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Summary

The quantum mechanics, in the infinitesimal world, is the reign of the quantification of energies, and
of the probability of presence of particles with the famous wave function y associated at the
Schrodinger equation. The General relativity, is for it, reserved at the infinitely large world where the
mater, the energy density T}, influence the curvature G, of the space time at 4 dimensions and
reciprocally. Finally, the strength of materials is the mechanic of objects at the human scale (beams,
columns, plates, shells) used for the design of structures, without common measures with this two
pillars of the of the physics cited earlier. We are going to show in first part of this paper that the
results of the quantum mechanics (quantification of energy, shape of the wave function) are similar
at the eigen frequencies and eigen modes of a beam. In second part, we will show on simples cases,
that the concepts of curvature linked with energy density present in general relativity are equally at
the bases of the fundamental equations of the elasticity and of the strength of material. We will
demonstrate finally that the stress energy tensor written for small speeds non relativistic is an
extension in 4 dimensions of stress tensor of the elasticity theory.



1% part) — Quantum mechanics and beam vibration
1.1) Free vibration of a beam on two supports — natural frequencies and mode of vibration

We consider a beam on two supports, with a span L (m), carried out with a material of elastic
modulus E (MPa), that have a section with an inertia | (m*) and an area S (m?) and that have a mass
by unit of length (m=p S) in kg/m (cf. figure 1). [4]

The beam is in free vibration and as a deflection along the time y(, ) :

M,E,I

Figure 1 — Beam on 2 supports under its self-weight —

We can write:

*Yixr)
F=ma=m -
ot?

=My (1)
In addition, we have by connecting the radius of curvature R (m) at the bending moment M, :

1 0%y My

—= = 2
R 0x? El @
Knowing that:
OM 5t
6(; ) — Viey (3)
aV ,t)
a(; = =qu (4)

We obtain by deriving twice respect to x the equation (2):

& (1) =%_i<M(x,t)) c2))

% \R ot e\ E )T E ©
So:
j)’ t
EI a;i):_Q(x,t) (6)

By equating equations (1) and (6) in the case of auto-vibration, we obtain the well-known differential
equation which controls the self-vibration of a beam on 2 supports:



azy(x,t) — _E] a*y(x,t) (7)
ot? ox*
So:
2 Y(x,t) (E) azy(x,t) 0 (8
ox* ElI/ ot?

Ifwe puty(x,e)y = 469,y (9)
By replacing in equation (8) above, we obtains:
iV .
EIQ(t)(I)Ex) +pSGiyPe =0 (10)
We can therefore separate the variables:

o pS

As this equation has to be verified for all x or t, the above ration have to be constant.

We therefore define:

And we define the pulsation (circular natural frequency) o thus:

2_0(4><E1 13

We can cut in two parts the differential equation (12) in two equations (separation of variables):

(X4
W ——¢..=0 (14)
x 47

oy + ©*qy =0 (15)
The study of the first equation gives the following general equation:

) = Asin (a JL—C) + Bcos (a JL—C) + Csinh (0( %) + Dcosh (0( %) (16)

And the successive derivative gives:

O = A %cos (a%) - B%sin (a’L—C) + C%cosh (a%) + D%sinh (a%) (17)
o = =A% sin () = 8 L cos (o) + ¢ S sinh (o) + 0 Lcosh (o) (18)
0"y = 4% cos (a2) + 5 G sin () + ¢ cosh (o) + DGy sink (o) (19)

0 ) = A% sin (o) + 8 Srcos () + € sinh (o) + D Gy cosh (a2 (20)

The 4 boundary conditions allows to write:




¢(x:0) =0
¢(x=L) =0
I}

P x-0) =0
1

Pty =0

] 0 0 . 0 0
O =gy = ASin (a Z) + Bcos (a Z) + Csinh (a Z) + Dcosh (a Z) (21)

Peegy =04+ B +0C+D =0(22)
L L L L
¢(x=L) = Asin (a Z) + Bcos (a Z) + Csinh (a Z) + Dcosh (a Z) (23)
¢(x=L) = Asin(a) + Bcos(a) + Csinh(a) + Dcosh(a) = 0 (24)
oty = = S sin (02) = B % cos (a) + ¢ Lsinh (a2) + D % cosh (a2) (25
0" (x=0) = 1z Sin (aL 1z €08 aL> [z Sinh\ay [z coshlas (25)
2 2
¢"(x=0) = 0A = BZ+0C + D = 0(26)
. a’ L a? L a’ L a? L
0" (x=1) = —Aﬁsm (a Z) - Bﬁcos (az) + CL—zsmh (az) + Dﬁcosh (az) (27)

2 2 2 2
0" (x=1) = —ALZ—Zsin(a) - B(z—zcos(a) + C%sinh(a) +D Z—Zcosh(a) = 0(28)

We can put these equations on the form of a matrix:

The determinant of this matrix have to be null.

We notice that from the equations (1) and (3) thatB=D =0

¢(X)

(I)(X)

PS4 _at
And we have: TR phaliy: (32)
The two equations (2) and (4) gives:

d)(x:L) = Asin(a) + Csinh(a) = 0 (33)

2 2
0" (x=1) = —Ai—zsin(a) + Ci—zsinh(a) = 0(34)

0 B 0 D
Asina Bcosa Csinha Dcosha
a? a?
0 B3 0 | @
a’sina a’cosa _a’sinha a’cosha
L? L? L? L?

X X

= Asin (a %) + Bcos (a %) + Csinh (a L) + Dcosh (a Z) (30)

X

= Asin (a %) + Csinh (a Z) (31)



So:
d)(x:L) = Asin(a) + Csinh(a) =0 (35)
0" (x=1) = —Asin(a) + Csinh(a) =0 (36)
The sum of these two equations gives:
2Csinh(a) =0=> a=00uC =0(37)
The subtraction of these two equations gives:
2Asin(a) = 0 => a = nnAndso C=0(38)
Is the Eigen value of the system.

We obtain the following equation of the Eigen mode:
_ Asi nmnx
(I)(x) = Asin (T) (39)
That we write in function of n (quantification):

The Eigen mode is so written:

. mnx
¢n(x) = A,sin (T) (40)

The norm of the Eigen mode is so written:

nnx

L L
f ¢, (%), (x) = f A%sinz(T)dx (41)
0 0

We replace du sin?(ax) by % (1 — cos(2ax)) (42)

%(1 — cos (ZnLnx>> dx (43)

L

fo 6,004, (0 = 42 f

We defineu = annx
d _Zm'c

u= I X

dx = L

x_anc

L

L 1 1t L
-[ =A2f —dx+A2—f ——cosudu (44)

The antiderivative of cosu is sinu :

2

fOL(I)n(x) o, (x) = A7 [(; - %msin (27’27‘6)6))]: = A2 (% —0—-(0— O)) _ % (45)

We note that if we chose4,, = \/% (46)) the modes ¢, (x) would form an orthonormal basis for the

canonical scalar product.
In the case of normed Eigen vector we have so:



¢n(x)=\/%sin(nLix) (47)

We have to study the second equation now :
Gy + @4y =0
We fix qr)as following:
qet) = acoswt + bsinwt
qty = —awsinwt + bacoswt
G = —aw’cosot — baPsinot

At the time t = 0, the system is in static, and so the speed is null:

q(t=0) = —awsin0 + baxos0
That imply b =0:
And so the final deflection of the beam is:

Yt =400 ()

2  max _
Y@t = a len (T) cos(wt) (9bis)

Note
We find this result by writing that the determinant of the matrix of the components must be zero.
Determination of circular natural frequency:

2—a4xE1 48

Witha=nn (49)

2_n4n4xE1 50) => _n’n? |El 1)
T s T OTTE b

With these equations, we can define the different Eigen mode of vibration of the beam (cf. figure 2).

1% mode :




2" mode :

39 mode :

|2 (3mx
b = [75m ()
Figure 2 — Eigen mode and circular natural frequencies of a beam on two supports —
1.2) Particle in a potential well with an infinite dimension
We consider a particle in a potential well as defined below (cf. figure 3).

Uiy = Upey=

Ij(x]

0

Figure 3 — Particle in movement in a potential well —

The Schrodinger equation independent of the time can be written as following:

ﬁ axz + Em l//(x) =0 (52)




This equation can be also written on the form curvature = k energy

dZ\V(x) 2m .
o=~ (57 V) En 520i5)

The dimensional equation is so the following:

1 kg « kgm?*
m?  kgm?s s?
( s? )

The boundary conditions are therefore the following:

The particle is present in the potential well: The particle is not present in the potential well:
0<x<L x<Qoux>L
h2\ 02y,
<ﬂ> oxz T Em¥ =0 Vi =0
The particle follows the Schrodinger equation there is no particle

Otherwise, Yix) is a continuous function. The consequence is so: Yoy= Yy = 0

So:
d?y
(€3] 2 —
Tx? +k Y =0 (53)
With:
2mE
k? = hz"‘ (54)

The solution of the wave function for this differential equation is of the following shape:

Yy = Asin(kx) + Bcos(kx)  (55)

We suppose that the energy Enis positive.

By use of the boundary condition we can find the constant A and B:
Inx =0, Y0) =0:
That this imply that B =0

Vi) = Asin(kx)
In x =1, 1//(L)=0:

Yy = Asin(kL) =0

It is so necessary that with A and k different from O that kL = nx
That imply that:

nx
k= T (56)
With n an integer =1,2,3......

As we have posed:



2mE,,

2 _
k= -
The result s :
2mE,, n?r
2 _ m _
K=" T OGP
We finally obtain the quantified values of the energy:
n? 2h2
mn = 5 (58)
Withn=1,2,3,...
So, the Eigen values of the energy are quantified.
We can finally write the expression of the wave function:
o max
Yy = Asin (T x)

We are looking for now the value of the constant A:

As the particle has to be somewhere in the quantum well

2
The function || V) ” = 1 to satisfy the density of probability (the particle must be somewhere in
the box between 0 and L).
L
fo ” 1463

fLAZsin2 (@) dx = A—ZfL {1 — cos (2n7zx>} dx = A—z [x - Lsin <2n7zx>]L
. L 2 ), L 2 " " 2nn L/l
A2 L 2mLy\\ AL
:7<L_2n;zsm< L )) =72 !

SOAz\E (60)

And the solution of the problem in the quantum well, the wave function, is so:

2
dx=1 (59)

y/(x)=\/%sin(?x) (61)

Wave function probability to be present
|2 mmx
R A (Tx) ” 1465

Not about the Energy:

g %sin2 (? x) (62)

By the following classic notation:E = hv =
And with T = 2
(0]
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1.3 Conclusion of this first part

Table 1 below shows the perfect analogy between the vibrations of a beam on two supports
(resulting from the strength of the materials) and the quantification of the energy of a particle in a
quantum well (derived from quantum mechanics).

Case Eigen value Eigen Modes
studied Natural circular Frequencies Quantified Eigen mode of Expression of the Wave
energy oscillation of a beam function
Evt\elzm on w22 gl iVr\]/tI’;:‘frl:::lt’tS . 2 (nnx Without interests
O =— — = |=Sin\——
supports L pS n() L L
¢ pS_g _a ¢ _ _pS d_a
§ TR NG
a? dZQ(t) a*El
N — ., =0 +7c )90
(0 AT T dt? L*pS
Yo = Ao =0
Yty = Ao
Particle | with the notation :E = hv = 2 . n’n? <h2 > Without interests 5 -
. T =—=— ;
in the ‘ % (h L? \2m Vo) = Zsm (T)
potential O =——I[F—
well L* \2m d?y 2
2 x) mEm -0
d Y (ZmEm) —0 dx2 h2 Vi =
dx? h2 ™)

Tableau 1 — Analogy between the natural circular frequencies of vibration of a beam on 2 supports
and the quantified energy of a particle in a quantum well

The circular natural frequencies ® of a beam in strength of materials have an analogy with the jump

of quantified energy En of a particle in a quantum well. ( E—;)

RDM 2m quantique

The Eigen modes s ¢ of vibration of a beam in strength of materials have an analogy with the Eigen
mode of the wave function in the quantum well.

2" part) Relation between curvature and energy in 1 and 2 dimensions (beam and slab in strength
of materials) and in 4 dimensions (General relativity)

2.1) Case of the beam on two simple supports
Considering the same beam as that defined in figure 1.

The fundamental relation connecting the curvature (1/R) at the bending moment M,,and at the
second derivative of the deflection y(, writes:

dzy _ M(x) _

1
— = =— (64
dx? El R (64)
In this expression, ¥y is the deflection of the beam (m), My, the bending moment (N.m), E the
young modulus of the material that constitute the beam (N/m?), | the inertia in(m*) and R the

curvature radius in (m).
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The exact expression of the curvature is given in the expression (65). The part in cube root is negligible.

d
= X ~ (65)
dy 2
1+(2)
In addition the elastic bending energy of a beam can be written as:

1 [t M
== dx (66
zfo g @x (60)

Considering to simplify a beam under a constant bending moment M at each extremity (cf. figure 4).

v

y
Figure 4 — Beam on two supports under a bending moment M at each extremity —

The bending moment equation (pure bending) is the following:

From the equation (64) w obtain:

&2 Fm~r ©®
El
M(x) == M = _ﬁ (69)

By introducing the expression (69) in the expression of bending energy (66):

U_lfL(EI)Zd _1fLEId
~2), RREIY T 2), R2™N

With the curvature that is constant, we obtain:
1EIL
2 R?

So in pure bending:

L5 o
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We obtain thus a relation between the curvature and the strain energy of a beam

Note:
By integral two times from x the expression (68) and considering that the deflection have to be null
on each support, we obtain the expression of the deflection.

e o
Yoo = =51 * Tog* 7D

And we find the well-known result of the strength of materials:
ML?> MIL?> MIL?
Yarn =~ ggr tagr = e ¥
dZ}/(x) M 1

dx2 El R

2.2) Case of a thin plate of thickness h
Considering a thin plane h, of sides Ax et Ay sunder a bending moments My (cf. figure 5) :

M,

|‘ Ax

[
|‘ rl

Figure 5 — Plate under a bending moment on its sides —

M, Represent a bending moment by unit of length:

Under the bending moment, the plate is in bending and takes a curvature of radius R as indicated at
the figure 6 below:

ds = Ax
Figure 6 — Relation between the radius of curvature R of the plate and each mean fiber -

We have following the figure 6: R, 40 = ds = Ax (73)

And we have a relation connecting the curvature 1/R and the defection w of the plate:

1 OZW(xy)
— = —77= (74
R, dx? (74)
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By introducing the expression (74) in the expression (73) we obtain:

A0 = — = —

Ax 0 2 W(x,y) A
R, d0x?

(75)
The elastic bending energy of the plate can be written so:

1
AU = 5 My AyA8  (76)

1 aZW(x,y)

> 9x2 AxAy  (77)

The contribution of energy following y can be written following the same approach if a bending
M,, is now applied on the side Ax :

1 0*W(xy)

AUy, = — > M, 3y2 AxAy  (78)
The contribution due at the torsion can be also written:
1 aZW(xy)
AU, = =2M,., ———= AxA 79

Finally the strain energy of the plate can be defined:

AU = AUy + AU, + AU, (80)

1 02wy 1 0%Wiy) 1 0*Wixy)
AU = —=M,, ———= AxAy — =M, ——— AxAy + = 2M,., ———= AxA 81
2 T2 Y TNy dy? Xy T3 ¢y dyox Ay (81)
So:
1 Wiy F*Wery) 0 0 Wiy
AU = = |-M,——>2> + 2M CZp 22| AxA 82
2[ X ox? T eMy dyox Y 0y? ] xdy - (82)

By using the well-known relation connecting the bending moment at the second derivative of the deflection:

9*w 9w 9w 9w
Mx=—D< S a}fﬁ'”) (83),My=—D< a}f’z“y)+v a;;”) (84)

M, =D(—+v— (85M—D1+1 86
x = Rx vRy ), y Ry va ()

2°w
_ _ (x.y)
My =D(1-v) 22 (87)

And by reporting these expressions into (82) we obtain:

1 02W(xy) 02 W(xy) aZW(x y) aZW(x ) 02W(xy)
AU =—=|D : : . 2D(1 — ’ -
2[ < 0x? v dy? > 0x? +20(1 -v) dxdy  0dydx
2%w 2°w 2%w,
xy) xy) xy)
D AxA 88
+ ( 3y2 +v EP%) ) 3y ] xAy (88)

By developing the expression (88):
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2
v = Lo (EWan) 2 Wer 0 Wew) o O Way) P Way) 0 0" Wey) O Weay)
2 d0x? d0x? dy? dxdy  dydx dxdy  dyox
Wiy \' |0 Wiay) 9PWey)
D|———— D : —| AxA
+ < 32 > +v 52 3y? xAy
D|(0?wey) ’ 0 Wixy) 0°Wixy) *Wiry) ’ O*Wixy) ’
AU == || ————) +2 - —+2(1 — - + - AxA
2 < 0x? ) VT ox2 dy? ( v)< 6x6y> < dy? > Xy
AU D|(0?Wy) 2+2 az""(x,y)az""(x,y)_|_2 1 0 Wixy) 2_|_ 0*Wxy) ’ AxAv (89
2 0x? VT ax2 dy? 1= dxdy dy? xdy (89)

We obtain a relation between the curvature and the density of strain energy of the plate:

(i)2+ 1 2+2(1—v) L 2 + 2v 11 —24(1_V2)x AU 90)
R, R, Ryy RyR,J| ER® AxAy

Note:

The expression below allow to reformulate and to simplify the expression (89):
201 — ) 0%w 9w 92w\’ B 262W62w+2 92w\’ o 0%w 0w ) 92w\’ o1
Y 9x2 dy? 0x0y dx? dy? 0x0y VY ox? ay? v 0x0y D

2 2 2
Wy | OWay)) _ (W) | (PWam), ,00wow
dx? dy? 0x? 9y* 0x% 0y

The sum of the two expressions (91) et (92) above gives again the expression (89) :

0*W(xy) 2+ 02W(xy) 2+ GZW/{W W/éw i 62 2+2 0°w d%w ) 92w \>
Ox? dy? a;/é 9y? a)/z dy? X0y 9% 972 v 2x3y

Therefore the expression (89) can be written from the two expression (91) and (92):

D (’)Zw(xy) aZW(xy) z 62w62
AU = — - - -2(1- AxAy (93
2 < axz | ay? ) Q=25 ay2 ™ axa Ay 93)
With for the bending rigidity D:
E 3
D 94
12(1 ) (04)
AU—D ! Ly 2(1 ) 11 2 AxA 95
“2|\"R, R, IR R, \Ry, xdy (95)

11 (1 >2
Ry R, \Ry

- (%) A?cZy 96)
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We are developing now this expression in the case of the pure flexion:
The radius of curvature are all equal. The radius of curvature due to the torsion is null.

0w 1 1
=0,—=—=

1
dxdy Ry R, R

(97)

By introducing these expressions in the equation (96) we obtain:

2

AU=2 (—%) —-2(1-v) [%] AxAy

Dr4 2 1
AUzi[ﬁ—ﬁ+2vﬁ]AxAy
Dy2 1

D
AU = Rz [1+ v]axay
So:

1 1 AU

= (98
R? D(1+U)AxAy( )

If we take into account of the bending rigidity (94) and if we define fix Ax. Ay = A
1 120-v)U
R2  ER3(1+4+v)A
1 12(1 — v o U
R?2 Eh?(1+v)  Ah
1 12(1+17)(1—v)>< U
R2  ER2(1+v) Ah

We obtain in the case of the pure bending:

Energy density
Curvature 1 12(1-v) y U 99 /
Rz Eh? an O

Proportionality

factor
And the dimensional equation is:
1 1 U
—= —
K
s‘m
1 s U
- = X —
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2.3) Case of the General relativity

2.3.1) Expression Einstein Equation

The Einstein equation has to be written as following:
Gy = kT, (100)

In this equation, the curvature and the energy of the space time are linked (cf. figure 7).

Figure 7 — Symbolic view of the curvature of the space time by projection in a plane space —
With:
Gy is the Einstein tensor.

8rG

K = C_4 (101)

In addition the dimensional equation of k is the following:

L3T* T? s?
K=———=

MT?* ML kgm

(102)

The developed equation of Einstein becomes:

1 8nG
Ry — Eg;wR +Agyy = C_4T;w (103)

2.3.2) Details on the curvature tensor

The Ricci tensor is obtained by contraction of the Riemann tensor on the indices A:
_ ph

Ruv - R;w/l

R is a contraction of the tensor Ry, .

The curvature tensor or Riemann tensor is written as following:

Rﬂuva = [LL/Ia,v - 1—;1/117,a + I;};]I;i’zx - Fa;”nlﬂ (104)
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Or in another way:

e 0L
dxv  0x“%

R*yva = + LAL — T (104 bis)

By definition the definition of the Christoffel symbols is the following:

Iy = %g‘p (Guow + Gvpu = Guvp) = %g"’ @i’f + E;if - aa?;) (105)

g is the metric,

The coefficient of the metric are issued of the differential distance (special relativity):
ds? = c?dt? — dx? — dy? — dz? (106)

So, considering the Einstein convention of summation:

ds? = g pdxtdx? (107)

&% 9&F

I = My 30 00 (108)

E0=ct;&'=x;8%2=y;83 =2 (109)

1 0 0 0
lo =1 0o o

Tw=lo o -1 of @10
0 0 0 -1

A is the cosmologic constant (possible candidate to explain the dark energy and dark matter)

The F/fv are the first derivative of the metric g :

For example in coordinates (t,r,0,0) :

0 ¢
ol N ol 4 dlq 4 0l

A _ pt r 7] P _
Fr/l,r - rt,r+ rr,r+ r9,r+ ro,r or or or or

(111)

So the 1}% are the second derivatives of the metrics g,,,, that we can by analogy compare in one and
two dimensions with the expressions of curvatures given in the expression (70) , (90), (96) and (99).

So Gm, has the dimensional value of a curvature in 1/m?

For example the first terms R’IMW (see 104 bis)

1 3,(99up , 09vp 0w
0% _ 6{79 p((’)x” T oxk 6xp)}
axv ox?
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2.3.3) Detail on the stress energy tensor

We have showing below that the component of the stress energy tensor T, have the dimension of
an energy density

G = 6.6726x10* m3kgls 1J=1W.s =1 N.m = 1kg.m2.s2

N

c . 8nG Energy 8mG Mass 12
= X =
urva urex c* Volume  c¢? Volume (112)

Lz (Lm* (L3
The stress energy tensor is a matrix where the component are given below (113):

my?c?

v

Tow = |PY7cU pY?vcve pY?URvy pYiuav,|  (113)
pyicvy, py*vyve pYvyvy,  pyiuyv,
pyicv, py*vve pYPuvy  pyiuw,

pyicv,  pyiev, pyicv,

Where v is le factor of Lorentz (114) (cf. special relativity), the energy density p = %with m the mass and V

unitary volume, c the speed of light, v a speed in the direction i.

The factor of Lorentz becomes from the Lorentz transformation that imply that the speed of light stay constant in
all the referential.

1

Jl_v_zz\/ll_ﬁz

c?

y = (114)

We show that at low velocity (in a non-relativistic situation) and in 3 dimensions, this tensor with 16 components
in four-dimensional space-time actually includes the stress tensor (9 components) of the continuum mechanics
from which derive the strength of materials [11].

The stress tensor in two dimensions can be written as following:

_ [Uxx Txy
Txy Oyy

| ais)
And in 3 dimensions:
Oxx Txy Txz
oij = [Tyx Oyy TYZ] (116)
Tzx sz Ozz

In theory of elasticity, that come from the continuum mechanics, the relation between the stress tensor gij and
the applied force Q; on a surface of normal nj can be written as following:

Qi = al-jnj (117)

In a field of a variational approach, the stress tensor can be written as follow:
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4Q;
O'ij=A—n;WlthAnj—>0 (118)

So, with m the mass, p the density of mass energy, V the volume and a; the acceleration, we have:

_AQ; Almxa) A(p.V.a)

O;; = =
Y Anj An] A')’l]

(119)

If we make the hypothesis that the variation of the force is due only to the variation of the Volume V
in function of the time t we obtain with:

(%
a =5 (120)

_A(ppV.ia) 1

av
y —(=)v, (21
VT4, Py (At)v‘ (121)

We can of course define the volume V:
V = Ax;. Ax;. Ax  (122)
Thus we obtain:

1 (Ax;. Axj. Axy
=04 () 42)
We can replace the n; by its value:

nj = Axi.Axk (124)

v; (Ax;. Axj. Axy

= pt 125
%4 pAt( Ax;. Axy ) (125)

After simplification we obtain:

Ax;
gij = pV; (A_t]> (126)

By definition of a speed, we have:

v = (2—?) (127)

We obtain finally the expression of the stress tensor at low speed in function of the energy density p
and based on the multiplication of the velocity vi and v;:

O-l'j = pUl'Uj (128)

The stress energy tensor becomes from the product of the density of energy and the multiplication of
the four velocity (4 dimension of the space time) issued from the general relativity.

Tw = puyu, (129)

With for the four velocity:



V44

_ VYV
U = lyv,

YUz

(130)

Under low speed y=1 the stress energy tensor becomes:

[ mc?

| 7 PCU, pCUy
Tw =|pcvy pvyv, PUxVy

pcvy,  pvyUy PV

pcy,  puvy PV
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pev, |
pvyvy | (131)
pVy,
PVzV,

Based on the definition of the stress tensor, (cf. equation 128), the stress energy tensor at low speed

can be written as following:

[ mc?

| 7 pPCU, pcvy
TIW T1PCVUx  Oxx Txy

PCYy  Tyx  Oyy

lpCUZ Tzx Tzy

mw}
(132)

T.X'Z

Tyz
Ozz J

The Einstein equation build a link in 4 dimensions (space time) with the curvature tensor
Gv(dimension 1/m?) and the stress energy tensor T}, (dimension energy/m?3) that is itself a

generalization in 4 dimensions of the stress tensor of the continuum mechanics.

2.4) Conclusion of this second part

The table 2 below makes a synthesis of the results obtained. We can see that the general relativity is
a generalization of the elastic theory in 4 dimensions of the space time.

Theory Number of Formulation between energy and curvature Example of application (pure bending) or expression

considered dimensions at low speed

Beamon |1 d*y 1 _2 (g)

two 1_ dx? R2 ~ EI\L

simple R 3

2

supports 1+ (ﬂ)

in dx

elasticit

Y _;fﬁ@d Py My 1
2), EI dx? El R
i 1 12(1 — U
Thin plate | 2 ( 1 1 >z - 11 < 1 >2 (2 AU = (Eh3 V) XZ
—_—— j— — v —_ _— — J—
R, R, RyR, \Ryy D) AxAy
General 4 8nG G... =kT
— uv uv

reIativity R’W 2 g’wR + Ag’w 4 T’w mc?

[7 PCU, pcvy  pCy,
le =1pCVy  Oxy Txy Txz

|pcvy Tyx Oyy Ty |
PCU; Ty Tzy Ozz J

Tableau 2 — Comparison of the different relations between energy and curvature in function of the
number of dimensions considered -
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Conclusions

We have showed on several examples that the strength of materials allows to understand at our
scale certain fundamental principles of the quantum mechanics:

- The eigen mode of a beam on two simple supports correspond at the different shape of the
wave function connected with the jump energy of a particle in a quantum well,

- The natural circular frequencies of a beam on two simple supports correspond at the
guantification of the energy of a particle in a potential well.

We have showed that the general relativity is a generalization in 4 dimensions (space time) of the
relation curvature/energy equally present in strength of materials for the beam and for the thin
plates

Finally, we have showed the stress energy tensor written at low speed give the stress tensor of the
elasticity theory.

Extension of this article, next steps:

We have equally shown that in strength of material 2 main equations are necessary. One in static
(curvature = K energy density) and one in dynamic (natural frequencies and eigen modes). So if the
analogy between the beam (or plate) in strength of material and the space time is total; two equations
should be also necessary at large scale. The first is the Einstein Equation connecting the curvature and
the energy. The second remain to find.

If the analogy with the strength of the materials is exact we have some clues about this second equation.

This second equation would allow to quantify the space time (analogy with the natural frequency and
eigen mode of the beam that represent also the energy quantification and shape of the wave function
y in quantum mechanics).see table 3 in annex A.

Notice that this equation should be in 4th derivative of the space metric and 2th derivative of the
time metric, and of course tensorial written to be valid in all the referential (covariant derivative).
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General relativity

Principle Quantum mechanic Strength of material
Space (1-3) dimensions Space (1-3 dimensions) or time Space-time (4 dimensions)
What is Wave function i Deflection of the beam yy 1 Metric g,, withuv =
distorted 0(t) to 3(x,y,2)
Simplified e )
/symbolic M C " >
drawing of T f
the case
studied M
Curvature = Curvature of the wave Curvature and energy density Curvature and energy density
K energy function
Example in 1 dimension Example in 1 dimension Example in 4 dimensions
dzy _ M(x) _ 1
dx? El "R
1 (EMg,
U=—- dx
Zfo El
1 2 R 1g R+ Ag _Bne,
2 —dx= —U w5 Jdpv w T 4 Ty
dw(X)_—(z—m\ll )E fORZ X £l 2 c
2 2 m
dx h? 7 If R constant => iz =2 (E)
Rz~ EI\L
Eigen value Example of a particle in a Example of a beam simply supported in | To be developed...
(natural well potential in 1 dimension | 1 dimension (natural frequencies) In 4 dimensions
frequency) 5*)’(x,t) m azy(x,t) B In 4*" derivative of the space metric
anddeigen It (E) EY 0 anj 2:“ derivative of tchle time metrliac,
mode Yot = q(t)(l’(x) an‘ o‘ course tensor|a‘wr|tten t.o e
valid in all the referential (covariant
2 nmx derivative)?
Y =@ |7 Sin (T) cos(wt) )
_ n®n® (h _ n’n® [ |EI
*=77 \2m ®=Te pS
¢v _ pS g _a*

|2 mnx
V@ = ZS‘”(T)
d2
\V(x) (ZmEm) -0
dx? nz ) Ve T

6  El q L*
4
a
% _
Oy "7 P =0
In space :
4
o _a*
b 0w

Oy = j% sin (nLix)

In time :
dZCI(t) a4EI
az T\1aps )90 = 0

Table 3 — Basic evidence of one equation is missing at the space time scale by analogy with the 2
main equations in strength of material —
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