3z.p.22 + u.f which is impossible.

So the vector space a /Q% has dimension at least 2. The complete determination
of the quotient o /QY is a non trivial exercise left to the reader...

Lemma 6.3.1 For X := {(z,y,2) € C* / 2® 4+ 4> + 2° = 0} we have

dime o /% =2, dime L% /o% =3 dime wy /L% = 1.
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PROOF. After blowing-up (z,y, 2) in C* we consider the chart {y # 0} as above.
We have

_drxNdy  dz /\db _dz da

YT T T e T e

Then z.w,y.w, zw are holomorphic in this chart, as we have xr = z.a and y = 2.0
and this chart is enough as dz A dy/2* = dy A alz/:zc2 =dz N\ dx/y2 SO T.W, Y.W, Z.W
belongs to L%.

But this is not the case for w. So dimw?/L% = 1.

The sheaf 7% (Q% /torsion) in this chart is generted by
z.(da/a®) Adz = —2.(db/b*) A dz.

Then it is equal to zQi2 in this chart. So a section in L% is in % if and only if it be-
longs to (z.L%)N(y.L%)N(z.L%). This intersection is generated by z.y.w, y.z.w, z.7.w
as a Ox—module. The vector space L3 /a% is generated by z.w,y.w, z.w because
2w, y?w, 2?w are in Q% C a%. We let to the reader the proof that they give a
basis of L% /a%.

Let us prove that z.y.z.w is not in Q3 /torsion.
Assume that z.y.z.w € Q% /torsion. Then we can write on C®:

ry.dr Ndy — z [)\.dx ANdy + p.dy Ndz + v.dz Ade + (a.dx + b.dy + c.dz) A df} =0

where we can assume that ), u, v are linear forms on C* and a,b,c are complex
number, using the homogeneity of the situation. The coefficient of dx A dy in this
identity is equal to z.y — 2.\ — a.y? + b.x? which cannot be identically zero. Con-
tradiction.

As it is easy to see that z.y.w = y.z.w = z.z.w and z.y.z.w are linearly independent
over C (different homogeneities) we conclude that dim a4 /Q3% = 2. [

REMARK. We have on X

de Ndy dyANdz dzNdx

W

SO

2?y° (de Ndy)?  2®.dx ANdy y?.(de A dy)
- 2 ) 2

(r.yw)? = = (dz N dy).(dz N\ dz),

24 z z

because on X we have 22.dx Ady = —22.dz ANdy and y?.dx A dy = —2%.dx A dz.
This gives an integral dependence relation for z.y.w on Q3 /torsion.
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6.4 The case X = {(z,y,u,v) € C* / z.y = u.v}
Lemma 6.4.1 The sheaf L3 is equal to w% and is given by Ox.w where we define

_dyNduNdv
—y :

W :
Moreover, w does not belong to o.

PROOF. On X we have z.dy + y.de = u.dv + v.du

w__da:/\du/\dv _duNdrNdy  dvAdrANdy

T u v

To see that w3 = Ox.w it is enough (X is a hypersurface !) to see that
wAdf/f=deNdy NduNdv/f

where f := x.y — uw.v. This is clear.

Using the symetries between the coordinates, it is enough to see that 7*(w) is holo-
morphic in the first chart of the strict transform X of X by the blow-up at the origin
in C* to show that w is a section of L3. Let y = Ax,u = p.x,v = v.ox. Then

™" (w) = _dx_a: ANx.dpNzx.dv =—z.de Adp A dv
where z, j1, v are the coordinates for X in this chart (and A\ = p.v). So w € L3
To see that w is not in a3 it is enough to see that w does not belongs to 7°*(Q%)
in the first chart above. An easy computation show that 7**(£2%) is generated by
7*(dz AN du A dv) = 2%.dx Adu A dv and so w = —x.dx A du A dv does not belong to
T*(Q%). [

Lemma 6.4.2 The meromorphic form w := u.dv A dz/x is a section of a3 but it
is not a section of Q% [torsion and its differential is not a section of a’.

PROOF. As
wdvANdr/z+v.duNdz/x =de A dy

is holomorphic on X, v and v play the same role for this form modulo holomorphic
forms. Also w.dv A (dz/z 4+ dy/y) = dv A du so x and y play also the same role
modulo holomorphic forms on X. So it is enough to see that in the first chart of
the strict transform X of X by the blow-up at the origin in C* the form 7**(w) is a
section of 7**(Q%) to prove that w is a section of a%. Using the same coordinates
as above we obtain

™ (w) = pxdv.e) Nde/z = pxdv Ade = p.dov A dx
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which is a section of 7*(0%).
To see that w is not a section of Q% /torsion assume the contrary. Then, by symetry”

w' :=v.duNdz/z is also a section of Q% /torsion and the differential of w —w’ must
be a section of 2% /torsion. But we have already seen that 2.0 = —d(w — w’) is not
a section of a%. Contradiction. n

Note that an integral dependence relation on the symmetric algebra of the sheaf
Q3 /torsion for w is given in the second example of the begining of the section 5.1.

Lemma 6.4.3 We have Q% /torsion = o} = L = wk.

PRrOOF. Write X := {2f 4+ 2} + 23 + 23 = 0} C C'. Then thanks to the lemma

6.1.1 we have wk C 69]1:0 %.Q}C3. To prove that QY /torsion = wk it is enough to
consider a section v := (a.dzx; + b.dxs + c.drs)/ry in wk and to show that it is a

section of Q% /torsion. But then Trace,(vAdrs) must be a holomorphic form on C?,
where 7 : X — C? is the projection which makes X a branched covering of degree
2. This condition implies (x;.dxy + z3.dxy + x3.dx3) A (a.dxy + b.dry + c.dr3) = 0
and then (a.dz, + b.dxg + c.drs) = w.xs.dry on X, where u is holomorphic on C*.
So v is a section of QY /torsion. [

Lemma 6.4.4 We have w}% = Q% /torsion ® C.n where

l‘l.de‘Q N d[L‘g + I‘Q.dl‘g N d[L‘l + l‘g.d[L‘l VAN d[L‘Q
Ty .

ni=

PROOF. Write w := (a.dzy A dxg + b.dxs A dxg + c.dxs A dxy) /x4 where a, b, c are
holomorphic on C?. Then w is in w?% if and only if Trace,(drs A w) is a section of
Qég. This is satisfyed if and only if a.z3+b.z; + .75 is a multiple of £ := 23 + 23 + 23
in Ogs. This gives the relation (a — g.x3).25+ (b— g.21).21 + (¢ — g.73).x2 = 0. And,
as ry, Ta,x3 is a regular sequence, this implies

a=g.x3+Awy+prey, b=gx +Nrxg— A3, c=g.x9 —N.17 — .73

where \, N, i are in Ogs. This shows that w% is generated as a Ox—module by
Q3% and 7. Note that we already know that 7 is not a section of Q% /torsion as we
have shown that w% is not equal to Q% /torsion and that x;.n is in Q3% /torsion for
i=1,2,3,4:

Tor using (u.dv + v.du) A dz/z = dy A da.
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for instance

xIq. Xz
1—77 == —1.<.§L’1.d372 VAN dﬂfg + SL’Q.d.Tg A d.Tl + l’g.dﬂfl A d.I‘Q)
Ty L4

1
= x—(—(azg + 23 + 23).dxy A ds + (v9.dxs — 23.d7s) A 3y.d1y)
4

1

= —.(—(25 + 25 + 27).dry A dr3 + (v9.dvs — v3.d79) A (—19.d7y — 23.dT3 — T4.d74))
T4

= —l‘4.dl‘2 VAN dl‘g - I‘Q.dl‘g N dl‘4 + l‘g.d!L‘Q N dl‘4

proving our claim. ]

6.5 The case X := {(2,9,2,t) € C* / x.y.z =13}

Remark first that the form w; := y.z.dz/t? is in w) because we have, with the
notation f := z.y.z — t3:

zt3.de Ndy + y.t3.de Adz + 3ty.z.dx A dt
12

wl/\df: EQ(?:AL

modulo (f/t*).Q2, which allows to conclude as ¢ is not a zero divisor in X.
Consider now the following sections of w:
u:=tw v:i=twy w:=t.ws

where wy and ws are deduced from w; respectively by x — y,y — 2,2 — =z and
T — 2,y — 1,2 — y. Then we have in the symmetric algebra of QY

utvtw = 3t.dt  wvtvwtwu = t.(z.de.dy+e.dy.dz+zdedy) wvw = tP.de.dy.dz.

This shows that w, v, w satisfy the following integral dependence relation over the
symmetric algebra of Q%

©°® — 3t.dt.0% + t.(z.dx.dy + x.dy.dz + z.dv.dy).O — t*.dv.dy.dz = 0.

Note that, because the coefficient of © does not belong to (¢?), we do not obtain an
integral dependence relation over the symmetric algebra of QY for ©/t so for the
forms w;,i = 1,2,3 ! In fact they are not sections of the sheaf o (for instance the
restriction of wy to the surface Sy ~ {z = 1} N X is not in ag, (see sub-section 6.2).

Let us now verify that t.u is not a section of QY /torsion. Let assume that we can

write
y.z.dr =t. ()\.dx + p.dy + v.dz +60.dt) modulo f.Q% + Ox.df

then, by homogeneity, we may assume that A, u, v are homogeneous of degree 2 and

y.z.de =t.(\dx+ p.dy + v.dz + 0.dt) + odf
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where ¢ is a constant. This implies
yz(l—o)—tA=0, tp+ozxz=0

which is already enough to obtain a contradiction, as these equations imply ¢ = 1
and o = 0 respectively. |

REMARK. Using the map ((z,y,2) — (z+y,z+ 7.y, + j%y, —2) which sends the
previous Y := {23 + ¢® + 2% = 0} to X = {x.y.z = 3} allows to find an integral
equation over the symmetric algebra of Q3. of the section

(2> +y* — z.y).d(z +y)
VA

of ai..
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