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Non-parametric Bayesian estimation for intensity
function in Hawkes processes
Sophie Donnet, Vincent Rivoirard, Judith RousseauUMR AgroParisTech/INRA 518. Team MORSE. INRA. Paris France

sophie.donnet@agroparistech.fr

Hawkes process is the most basic self-exciting counting process. It as been widely used to modelizeearthquakes [1-3], financial or economical data but also in neurobiology. The Bayesian estimationof the conditional intensity function has been tackled by [4] in a parametric context. In this work,we propose to consider a non-parametric Bayesian estimation

Introduction

• The Hawkes process (Nt)t∈R is defined by its conditional intensity
λ(t) = ν + ∫ t−

−∞
h(t − u)dNu = ν + ∑

T∈N,T<t
h(t − T ) (1)

where
→ ν is a positive parameter,
→ h a nonnegative function with support on R+ and ∫ h < 1
→ dNu is the point measure associated to the process.
• Interpretation : λ(t)dt = P(point ∈ [t; t + dt] conditionally to the past before t).So from (1) : constant rate ν and also all the previous occurrences condition the apparition of

an occurrence at t.
•Stationarity :
→We assume that h has a bounded support [0, smax ] such that ∫ smax0 h(u)du < 1
→ This condition guarantees the existence of a stationary version of the process
→ And the number of events on [T ∗, T ∗ + ∆]:

E [N∗] = E [N[T ∗,T ∗+∆]] = ∆∗ ν1− ∫ smax0 h(u)du

Hawkes processes

•Parameters of interest : h and ν
•Observations and likelihood : computation of the likelihood on [T ∗ − smax, T ∗ + ∆]

log `(N;h, ν) = ∑
Ti∈[T ∗,T ∗+∆]) log λ(Ti)− ∫ T ∗+∆

T ∗
λ(t)dt

•Prior distributions
→ h step function. h(t) =∑K−1

k=0 αk1[sk ,sk+1](t) = Ih
∑K−1
k=0 αk1[sk ,sk+1](t) with

∗ sK = smax known and s0 = 0
∗ Ih = ∫ smax0 h(t)dt < 1
∗
∑K−1
k=0 αk (sk+1 − sk ) = 1

→ Ih ∼ B (ah, bh)
→Prior on s : (

s0
smax

. . . sKsmax

)
∼ D ir(a1, . . . , aK ) (2)

→Prior on α1, . . . , αK : α0(s1 − s0), . . . , αK (sK − sK−1) ∼ D ir(b1, . . . , bK )
→ ν ∼ Γ(aν, bν)

Likelihood and prior distributions

At iteration (l),1. Sampling of ν with a classical random walk on log ν to guaranty the positivity2. Sampling of Ih with a random walk on [0, 1]
Ich = Φ−1(Φ((Ih)l−1) + ε), ε ∼ 0.5N (0, ρ1) + 0.5N (0, ρ2), ρ1 < ρ2

3. Sampling of αk
• k ∼ U{0,...,K−1} and αck = αl−1

k + ξ, with ξ ∼∑4
r=1 0.25N (0, ρr)

• Correction of the others α to keep ∑K
k=0 αk (sk+1 − sk ) = 1 :

∆k = αck (sk+1 − sk )− αl−1
k (sk+1 − sk )

αcj (sj+1 − sj) = αl−1
j (sj+1 − sj)− ∆k

K − 1 ∀j 6= k.

4. Sampling of s
• k ∼ U{1,...,K−1} and sck ∼ Triang(sl−1

k−1, sl− 1k , sl−1
k+1)

• Correction of the αlk−1 and αlk to keep the integral equal to 1:
αck−1 = αlk−1sl−1

k − sl−1
k−1

sck − s
l−1
k−1 and αck = αlk−1 ∗ sl−1

k+1 − sl−1
k

sl−1
k+1 − sck

Sampling of the posterior distribution : MCMC

T ∗ = 50 ∆ = 50, Ih = 0.5, ν = 10
•Data

•MCMC - 200 000 iterations

→ α s

→ α (l)
k (s(l)k+1 − s(l)k )

→ Ih ν

First numerical results

•Unknown K : reversible jump
• π(αk = 0) > 0
• π(αk < 0) > 0 to modelize inhibition
•Multi-dimensional Hawkes processes to modelize interactions
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