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Non-parametric Bayesian estimation for intensity
“—=\2a  function in Hawkes processes

Sophie Donnet, Vincent Rivoirard, Judith Rousseau
UMR AgroParisTech/INRA 518. Team MORSE. INRA. Paris France

sophile.donnet@agroparistech.fr

Hawkes process is the most basic self-exciting counting process. It as been widely used to modelize
earthquakes [1-3], financial or economical data but also in neurobiology. The Bayesian estimation
of the conditional intensity function has been tackled by [4] in a parametric context. In this work,
we propose to consider a non-parametric Bayesian estimation

e The Hawkes process (N¢)ter is defined by its conditional intensity

Alt) = v + /t h(t—u)dNy=v+ Y  h(t—T)

— TEN,T<t

where

— V IS a posltive parameter,

— h a nonnegative function with support on R* and [ h < 1

— dNy is the point measure associated to the process.

e Interpretation : A(t)dt = P(point € [t; t + dt] conditionally to the past before t).

So from (1) : constant rate v and also all the previous occurrences condition the apparition of
an occurrence at t.

e Stationarity :

S
— We assume that h has a bounded support [0, s;ax] such that fO " h(u)du < 1
— This condition guarantees the existence of a stationary version of the process
— And the number of events on [T*, T* 4+ A]:

v
1— [ym h(u)du

EIN*) = E[Nf7e 74l = A"

e Parameters of interest : h and v

e Observations and likelihood : computation of the likelihood on [T* — spgx, T5 + A

T*+A
log ¢(N; h,v) = ) log/\(T)—/ A(t)dt

T.e[T* T*+A)) "

e Prior distributions

: K—1 K—1— :
— h step function. h(t) =) ', A lis, s, (1) = I > k0 A lis, s,,q)(F) with

* S = Smax known and sg =0
SpaXx

* lh = Jo h(t)C/t < 1
K—1—
*) 1o Ak(Sk+1 —sk) =1
— I ~ Blay, bp)
— Prior on s :

s s
( 0 =K )NDir(cu,...,aK)

Smax  Smax
— Prior on a@1,...,ak : ap(s1 —sg), ..., aAxl(sk —sk—1) ~ Dir(bq,...,bk)
— V ~ r(av, bv)

At iteration ((),

1. Sampling of v with a classical random walk on log v to guaranty the positivity

2. Sampling of /;, with a random walk on [0, 1]
lf =07 @((l)" ") + ), e~05N(0,p1)+05N(0,p2), p1<p2

3. Sampling of o

K—1} and aj = 65:1 + &, with & ~ Zf}:1 0.25N (0, pr)

e Correction of the others o to keep Z;f:() Ap(Ska1 —sSk) =1

_ -1
Ak = Ap(Sk41 — Sk) — @ ' (Sk+1 — Sk)

A
_c I A A 1 .
aj(sjt1—sj) =a; (sjr1—sj)——7 ViFk

4. Sampling of s

[—1 )
k+1

e Correction of the @, _, and 65{ to keep the integral equal to 1:

K—1} and Sp ~ Triang(stj1 ,sl—"1g, s

[—1 [—1 [—1 [—1
s, '—s S —s
—C _ =l k k—1 —c _ =l k+1
A1 = A= T and ap=a;_ 4% T

C
Sk~ Sk—1 Sk+1 7 2k

T*=50 A=50, I,=05 v=10
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e Unknown K : reversible jump
o t(a, =0)>0
e (0 < 0) > 0 to modelize inhibition

e Multi-dimensional Hawkes processes to modelize interactions
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