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Abstract

We present a non-commutative algorithm for multiplying 5 x 5 ma-
trices using 99 multiplications. This algorithm is a minor modification
of Makarov’s algorithm which exhibit the previous best known bound
with 100 multiplications.

1 Introduction

In his seminal work [15], V. Strassen introduced a non-commutative algorithm
for multiplication of two 2 X 2 matrices using only 7 coefficient multiplications.
Since, several algorithms where proposed for the product of small matrices dur-
ing the last 40 years (e.g. [7, 11, 8]). In 1987, O.M. Makarov shown in [9] that
the product of two 5 X 5 matrices can be done using 100 coefficient multiplica-
tions.

In this note, we present a non-commutative Msy5x5 performing the matrix
product problem AB = C expressed with the following generic 5 x 5 matrices:

aip -+ ais b1 -+ b1 €11 -+ C15

Msysxs | : : = s ()
asi -+ ass bsi1 -+ bss €51 tc Cs

this algorithms requires 99 coefficient multiplications. Furthermore, we explain

briefly how this result is derived from Makarov’s original algorithm and we
conclude by some implications of this new upper bound.

2 An algorithm for multiplying 5 X 5 matrices

The algorithm presented below was accidentally obtained while implementing
Makarov’s algorithm in a computer algebra package devoted to matrix multipli-
cation algorithms seen as geometric objects represented by tensors. In his orig-



inal paper [9], O.M. Makarov decomposed the 5 x 5 matrix multiplication algo-
rithm as 7 others matrix multiplication algorithms using a variant of Strassen’s
algorithm [15] and obtain an algorithm requiring 101 multiplications. Then,
Makarov uses the particular form of one of the used sub-algorithms to obtain
his algorithm that we are not be able to improved. But by explicitly implement-
ing the intermediary algorithm requiring 101 multiplications, the simplification
procedure of our computer algebra package produces automatically the following
evaluation scheme that requires only 99 coeflicient multiplications:

my = (as1 + azs + ass — ass) bsa, (2
ma = (—a12 + ai4) bai, (3
ms = —asz bas, (4
my = —asy bas, (5
ms = a1 (ba1 + ba1), (6
me = (—as2 + as2) (b1a — bag + b3y — bas), (7
mr7 = (a12 + as2 — a14) (ba1 + bar + baz) , (8
mg = as3 bss L, (9
my = as1 bis L, (10
mio = (—a3 + azq — aaq) (b2 — bar + b12 — baz — b3a + ba2) , (11
mi1 = (a21 — a1z + a2z + a3 — @14 + a24) (—baz — b3a + baa) , (12
miz = (az2 — aao — @14 + a24) (b12 — bz + b1 — bog + b3g4 — baa), (13
my3 = (—ag1 + a12 — a22) (—ba3 + byz — b1g + by + b3y — bay), (14
mi4 = ags (ba2 — baz + bs2) (15

bao — bay — b12
a2 — a21 — G2 — Q43 + A34 — G44) ( )

—~
—_
M Y~ Y Y~ Y~~~ N ~ — Y N N~ N~ N N Y N N N~

s = ( +bag — byz — baa

mie = (—aa1 + a3z — aa2 — a4z + az4 — aaa) (—ba1 — b1z + b22), (17
mi7 = (—az3 — azs) (—bs3 + bsa), (18
mig = (@43 + aaa) (ba1 — bay — baa + ba2), (19
mig = (—a21 — ag2 — a2z — az4) (—baz + baa), (20
Mmoo = (@14 — a24) (b2 — baz + b3z — baz + b1g — bag + b3s — bua), (21
mo1 = (a21 + a22) (—bag + baz + baa — baa) , (22
maz = (—a12 — a2 + a1 + aza) (ba1 + bas), (23
ma3 = (a12 + az2) (b21 + ba1 + baz + bag) , (24
Moy = (@12 — azo — a3z + a4z — ags) (b1 — ba2), (25
Mmas = (—ag1 + aa1 — asz + aq2) (bia + bza) , (26
Mag = (—a41 — as3) (—b13 + baz + big — bay) , (27
mar = azs (baz + bs2) , (28
mog = (—ass — aas) (bsz — baz + bsa + bsa) , (29
Mag = (ag1 + agz + a43 + aaq) (—b21 + b2z — baz + baa), (30



m3o = (@41 + aaz + a3 + aaa) (—b21 + ba2) ,

mg1 = —as2 (bas + bas)

b
maz = (Casi + asy — (2ass) (bn + 2 51)15)

14
a23 + a5 + aas) (bss — bsa — b3s + bas)

b
laiz + as3 — (*ass) <b31 + % - €b35>

(
= (
=
(

mgs = (as2 — asa) bas,

m3e = (@14 — A23 + a43 — G4 — 34 + Ga4) <

bso — bar — b32
—b43z — b3g + byy

mar = —asz (bia — basg + bsa),
m3g = (a21 + ag1043) (b1 — bar — b3a + bag — b1z + baz + b1g — bas) ,

m3g = (as3 + asa — ass) (bza + bsa + bsa) ,

a a bs3
My = (—j -+ a15) <513 t - 5515)

ma1

42

mys =

maq

l 02

bos — ba1 — b12 >
+baa — bag — b1y

(@21 — aq1 — a12 + G2 + ase — as2) <

ass (biz — bag + bs2) ,
—asg (bs2 — baz + bs2 + b3y — bag + bsa)

(a31 — aq1 + a2 — 42 — a13 + a3 — a14 + a24) (b12 + b1a + b34) ,

as2 — &25) (b12 — bay — b54)

= (-
b
= (Lass + as3 — (Pass) (b33 + % - €b35>

= (as2 + aia) (ba1 — bas),

b
a31 a51> (5114-%)

= Q45 (—b53 + bsg — b15 + bas + bss)
= (—Las1 + ass) (b1 — €bis)
= (ag1 — aas) (=bs1 + bsa + b1s — bas) ,

—ag1 (bi1 — ba1 — bs1 — b2 + bag + bsa — b1z + bag + bia — baa)
(a21 + azs) (bs1 — bs2) ,

a3 as3 bs1
Mo = (7* %) <b31+7)

asz — azq — asa) (baz + bas + bas)
—lays + (*as) (bs1 — Lhss)
az3 + as3 + ags + ass) (bas — bas)

AA/\/—\

a23 — Q43 + @24 — @aq) (—ba1 + bag — baz + baa) ,



= (—a41 — ags) (=b1s + bas),
= (@13 — az3 + a14 — ag4) (b12 + b3z + b1a + ba4),
me1 = (as3 + asa) (b32 + bs2 + bsg + bsa)
me2 = (21 + aa1 + az3 + as3) (b1 — bar — b3 + ba2),
(—a21 + a1 — azo + aga) (—boy + bao — baz + bag) ,
Mmey = (% + a;;) (513 + bzg)
(—a32 + aa2 + a34 — agq + asa) (bzg — bag) ,
mes = (—Laiy + ays) (biz — bys),
me7 = ais (bi2 + bs2),
meg = (as1 + as2) (b1a + bs4)
meo = (—Lass + (*ass) (bsz — lbss)

70 = (—as3 — a5 — ags + ass) (bsz + bsa)

_ (933 | 53 bss
m”_(z + €2>(b33+ z)

3

Q14 + Q24 + a34 — Qaq — a45) (bza — ba2),

mrs = (a11 — 21 — az1 + @41 + @12 — a2 — asz + as2 — a1s) big,

asi + as2 — ais) (biz — bsa),

=(-
(
mrs = (@12 — a2z + asz — aig + agq) (b1z — bag + by — bas),
=(
— b11 — ba1 — b3t + ba1 — b12 >
+baoa + b3z — baa — b1s + bas
mz7 = as3 b3,
mrg = a1 b1,
Mrg = (—a13 + a23 + a33 — Aag — @14 + 24 + a34 — A4a — a35) b32,

mgo = (a14 + asa) (ba1 + bas) ,

a
o =3 4 lays + lass + a55) bs1,

as
mgr = —@31—7—013— 7

mga = as3 (—bs1 + ba1 + bza — bao + bsz — baz — bsg — bza + baa + bsa) ,

mg3 = a13 b33,

a11 — a21 — as1 + a1z — ag2
mgy = (b2 + b14) ,
—Q52 — @13 + G23 — a14 + Q24

mgs = (asa + asa) (bag + bas + bas + bas) ,

a
% + lays + Lass + a55) bss3,

_ as1
mge = | —a11 — o ass —

mgr = aa3 (—b13 + bag + b3z — bag + bia — baa — bga + bag — b3s + bas) ,

mgg = agy b13,

bs1 bs3

Mgy = a15 <_b31 — b1z — v + Lbys + Ibss + b55)
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o}
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Mmoo = (—ag1 + aa1 — a32 + 42 + a33 — @43 — as3 + azs — Gaq — as54) bza, (91)
mg1 = ass bss, (92)
Moz = (a43 + a44) bys, (93)
mos = (aa1 + aa2) bas, (94)
mos = (asz + as2 — aza — asa) (D23 + bas) , (95)
b b
mMos = —Aass (bll + % + b33 + % - £b15 - £b35 - b55) ) (96)
mos = (@23 + az4) bus, (97)
mo7 = (az1 + ag2) bas, (98)
mog = (ass + aas) (—bs1 + bsa — b3s + bas + bss) (99)
mog = (a12 + asz) (b21 + bas) . (100)
m m m
011:—78—m2+m5+m7g+m54€—%—%, (101)
C21 = M1 + M11 +Mi2 — M2 + M35 + Mg — M52 + Ms3 + Me2 (102)
+ m3e — Mag + My2 + M1s + Moo + Mag — Mg,
m m m
031=m7—79+m2+m4+m77——é50 ——;24‘7”48("'7”227 (103)
€41 = M7 +mio + M1z + Mg + Mo + my + mg + Mr2 + Mre (104)
+ ms1 + M52 + Mmsg + Mag + Mig + Mao + Moz + Mag,

€51 = mg + Mg — M5 + Msgo + Msg1 + Mso (105)
+ mse + M3z + M3g + Mmas + My,

€12 = Mio + Mi11 — Mo + M5 + Me7 + M7z + Mssg + Meo + Ma3g (106)
+ Myq + M15 + Mmig + Mg + Mas + Moo,

C22 = M1 + M11 +Mi2 — M2 + M35 + Mg + Msg + M3g + M42 (107)
+ mi5 + mig + Mmig + Moo + Mag + Moo,

C32 = M7 + mio + M2 + Mg + Mrg + Meo + Maa + Mig + Mg (108)
+ mog + Mas + Ma7 + M3,

C42 = M7 + Mg + Mi2 + Mg + M2 + My + Mg + My2 + Mig (109)

+ mag + Mmoo + Mma2 + M3,

C52 = Mi4 + M1 + M7 + M7o + Mys + Mag + Maz + Mas + Moy + mog, (110)

m m
013:_m7_79+m3_m5+m83_%+m64€+m40£+m237 (111)
Co3 = —M7 — M11 — M12 +M13 + M3 — M5 — Mg + Mrg + Ms2 (112)

+ me2 + m37 — m3g + Mys + Ma7 + Ma3z — Mag — Mag,
m m m
033:—78—m3—m4+m88—%+m71€—%, (113)

C43 = M13 — M14 — M3 — My — Mg + Mg7 + Ms7 + Mes5 + M33 (114)
+ Mmyg1 + My3 + Mi15 — Mg — M1y + Mas — Mas,



C53 = mg + mg + my + Mmsgs + Mge + Mes

, (115)
+ meg + M55 — Mao L7 + Mae + m31,
Cl4 = —M7 —M11 + M3 + M3 — M5 + Mgq + Meg — M73 (116)
+ M75 — Maa — Mg + Ma1 + Ma3 — Mas,
Co4 = —M7 — M1 — M2 + M13 + M3 — M5 — Me + Mr74 (117)
+ Ma7z + Mas — Mag + Ma1 + Ma3 — May,
€34 = M13 — M3 — M4 + Moo + Me1 + Me3 — M39 + M1 (118)
+ mis — Mie + M21 — Mas — Mar + Mag — M3,
C44 = M13 — M1g — M3 — M4 — M + Me3 + Mes + Ma1 + M43 (119)
+ Mm1s — Mie + Ma21 — Mag + Mag — M3,
C54 = —M1g — My + Mes + M1 + M3z — M39 + Maz — M2y — Mas, (120)
015:—%_%_%4‘7”24‘7”89 (121)
+ Mog + M54 + Mea + Mao — May + May,
Ca5 = Mye + Moz + Mog — Mg + Ms1 + M5z — M3z + My, (122)
035:—%—%—%—%4—7@4—7@44—7@5 (123)
+ mr71 — Mss + M35 + Mas,
C45 = Moz + Mo3 + Myg + M57 + Ms59 + M3z — M7, (124)
Cs5 = % + % + mo1 — M35 — Ma1. (125)
Remark 1 — The free parameter £ used in (2) - (125) came from the utilisation

of Winograd variant of Strassen algorithms (see [1]) as presented in [13].

In the following section, we present explicitly the difference between the original

Makarov’s algorithm and the improved version presented here.

3 Where does the improvement come from?

Makarov’s result is based on a divide-and-conquer strategy:

e The original problem is “divided” into 7 matrix multiplication subprob-
lems using the Strassen’s matrix multiplication algorithm [15] (see Drevet
et all [3] or Sedoglavic [14] for a detailled description of similar—but

inequivalent—decompositions).

e Each of these 7 subproblems could be handled by the more efficient known
matrix multiplication algorithm adapted to its matrix sizes. These resolu-
tions allow to “conquer” an algorithm solving the original problem more

efficiently then the trivial approach.



Notation 2 — In the sequel, we denote by (a x b X ¢;d) a matriz multiplica-
tion algorithm computing the product of a matriz of size a X b by a matriz of
size b X ¢ using d coefficient multiplications.

Makarov’s algorithm M relies on the following subproblems:
e one (2 x 2 x 2;7) product My done by Strassen algorithm S [15];

one (3 x 3 x 3;23) product My done by Laderman algorithm £ [7];
one (2 x 2 x 3;11) product Mg done by Hopcroft-Kerr algorithm K [6,
Th 3] (a.k.a. basic use of Strassen algorithm);

e and four (3 x 3 x 2;15) products Ms, M5, M7 and M, done by Hopcroft-
Kerr algorithms #H [6] (a.k.a. clearly not basic use of Strassen algorithm).

Above, the indices ¢ in M; refer directly to Makarov’s numeration in [9] and the
final algorithm (1) could be obtained in a trilinear form by the sum:

(M| Msxsxs) = (S|Mo) + (L|My) + (K|Mg) + > (H|M;). (126)
i€{1,2,3,5}

The interested reader could found in [13] a brief description of the framework
(trilinear form, etc.) evoked above and in [12] the complete description of the
used algorithms. The—tedious—complete presentation of these details is not
necessary to expose the improvement done to Makarov’s algorithm.

However, let us present with more details Makarov’s subproblem [9, M;j]
and [9, M| that are in our notations:

a1y + a2 — a1 — a2 (13 +ai4 — a3 — A4 Q15 bi2 bia
M| a3 +azs —as —ass a33 +azs — 43 — 44 A35 b3z baa
as1 + as2 as3 + as4 ass bsa  bsy
niz Ny
=| n3x nmu
JC52  JC54
(127a)
a12 — G2 Q14 — A24 025 bio —baa b4 — b2y
Moy : a32 — Q42 A34 — G44 A45 b3o — bz b34 — bas
—as52 —as4 0 bs2 bs4
(127b)
n22 N2g
= N42 N44

(1 =2es2 (1 —7)esa

The quantities n;; stand for intermediate variables allowing the computation of
the wanted result C' (similar to m; in (2) —(125)) and j is a free parameters.

As any other decomposition applied to this problem, the decomposition (126)
shows directly the following statement:


http://fmm.univ-lille.fr/2x2x2.html
http://fmm.univ-lille.fr/3x3x3.html
http://fmm.univ-lille.fr/2x3x3.html

Lemma 3 — Strassen, Laderman and Hopcroft-Kerr algorithms allow to con-
struct (5 x 5 x 5;101).

Remark 4 — The second part of Makarov’s paper use the fact that a coefficient
in [9, My] is O in order to show that this last subproblem could be solved using 14
multiplications instead of 15 by avoiding a useless multiplication. Similarly, one
can obtain (5 x 5 x 5;100) by various decompositions (mainly based on Wino-
grad variant of Strassen algorithm) not necessarily equivalent to Makarov’s one.

However, Makarov’s decomposition (in contrary to others decompositions known
by the author of this note) is the only one where two subproblems share—
without any further manipulations like Pan’s trilinear aggregations [10]—some
common terms in such a way that the total complexity is reduced.

In fact, the part of the original problem corresponding to subproblems [9,
M;] and [9, Ms] could be computed using only 28 instead of expected 30 mul-
tiplications. To show that very briefly, let us present—in trilinear form—the
concerned terms of Hopcroft-Kerr algorithm #:

(H, M) = -
+ 7 (ass — as1 — as2 — ass) bsa (c54 — c52) (128a)
+ 7 (ass — as3 — asa — a1s) (bs2 + bsa) cs2,

(H,M3) =---
+ (1 =) (as2 — ass5) bsa (c54 — c52) (128Db)

+ (1 =) (ass — ass) (bs2 + bsa) cs2.
These four last trilinear terms could be factorize as two trilinear terms:
(M, M) + (H, M) = - -
+ ((ass — as1 —ass)g + (1 — 27) as2 — (1 — 7) aas) bsa (c54 — c52) (129)
+ ((as5 — as3 — a15)7 + (1 — 29) asa — (1 — ) azs) (bs2 + bsa) cs2.

This simplification was automatically produced by our pilote computer algebra
package and implies the new upper bound (5 x 5 x 5;99). We unfortunately do
not have any geometric interpretation of this simplification and thus, we do not
know if it is possible to reproduce it on other matrix multiplication algorithm
obtained by a divide-and-conquer process.

4 Concluding remarks

Remark 5 — The algorithm presented in this note could be used to improve
slightly other matriz multiplication algorithm’s bounds like (10 x 10 x 10;693)
for example.

Remark 6 — [t is shown in [4] that no group can realize 5 X 5 matriz multi-
plication better then Makarov’s algorithm using the group-theoretic approach of
Cohn and Umans [2]. Hence, the algorithm presented in this note shows that
this approach does not produce better algorithms then (5 x 5 x 5;99). The same
assertion for (3 x 3 x 3;23) and (4 x 4 x 4;49) was proved in [5, Theorem 7.3].


http://fmm.univ-lille.fr/5x5x5.html
http://fmm.univ-lille.fr/10x10x10.html
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