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Analysis of a finite volume-finite element method for
Darcy-Brinkman two-phase flows in porous media

Houssein NASSER EL DINE(1:2), Mazen SAAD()

Abstract In this paper, we are interested in the displacement of two incompressible phases in a Darcy-Brinkman
flow in a porous media. The equations are obtained by the conservation of the mass and by considering the
Brinkman regularization velocity of each phase. This model is treated in its general form with the whole non-
linear terms. This paper deals with construction and convergence analysis of a combined finite volume- non
conforming finite element scheme together with a phase-by-phase upstream according to the total velocity.

1 The Darcy-Brinkman model

Different empiric laws are used to describe the filtration of a fluid through porous media. Darcy law is the most
popular one, due to its simplicity. It states that the filtration velocity of the fluid is proportional to the pressure
gradient. Darcy law cannot sustain the no-slip condition on an impermeable wall or a transmission condition on
the contact with free flow [18,22]. That motivated H. Brinkmann in 1947 to modify the Darcy law in order to
be able to impose the no-slip boundary condition on an obstacle submerged in porous medium [7, 17, 18]. He
assumed large permeability to compare his law with experimental data and assumed that the second viscosity
U equals to the physical viscosity of the fluid in the case of monophasic flow. Brinkman law could formally be
obtained from the Stokes system describing the microscopic flow, by adding the resistance to the flow [2].

Let T > 0, fixed and let £ be a bounded set of RY(d > 1). We set Q7 = (0,7) x 2, X7 = (0,T) x 92, and
is the outward normal to the boundary 0. The mass conservation of two incompressible phases with Darcy-
Brinkman velocity of each phase can be written in the following system, (see [11, 16] for more details),

$Os — LPAd,s —div (f(s)A(s) AVp) —div (a(s) AVs) =0, in Or
—div(A(s)AVp) =0, in Qr
/ p(t,x)dx =0, in (0,T)
Q (1)
A($)AVp(t,x)-n =x(t,x), on Xr
UOVs-n+ f(s)m+ a(s)AVs-n = h(z,x), on Xy
5(0,x) = s9 (x), in Q.
In the above model, the first saturation phase (volume fraction) is represented by s = s(¢,x) and the other
saturation phase is stated to be 1 —s and by p = p(¢,x) the global pressure. Next, A(s) = l,{l(ls) + )Lil(;) is the

total mobility with A; and ; are the relative permeability and the viscosity of the phase i = 1,2; where A is the

permeability tensor of the porous medium and f(s) = /ﬁll((si) is the fractional flow. Furthermore, the function
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a(s) = 7212)212((5)) pL(s) is the capillary pressure term. The viscosity gt > 0 is said the Brinkman viscosity.

We give the main assumptions made about the system:

(H1) Aisasymmetric matrix where A;; € L*(Q), and there exists a constant C5 > 0 such that
AE-E > ChlE2, VE € RY.
(H2) The fractional flow f is a continuous function satisfies f(0) =0, f(1)=1and0 < f(u) <1.
(H3) The total mobility A is a continuous function and there exists a positive constant A, such that 0 < A, < A(-).
(H4) the capillary pressure term is a continuous function with a(0) = (1) =0.

(HS) The function 7 : £ — R is a bounded function in L*(0,7;L*(dQ)) with /a ndo =0.
Q
(H6) The initial function sy € H' (), and the function & € L*(0,T;L*(9Q)).

In the sequel, we use the Lipschitz continuous nondecreasing function 8 : R — R™ defined by

B(s) = /Osa(C)dC, Vs € R

We now give the definition of a weak solution of the problem (1).

Definition 1 A weak solution of system (1) is a pair of function (s,p), s,p: Qr — R, such that VT > 0,s €
W'2(0,T;H'(R)), p € L*(0,T:H};(R2)); and for all ¢ € L*(0,T;H'(2)) we have :

T T T
/ /B,S(pdxdt—HJ/ /V&t&V(pdxdt—k/ /Af(s)l(s)Vp-V(pdxdt
0 0 0 0 0 Q

T T
+/ /Aoc(s)Vs-V(pdxdt—/ / hodxdt =0, @)
0 JQ 0 0Q

T T
/ / AA(s)Vp-Vodxdr — / / nodxdt =0, 3)
Jo Jao Jo Jao

where, Hl;(2) = {u € H'(Q), /Qu ~0}.

Numerical discretization and simulation of multi-phase flow in porous media with Darcy velocity have been the
object of several studies during the past decades. There is an extensive literature on the approximation of in-
compressible two-phase flows with Darcy’s velocities for each phase. For instance the finite difference method
can be found in the book of Aziz and Settari [23]. The method of finite element methods (mixed or hybrid)
is also studied in the past years see Chavent et al. [8] and Chen et al. [9]. For the incompressible immiscible
model; let us mention the work of Eymard, Herbin and Michel [15] where a coupled scheme, consisting in a
finite volume method together with a phase-by-phase upstream weighting scheme, is analyzed on orthogonal
admissible mesh. In [5], the authors propose to explore the limit of a finite volume scheme of two-phase flow
model with discontinuous capillary pressure. For that, they proposed to study the limit of the upstream finite
volume scheme for the incompressible immiscible model. In [19], the authors suggest a second order accurate
finite volume scheme for the Richards equation. Otherwise, the numerical analysis of finite volume and a finite
volume-finite element schemes for a compressible two phases flow in porous media for Darcy flow have been
studied in the works [3,21].

At our knowledge, the numerical analysis of combined finite volume-finite element scheme of the problem (1) is
not studied on triangular mesh. Nevertheless, we mention the pioneer work [11] on the convergence analysis of
the finite difference scheme of the Brinkman regularization of two incompressible phase flows in porous media.
Recently, in [20], we have been studied the finite volume scheme of Darcy-Brinkman model.

Our aim is to propose a finite volume-finite element scheme based on upstream approach of fractional flow with
respect to the gradient of the global pressure.

The rest of this paper is organized as follows. In section 2, we define a primal triangular mesh and its cor-
responding dual mesh, next, we introduce the nonlinear finite volume-finite element scheme and specify the
discretization of the degenerate diffusion and convection terms. In Section 3, we prove the existence of a dis-
crete solution to the finite volume-finite element scheme based on the establishment of a priori estimates on the
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discrete solution. In Section 4, we give estimates on differences of time and space translates for the approximate
solutions. Finally, in Section 5, using the Kolmogorov relative compactness criterion, we prove the convergence
of a subsequent of discrete solutions to the weak solution in the sense of definition 1.

2 Combined Finite volume-Finite element scheme for system (1)

This section is devoted to the formulation of a combined scheme for the anisotropic Darcy-Brinkman model
(1). First, we will describe the space and time discretization, define the approximation spaces and then we will
introduce the combined scheme.

2.1 Space and time discretizations

In order to discretize problem (1), we perform a finite element triangulation {7} of the polygonal domain Q,
consisting of open bounded triangles such that Q = U ke, K and such that for all K,L € Ty, K # L, then KN L s
either an empty set or a common vertex or edge of K and L. We denote by &, the set of all edges, by 5;;"‘ the set
of interior edges, by £ the set of all exterior edges and by £k the set of all edges of an element K. We define
h :=max{diam(K), K € T,} and make the following shape regularity assumption on the family of triangulation

{Tntn:

, LY
>k Vh > 0. 4
K&y (diam(K))d = @
Assumption (4) is equivalent to the more common requirement of the existence of a constant 87 > 0 such that

diam(K
max&() >0r Vh>0,
KeTw Pk

where py is the diameter of the largest ball inscribed in the simplex K.

Fig. 1 Triangles K, L € T}, and dual volumes D, E € Dj, associated with edges op, or € &,.

We also define a dual mesh Dy, generated by the triangulation mesh 7, such that Q= UDeDhD. There is one dual
element D associated with each side op = ok 1. € £, a diamond. We construct it by connecting the barycenters
of every K € 7T}, that contains op through the vertices of op. As for the primal mesh, we define 7, ]-';;”’ and .7-',f"’ ,
respectively, as the set of dual, interior, and exterior mesh edges. For op € F, ,f’“ , the contour of D is completed
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by the edge op itself which corresponds to a half diamond. We refer to the Fig. 1 for the 2D case.
We use the following notations :

|D| = mes(D) = d-dimensional Lebesgue measure of D and |o]| is the (d — 1)-dimensional measure of ©.
‘Pp is the barycenter of the edge op.

N (D) the set of neighbors of the diamond D.

dpf = |PE - PD| the distance between the center Pp and Pk.

op.k the interface between a dual volume D and E € N(D).

Np.e the unit normal vector to op g outward to D.

Kpe = {K € Th; opE C K}.

Df{” and Dy are, respectively, the set of all interior and boundary dual volumes.

Next, we define the following finite-dimensional space :
X, ={on € Lz(.Q); Oy |k 18 linear VK € Ty, @y, is continuous at the points Pp, D € fo’}.

The basis of X}, is spanned by the shape functions ¢p, D € D}, such that ¢p(Pg) = Opg, E € D), and 6 being
the Kronecker symbol. We recall that the approximations in these spaces are nonconforming as X;, ¢ H'(€).
We equip Xj, with the semi-norm,

ISull, = ¥ /|VSh\2dx.

KeTy,

For the time discretization, it’s might be performed with a variable time step, to simplify the notation, we
consider a constant time step Az € [0,T]. A discretization of [0,7] is given by N € N* such that #, = nAt, for
n € {0,..,N+ 1} with x4 = T. For a given value Wp, D € Dy, (resp. Wj, D € Dy, n € [0,N]), we define a
constant piecewise function as : w(x) = Wp for x € D (resp. w(t,x) = W} for x € D, t €]t t,41]).

2.2 Combined scheme

This subsection is committed to discretize the Darcy-Brinkman system (1) with anisotropic tensors on general
meshes where we loose the orthogonality condition then the classical approximation of the normal diffusive
flux used in the typical finite volume scheme VF4 (see [14] for more details) and therefore the consistency of
the scheme. To discretize (1), we use the implicit Euler scheme in time and we consider the piecewise linear
nonconforming finite element method for the discretization of the diffusion term in space. The convection terms
are discretized by means of a finite volume scheme on the dual mesh.

The approximation of the flux KVp - np £ on the interface op g is denoted by 6 Pp . Now, we have to approx-
imate Kf(s)A(s)Vp-np g by means of the values Sp,Sg, and 8 Pp £ that are available in the neighborhood of
the interface op g. To do this, we use a numerical flux function G,(Sp, Sk, 8Pp r). Numerical convection flux
functions Gy of arguments (a,b,c) € R? are required to satisfy the properties:

e G,(.,b,c) is nondecreasing for all b,c € R, and G;(a, .,c) is nonincreasing for all a,c € R;
e G(a,b,c) = Gs(b,a,c) for all a,b,c € R; hence the flux is conservative.
o Gs(a,a,c) =—f(a)A(a)c forall a,c € R ; hence the flux is consistent.

One possibility to construct the numerical flux corresponding to g(s)c is by split g(s) to a nondecreasing part
(8(.)); and a nonincreasing part (g(.)), such that

9@ = [0 s n)=- [ (€6

herein (g'(s))™ = max(g'(s)),0) and (¢'(s))~ = max(—g'(s)),0). Then we take,
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Gs(a,b,c) = c* (gr(a) +8, (b)) — ¢ (g1(b) +8(a)).
In our case g(.) = —f(.)A(.) and since fA is nondecreasing with f(0) = O then,
Gs(a,b,c) = —f(b)A (D)™ — (—f(a)A(a))c. ®)

Next, for all S, = ¥ pep, Sp¢p, we define a discrete function f3;(S) as

Bu(Sk) = Y, B(Sp)ep.

DeDy,

Finally, a combined finite volume-nonconforming finite element scheme for the discretization of the problem
(1) is given by the following set of equations: For all D € Dy,

1
= — d 6
$h= 11 0@ ©
and for all D € Dy, n € {0,1,...,N},
Sl _ g sl _gn sl _gn
D|2D D E E _°D D\ gty _ g(gnt!
| | At uEe;/:(D)NDﬂE( At At ) Ee%f:(D)ME.D(ﬁ( £ ) ﬁ( P ))
+ Y Gu(sptspthieppi) =oDna|nT,  (7)
EeN (D)
= Y, Gu(SplsEtheryy) = lopnaQ|myt, ®)
EeN (D)
n-+1 _
Y Pilgp=0. ©

DeDy,

hn+] 1 ' It h d na-1 1 "Tn41 d
= — t T, = - Tt .
D~ AoDN Q] ./amag /, (Lx)dx M = bR ./aDma_Q /t (t,x)dx

The coefficient NV; p. (resp. Mp g)for D, E € DZ” is the stiffness coefficient of the nonconforming finite element
method. So that:

Noe=—=Y (Voe,Vep)2x) and Mpr=— Y (AVer,Vep)2 k), (10)
KeTy, KeTy,

SPSE' denotes the approximation of KV p on the interface op g:

8Py = Mo (P = P*), (11
and we define G, for all a,b,c € R as

Gpla,b,c) =A(b)c" —A(a)c. (12)

Notice that the source terms are, for n € {0,...,N}

Remark 1 A rigorous justification for the construction of the schema for nonlinear convection-diffusion prob-
lems can be found in [1, 13] and we only put the formal construction of the schema in this paper.

Remark 2 We can rewrite (7) as follow :
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Spr —Sh Sgt! — St ntl
— A K Z ND,E(T)— Z Mep(B(SE™))

EED, EED,

D]
+ Y Gu(SpspthieppE ) =1oDna|nT . (13)
EeN (D)
Proof. The proof of this assertion is given in Lemma 5 and by equation (21)-(22).

Definition 2 Using the values of ( (S’l’)H, Pg“), VD € Dy, and n € [0,..,N], we will define two approximate
solutions of discrete problem (7)-(9) in the sense of the combined finite volume-nonconforming finite element
scheme : i) A nonconforming finite element solution (S a¢, Py a:) as a function piecewise linear and continuous
at the barycenters of the interior sides in space and piecewise constant in time, such that:

Sh.ar(x,0) = 89 (x) for x € 2,

(S (x,1), Py (x,1)) = (SZ+1(x), P,:“rl(x))forx € Q,t €lty,thr1],

n+1 __ n+1 n+1 __ n+1
where S, = Z Sp ¢p and P = Z Py op.
DeDy, DeDy,

ii) A finite volume solution (Sh)A,, F’;I)A,) defined as piecewise constant on the dual volumes in space and piece-
wise constant in time, such that:
Sp.at(x,0) = S for x € D, D € Dy,
g 5 1 1
(ShyAt(x,t),Ph_A,(x,t)) = (Sg'— ,Pg+ )fOVX eD,De Dh, t E]t,,,t,H,l}.
Furthermore, we define a piecewise linear function in time given by

S(tn+] ,x) — S(tn,x)

fole) = F(8(0,2)) = =20

(t —tn) + S(tn, x) for x € Q,t €ty ty11]. (14)
Now, we state the existence theorem under the assumption that all transmissibilities coefficients are positive:
Npe >0and Mpg >0,VD €Dy, E€N(D). (15)

Remark 3 Assumption (15) is satisfied when the diffusion term reduces to a scalar function and when the
magnitude of all interior angles smaller or equal to 1t /2 in two space dimension.

Theorem 1. Assume (H1) — (H6) hold. Under assumption (15), the sequence (Sy s, Py.ar) converges to a so-
lution (s, p) of system (1) in the sense of Definition 1 .

The proof of this theorem is splitted in several Lemmas and Propositions in the following section.

3 Existence and discrete properties

In this section, we present some technical Lemmas that show the conservativity of the scheme, the coercivity,
and the continuity of the diffusion term. We show also a priori estimate on the gradient of the solution which we
shall need later in the proof of the existence of a discrete solution of (7)-(9) and in the proof of the convergence.

3.1 Preliminary results

This subsection is devoted to known results. For the sake of clarity, we summarize the following lemmas :
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Lemma 1 (Discrete Gronwalls Inequality). Given y; > 0 and y» > 0, assume lhal for all sequence {yn},
satisfies 0 < yp1 <y +Y1At+ At y,41 for all n € N. Given a fixed time-step Aty < - and a fixed time T > 0,
we have for all At < Aty,

4! Y1
YneN, nAt<T=y,< + = L
nec s n ~ yn_(yU )exp(l [0>
Proof. the proof of this Lemma can be found in [12].

Lemma 2. Let Q C R? (d =2 or d = 3) be an open bounded polygonal with a boundary 8. Let T, an
admissible mesh. Let Uk the value of u on the control volume K. Then, there exists a positive constant C depend
on £ such that :

4 " 2
Il 0y =l + 5 ([ )

Proof. The proof of this Lemma is given in [24, theorem 8.1]

Lemma 3 (Discrete trace lemma). Let Q C R? (d =2 or d = 3) be an open bounded polygonal with a boundary
0Q. Let Ty, an admissible mesh. Let Sk the value of sy, on the control volume K. We define y(sy) by y(sp) = Sk
piecewise on 6x = dKNAQ for all K € Ty. Then, there exists a positive constant Cy depend on Q such that :

(sl 2(00) < Ci(llsallx, +[Isall2(a))-

Proof. By applying the trace theorem on the reference simplex and then using a homogeneity/scaling argument
(see [4)).

Lemma 4. For all W), = ZDeDh Wpop € Xp,, we have

d+1

Y. diam(Kp )2 (We —Wp)* < ——||Willx, (16)
” 2dkT b’
O'D.EED;’”
o d+1
|dD’E| (Wg —Wp)? < WH‘WH%@- (17)
GDA’EED;.IM Dk T

Proof. This Lemma is proved in [13], but for the sake of completeness we reproduce the proof. We notice that :

d—1
] diam(K,
dD,Esw, |oD,E|s(“""fZ+E)). (18)
then,
Z (diam(KD’E))d_z(WE —WD)2 < Z (diam(KD’E))d_z‘VWh’KDE|2d12)7E
GD.EEJ:'."' o, Ee]:int !
d+ 1 . d + 1 ,  d+1
<=7 KGZTh (diam(K))* | VWil |* < KGE\K|]VVV;1|K| = 22| Wil

Using the fact that the gradient of W}, is a piecewise constant on 7, the inequality (18) and each K € T}, contains

exactly (d; ! ) = d(dH) dual sides with assumption (4), we manage to show (16). similarly,
d+1

|0DE|
( 2(d 1)/( H /1||Xh

dos We—Wp)2< Y |YWilky,|*doelope| <

01)756.7'-"1[ O'[)‘EE.F;Im
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Lemma 5. For all D € Dy,:

ND,DZ— Z ND,E and Mpp=— Z MbpeE. (19)
EeN (D) EEN (D)

Proof. We can find the proof in [13]. for reader convenience we reproduce this proof. We fix a dual volume
D € Dy,. By using the structure of ¢p, the sum (10) is reduced just for two triangles K and L which have o) as
a common interface,

MD,D = 7(AV(PD3V(PD)L2(L) — (AV(pD7V(pD)L2(K)~ (20)

We denote by E| and E, the two dual volumes associated of the two other side of element L. Since we have
¢p+ @, + @, =1onL,
then
—(AVeDp,Vop) 21y = (AVQE, Vo) 121y + (AVQE,, VD) 121

By using a similar eventual contribution for the element K and by replacing that in the equation (20), this yield
to prove the first assertion of Lemma 5. The same guidelines are used to prove the second assertion of this
Lemma.

Using the fact that Np g = 0 and Mp g = 0 unless if E € N'(D) or if E = D, we deduce from (19) :

Y MpeBME )= Y MpeB(SE) + MppB(Sp)

EGDh EGN(D)
= Y Mpg (BSEH BT, Q1)
EEN (D)
Y MopSit =Y Nog(SET—Sp). 22)
EeDh EEN(D)

Let us take two fixed neighboring dual volumes D and E € Dj,. Using the symmetry of the tensor A, we remark
that Mp g = M p, which yields to an equality up to the sign between two discrete diffusive flux, from D to E
and from E to D. In other terms,

Mpp(SE = SE) = —Mgep(Sp —SE).

Lemma 6 (Coercivity). For all B,(Sy)=Y.pep, B(Sp)¢p and Wy=Y.pep, Wp@p € X),, then, the discrete degen-
erate diffusion operator is continuous coercive and we have

Y Y Mpe(BSe)-BSo) =CllBSHIE,, Y Y Noe(Se—Sp) =Wl 23

DeD, EcN (D) DeDyEEN (D)

and

Y Mg (B(Se)~B(Sn))’| < CAlIBUSHIR,- 24)
DeDyEEN (D)

Proof. We have
Y Y Mpe(B(Se)-B(Sp)*=-2) B(Sp) Y, Mbpr(B(Se)—B(Sp))
DeD,, EGN(D) DeDy, EGN(D)

=-2Y BSn) Y MpeB(Sk).

DeDy, EcDy,
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Then, by using the definition of 8,(S),) and (10) we get:

— Y B(Sp) Y MprB(Se)= Y, (AVBu(Sh), VBi(Sh) 12

DeDy, E€Dy KeTy,

Now thanks to the coercivity of the tensor A given by (H2), we can deduce that

Y Y Mpe(B(Se)—B(Sp)>Cr Y (VB(S),VB(S) 2x):

DeDy, EeN (D) KeTy

and therefore (24) is a straightforward consequence of the boundedness of the tensor A given in (H2).

3.2 A priori estimates

" 1 1
Proposition 1 Ler (SpH, Pp* )DeDh.ne{o,...,N}
constant C(Q) depends only on Q such that :

be a solution of the scheme (7)—(9). Then, there exists a positive

n 2
Y, Mep (Pt =P < C@NImlle 0 10200 (25)
DeDLEEN (D)

and consequently

1B IR, < CE@NTlEm 0 10200

Proof. We multiply (8) by Pg*l, we sum for all D € D), and after a discrete integrating by parts we get :

Y Gyt sEery (P =Pyt =2 Y [9DN o my Pyt
DeDy EeN (D) KeT,

but the numerical flux satisfies G,(a,b,c)c > A|c|?, for all (a.,b,c) € R3, and under the assumption that the

transmissibilities coefficients are positive one gets

Y Y Mep(Pr —pgt <2 Y |aDna|mt eyt
DeD,EEN (D) DeDy,

2 1 [tasi 5
<z ~ wldtdx+4 At/ pr] de>.
Atoezz'),,(ﬁ /r /aDmag PALJ s D)

Furthermore, by using the discrete trace lemma and the fact that & € L*(0,T;L*(d)) we obtain :

2 2
XX Men (R =57 < gl oirazaay +BC (1B o+ I ) )
DeD, EEN (D)

Applying Lemma 2 to the sequence (P;l”l ) , and using the equation (9), we have
1By 11200 < ClIBY]x,

then from above inequality, we get

Y Y Mep (R Ryt <

DeDy EeN (D)

17|20, 722 (00)) + BCL(1+ OB,

=
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Finally, The result follow from the use of the Lemmas 6 and after choosing appropriate parameter 3.

Proposition 2 Let (S%Jrl ’PgH)DeDh,ne{O,...,N} be a solution of the scheme (7)-(9). then, there exists a positive

we have:

constant C1(£2) depends only on Q,where for alln € N, 0 < At < Aty and nAt < T with Aty < c I('L.Q>
1

Y DI+ Y Y Neo|Sh—Si? < g(s0,h 7w, Atg), (26)
DeD,, DeDy, EEN (D)

where

— 0 |2 0 02 2 2 Q)T
8= ( Y DS+ Y, Y Neo|Sg—Sp| +||h|L°°(O.T;L2(BQ))+|7r||L°°(O,T;L2(3!2))> X @)An

DeDy, DeDy EEN (D)

Proof. We multiply (7) by S} for all D € Dy, that gives :

S i YIRS VINE Al B et P
ID|—=——=5p" —u Nep - Sb
peD, At DED, EEN (D) At At
+ Z Z GK(SZ)+1aS75+175PSEI)Sg+I* Z Z ME,D(ﬁ(SF_l)*ﬁ(SgH))SgH
DeD, EEN(D) ' DED, EcN (D)

= Y [9DNoQH} S
DeDy,

Making an integration by parts and using the inequality [(a —b)a > 1(a®> —b?)], and using the conservative
property of the function G, we obtain

! |S’ll>+l|2_ |S$’2 H 1 112 2
Py |D‘—+7 N‘ Sn+ _S’H‘ _ SVl_ n
ZDgah At 4At Dg?hEeJ\X/’:(D) E,D<| E D | | E D‘ )
1
‘|‘§ Z Z ME,D(ﬁ(S%+1)—ﬁ(SEl)+l))(S%+l_S$+l) <
DeDy EEN (D)
DL L Gy en(sE —sy )+ X lapnaalysyt. @)
2 DeDy, EEN(D) peD,

The function f is a nondecreasing and since Mg p > 0, then the diffusion term leads
1

25, §<D>ME*D<I3<S%“>—ﬁ(s%“))(%“ -sp) =o0.
ceDpEe

, then the first term in the right hand side

Notice that from (5), we have ’GS(SFI,S%H,SPSEI)‘ <C ’5Pg}1)
of (27), is estimated as

1
LY T Gsysem(s sy <
DeD, EeN (D)
C Z Z MEA’D(ngLI—PBJrI)Z-‘rCl Z Z MEVD(S?FI—S?JI)%
DeD, EeN (D) DeD, EeN (D)

But, according to Lemma 6 if we replace 8 by identity function, we obtain

).
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Y Meo(SE =Sy <Callsillg =Cn Y, X Neo(Sg =S5’

DEDy EEN (D) R
then
1
TY Y Gyl emi (s -sh) <

DeDy, EcN (D)

n n 2
CIC@)||7ll=0 ra200) TCr Y, Y, Neo(Sg —Sp)"
DeDy EeN (D)

Using the Cauchy-Schwarz inequality with the discrete trace lemma 3 give us
n n n 2 n n 2
Y [9DnoQ|ns Sp §|h||L°°(o,T;L2(aQ))+C2< Y DSyt + Y Y Nep|SEt —spT >,
DeD,y, DeD,, DeDy EEN (D)

where C; is a positive constant depend only on (2. This leads

Y ISy P =1+ X Y Neo(|sgt st - s —sp[)

e DED, EEN (D)
4At
<ZHe ¥ DI +Gre) Y Y Neo(s -sp)
H DeD, DED;, EEN (D)

1l w0 ra292)) +C1C('Q)||n||LN(0,T;L2(8_Q))>7

to end this proof, we take C} () = § max{C, C, +Cy, C;C(2), 1} and applying the discrete Gronwall lemma

. 2 2
1 with yu1 = Lpep, [DIISH "+ Lpep, Leeno) Neo| i =S5 7 1 = LLQ) and
Ci(Q
N = 7112 ) (Hth“’(O,T;LZ(a.Q)) + ||EHL°°(0,T;L2(8.Q))) to get (26)

Proposition 3 Let (Sgrl,PgH) DEDyE0,... N} be a solution of the scheme (7)-(9). Then, there exist a positive

constants Cy depend only on [ such that s

Sn+l —85" 5 Sn+l —_ Sn+1 — 85" 5
L DI ")+ Y X Neo(FF—F =P 7)) <GwglsohmAn).  (28)
DED, t DED, EEN (D) ! !
In addition, we have
N
Y AdlIBu(Sy IR, <€ (29)
n=0

n+1l_qn
sprl_gn

Proof. We multiply (7) by -2—;
Ji+J> +J3 = Jg where

, D € Dy, sum over all and D € Dy, and after integrating by parts we obtain
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sp-sp), m sptosysptosp\’
M= L) b b Neo Ty )

DeDy, DeDyEEN (D)
1 Sn+1 _s Sn+1 _s
12:75 Z Z GS(S$+17SZ"+1,5PS:EI)< E 4 E “D n D ,
DeDy, EEN (D) 4 t
1 ., . Sn+1 s Sn+1 s
K=Y X Men (B - BS5™)) ( E =% % =),
DeD, EeN (D)

n+1 n
1 SD — SD

Jy= ) [0DNIQIh}, =

DeD,,

First, to estimate the second term J,, let us recall that there exist a positive constant C, such that
+1 qn+1 +1 +1
Gy(sp sy oppih| < c|spyi)

, and by using Cauchy-Schwartz inequality we obtain, for all y > 0

2
C Sn+1 _ Sn S}'H—l _ S}’l
L<= Z Z ME,D(PE+1*PE+1)2+Y Z Z ME7D< E & E _°D o D)

DeD,EEN (D) DeD, EEN (D)

from the estimate (25) and Lemma®6, one gets

2
C S =St _Sp" =S

D < 7| e 1 +Ciy Nep - '
J’H HL (0.1:12(09)) DezbhEe%m / = At

Next, we use again Cauchy-Schwartz inequality with the proprieties of 3 to obtain forall § > 0:

2
c , 8 Sn+1 _sn Sn+1 _
J3§% Z Z ME,D(S;';H*SEH) Jrz E Z ME,D( E Y E D T D .

DeDy EEN (D) DeDy, EEN (D)

this yield us by Proposition 2 and Lemma 6 to have

S-S _S%*lsz>2_

GG C6
<9< M)+ 22 Yy
J3_ 26 g(S(),h,ﬂ:, t0)+ NE,D( At At

DeD, EeN (D)

Similarly, we have for all { >0

2
Cs\\\ Sprt—sp, Sprt—sn sprt—sp
Jo < |70 7 +¢cC D|| 2—2 | + Nep —
¢ Welli- 0200 DEZDh | At De;)hEe;/:(D) At At

Finally, if we chose ¥, 8 and { small enough, we obtain

S11+1 _ S;l) 2 Sn+1 _ S% Sn+1 _ S% 2
) ID| DT + ) ) MNeo EAt - DAt < Cypg(so,h, m, Atp).

DeD,, DeD,EEN (D)

Now, we are concerned with estimate (29), for that we multiply (7) by Azf (S;’)“) and we sum for all D € D,
and n = {0,...,N} to obtain E| + E» + E3 + E4 = E5, where (E;);—1. 5 are explicitly given and estimate in what
N

follow. According to the convexity of the function Y'(s) = / B(z)dz, since T"(s) = a(s) > 0, we shall have the
following inequality : (a —b)B(a) > Y (a) — Y (b). Then,
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N
ElngZ% DI (S5 = Sb) B(SE™) >20D§,) IDI(X(sp™) ~T(sp) = Y IDI(X(SB)—T(Sp)).

DeDy,

Using of Young inequality, an integrating by parts and the positivity of transmissibilities coefficient Mg p we
obtain for all 6 > 0

N Sn+1_Sn Sn+1 Sn
Ezz—/.iZAt Z Z MED( £ E_ZD

n+1
"0 DEDLECN(D) At At SRS
ﬂ u SFI_S% SFI_S;') ’ & 1 12
SsrA Y Y Men| T Hou Ay Y Meo(B(SyT) - B(SET)
n=0 DeD,EcN (D) n=0  DeD,EcN (D)
this yield to
E, =< C—

N

2

S g(s0,h,m,Aty) + 6 Z At Z Z MEgp (ﬁ(SEl)H) —ﬁ(S%H)) .
n=0 DeD,EeN (D)

According to equation (23), we have

—Y At ) Y Mep(BSET) - B(SHT))B(SE™)

n=0  DeD,EeN (D)

N N
YA Y T Moo (B - B(sH) = O X A IR,

n=0  DeDEeN (D) n=0
Next, we have

N—-1
Ey=) At) Y G(Sp.SE 8P B(SH ).

n=0 DEDh EEN(D)

(S”+1,S’,§+175Pg+1 ‘ <C ‘5P”‘H ‘ and the Cauchy-Schwarz inequality, give us

N N
B<sYar Y Y Mep(R By 48Y A Y

n n 2
Y, Mep(B(SE™)—B(SE™)"
DeD, EEN (D) n=0  DeD,EcN (D)

for any 8 > 0. The estimate (25) and Lemma 6 lead to

N
Eq < anHi”(O,T;LZ(aQ)) +6 ;)At”Bh(Sh)H)z(h'

Finally, we use the continuity of  and lemma 3 to obtain for all 6 > 0

N
=Y At Y |9DnoQHy ! B(SHT)

n=0 DeDy,

C N L2 N
< th(ta')H%w(O,T;LZ(a_Q))+6C1 (ZOAIDZD ‘DHSD’ + Z()At|ﬁh(sh)||)2(h>
n=| cDy, n=|

N
< C/g(SO,h, E,A[()) + 6C1 Z At‘ |ﬁh(Sh)||§(h
n=0
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In summarize, from the equation E| + E»> + E3 + E4 = E5 and by choosing an appropriate § we have

N
At]|Bu(SEI%, < C"g(s0,h,m,A10)+ Y IDIY(Sh) <C,
n=0 DGDh

where C” and C are positives constants.

3.3 Existence of discrete solution

The existence of a discrete solution for the combined scheme is given in the following proposition.

Proposition 4 There exists a least one solution of problem (7)-(9).

Proof. First, we will use the following notation :

Mi=Card(Dy), - spi= {55 " b pep, €BM, paai= (P57 bpep, €BM.

We define the application Pj, : RM x RM »RM x RM

Pu(sm,pm) ={P1.p}pep,s { P20} DD, ), (30)
with

SnJrl _gn Sn+] —_sn Sn+l _s

'P17K:|D|u—li Z Z ND,E( E E _“D D)
At DeDy EeN (D) At At
— Z Z ME7D(B(SZ~+1) —B(S;’)“)) + Z GS(S}’)“,SFI;5PSE) — |8Dﬂ8.(2|h73“

DeD, EEN (D) EeN (D)

Pox=— Z Gp(Sﬁl,Sg“;SPSE]) —|0DNaQ|ant!.

EeN (D)

The scalar product of (saq, paq) by the equation (30), using the estimates (25)-(26) and Cauchy-Schwarz in-
equality permit to get

¢ 1
[,Ph(SM,pM),(SM7pM)]Z—] Z |D|‘S?)+1’2+C2 Z |D||Pg+1’2_E Z

2
A |D||Sk|” —C38(s0,h, 7, Atg)
! peD, DED, DED,

where C1,C> and C3 are positives constants, this yields to

[Ph(SMapM)’(SMapM)] >0

For |(s a1, pa) g large enough. And therefore we obtain the existence of (s, paq) such that Pp,(saq, pas) =
0. Indeed, reasoning by contradiction. Assume that there is no (saq, paq) such that P (saq, pag) = 0. In this
case, one can define on a ball of origin center and radius k, the following application: A : B(0,k) — B(0,k) which
give for each (a1, pan)- A((sa, ) = —k TEEMeLAL)

(AP M)] ~
to the continuity of Py, |Pr(sa1, pa)| # 0 over B(0,k) and B(0,k) is closed convex and compact. The Brower

, where the constant k > 0. The map A is continuous due

fixed point theorem implies then that there exists (s, pa¢) in B(0,k) such that —k% = (sp,p ), IF

we take the norm of both sides of this equation, we see that |(s 4, paq)| = k > 0 and if we take the scalar product

of cach side with (s 1, pac)s We find (a4, an)s (520, pr0)] = (500, pan) 2 = —kPs2atl 0] <,

this yield to contradiction.
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4 Convergence

4.1 Compactness Estimates on Discrete Solutions
In this subsection, we derive estimates on differences of space and time translates necessary to apply Kol-
mogorov’s compactness theorem which will allow us to pass to the limit in the nonlinear second order terms.

Lemma 7 (Time translate estimate). There exists a constant C > 0 depend of §2, and T such that
~ - 2
/ / (S0 1+ 7.2) = S (1,3)) vt < C(c -+ A1), Ve € [0,7).
Qx[0,T—1]
Lemma 8 (space translate estimate). There exists a constant C > 0 depend of  and T such that :

// (Sharlt.x+8)) —Sh,A,(t,x))z dxdr < CIE|(|E] +h),VE € RY.
Qx[0,T]

The estimates on the discrete global pressure (25) and on the saturation (26) are sufficient to prove the Lemma.
The technics is being classical and widely used in the works of Eymard, Galouet, Herbin and their co-authors
[3,12,13,21].

4.2 Convergence of the combined scheme

This subsection is mainly devoted to the proof of the strong L?(Q7) convergence of approximate saturation
solutions, using the estimations proved in the subsection 3.2, 4.1 and Kolmogorovs compactness criterion (see
[6]) for the convergence. Then, we prove that the limit is a weak solution to the continuous problem .

Lemma 9. The sequence (gh(Sh)A,) — g(S~h)A,)>h ,, converges strongly to zero in L*(Qr) when h — 0 for g = B
At
and g =1d.

Proof: Using the definition of the basis functions of the finite dimensional space X}, and the reconstruction of
discrete saturation in definition 2 give us

1B(Shar) = Bu(Shan)l* = [Br(Shar) (Pp) = Bu(Snae) () > = [VBi(Shar)-(Pp —x) .

Integrating over €2 leads

Y Y /KmD|Vﬁh(Sh,At)'(PD—X)‘ZdXS Y Y |VBu(Sha)lk| (diam(D))* K ND|

KeT,opeék KeT,opelk

2
<Y |VBu(Snan)lk| K] < H[|Bu(Shar)ll%,
KeTy,

Thus, the estimate (29) gives
~ 2 N 2 2 h,At—0
[1Br(Shar) = B(Sha)ll2iop) < h* Y AtlBu(Snanllz, < Cik* "=="0.
n=0
Same proof for g = Id.

Theorem 2. (Strong convergence in L*(Qr)) There exists a subsequence of (Sy a;)
to a function s in L*(Qr). In addition, (B(Shar))

A, Which converges strongly

j.a; COnverges strongly in L?(Qr) to the function T" = B (s).
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Proof. Proposition 2, and lemmas 7-8 implies that the sequence (gh,At) na, Satisfies the assumptions of the

Kolmogorov compactness criterion, and consequently the sequence (S’hy At) is relatively compact in L*(Qr).

h.At
Thanks to lemma 9, (Sj.a,), ,, converge strongly to a function s € L*(Qr).

Since B is well defined and continuous, thus, we extend it as follow :

0, if s <0
B(s)=< [ia(z)dz, if0<s<I
Jo a(z)dz, ifs>1.

applying L™ bound on Sh,At and the dominated convergence theorem of Lebesgue to (S;), there exists sub-
sequence (S a;) converge strongly in L2(Qr) and a.e in Qr to fB(s). Finally, by Lemma 9 we deduce that
(Bi(Snat)) 5, converges strongly in L*(Qr) to I = B(s).

Lemma 10. There exists a subsequence of ( I3, At)h A defined in (14) which is weakly convergent in W'2(0, T, L*(Q))
» At
to the function s defined in theorem 2.

Proof. For the first part of convergence, it is useful to introduce the following inequality, for all a,b € R
o] 1
| 18a+(1-0)pla6 > >(la]+ b

h>

Applying this inequality to @ = S} — S, b = §} — S, from the definition of f we deduce

T ~ T—At ~
/0 /Q fs,  (1,%) = Shad (1,) dxdr < /0 /Q 1S40 (¢ + At,x) — Sy py (1,3) | doxdr.

Since At tends to zero , the translate in time estimate in Lemma 7 implies that the right-hand side of the above
inequality converges to zero as h and At tends to zero. Therefore, since we obtain a strongly convergence in
L'(Q7) and by construction of fs we have that /s, ,, 1s bounded in L*(Qr), this yield to deduce that 15,

weakly converge to s in L2(0,7;L?(Q2)). Next, for y € ® = {u € C1'([0,T] x Q),u(T,.) = 0}, we denote by
y7 = ¥(t,,xp) and we define

N

==Y Y DIy (wp—wpt)— Y, IDISH(D)
HZODE'D;, DefDinr
N Tht1
-y Y / / S"“ (r Po)dxdt— Y / SO w(0,xp) dx
n=0DeDy, V' n DEDy,

also we define

- 0 -
- / / Shas - ddi / S0(0,%) y(x,0) dx
Int1
/ / S"+1 t x)dxdt — /S%l// (0,x)dx
n= ODe’Dh In DeD,

(t PD) [ ( )
g(h) > 0 and £(h) ’i>° 0. This follows by the fact that (D), th

Consequently, there exist a constant C > 0 such that

x)| < ( ), where the function € satisfies

en at is uniformly continuous on Q.

T — Tr| < Ce(h) 250 0.
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Note that S~h7 A: converge also to s strongly in L2(Qr), then we have but by theorem 2 and Lemma 9 we have,

Tr — — //QT Y it — /Q $(0,x)y(x,0)dx

Notice that,

N

=Y Y \D|S”+1 Sb "+‘_// afs“’ //Q dxdt—/gs(&x)l//(o,x)dx.

n=0DeD,

From estimate (28), the sequence (f5),, 4, is bounded in L?(Qr ), then there a exist a function { such that ( f5) A
converge to ¢ weakly in L?(Qr), thus

// Cydrdx = — // s—dxdt /(Ox Oxdx—// ”A'y/dtdx Yy eo,
Or or ot

fShAt ds .
therefor, we can deduce that { = ——= and / / v — / / EW’ Vy € O. Furthermore, if we take
Oor or
v =¢—¢(T,.) forall ¢ € C"1([0, T] x Q), we obtam
afghm afSh A, Os . )
[ o [ Zewa s [[ So- [ Go vecctiorxa).

then, it is enough to show

afgh,At ds 1,1 3
//QTT¢(T,.)—> [ 500 veect(pT]x2),

to proof that

//Q, fsm‘f’ // a¢ Vo € CH1([0,T] x Q).

An integration by parts with respect to ¢ gives us

thr & ol
//Q T Skt 6 (T o) dxdi — /Q f5,.0, (T.0)9(T.x)dx — /Q £5,.0, (0.5)0 (T x)dx = /Q SVHL (T, x)dx — /Q $00(T, x)dx

by proposition 2 and by applying Lemma 8 for Sﬁlv +l ,52 respectively, we deduce by Kolmogorov’s theorem that

SVF1 89— 5(T,.), 5(0,.), strongly in L?(£2). Then

dfs . ]
//QT%¢(T,.)dxdz—>/Qs(T,.)q)(T,.)—/Qs(o,.)q)(T,.): QT(;(P(T’.),V(PECI,I([QT}XQ)’

Finally, by using the density of C'"! ([0, 7] x Q) in L?(Qr) we obtain

//QTQJ;S?”H//QTgfw Vo € 12(0r).
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5 Proof of theorem 1

We will prove now that the limit couple (s,p) is a weak solution of the continuous problem. We take y €
C1([0,T] x Q). We then multiply (7) by Aty(t,.1,Pp) and we sum the result over D € D" and for all
n € [0,...,N], we have :

E+E+E+EL=Es,
with,

N S;'j+l 7SnD
=Y At Y |D|TW(tn+laPD)a
n=0 DeDy,

N S%Jrl _S% S%+l _SnD
S=-uYay ¥ Npx( A YW (tus1,Pp),

n=0  DeD,EcN (D)

N
==Y AY Y Mpp(BSE")—BSH ) wltr, Po),

n=0  DeD,EcN (D)

N
G=YAtY Y G(SpSE 8Py Wltas1. Pp),
n=0 DeD,EEN (D) '

N
&= Z Z At|aDﬂaQ|/’l"D+ll[/(l‘n+1,'PD).
n=0DeD),

We now show that each of the above terms converges to its continuous version as i, At — 0. The first term is
equal to

N

bl [ 8f~
gl = Z Z / T?'W(tll+17PD)dth7
n=0peD, i /D

Define

~ 8f§ N Tnt1 8f5
5:// b ydxdt = / / by (1, x) dxdr.
"= o, "o Y ZBD;‘),, w Jp ot Vieix)dudt

We have, for all x € D, D € Dy, and for all & > 0, At > 0, |y (ty+1,Pp) — w(t,x)| < €(h,At), as we have seen
before, so we have

h,At—0
—

‘51—51‘§C8(/’17At) 0.

O fs
Lemma 10 ensures that ;f” — s weakly in L?(Qr), then

& — / orsydxdr.
Or

According to Remark 2, we can rewrite &, as follow



FV scheme for Darcy-Brinkman’s model of two-phase flows

y Sg! — Sk
S=-puYay Y ./\/DJ;(T)W(Z;HI,PD)

n=0 DGDh EGD’l
N
—uyar ¥ [ Vass, V(¥ vt Po)eo() dx.

=0 KeT, DeDy,

We set

Iq,(tn+1,X) = Z V(twt1,Pp) Pp(x).
DEDh

we will prove that

h,—0

N
SHu=uY ArY /KV8,fgh V(Iy (ts1,%) = Y(tas1,x)) dx = 0.

n=0 KeT,

Indeed, using Cauchy-Schwarz inequality, we estimate :

N 1
E2,1] < ey Z At”atfs;lHHXh( Z /K ‘V(Iw(t,,ﬂ,x) - W(tn+17x))‘2d‘x) i
n=0 '

KeTy

N
1
< pier Y, Atl]0 fgrellx, (COTA( Y, [W(tar1. 0B £)2),
n=0 KeTy

19

where |.|2 x denotes the H 2 seminorm and the constant C does not depend on & (nor on Ar) see for instance [10,

Theorem 15.3]. Finally, using Cauchy-Schwarz inequality, we conclude that

h,At—0

N . N
21| < pesCOTRCY (Y |10, fg |Ix,)2 (X A2 "==70.
n=0 n=

=0

Then, we can proof that

& — ,u//Q Vs - Vydxdt.
T

For more details see the convergence of diffusion term in what follow.

To study the convergence of diffusion term, we use the same technic as in [24]. At first, according to remark 2

and if we replace Mp g by its value, we obtain :

&= Z Z /I(AVﬁh(SZJrl(x)).V( Z l//(th,PD)(pD(x)) dx.

n=0KeT, DeDy,

a) As a first step, we use the boundedness of the tensor A and same technic as before to prove that

N
&= Z Z /KAV[S;,(SZH(X)) -V Ty (tn1,%) = W(tas1,%)) dx

n=0KeTy,
b) We next show that:

N

n=|

KeT,

hAt—0
—

Aty /Avﬁh(SZH(x))Vll/(th,x) dxdt—//. AVB(s)- Vy dudt 2500,
0 K .,
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For that, we add and subtract [ AV, (SZH) - Vy dxdt and consider
Or

/AVB (S (1)) - V (W(tas1,x) — Wx,1)) dxdr

N o rtg
5372 B Z /’ KeT,
33— / / (VBu(Sh(x)) — VB(5)) - Vy(x.1) ddr.

Since v is of class C! with respect to ¢, then |[Vy/(t,41,x) — Vy(x,1)| < g(At) 2290 and

N
€32 < Cag(Ar) Y. ‘Vﬁh (P,
n= 0K€7],

The Cauchy-Schwarz inequality and the estimate (29) give

At—0

=

|E32] < Cag(AD) T3 ( ):Arnﬁh (SR )F < CCrg(AnT 2] 20,
=0
Now, we still have to prove that
/ h,At—0
&, = / ) (VBA(Sh(x)) — VB(s)) -wix.1) dxde "23°0, 31)
T

for all w € (C”(QT))[I. Indeed,

&= / /Q VB () wlr) i + / [ Bls(e)V - wir) s — /0 ! /a  Blenwlnn) 0 dy(d
=B+ By + B3,

where we use the Green formula in B, because B(s) € L?(0,T;H'(£)) but in Bjwe apply the Green formula
for each K € 7;, because f3,(S} ') ¢ H' (). For that,

T T
B Lz [ BSa )V - (i) e + | Lz [ Bu(Su)wiee) - dyx)d

By reordering the summation of the second term by sides, we have

B/—/T
| =
0

L (BalSu@) e~ Bu(SsIe)w(r) - oy

X

ok LEEM

/ B (Sh(x ))lK)W(x,t)-n dy(x)dt.

()- GSEXI
Since the function w is smooth, we get
W Noy, (X) = w Moy (Pp) + f(8)[Pp — x|, x € op, & € [Pp, ],

with |f(&)| < C,,. Thus,
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By = / )y / (B(S1(0) |k = Bi (1)) (- Ny (P) + F(E) [P = 2]) dyx)e

GK,LEE;;X[
T
[0 BiSwen m dyw

The function B;(S7™! (x))|x — Bu(Sp! (x))|1 is a first-order polynomial, vanishing at the barycenter Pp of this
side. Consequently

L (B @Dl Bu(S} ™ ()l ) drt) =0,

In addition, we have for all x € op = ok 1,

diam(GK,L

4—d )+!Vﬁh(SZ*‘(x))|Lyw

B )l = By ()| < [VBu(S; ™ (x)lx -

here we use that |x — Pp| < diam(ok 1)/2 for d =2 and |x — Pp| < diam(ox 1) for d = 3. Thus, there exists a
constant C depend on Cy and d such that

[ (BT )k Bu(Sy T ) ) £E)Po — xld(x)
GK‘LGE;:" OK,L
<C ¥ loxal(IVBS @Ik + VB ()] ) (PO

, d
O'K.LES;JH

Finally, it’s remains to show that

T T
L [ Busaenwten)- maytodi= [ [ Blstxnwies)-n dyxdr o,

By applying Lemma 3 on 3, and by using Theorem 2 we have the result. By reordering all estimates and using
Cauchy-schwarz inequality, we can easily deduce that B} tends to [y [50 B(s(x,7))w(x,1) -0 dy(x) where h
tends to zero.

According to the convergence of B, (S} ™) to B(s) in L*(Qr), we obtain that £ 5 tend to 0 forall w € (Cm(QT))d,

consequently & 5 tends to 0 for all w € L?(Qr) by using the density argument.
Since &3, and &3 3 tends to 0, then, the convergence of a step b) is proved. By reordering the convergences of
steps a) and b), we deduce:

g A0 // AVB(s)-Vy dxdt
or

we are concerned now with the convective term:
o 1 1 1 1
=Y Y Y G Sherhvp
n=0DEDy, EEN (D)
For each couple of neighbor volumes D and E we introduce

Spg = min(Sp" g, (32)

and we set
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N
Ei==Y Aty Y SSpHASHE)SPLE vy
n=0  DeD,EcN (D)

The diamond constructed from the neighbor edge centers Pp, Pr and the interface op g of the dual mesh is
denoted by Tp g C Kp . Then, we introduce

Sn = max(SpHL st s,

;= min(S%", S,
ltn tni1] xTpE -

Jtn g 1] % IpE

and we rewrite
53;://(2 AS(S)A(Sk)VE, - (V) .
T

By the monotonicity of 8 and thanks to the estimate (16), we have

T _ N
| LIBG) -BSP< YA ¥ ¥ (ToelBiS5) - BSET

n=0  DeD,EcN (D)

N
<Yary ) (diam(Kpp))*|B(Sp)—B(SE)!
n=0  DeD,EcN (D)

_ 4 h,At—0
<crt1"25 0,

with d = 2 or 3. Because B! is continuous, up to extraction of another subsequence, we deduce

Sk — Shl A0 p.p. sur Q7.

In addition, Sy < 8 ; < S and S, 4, A0 e on Qr. Thus, we see that f(S;)A(Sy) h’ﬂof(s)k(s) a.eon QOr.
The dominated convergence theorem of Lebesgue implies that A £(S,)A (Sy) (V) — A £(s)A(s)Vy dans (L*(Qr))".

Using the weak convergence of the gradient of the discrete solution P, in (L?(Qr))? (treated as for f,(S;) in
(31)), we can deduce that

gy Ao / Af(s)A(s)Vp-Vy dxd.
or
It remains now to show that
lim |&; — £]] = 0. (33)
By properties of G, we have
|Go(Sp SE™ 8PR ) — F(SBi2)A (S )8 Pp

= G(Sp™, S5, 8P ) — 1Gs(Spig  Shig  Pp )|

< C‘SPBE] HSih - &lTD.E'
Therefore,

c X _
Ea—&il <5 Yary Y MpelPrt =Py IS, = Sulmp vt —wp-
0

n=| DeD,EEN (D)

Using Youngs inequality, the estimate (25) and the Taylor formula for y, one can easily deduce (33).
Similarly, for the last term & we have
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N

N Int1
&=Y Y 19DnaQs (i, Po) =Y ¥ /t /Dh(t,x)llf(th,PD),

n=0D€Dh n=0D€Dh

by continuity of ¥ we have

T
g A0 / / hydxdt.
0 JoQ

Otherwise, for the second equation of scheme (7)-(9) we use the same proof ( as for convective term ) to obtain

T T
/ /;L(S)Avp.wdxdz:/ / xpdxdr Yy eCl([0,T] x Q).
0 JQ 0 JoQ

Finally,we conclude that the limit couple (s, p) is a weak solution of the continuous problem in the sense of
definition 1 by using the fact that the space C!'!([0.T] x Q) is dense in L2(0,T; H'(Q2)).
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